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ABSTRACT. In this article, we consider some algebraic properties of Toeplitz
operators on weighted pluriharmonic Bergman space on the unit ball. We char-
acterize the commutants of Toeplitz operators whose symbols are certain sep-
arately radial functions or holomorphic monomials, and then give a partial
answer to the finite-rank product problem of Toeplitz operators.

1. INTRODUCTION

Let B,, denote the open unit ball of C*, and let v be the normalized Lebesgue
volume measure on this unit ball. Fix a real number @ > —1. The weighted
Lebesgue measure v, on B, is defined by dv,(2) = co(1 — |2]*)* dv(z), where ¢,
is a normalizing constant so that v,(B,) = 1. A direct computation shows that

I'n+a+1)
F(n+1)(a+1)

Co =

Let L? denote L*(B,, dv,), and let (-, "), denote its inner product.

The weighted Bergman space A2 consists of all functions in L? which are
holomorphic on B,,. It is well known that A2 is a closed subspace of L2. We
denote the orthogonal projection from L? onto A2 by P,.
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The weighted pluriharmonic Bergman space 02 is the Hilbert space consisting
of all pluriharmonic functions on B,, which are also in L2. It is easy to verify that

bi = Ai—i_A_iv
where A2 = {f : f € A2, f(0) = 0}. For z,w € B, let

1
(1 — (w, z))tatD)

be the reproducing kernel of A%. Then the reproducing kernel of b2 is

K.(w) =

R.(w) =K. (w)+ K, (w) —1, z,weDB,.
Let Q, denote the orthogonal projection from L2 onto b2. For a function ¢ €
L>(B,, dv,), the Toeplitz operator T, with symbol ¢ is defined by

To(f) = Qalef) = : fw)p(w)R.(w) dva(w),  f €D

On the Hardy space of the unit disk, Brown and Halmos [4, Theorem 9] first
showed that two Toeplitz operators are commuting if and only if either both
symbols of these operators are analytic, or both symbols are conjugate analytic,
or a nontrivial linear combination of the symbols is constant. Recently, Ding, Sun,
and Zheng [9, Theorem 1.5] made progress on the commuting problem for the
Hardy space of the bidisk and obtained an analogous result to the Brown and
Halmos theorem as above, although their result is a little more complicated. On
the polydisk, Lee [17, Main Theorem| obtained a concise result when one of the
symbols of the operators is pluriharmonic.

On the Bergman space of the unit disk, Axler and Cuéckovi¢ [2, Theorem 1]
showed that a result similar to that of the Brown and Halmos theorem holds for
Toeplitz operators with bounded harmonic symbols. Although the commuting
problem of Toeplitz operators with general bounded symbols is still far from its
solution, some results for special symbols were obtained (see [20], [7]). Another
problem that deserves consideration is the commutant problem. Cuckovié [6] first
showed that the commutant of a Toeplitz operator with the monomial symbol
2"(n > 1) consists of analytic Toeplitz operators. Several years later, Axler,
Cuckovié¢, and Rao [3] obtained the same result when replacing the monomial
symbol with a nonconstant analytic symbol. Cuckovi¢ and Rao [7] gave a nec-
essary and sufficient condition for a Toeplitz operator to commute with another
Toeplitz operator whose symbol is a monomial z5z'(|s|+ |¢t| > 0), and they proved
that the commutant of a Toeplitz operator with a radial symbol just consists of
Toeplitz operators with radial symbols.

On the Bergman space of several complex variables, the situation is much
more complicated. Zheng [22] studied commuting Toeplitz operators with pluri-
harmonic symbols on the unit ball. Recently, Zhou and Dong [23] studied the
commuting problem of Toeplitz operators whose symbols are quasihomogeneous
functions. In that paper, they showed that the commutant of a radial Toeplitz
operator includes nonradial Toeplitz operators, which is different from the one-
variable case. Later on, they completely characterized the commutant of a radial
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Toeplitz operator in [10], which was also obtained by Trieu Le [13] using a different
method.

On the harmonic Bergman space, the commuting problem is harder, but some
progress has been made in the literature (see [5], [11] and the references therein).
Dong and Zhou [11] also investigated the commutant problem of Toeplitz opera-
tors whose symbols are radial functions or (conjugate-)analytic monomials.

On the pluriharmonic Bergman space of the unit ball, Lee and Zhu [18] and
Lee [16] separately studied the commuting problem of Toeplitz operators, and
obtained some results analogous to the harmonic Bergman space of the unit
disk. To make some new progress, we will investigate the commutants of Toeplitz
operators whose symbols are certain separately radial functions or holomorphic
monomials.

For the finite-rank product problem, Aleman and Vukoti¢ [1] showed that the
product of finitely many Toeplitz operators on the Hardy space of the unit disk
is of finite rank if and only if at least one of the operators is zero. On the Hardy
space of the polydisk, Ding [8] proved a similar conclusion for Toeplitz operators
with pluriharmonic symbols. In the settings of the Bergman space of the unit disk
(see [15]) and the unit ball (see [14]), Trieu Le solved the problem for Toeplitz
operators (except possibly one) diagonal with respect to the standard orthonormal
basis. In the following, we will investigate this problem for Toeplitz operators on
the pluriharmonic Bergman space of the unit ball.

Our article is organized as follows. In Section 2, we introduce some notation
which will be used later. In Section 3, we characterize the commutant of the
Toeplitz operator T,, where g is a certain separately radial function (see Theo-
rem 3.3). As a corollary, we will give an example to show that the Toeplitz oper-
ator commuting with a radial Toeplitz operator is not necessarily a radial one.
This is a different phenomenon from the case of one variable. We also characterize
the commutants of the Toeplitz operator T,x, where k is a nonzero multi-index
(see Theorem 3.13). In Section 4, we investigate the finite-rank product problem
of Toeplitz operators (except possibly one) whose symbols are of the form 2°z%¢p,
where s,t € N™ and ¢ is a nonzero separately radial function (see Theorem 4.5).

2. PRELIMINARIES

First we introduce some notation. For any multi-index m = (my,...,m,) € N,
we write |m| = mq + -+ my, m! = myl-omyl) 2™ = 2" 2 and 2™ =
Z ez for 2z = (21,...,2,) € By,. For two multi-indexes m = (my,...,my)
and k = (ki1,...,k,), we write m = k if m; > k;,i = 1,...,n, and we write m % k
otherwise. We also write m > k if m > k and there exists at least one subscript
i such that m; > k;. If m > k, then define m — k = (my — ky,...,m, — k).
The standard orthonormal basis for the weighted Bergman space A2 is {e,, }mso,
where
LC(n+|m|+a+1)11/2
em(z) = m!l'(n+a+1)

As a result, the standard orthonormal basis for the weighted pluriharmonic
Bergman space b2 is {€m }m=0 U {€m }mso-

2" meN' zeB,.
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For any bounded measurable function g on B,, any m € N" and a > —1,

define
§(m) = (Tyem, em)o = / 9(2)em(2)Em(2) dval2).

It is clear that g(m) = (Tyém, ém)a and g(m) = g(m) for m € N™.

For any 1 < j < n, let 0; : N x N*°! — N" be the map defined by the
formula o;(s, (r1,...,7-1)) = (r1,...,7j-1,8,7j41,...,7n—1) for all s € N and
(ri,...,mn1) € N1 If S is a subset of N” and 1 < j < n, then we define

@:{f:(rl,...,rn_l)eNn_lz Z ! :oo}.

= S +1
o;(s,F)eS

The following definition comes from [13].

Definition 2.1 ([13, Definition 3.1]). We say that S has property (P) if one of the
following statements holds:

(1) S=10, or

(2) S#0,n=1and ) L < o0, or

SES s+1 "
(3) S # 0,n > 2 and for any 1 < j < n, the set S; has property (P) as a
subset of N*~1,

Remark 2.2. By the preceding definition, we can immediately get the following
statements.

(1) If S € N and S does not have property (P), then Zsessﬁ

S C N" with n > 2 does not have property (P), then S; does not have
property (P) as a subset of N*~! for some 1 < j < n.

(2) If S; and S, are subsets of N™ that both have property (P), then S§; U S
also has property (P).

(3) If S € N™ has property (P) and [ € Z", then (S+1)NN" also has property
(P). Here, S+l ={m+1:m € S}.

(4) If S € N™ has property (P), then N x S also has property (P) as a subset
of N+ This follows by induction on n.

(5) The set N™ does not have property (P) for all n > 1. This together with
(2) shows that if S € N" has property (P), then N" \ S does not have
property (P).

(6) For any k = (ki,...,k,) in N?, the set S = {m € N" : m % k} has

property (P). This follows from (2), (4), and the fact that

= oo. If

SCUNX---xNx{O,...,kj—l}xNx---xN.
Jj=1
3. COMMUTANTS OF TOEPLITZ OPERATORS

3.1. Toeplitz operators with certain separately radial symbols. In this
section, we investigate commutants of Toeplitz operators with certain separately
radial symbols on the weighted pluriharmonic Bergman space of the unit ball B,,.
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Recall that a function ¢ on B, is radial if 1(z) depends only on |z|. In contrast
to radial functions, a function ¢ on B, is called a separately radial function if
©(215- -+, 2n) = @(|z1], - - -, |2n])- In order to state the main result in this section,
we need the following two lemmas from [13].

Lemma 3.1 ([13, Corollary 3.5]). Let v = (71,-..,7) be an n-tuple of integers,
and let f be in LY(B,,dv). If for almost all z € B, f(eM02,...,eM%2,) = f(2)
for almost all 0 € R, then wheneverl = (ly,...,l,) € Z" with vl +- - -+y,l, # 0,
we have an f(z)zm 2™ dv(z) = 0 for all m € N™ with m + 1 = 0.

Lemma 3.2 ([13, Proposition 3.6]). Suppose that g(z) = |z1|*" - |z, [**"h(]|2])

for z € B, where s1,...,8, >0 and h : [0,1) — C is a bounded measurable func-
tion. Assume that g is not a constant function on B,,. Then forl = (l1,...,l,) €
Z™ with Y 1 =0 and s1ly = -+ = sul, = 0, we have g(m + 1) = g(m) for all

m € N" with m+ 1> 0.

Let g be of the form defined in Lemma 3.2. We now can characterize the
commutant of Tj, on weighted pluriharmonic Bergman space.

Theorem 3.3. For f € L™, TyT, = T,T; on V% if and only if for 1 < j <n

with s; # 0, f(e?2) = f(2) and f(z1,...,2j-1, ||, -, 2a) = f(2) for almost all
0 € R and almost all z € B,,.

Proof. Since g(z1,...,2n) = g(|z1], ..., |2x|) for almost all z € B, it is easy to
verify that Tj is diagonal with respect to the standard orthonormal basis and
that Tye,, = g(m)en, Ty€m = §(m)e,, for all m € N". It is clear that 77T, = T,T}
on b2 if and only if for all [ € Z™ and m € N" with m + [ = 0, the following four
identities hold true:

(a) 0= ((TyTy — TyTy)emit, em)a = (G(m + 1) — G(m) (Tyemi1, €m)a,
(b) 0= ((TTy — TyTy)em+1, €m)a = (§(m + 1) = §(m)(Tyemii, €m)a,
(c) 0= ((TyTy = TyTy)em1, em)a = (§(m +1) = g(m) (Tsemi1, €m)a;
(d) 0= {(TsTy — TyTy)em1 m)a = (3(m + 1) — G(m))(TyCmit; Em)a-

Suppose that TyT, = T,T; on b2. Since T, is diagonal, A2 is a reducing subspace
of T, and hence PT, = T, P = PT,P, where P denotes the orthogonal projection
from b2 onto A2. If Ty and T, commute as operators on b%, then it follows that
PT¢P commutes with PT,P. Since PTyP (resp., PT,P) is in fact the Toeplitz
operator with symbol f (resp., g) acting on A2, it follows from [13, Theorem 1.2]
that for 1 < j <n with s; £ 0, f(e"2) = f(2) and f(21,...,2j-1, 2]+, 20) =
f(z) for almost all # € R and almost all z € B,,.

Now suppose that for 1 < j < n with s; # 0, f(e"z) = f(z) and f(21,...,2;_1,
|zil,. .., 2n) = f(z) for almost all # € R and almost all z € B,. Let | =
(li,....l,) € Z". If Y1 # 0 or s;l; # O(hence s; # 0 and l; # 0) for some
1 < j < n, then Lemma 3.1 shows that (Ten4i,em)a = 0 for all m € N” with
m+1>=0.1fY Il =0and s;l; =+ = s,l, =0, then Lemma 3.2 tells us that
g(m—+1) = g(m) for all m € N" with m+1 > 0. Therefore, (a) holds for all [ € Z"
and m € N" with m +1 > 0.
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Since f(ez) = f(z), we have
F(2)22 P dug (2) = [ F(€2)2*™ T dug(2)
B Br

= m@mIEZ 00 [ )2 gy (),
By

It is clear from the above equations that for all m = 0 with m + 1 = 0,
an f(2)z*™* dv,(2) = 0, which implies that (b) holds. Similarly, (c) holds for
all m € N” with m 4+ [ > 0.

Finally, (Tr€m11,€m)a = (Tfem+i, €m)a- Under the assumption of f, for 1 < j <
n with s; # 0, f(e?2) = f(2) and f(21,...,25-1,|%|,- -, 22) = f(z) for almost
all € R and almost all z € B,,. By an argument similar to the proof of (a), (d)
also holds for all m € N* with m + [ = 0. Therefore, T;T, = T,T; on b2. O

In the case n = 1, Dong and Zhou [11, Theorem 4.3] proved that if a Toeplitz
operator commutes with another Toeplitz operator with a radial symbol, then its
symbol is also radial. The following corollary shows that the situation is different
when n > 1.

Corollary 3.4. Let g be a nonconstant radial function on B,,. Then for f € L™,
TyT, = T,T; on b2 if and only if f(e?2) = f(z) for almost all § € R and almost
all z € B,.

Ezample 3.5. Let f(z) = 212 be a function on By. Then f(e?z) = f(z) for almost
all # € R and almost all z € By, but f is obviously not a radial function.

3.2. Toeplitz operators with holomorphic monomial symbols. Next we
investigate commutants of Toeplitz operators with holomorphic monomial sym-
bols on the weighted pluriharmonic Bergman space of the unit ball. Recall that
the Mellin transform ¢ of a function ¢ € L'([0,1],7dr) is defined by

o) = [ ol as.

It is clear that ¢ is well defined on the right half-plane {z : Rez > 2}. It is
important and helpful to know that the Mellin transform ¢ is uniquely determined
by its value on an arithmetic sequence of integers. In fact, we have the following
classical conclusion (see [21, p. 102]).

Lemma 3.6. Suppose that f is a bounded analytic function on {z : Rez > 0}
which vanishes at the pairwise distinct points zq, zo, . . ., where

(1) inf{|z|} > 0, and
(2) g1 Re(1/2) = oo.
Then f vanishes identically on {z : Rez > 0}.

Remark 3.7. By the above lemma, if ¢ € L([0,1],rdr) and there exists a
sequence (ng)r>o C N such that
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=0, 30
ng) = — =00
PNk ’ i )
k>0
then ¢(z) =0 for all z € {z: Rez > 2}, and so ¢ = 0.

For two multi-indexes p = (p1,...,p,) and s = (s1,. .., S,), the notation p L s
means that p;s; + - + pps, = 0. It is clear that if p L s, then m +p = s is
equivalent to m > s for any multi-index m.

Definition 3.8. Let | € Z", and let f be a function in L'(B,, dv,). Then we say
that f is a quasihomogeneous function of quasihomogeneous degree [ if f is of the
form &', where ¢ is a radial function; that is,

f(r&) =&'o(r)
for any £ in the unit sphere S,, and r € [0, 1).

Remark 3.9. Clearly, any [ € Z™ can be uniquely written as p — s, where p and s
are two multi-indexes such that p L s. Thus in this article, we always define the
function

g=¢8, s,
for any [ € Z™.
The following lemma will be used later.

Lemma 3.10. Suppose that p, s are two multi-indexes and that ¢ is an integrable
radial function such that Tepgs, s a bounded operator. Then for any multi-index
m)

Tgpéscp(zm)
(p+m)!(n—1-+|p|+m| —|s|)! [(1=r2)*¢](2n+2lml|+lpl=Is) ,p+m—s o
(prm=s)In= L Tm D (1=72)a (204 2ml +21p|2ls]) p+mzs,
= { sln=1t|s|=|ml—|p)! __[(1=r?)*¢]@n+|s|=|p)  ss—m—p <
(s—m—p)!(n—1+|s[)! (1i7?)0‘(2n+2|s|72|m|72|p\)z ptmz=s
0 otherwise.

Proof. For multi-indexes m and k,
(PalgP€02™], 2%,

= | &8p(2)2"2" dva(2)
By

= / 2nca (1 — 12) p(r)r2rmH=L dr / ErEEmer do(€)
[0,1) Sn

n—1+|m|+|p|

_ el (1= )] 2n 4+ 2m| + [pl = Is]) p+m—s=F,
0 otherwise.
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If p+m > s, we have

<zp+m—s7 Zk>a

:/ T ZR dug (2)

= / Inca(l — TQ)ar2n+|p|+\m\*|s|+|k|fl dr/ grm=sgk do(€)
[0,1) S,

—

nlcq m—s)! o o
_ {(n21+|;fjm|>sl),(1—r2) (2n + 2lp| + 2/m| — 2|s]) p+m—s=Fk,

0 otherwise.

Furthermore, (P,[P&%pz™],2%), = 0 = (22775, 2%), holds for all k = 0. So we
obtain

P, [P 02"

(ptm)! (0= 1+[p|+ml —]s]! [(1=rD)o ] (2n-+2lm|+lp|=1s]) ,p+m—s
!

= { GFm=s) =T FmDT (1=52) (20 2lpl+2im|—2ls)) ptmes,
0 p+mits.
Note that ¢ is still radial, so by a similar calculation, we have
P,[€P¢°pz™
sl(n—1+s|—[ml—[p)! __[(1=r2)o¢)2n+|s|=lp) s—m—p
— { Gm=—p)n=1F1sN (1—r2)a(2n-+2[s|—2fm|—2lp]) - ptm=<s,
0 p+mAs.

Thus

Togo(") = Palg?@p2"] + PoGE 557] — PAEE 7] (0)

(p+m)!(n—Lt|p|+|m|—|s])! [(1—r2)*¢)(2nt2m|+|p|—[s]) ,p+m—s

(prm=s)(n—THm+pD! (1= 12)a (2n+ 2/m|+2lp|—2ls)) p+m > s,
= { sln—1+|s|—|m|—|p])! _ [(A—r?)*¢]@n+|s|-|p]) ss—m—p )

(s=m=p)in=1+lsD! (1—r2)e(2n+2(s|~2|m|-2]p]) prm=s,

0 otherwise. [J

Dong and Zhou [11, Theorem 4.2 showed that, on the harmonic Bergman space
of the unit disk, if f is a bounded function, then T} and T,x commute if and only
if a nontrivial linear combination of f and z* is constant. What is the situation
on weighted pluriharmonic Bergman space of the unit ball? We will give a partial
answer to this question in Theorem 3.13.

Theorem 3.11. Let f be a nonconstant bounded holomorphic function, and let
g be a nonzero bounded quasihomogeneous function. If Ty and T, commute on b2,
then g is a monomial. Moreover, if a« = 0, then Ty and T, commute if and only
if f=Ag+ p for some constants A, p.

Proof. Let f = 2550 f37° be the power series representation of f, and let g =
Ep = EPE5p, where p, s are two multi-indexes such that p L s and | = p — s. If
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Tt and Tgpgw commute, then Tngpgswzm =T, gpgssoT 2™ for every multi-index m.
By Lemma 3.10, we have

2 g0 Tpoeo Tengsp2™ ptmzs,
_ mo__ _
TfTEPES‘PZ - 25+m+p55 + ZB—O—m—i—pjs TfﬁzﬁTgpgswzm p+m =X s,
0 otherwise

and

Tergs, 152" = Z Tergs o Tppen2™ + Z Tevgs o Tppen 2™,
B+m+p=s B+m+p=s

Claim. Ty, .6Tergs 2™ = Tepgs ) Ty,.02™ for any multi-index 3.

We will discuss three cases.
Case 1. It p+m = s, then p+m+ = s,V3 = 0. Since T Tpgs ,2" = Tepgs ) T2,
we have

TfBZ/BTgpgs(sz = TgpgszfﬁzﬁZm, Vﬁ t 0

Case 2. It p+m =< s, then Ty s Tepze 2™ = Tepgs ) 1y,.02™ whenp+m+ = s
or p+m+f < s. Since Ty, .0 Terge 2™ = Tengs ) Ty,202™ = 0 when p+m + 8 i s
and p+m + 3 £ s, we have

TfﬁzﬁTgpgs(pZm = Tgpgs(prﬁz,BZm, \V/B t 0.

Case 3. If.p +m % s and p+m £ s, then Tergspz™ = 0,80 Ty, 6T epgs 2™ =
0,VB = 0. Since Tepgo ) Ty2™ = TiTepgs 2™ = 0 and Tepgo, T,.62™ = 0 whenever
p+m+ % sand p+m+ 3 £ s, we have Tevgs o Tyyon2™ =0torp+m+ 5= s
or p+m+ f =X s, and thus

TfBZBTfpf_Sgﬂzm - Tfpgscprﬁzﬁzm - O, Vﬁ i 0

Because f is nonconstant, there exists some v with |y| > 1 such that f, # 0. By
the above claim, we get T2 Tepgs,2" = Tepgs, Ton 2™ Tt follows from Lemma 3.10
that

(1) [0 73l (2n + 2lm| + 21| + ol — |s) = 0. Fp+m ++ = s and
p+m¥}s,p+mAs;

(2) [(1 = 7220+ 2lm| + 2|+ | Is]) = dl(1 = 73] 2 2l + [~
|s]), if p+m = s,

where

(p+m)lp+m+y—s)(n—1+p[+|m|—[s])!(n =1+ |m|+ 7] + |p])!

(p+m+y)p+m—s)ln—1+[m[+[y]+[p| —[s)!(n— 1+ |m|+ |p])!

o (L= 920+ 2lm| + 20| +2[p| ~2Is))
(1 —7r2)>(2n + 2/m| + 2|p| — 2]s|)

dpy =

We first prove s = 0. Otherwise, |s| > 1 and we can consider two cases.
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Case 1. Suppose that v;; # 0 and s;, # 0 for some iy € {1,...,n}. Let
m = (s1+1,...,8,-1+ 1,8, —1,8,11+1,...,8,+1). Then p+m’'+~ = s and
p+m' ¥ s,p+m' £ s. Then it follows from (1) that

[(1=r2)2p] (2n + 2|m/| + 2|7] + [p| — |s]) = 0.
Using (2) repeatedly gives

—

(1= r2)2] (2n + 2/m’| + 24]y] + [p| — |s]) = 0

for j > 1. Tt is clear that > i>1 m = 00. Then it follows from Remark 3.7
that (1 —r?)%p =0 and so ¢ = 0.

Case 2. Suppose that v L s. Obviously, for any multi-index p +m = s, (p +
m)(p+m+~v—s)=(p+m+y)(p+m—s)l. It follows from (2) that

o — —

[(1 = r?)*](2n + 2[m| + 2|y| + |p[ — [s)(1 = r?)*(2n + 2|m[ + 2|p| — 2]s])
(n =1+ |m[+ 1 +]p))---(n =1+ |m[+ 7|+ |p] = [s] + 1)
_ (A =72)%0](2n + 2jm[ + [p| — |s])(1 — r2)*(2n + 2|m| + 27| + 2|p| — 2|s])
(n =1+ m[+1p[)---(n =1+ |m[+[p| —[s] + 1)

Denote

o —

[(1 = 7)o@} (22 + 2y] + [pl + |s) (1 — r?)*(22 + 2|p])
(z+ [+ [l +[s = 1) - (z + [y + [pl)

[(1 = 7)o@l (22 + |p[ + [s))(1 = r2)*(22 + 2|7| + 2[p])
(z+Ipl+lsl =1)--- (2 + |p]) '

Then F is analytic and bounded on {z : Rez > n} since (1 —r?)%p, (1 — r?)* €

L'([0,1),r*~ 1 dr). By the above equation, F'(n + |m| —|s|) = 0 for p + m = s.

Note that p+m = s <& m = s since p L s and > = 00. Then

Lemma 3.6 implies that F' = 0. Thus

(1= r2)](2z + 203] + [p] + |s])
(=4 P+ ol sl =) (2 Iy o) (1= 72)2(2 + 201 + 2]
(1= 7962z + ol + |s)

(24 [p] + 5] = 1) -+ (= + [p]) (1 = r2)2(22 + 2[p])

F(z)=

m=s n+|m|—|s|

Denote
o (=] 22 +Ipl + Js) |
(z+ Ipl +Is| = 1) -+ (z + [p[) (1 = r?)*(2z + 2[p])
Then G(z) is a periodic function with period |y| on {z : Re z > n}, and thus can
be extended to the whole plane C as an entire function. By the definition of the

Mellin transform and the infinite products representation

1 52 T z
— z 1 _) —z/k
() ze H( + A e ,
k=1
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where ¢ is the Euler’s constant, we have

fol(l _ T2)a7,2 Re z+[p|+|s|-1 - 1

X
| (1 = r2)ar2e2lpl=1 gy | (z+ Ipl+[s] = 1)+ (z + Ipl)

G(2)] < el

- ez

By Liouville’s theorem, we obtain G(z) = 0, which implies that ¢ = 0. Now we
have proved that if s # 0, then ¢ = 0, which is a contradiction, so s = 0. Then
it follows from (2) that

—

[(1 = r2)20] (20 + 2Jm]| + 2|7| + |p|) (1 = r2)=(2n + 2|m]| + 2|p|)
= [(1 = )] (2n + 2\m| + [p|) (1 = r2)=(2n + 2Jm]| + 2]7| + 2Ip]),

which implies that

(1= 2] =+ 2h]) [(1 = )] 2
= [(1 = 12)p] (= + 217 )) (T = ) (= + [p])
= [(1= 2)eg] ()1 = )2 (= + 217 + Ipl)
= [ =72)0] (2)[(1 = r2)erio] (= + 21,
By [19, Lemma 6], there exists some constant ¢ such that ¢(r) = cr/?l, and this
implies that g = czP. Moreover, if o = 0, then our assumption that 7y and T}

commute together with [18, Theorem 11] gives f = Ag + p for some constants
A, i, which is obviously sufficient for the commutativity. O

Remark 3.12. Since Theorem 11 in [18] only dealt with the case o = 0, and we
are presently unable to give a proof for the weighted case, the second part of
Theorem 3.11 is still open for a # 0.

Theorem 3.13. Let f(ré) = Y,z & fi(r) € L. If Ty commutes with T,. on
b2, where k is a nonzero multi-indez, then f is holomorphic on B,,. Moreover, if
a = 0, then Ty and T, commute if and only if f = A\g + p for some constants
A, [

Proof. It Ty and T,r commute, then T¢T,x2™ = T, Ty2™ for any multi-index m.
It follows from Lemma 3.10 that

TyTaz"= Y + D, Tapmlw"
m+k+1-0  m+k+1=0

and

TaTpz" = Y + > + > TuTapme"

m+1=0  m+I=20,m+l+k>0 m+I+k=0
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Since Ty and T,x commute, the above two equations imply that

0 m+1%0,m+1A0,m+1+Fk>0,
[>=0
Tilfz(r)Tzkzm = mee s
Tszglfl(,,,)Zm m—i—l j 07 m+l+k i 0,
m-+1+k=0.

But T,xTeif, 2™ = 0 whenever m + 1 £ 0,m +1 £ 0, so for each multi-index m,
Tﬁlfl (T.)Tzk Zm = Tszflfz (r) Zm.

Let | = p; — s;, where p; L s;. Then by Theorem 3.11, s; = 0 and there exist some
constants ¢; such that & fi(r) = ¢2”, thus f = > impy s, C1ZP" is holomorphic on
B,,. Now suppose that o = 0. Then it follows from [18, Theorem 11] again that
Ty and T, commute if and only if f = Ag + p for some constants A, p. OJ

4. FINITE-RANK PRODUCT OF TOEPLITZ OPERATORS

Next we are going to investigate the finite-rank product problem of Toeplitz
operators (except possibly one) whose symbols are of the form 25z'¢, where s,t €
N" and ¢ € L™ is a nonzero separately radial function on B,,.

The following lemma is proved in [14], which will be used later.

Lemma 4.1 ([14, Theorem 2.3|). Suppose that S C N™ is a set that has property
(P). Let N be the linear space spanned by the monomials {z™ : m € N*\ S}. Let
L*(N, C) denote the space of all conjugate-linear functionals on N'. Suppose that
p is a complex reqular Borel measure on C" with compact support. Let L, : N —
L*(N,C) be the operator defined by (L,f)(g) = [en fgdu for f,g € N. If L, has
finite rank and p is absolutely continuous with respect to the Lebesque measure
on C", then p is the zero measure.

Theorem 4.2. Let Sy, Sy be two bounded operators on b%. Suppose there is a set

S C N" having property (P) such that Ker(Sz) C M and N' C Ran(S;), where
M is the closed subspace cl{z™ : m € S} ® A2, and N is the linear subspace

spanned by {z™ : m € N"\ S}. Suppose that f € L2 makes SoTySy a finite-rank
operator. Then f =0 almost everywhere on B,,.

Proof. Since SyTS; has finite rank and N C Ran(S;), S2T¢(N) is a finite-
dimensional linear subspace of b2. Let {hi,...,hs} be a basis for this subspace,
and let g; € b2 satisfy Sog; = h; for 1 < ¢ < k. Then T;(N) is contained
in span{Ker(S2) U {g1,...,gx}}, which is a subspace of span{M U {g1,...,gx}}
by our assumption. Let Qz; denote the orthogonal projection from b? onto M.
Replacing g; by g; — Qy7g: if necessary, we may assume that g; L M for 1 <i < k.
Furthermore, we may also assume that {gi,...,gx} is an orthonormal subset of
b? by using the Gram—Schmidt process.
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For any p in N/, we have
k
Trp = QuTip + Y (T4, gi)ag
i=1
k

= QuTrp+ > (I, 9i)ai
i=1
By our assumption, for ¢ € N, ¢ L M, so we obtain

k

Fradve = (Typ, @)a = (QuTyp, Do + Y _(fP: 9:)al9is @)a

B, i=1
k
= (I, 91)al9i D

i=1
Let du = f dv,. Then the above equations tell us that the map L, from A into
L*(N,C) defined by (L.p)(q) = [ pddp = [ pdf dv, has rank at most k. It
then follows from Lemma 4.1 that p is the zero measure, which in turn implies
that f = 0 almost everywhere on B,,. O

Lemma 4.3. Suppose that f € L? is such that the set
M(f) = mEN" / f(z mmdva(z):()}

does not have property (P). Then M(f) = N™. Moreover, if f is separately radial,
then f(m) = (Trem, em)a = <Tf€m,€m>a = 0 for all m € N, which implies that
Ty =0 and hence f = 0.

Proof. The first assertion is an easy corollary of Lemma 3.3 in [13]. The second
assertion follows from Theorems 12 and 13 in [12]. O

Lemma 4.4. For 1< j < N, suppose that f;(z) = 25z p,(2), where p1,...,oN
are nonzero separately radial functions in L, and s1,...,sy and ty,...,ty are
multi-indexes. Let S = Ty, ---Ty,. Then there exist two subsets J and L of N"
having property (P) such that P,(KerS) is contained in the closure in A% of
span{e,, :m € J} and span{ey, : k € N"\ I} is a subspace of S(b%).

Proof. Suppose that ¢ € L* is a nonzero separately radial function on B,,. Let
o(m) = (Tpem, em)o for m € N*. By Lemma 4.3, the set M(yp) = {m € N":
@(m) = 0} has property (P). Now let s,¢ be in N, and let f(z) = 2°Z%¢(z) for
z € B,,. For multi-indexes m, k, [, we have

0 if 45 £kt

Temae a=20a €m+s, € a — ~ .
(T} k) k{(Plmats, Ehrt) {akw(mjts) fm+s—=k+t

0 if m4s4+1#t,

T m» € a:b m+s+1 a — ~ .
< fe el) l<§06 +5+1 €t> {b[@(t) 1fm+5+l:t,
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0 itm+t+k #s,

Tém,e a=02°¢C €m y€s)a = ~ .
(f k> k<90 +t+k > {ckcp(s) fm+t+k=s

and

0 ifm+1t#£s+1,

T7m77 a:d 7m 775 a — ~ 3
(Trem en) H{PBmst; Eat) {dlgo(m—irt) ifm+t=s+1,

where ay, is a constant depending on m, s, ¢, k, n, a. For convenience, we only keep
the “crucial” subscript k. Similarly, b, ¢, d; are all defined in this way. This shows
that

Tfem = Z <Tf€m, 6k>a€k + Z <Tf€m, él>aél

keNn 1eNm\{0}
bt—m—sP(t)€—m—s ifm+s—1t=<0,

= Umys—tP(M+ S)emis—y fm+s—1t>=0, (4.1)
0 otherwise,

and

Tiem =Y (Tremer)ack + > (Tyem, er)aly

keNn leN™\{0}
Cs—m—1P(8)es_m—t ifm+t—s5=<0,
=S dpir—sp(m+t)em—s ifm+t—s=0, (4.2)
0 otherwise.

As a result, for multi-index m > Z;.V:l(sj +1;), we obtain two positive constants

C4,Cy (depending on m, sy, ..., SN, t1,...,tn,n and «) such that
N j—1
Seqm = Cy H Pj (m + Z(Si —t) + Sj)eerz;V:l(sjftj) (4.3)
j=1 i=1
and
N 7j—1
Sém = OQ H @j (m + Z(tl - Si) + tj>ém+2§\]:1(t]‘—5j)’ (44)
j=1 i=1
Define
N N j—1
J = {m m ¥ Z(Sﬂ —i—tj)} U {m : H@(m—i—Z(si —t;) +5j) :O}
j=1 7=1 1=1
N N J—
j=1 j=1 i=1

It follows from (4.1) and (4.2) that for multi-index m ¥ Z?]:l(sj +1;), Sep is a

multiple of oty N (s,—t;) OF ey (t—s;)—m> and Se,, is a multiple of eV (5;—t;)—m
J= = j=
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Or €,,,s-~ - Combining this with (4.3) and (4.4) gives
pll

{Sem :m = ﬁ:(sj - tj)} 1 {Sem cm ﬁ:(sj - tj)}
and N
{Sem cm o= Z(Sj —i—tj)} 1 {Se,, : m € N"}.

By statements (3) and (6) of Remark 2.2, J has property (P). For m € N"\
J,Se, # 0 and Cmt N (s;—t;) is a multiple of Se,,. Suppose that h = u+v € b2

such that Sh = 0, where u,v € A%. Then we have

0=5h=5(Y (henloent Y (head)

meNn 1eN™\{0}
= (hen)aSem+ > (h@)Se.
meNn 1eN™\{0}

So for any m € N*"\ 7, (u, €;)a = (h, em)a = 0. Therefore, P,(Ker S) is contained
in the closure in A2 of span{e,, : m € J}. Now define

(ke it Sl -t} u (0 (730 - 1)

Then Z has property (P) and for any k € N*\Z,m =k — Zj.vzl(sj —t;) belongs
to N\ J. Hence, ¢, = Conty N (s,—t;) is a multiple of Se,,, and it follows that

span{e; : k € N*\ Z} C Ran(S). O
Theorem 4.5. Let Ny, Ny be two positive integers, let 1, ..., ©nN,+N, be bounded
separately radial functions, and let s1,...,SN,+Ny, L1, -, ENy+N, e multi-indexes.

For each 1 < j < Ny + Ny, define fij(z) = 2%zip;(z) for z € B,. If f € L?
makes Try . = Ty, 2 TfTry, -+ Ty, (which is densely defined onb?) a finite-rank
operator, then f is the zero function.

Proof. Let Sy = Tyy -+ T and Sy = Ty, Ty, ,,- By Lemma 4.4, there
exist two subsets J and Z of N™ having property (P) such that P,(KerSy) is
contained in the closure in A2 of span{e,, : m € J}, and span{e; : k € N*\ I} is
a subspace of S;(b2). Let S = JUZ. Then S has property (P), Ker Sy C M, and
N C Sy (b2), where M = cl{e,, : m € S} @ A2, \ is the linear subspace spanned
by {e, : m € N*\ S}. If S;T+S; has finite rank, then Theorem 4.2 implies that
f is the zero function. O

Remark 4.6. Note that the functions fi,..., fn,+n, in the last theorem are no
longer separately radial, so the Toeplitz operators induced by them are not diag-
onal, which means that the Bergman space A2 is not a reducing subspace of
these operators. Consequently, the approach by considering the compression and
restriction of the Toeplitz operators on the Bergman space is not available as in
the proof of Theorem 3.3. Hence the result is not so obvious.
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