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ABSTRACT. We generalize and study, within the framework of quantum
mechanics and working with 1-dimensional, manifestly non-Hermitian Hamil-
tonians H = —d?/dz?+V, the traditional class of exactly solvable models with
local point interactions V = V(x). We discuss the consequences of the use of
nonlocal point interactions such that (V f)(z) = [ K(z,s)f(s)ds by means of
the suitably adapted formalism of boundary triplets.

1. INTRODUCTION

An important class of Schrodinger operators is formed by operators with sin-
gular perturbations. For example, this class contains Schrodinger operators with
point interactions. These operators effectively simulate short-range interactions
and belong to the class of exactly solvable models. Numerous works have been
devoted to the study of singularly perturbed Schrodinger operators, in which a
series of approaches to the construction and investigation of such operators are
developed (see, e.g., [1], [3] and references therein). These studies, in the major-
ity of cases, deal with symmetric singular perturbations that lead to self-adjoint
Schrodinger operators.

In the present article, we study non-self-adjoint Schrodinger operators with
nonlocal one-point interactions. This new class of solvable models with point
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interactions has recently been proposed and studied (for the self-adjoint case)
by Albeverio and Nizhnik [6] (see also [7], [2], [15]). Our interest in the non-self-
adjoint case was inspired in part by an intensive development of pseudo-Hermitian
(PT-symmetric) quantum mechanics (PHQM/PTQM) in recent decades (see
8], [14], [23)).

Non-self-adjoint point-interaction solvable models (see, e.g., [4], [24], [28])
require a more detailed analysis in comparison with their self-adjoint counter-
parts. In contrast to the self-adjoint case, one should illustrate a typical PHQM/
PTQM evolution of spectral properties which can be obtained by changing the
parameters of the model: complex eigenvalues — spectral singularities; excep-
tional points — similarity to a self-adjoint operator. One of the simplest examples
of this is the well-studied d-interaction model —d*/dz? + a(d, -)d(z) with complex
parameter a € C (see [19], [22], or Section 6 below). However, this model seems
to be sufficiently trivial due to the very simple structure of the singular potential
that leads to “poor” spectral properties of the corresponding operator-realizations
H, (e.g., the H,’s have no exceptional points and bound states on the continuous
spectrum).

One possible reasonable complication of the model consists in the addition of
the nonlocal interaction term [7_ K(x, s) f(s) ds. In an attempt to keep the solv-
ability of the model and its intimate relationship with J-interaction, we assume
that

K(x,s) = q(x)o(s) + 0(x)q"(s),

where ¢ € Lo(R) is a given piecewise continuous function. The corresponding
nonlocal d-interaction

a8, )3(@) + (5, )4(@) + 0, )3(@), a€C, (11)
where (-, -) is the inner product in Ly(R) linear in the second argument, is studied
in Section 5 with the use of the boundary triplet technique (see the Appendix).
Namely, the formal expression (1.1) gives rise to the family of operators { H,},
d2 f )
H.f = ——5 + f(0)g(x), a€C,qe Ly(R) is fixed

with domains of definition (5.3) which are determined by the singular part of
perturbation a(d, -)0(z)+ (q,-)d(z) in (1.1). Our investigation of { H,} is based on
the fact that each operator H, is the proper extension of the symmetric operator
Smin (5.5); that is, Syin € H, C Smax, where S, = Sjnm is the adjoint of S
(see Section 5.1).

We show that spectral properties of H, are completely characterized by the pair
{a, Wy}, where a € C distinguishes H, among all proper extensions of gmm, while
the Weyl-Titchmarsh function W, (5.10) characterizes the symmetric operator
Smin Which is the “common part” of all H,’s (see Theorems 5.1, 5.4, and 5.7).

One of the interesting features of the model is the fact that a € C determines the
measure of non-self-adjointness of the operators H,, while the choice of ¢ defines
the symmetric operator S.;, and, therefore, the structure of the holomorphic
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function Wy. Such a “separation of responsibility” of parameters of the model
allows one to preserve its solvability and illustrate the possible appearance of
exceptional points and eigenvalues on a continuous spectrum (see Example 5.3
and Section 6).

The proposed approach to the construction of non-self-adjoint nonlocal point
interaction models is not restricted to the case of d-interactions only, and it can
be applied to the wider class of ordinary point interaction models. We illustrate
this point in Sections 24, which are devoted to the general case of one-point
interactions, including combinations of d- and ¢’-interactions.

Throughout the present article, D(H), R(H), and ker H denote the domain,
range, and null-space of a linear operator H, respectively, while H [p stands for
the restriction of H to the set D. The adjoint of H with respect to the natural
inner product (-,-) (linear in the second argument) in Ly(R) is denoted by HT.

2. ONE-POINT INTERACTIONS

2.1. Ordinary one-point interactions. A 1-dimensional Schrédinger operator
with interactions supported at the point z = 0 can be defined by the formal
expression
d2
—o3 +a(0,)0(z) +b(d, )0 () + {9, )0 (@) + d(d', )0 (2), (2.1)
where § and ' are, respectively, the Dirac §-function and its derivative, the param-
eters a, b, ¢, d are complex numbers, and

<57 f> = f(0)7 <5/7f> = _f/(())? Vfe W;(R>

T:{g g}.

Then (2.1) can be rewritten in more compact form as

Denote

d? (0, )
———+[6,8]T | )] - 2.2
s e 0] (22
The expression (2.2) determines the symmetric (non-self-adjoint) operator
d> ,
S=—-=  DE)={/€W;R): [(0) = f'(0) = 0},

in Ly(R), which does not depend on the choice of a, b, ¢,d. In order to take into
account the impact of these parameters, we should extend the action of § and ¢’
onto WZ(R\{0}). The most natural way is

J(0+) + f(0— J'(0+) + f(0—
0.1) = f(0) = LOEIOD iy py o ooy = SORETOD),
Furthermore, we assume that the second derivative in (2.2) acts on WZ(R\{0})
in the distributional sense, that is,

—1" = (@)}, — L0008 (x) — FU0)6(x),  f € WER\{0}),
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where

f:(0) = f(0+) = f(0=),  fi(0) = f(0+) = f'(0—).
Then the action of (2.2) on functions f € WZ(R\{0}) can be represented as

—{ (@)}, + [0, 0[TTof =T f), (2.3)

=[G - [0 - [H0).

Obviously, (2.3) determines a function from Ly(R) if and only if TTyf = T’y f.
Therefore, the expression (2.1) gives rise to the operator —d?/dx? in Ly(R) with
the domain of definition {f € W3(R\{0}) : TTof — I'1f = 0}.

where

2.2. Nonlocal one-point interactions. Let us generalize the one-point inter-
actions potential considered in (2.1) by adding a nonlocal point interactions part

(0, V() + (q1,-)0() + (g2,-)0"(x) + (0", ) q2(),

where functions ¢; € Lo(R) are assumed to be piecewise continuous and (-,-) is
the standard inner product (linear in the second argument) of Lo(R). Then the
generalization of (2.2) takes the form

_d_2 / <57> (Ql>') <57>

12 + [5 5]( {<(5’, >} + {(q% )}) + [QlaQQ] {(5/’ J . (2-4)

Extending, by analogy with (2.2), the action of (2.4) onto WZ(R\{0}) we obtain
—{F"(@)}, o+ [, TTof = Tuf] + a1, @I, (2.5)

where
_ @ _ | /0 £:(0) = (a1, f)
13 e R i D
The expression (2.5) makes sense as a function from Ly(R) if and only if the

second term of (2.5) vanishes (i.e., if TI'of — I'yf = 0). This means that the
formal expression (2.4) allows one to define the operator in Ly(R),

2

Haf = =004 o @llof = ~{7/(@)} o+ HOn@) ~ fO0nE)  (27)

with the domain of definition
= {f € WF(R\{0}) : (TTy —I'1)f = 0}, (2.8)

where the I';’s are determined by (2.6) and T = [ }].
Each operator Hr is the restriction of the maximal operator

2

Swmaxf = —ﬂ + a1 @Tof = —{f"(@)}, 0 + [r(0a(z) = f7(0)g(z), (2.9)

with D(Smax) = Wg(R\{O}) acting in Lo(R).
The operator Sp.x satisfies Green’s identity

(Smaxf,9) = (f; Smaxg) = (L'1f) - Tog — (Tof) - T'1g, (2.10)
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where the dot - in the right-hand side means the standard inner product in C2.
Moreover, according to [6, Lemma 1], for any vectors hg, hy € C?, there exists
f € D(Smax) such that T'gf = hg and T'y1 f = hy.

The next operator plays an important role in what follows:

Hy = Smax [D(H.0)s D(Hw) = {f € D(Smax) : Lof =0}. (2.11)
In view of (2.6) and (2.9),

2f

Hof=—-—3,
/ dx?

feD(Hy) = {f € W5 (R\{0}) : £,(0) = f/(0) = 0}.
It is easy to check that He is a positive (since (Hoof, f) = 5 |f'(x)|* dz > 0 for
nonzero f € D(H,)) self-adjoint operator in Ly(R).

Taking into account [12, Corollary 2.5], the self-adjointness of H,,, Green’s
identity (2.10), and the surjectivity of the mapping (g, 1) : D(Smax) — C*®C?,
one is led to the conclusion that the operator Syin = Smax [D(8,;,) With domain
of definition D(Spmin) = {f € D(Smax) : Tof = I'1f = 0} is a closed symmetric
operator in Ly(R). Precisely, Spinf = —% with the domain

DS = {7 e Wi fG 0RO (AL e

T

= Smax holds and the collection (C? T, T) is a
boundary triplet (see the Appendix) of Spax. The latter property is especially
important because the operators Ht are intermediate extensions between S,
and Spax and their domains are determined in terms of boundary operators I';.
Precisely, the definition (2.7) and domain of definition (2.8) of H can be rewritten
as follows:

HT = Smax rD(HT)7 D(HT) = {f € D(Smax) : TFOf = Flf} (213>

Moreover, the relation St

Therefore, the well-developed methods of the theory of boundary triplets (see
[27]) can be applied for the investigation of Hr.

3. SPECIAL CASES OF NONLOCAL ONE-POINT INTERACTIONS

3.1. Self-adjoint nonlocal one-point interactions.

Lemma 3.1. If the entries of T satisfy the conditions a,d € R, b = c*, then
the corresponding operator Hy defined by (2.7) is self-adjoint in Ls(R) for any
choice of ¢; € La(R).

Proof. 1t follows from the theory of boundary triplets (see the Appendix) that
Hr_TF = Hryt, where TT = (T*)!. Therefore, Hy is a self-adjoint operator if and only
if the matrix T is Hermitian. The latter is equivalent to the conditions a,d € R,
b=c". O



928 S. KUZHEL and M. ZNOJIL

3.2. PT-symmetric nonlocal one-point interactions. Asusual (see [14]), we
consider the space parity operator P f(x) = f(—x) and the conjugation operator
Tf = f* An operator H acting in Ls(R) is called PT -symmetric if PTH =
HPT.

Lemma 3.2. If the entries of T and the functions q; satisfy the conditions
a,d € R b,c €iR, PTq = q, PTaqz = —qo, (3.1)
then the corresponding operator Hr defined by (2.7) is PT -symmetric.
Proof. Tt is easy to check that, for any f € WZ(R\{0}),
(Pf)r(0) = £(0),  (Pf)s(0) = —£:(0),
(P£),(0) = =£(0),  (Pf),(0) = f(0).
These relations, definition (2.6) of I';, and (3.1) lead to the conclusion that

1 .
F]PTf = 03Trjf7 03 = |:0 _01:| y J = 0,1 (32)

(The same symbol T is used for the conjugation operators in Ly(R) and C2.)
Therefore, if (3.1) holds, then the operator Sy, defined by (2.9) is PT -symmetric:

d2
PTSmaXf = _@PTf + [CJ17 QQ]USTPOf = SmaXPTf'

Since Hr is the restriction of Sy onto D(Hr), the invariance of D(Hy) with
respect to PT will guarantee the PT-symmetricity of Hr.

Let us prove that PT : D(Ht) — D(Hrt). To do that, we consider an arbitrary
f € D(Hr). Then, according to (2.8), TT'of = I';f and the inclusion PT f €
D(Hr) is equivalent to the condition TT'PT f = I'yPT f. By virtue of (3.2),
TF()PTf = TO'37T0f and

Flpr = 0'3TF1f = UgTTFof = U3T*TFOf.

This means that the required identity TToPT f = I'y/PT f is true if and only if
Toy = 03T*. The latter matrix relation holds if the entries of T satisfy (3.1). O

3.3. P-self-adjoint nonlocal one-point interactions. An operator Hy defi-
ned by (2.7) is called P-self-adjoint if PHy = HLP.

Lemma 3.3. If the entries of T and the functions q; satisfy the conditions
a, de Ra b= _0*7 PCh = {q1, PQ2 = —(qy, (33)
then the operator Ht 1s P-self-adjoint.

Proof. Similarly to the proof of Lemma 3.2, we check that I';Pf = o3I, f and
show that the conditions (3.3) ensure the commutation relation Spax®P = P Smax-
The operators Hy and Hr} are restrictions of Sp,.x. Therefore, the condition P :
D(Hy) — D(HY) means the identity P Hy = HLP.

Let us verify that P : D(Hyp) — D(HL). Since Hf, = Hp.:, the domains
of definition D(Hy) and D(H}L) are determined by (2.8) with the matrices T
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and T*', respectively. Let f € D(Hry). Then TI'yf = I';f and the inclusion
Pf e D(Hr}) is equivalent to the condition T*'TyPf = I'1Pf.

Taking into account that I';Pf = o30;f, we obtain T*'T\Pf = T*o3lf
and [''Pf = o3l'1f = 03TLyf. Hence, T*TyPf = T'yPf holds if and only
if T*'o3 = o3T. This matrix relation holds if the entries a,b,c,d of T satisfy
(3.3). O

4. SPECTRAL ANALYSIS OF Ht

It follows from the definition (2.11) of the self-adjoint operator H., that its
spectrum o(Hy,) = [0, 00) is purely continuous. This means that (H,, — A\I)~! is
unbounded for any A € [0, 00). Since H, is an extension of the symmetric operator
Smin With finite defect numbers, we conclude that the operator (Sym — A)~!
is also unbounded. This means that the spectrum of each Hr contains [0, c0).
Furthermore, only eigenvalues of Hr may appear in p(Hy) = C\ [0,00). This
fact follows from the definition (2.13) of Hr and the relation (A.2) describing
o(Ht) N p(Hy). (An eigenfunction of Hr should be the eigenfunction of Spax
corresponding to the same eigenvalue (since Sp.x is an extension of Hr).)

The kernel subspace ker(Sp.x — AI) has dimension 2 for any choice of A €
C\ [0,00). Let uy, vy be a basis of ker(Spax — AI). Then, any f € ker(Spyax — AI)
has the form f = cjuy 4+ covy, and f turns out to be the eigenfunction of Hr
corresponding to the eigenvalue A if and only if f belongs to the domain D(Hr)
determined by (2.13), that is, if ¢;, co are nonzero solutions of the linear system

Cl(TFO — Fl)’LL)\ + CQ(TFO - F1)1)>\ =0.

Therefore, the eigenvalues A € C\ [0,00) of Hr coincide with the roots of the
characteristic equation

det [(TFO — Fl)U)\, (TFQ - Fl)U)\} =0. (41)

Let us assume without loss of generality that the eigenfunctions wuy, v, are
chosen in such a way that

Touy = [(1)] and Tovy = [(1)] .

Then the characteristic equation (4.1) for the determination of eigenvalues of Hr
takes the form

det(T — W) =0, (4.2)

where the (2 x 2)-matrix Wy = [['juy, ['1v,] is called the Weyl-Titchmarsh func-
tion associated to the boundary triplet (C?,Ty,T';). The Weyl-Titchmarsh func-
tion W) is holomorphic on C \ [0,00) and it satisfies the relation (W3)! = W«
(see the Appendix).
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4.1. Eigenfunctions of Sy... Let us write any A € C\ [0,00) as A = k?, where
ke Cy={keC:Imk > 0}, and consider the function

G(x) = %eikm.
Obviously, G(+) belongs to W(R\{0}) and
~G" - k*G =0, —(G") - K*G'=0, x#0.
Moreover,
GO =5 GO)=0 G =-5

The convolution
oo

f=(Gxq)(x) = /_ G(z — s)q(s) ds

o0

(¢ € Ly(R) is a piecewise continuous function) is the solution of the differential
equation —f” — k*f = q in Ly(R).

Lemma 4.1. The functions

u(z) = —(G* q1)(x) — 2ik[1 + (G * 1)(0)] G(z) + %(G/ *q1)(0)G' (),

v(r) = —(G * q2)(x) — 2ik(G * q2)(0)G () — 2 [1— (G * 0)(0)]G' ()

k
form the basis of the eigenfunction subspace ker(Syax — k*1).

Proof. An elementary analysis shows that the functions u, v belong to W2 (R\{0})
and
2

u,(0) = 1, us(0) = —E(G *q1)(0),
v,(0) =0, vs(0) = [ (Gl * q2)<0)}7 (4.3)
ul.(0) =0, ul,(0) = 21/@ [1+(G*aq)(0)],
v (0) = =1, v(0) = 2ik(G * ¢5)(0).
The first column in (4.3) means that u and v are linearly independent, and

S

Furthermore, taking into account (2.9) and (4.3), we obtain for almost all z € R,
(Smax — K Nu=—u" —kKu+q =—q¢ +q¢ =0.

Similarly, (Spax — kK2)v = —v" — k*v + ¢ = —q2 + ¢2 = 0. Hence, the functions
u,v belong to ker(Spax — k2I) and they form a basis of this subspace. O
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4.2. The Weyl-Titchmarsh function associated to (C? T'y,T;). Since

1 0
Tou = |:0:| and Lov = |:1:| ’

the Weyl-Titchmarsh function associated to (C* T'g,T;) has the form W) =
[['yu, I'yv], where, in view of (2.6) and (4.3),

2ik[1 + (G * q1)(0)] — (ql,u)}
—%<G/ * ql)(O) - (Q27u)

| 2ik(G % ¢2)(0) — (g1, v)
rw= a1 o )

F1UZ|:

Making some additional rudimentary calculations (mainly related to the calcu-
lation of scalar products (q,u), (¢,v) for functions u,v from Lemma 4.1), we
obtain

_ (Q1,G*Q1) (Q17G*Q2) 11 T12
W= {(Q%G*QI) (QQ7G*Q2>] * {m 7”22} ’ (44
where
rin = 2ik[1+ (G *q)(0)] [1+ (G *¢})(0)] + %(G’ +q1)(0)(G" * ¢7)(0),
rog = %[1 — (G % @) (0)] [1 — (G" % ¢3)(0)] + 2ik(G * g2)(0)(G * ¢3)(0),
ri2 = 2ik(G % g2)(0)[1 + (G % ¢)(0)] — %(G’ %q7)(0)[1 = (G * 2)(0)],
2i

ro1 = 2ik(G * ¢3)(0) [1 + (G * 1)(0)] — (G *a) () [1 = (G"*¢3)(0)].

Denote

i :[1+«%wam> (G # 42)(0) ]
e = | (G x)(0) 1 (G )(0)]

Then (4.4) can be rewritten as follows:

@, Gxq) (01,G *q2) ¢ 2ik
W= [(Q%G *q1) (q2,G * @) Bitas 0 % Bay.g»- (4.5)

)

Substituting (4.5) into (4.2), we obtain the characteristic equation for eigen-

values A € C\ [0,00) of Hy. In particular, if ¢; = g2 = 0, the Weyl function W)

coincides with [26k 21»%} and the equation (4.2) is transformed to the polynomial

2dk* + ik(det T — 4) + 2a = 0, (4.6)

which determines spectra of ordinary point interactions considered in Section 2.1.
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5. NONLOCAL O-INTERACTION

5.1. Definition and description of eigenvalues. The classical one-point
d-interaction is given by the formal expression

—P + Cl<(5 >(5(l‘), a € C. (51)
It is natural to suppose that the generalization of (5.1) to the nonlocal case
consists in the addition of the nonlocal part (d,-)q(z) + (¢, -)d(x) of d-interaction.
For this reason, a nonlocal one-point d-interaction can be defined via the formal
expression

g al8,)5(@) + (0.a(2) + (4,)5(2), 0 € C.q € Ly(R),

which is a particular case of (2.4) with T = [ } q1 = q, and g = 0. This means
that the corresponding operator Hy = H, defined by (2.7) and (2.8) acts as

it =4 0ate). (5:2)
on the domain of definition
D) = {7 eWEOD: 50 Za0 s 0p) O

In view of Lemma 3.2, the operator H, is PT-symmetric if a € R and PTq = q.
In this case, due to Lemma 3.1, the operator H, should be self-adjoint. Therefore,
PT-symmetric nonlocal d-interactions are realized via self-adjoint operators. The
same result is true for the case of P-self-adjoint operators H, (see Lemma 3.3).

Theorem 5.1. The operator H, defined by (5.2) has an eigenvalue N = k* €
C\ [0,00) if and only if the following relation holds:

a=(q,G*q)+2ik[1+ (G*q)(0)][1+ (G*¢")(0)], keCy. (5.4)

Proof. If ¢ = ¢ and ¢2 = 0, then the Weyl-Titchmarsh function (4.5) has the
form

(¢,G*q)+mn —2(G *q)(0)

—2L(G % q)(0) X ’

where 717 = 2ik[1+ (G*q)(0)][1+ (G*¢*)(0)] 4 2(G" % ¢)(0) (G’ *¢*)(0). By virtue
of (4.2), X € 0,,(H,) if and only if det(T — W) = 0, where T = [¢§]. The direct
calculation of det(T — W,) in the latter equation gives (5.4). O

Wy =

Each operator H, satisfies the relation Sy, C H, C Smax because H, = Hp
with the matrix T determined above. This important general relation (which
holds for any Hrt) can be made more precise for the particular case of operators
H,. Indeed, it follows from (5.3) that the H,’s are extensions of the following
operator:

& f

Sunf =~ DG = {remi@ ) : FOT IO L
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It is easy to see (comparing D(Smm) with the domain D(Smm) determined by
(2.12)) that Smm is an extension of S;,, that is, Spi, C Smm Moreover, the
operator Soin 18 symmetric. This fact follows from Green’s identity (4.2) because

1f—0for all f € D( mm)

Denote Spax = S:mn The calculation of the adjoint operator gives

d2 f ~

5+ [(0)q(x),  D(Smax) = {f € W5 (R\{0}) : fs(0) = 0}.
It is easy to check that Sy, C gmin CNHa C gmax C Smax- Thus, H, is a proper

extension of the symmetric operator Sp,,. Furthermore, an elementary analysis
shows that:

(i) the kernel subspace ker(Spax—AI) is 1-dimensional and that it is generated
by the function (cf. Lemma 4.1)

max f

ux(z) = —(G * q)(x) — 2ik[1+ (G x q)(0)] G(x); (5.6)
(ii) the triple (C, To, fl), where
Tof = £(0),  Tif =f(0)=(¢.f), [ € D(Smax) (5.7)

is the boundary triplet of §max and
Toun =1,  Tiuy = (q,G*q) +2ik[1+ (G ¢)(0)][1 + (G *¢*)(0)], (5.8)
where u) is determined by (5.6);

(iii) the operators H, initially defined by (5.2) and (5.3) can be rewritten in
terms of the boundary triplet (C, g, I'1):

= Swax Iy D(Ha) = {f € D(Smax) : alof =T f}; (5.9)

(iv) the operator

Hoo = Smax Ipiiyy  DP(Hoo) = {f € D(Smax) : Tof = 0}
is positive self-adjoint and its spectrum o(Hy) = [0, 00) is purely contin-
uous.
The items (i)-(iv) allow one to simplify the investigation of H,. First of all we
note that the Weyl-Titchmarsh function W,\ associated to the boundary triplet

(C,To,T) is a holomorphic function on p(Hu) = C \ [0,00) and that, due to
(5.8), it has the form

Wy =Ty = (¢, G % q) + 2ik[1+ (G q)(0)] [1 + (G * ¢*)(0)]. (5.10)

The obtained formula immediately justifies (5.4) because A € C\ [0,00) is an
eigenvalue of H, if and only if det(a — W,\) = 0 (or, which is equivalent, if

a = W)). The latter identity shows that at least one of the subspaces C. belongs
to p(H,). Indeed, if a € R, then p(H,) D Cy. If @ € C\ R, then only nonreal
eigenvalues of H, might be in C,. Let us assume that Ay € 0,(H,) withIm A, >0

and Im A_ < 0. Then, simultaneously, Ima > 0 and Ima < 0 (since Wy = a
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and (ImA)(ImW),) > 0 for Im A # 0; see the Appendix), which is impossible.
Therefore, at least one of the C.’s does not belong to o(H,). This result is not
true for the general case of one-point interactions considered in Section 2. For
instance, if g1 = ¢go = 0 and a = d = 0, bc = 4, then the characteristic equation
(4.6) vanishes and the eigenvalues of Hr fill the whole domain C \ [0, c0).

Corollary 5.2. The existence of a real eigenvalue of H, means that H, is a
self-adjoint operator in Lo(R).

Proof. Let uy € Ly(R) be an eigenfunction of H, corresponding to a real eigen-

value \. It follows from the definition of gmin that ker(gmin—)\] ) = {0}. Therefore,
the domain of H, can be represented as

D(H,) = {f =v+tcuy:v € D(gmin),c € (C}

(since the symmetric operator §min has the defect index 1) and

H.f = H,(v+ cuy) = S v 4 Aeuy,.
Using the last expression we check that Im(H,f, f) = 0 for all f = v+ cu, from
the domain of H,. Therefore, H, is a self-adjoint operator. O

In contrast to the case of ordinary one-point interactions considered in Sec-
tion 2.1, the operators H, may have real eigenvalues embedded into the contin-
uous spectrum [0,00) of H. To see this, we rewrite the function uy in (5.6)
as

Ap(z)e*® 4+ By(x)e ™ 2 >0, )

= : : A=k 5.11

w(@) {C’k(m)e’kquDk(:v)e’kx, x <0, 7 (5.11)
where

Ak(x)zl—i—;—k i eiksq(s)ds—i i e *sq(s) ds,
D) =1+ o [ e atsyas - [ etats)a
k(z) = 2k_ooe q(s)ds Qkxe q(s)ds,
Buw) = —5p | e™als)ds

_ _L ’ —iks
Cr(z) = 5% _ooe q(s) ds.

If A = k% with k € C,, then the function uy belongs to Ly(R) and it solves the
differential equation —f”(x) + f.(0)g(x) = Af(x) for  # 0. According to (5.8)
and (5.10), uy belongs to the domain of definition (5.3) of the operator H, with

—~

a = Wy. In other words, u, is the eigenfunction of H,.

If A\ = k? with & € R\ {0}, then the function uy defined by (5.11) turns out to
be a generalized eigenfunction of H,. This means that u, preserves all the above
properties except the property of being in Ly(R). It should be noted that uy may
belong to Ly(R). In this case, the generalized eigenfunction coincides with the
ordinary eigenfunction and the corresponding operator H, will have a positive
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eigenvalue A = k2. In view of Corollary 5.2, this phenomenon is possible only for
self-adjoint operators H,.

Ezxample 5.3. We have the case of an even function with finite support. Let ¢ be
an even function with support in [—p, p]. The elementary calculation in (5.11)
gives that, for all |z| > p,

. 1 [?
uy(z) = Bre*ll, Or=1-— E/ sinks q(s) ds.
0

It is easy to see that uy will be in Ly(R) if and only if 5 = 0. If k € R\ {0} is
a solution of the last equation, then u, turns out to be an eigenfunction of the
self-adjoint operator H,, where a = W) and W), is formally defined by (5.10) with
A = k? € (0,00). It should be noted that the case of odd functions with finite

support is completely different. Indeed, if ¢ is odd with the support in [—p, p],
then

(z) = (1 — ¢ [V sinksq(s)ds)e*™, x> p,
A= (14 ¢ J7 sinksq(s)ds)e™ ™,z < —p.
Obviously, such a function wuy, does not belong to Ly(R) and it cannot be an
eigenfunction of H,. Therefore, in the case of an odd function ¢ with finite support,
the corresponding operators H, (a € C) have no positive eigenvalues.
Let us consider the simplest example of an even function

Za T e [_P7P]a

ZeR,p>0. (5.12)
0, xER\[_P7P]a

q(z) = ZX(~pop) (z) = {

The characteristic equation 3, = 0 takes the form Z(1 — coskp) = k. Let ko €
R\ {0} be the solution of this equation. Then the function

Z(1 = cosko(p — |2]))

k2 X[=p,p] (Qj), A= k(2)7
0

ux(z) =

belongs to the domain of definition

, £(0-) = (0+) = £(0
DUt = { £ WEEO) o) S0 gty + 27, sy in )

of the self-adjoint operator H, f = —% + Z f(0)X[=p,0(7), where

P Z?% rsin 2kop
a:[u')\]s(O)—Z/_pu,\(x)dx:k—g< N —2p>.

The function uy is an eigenfunction of H, corresponding to the positive eigenvalue
A= k2.
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5.2. Exceptional points. The _geometric multiplicity of any A € o0,(H,) is 1
due to (i) and the fact that ker(Spi — AI) = {0}. The algebraic multiplicity can
be calculated with the use of [10, Corollary 4.4].

An eigenvalue of H, is called an exceptional point if its geometrical multiplic-
ity does not coincide with the algebraic multiplicity. The presence of an excep-
tional point means that H, cannot be self-adjoint for any choice of inner product
in Ly(R). By virtue of Corollary 5.2, the operators H, may only have nonreal
exceptional points.

Theorem 5.4. A nonreal eigenvalue Ao of H, is an exceptional point if and only
if W/\ =0, where W/\ WA

Proof. The resolvent (H — A )*1 of a self-adjoint operator f]oo is a holomorphic
operator- Valued function on p(H,) = C\ [0, 00). On the other hand, the resolvent
(H, — M)~ may be a meromorphic function on C \ [0, 00) with its poles being
eigenvalues of H,.

Let \g € C\ R be a pole of (H, — AI)~!. Then its order coincides with the
maximal length of Jordan vectors associated with Ay (see, e.g., [9, Chapter 2]).
Therefore, the existence of an exceptional point A\g of H, is equivalent to the
existence of a pole \g of order greater than 1 for the meromorphic operator-valued
function

E(\) = (Hy — M) ™" = (Hoo — M) (5.13)
In other words, Ag turns out to be an exceptional point of H, if and only if there
exists v € Ly(R) such that

lim [[(A = Ag)Z2(A)v|| = oo. (5.14)

)\—))\0

It is sufficient to suppose in (5.14) that v = uy« € ker(Smax — A*I) (since H, and
Ho are extensions of Sy, and, hence, Z(A) 55 = 0).
It follows from the Krein—Naimark resolvent formula (A.4) that

‘_‘)\ >\0

w A e (5.15)

Let us evaluate the part [|7(A\)y(A*)Tuy-|| in (5.15). In view of (A.3),

’}/()\*)T'LL,\* = fl(ﬁ—oo — )\[)71’&)\*.

The operator H. is defined in (iv) and it acts as Hoo f= _32712” for all functions
f € D(Hy) = {f € WZ(R\{0}) : f(0—) = f(0+) = 0}. The resolvent of H, is

well known and it takes an especially simple form for f = wuy«:

~ 1
-1, L),
(Hoo — M) " ups = —22,(1 N (uy — uy-)

The definition of the Weyl-Titchmarsh function WA associated to the boundary
triplet (C, FO, 1) and the relation Touy = 1 in (5.8) imply that Tyuy = W,y for
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all A € C\ [0, 00). Therefore,

FI(U)\ — U,)\*) . /—Wl)\ - /_Wv)\* . ImWA

Ny = Ty (Ho — M) tupe = = = :
Y =T (Hoo = A1) us 2i(Im \) 2i(lm ) ImA

Furthermore, it follows from the definition of v-field 4(-) associated with (C, Ty,
I'1) (see the Appendix) and (5.8) that y(A)c = cuy for all ¢ € C. Hence,
YN)Y(A) Ty = B8, Setting fy = uy in (A.1), we decide that

ImNW,\
2= AeC\R. 1
ual? = T2, A€y (5.16)
Therefore,
Tm Ty \ 3/2
V) = [N O | = (T52)

The function «(\) is continuous in a neighborhood of the nonreal point Ag
and «a(Ag) # 0. Therefore, taking (5.15) into account, we decide that (5.14) is
equivalent to the condition

_a— W)y
>\11—>H>\10 )\—>\0 =0

Remembering that a = WAO (since Ao is an eigenvalue of H,), we complete the
proof. O

Remark 5.5. A result of similar type (but in a different context) was published
recently in [13, Lemma 2.4].

Corollary 5.6. If H, has an exceptional point Xy, then X\j is an exceptional point
for Hg«

The proof follows from Theorem 5.4 and the relation W,{‘ = W,\*.

5.3. Spectral singularities. Let H, be a non-self-adjoint operator with real
spectrum. The operator H, cannot have real eigenvalues due to Corollary 5.2.
Therefore, the spectrum of H, is continuous and it coincides with [0, 00).

If H, turns out to be self-adjoint with respect to an appropriative choice of
inner product of Ly(R) (i.e., if H, is similar to a self-adjoint operator in Ls(R)),
then its resolvent (H, — AI)~! should satisfy the standard evaluation

I(H — AD)"]| < %nfn, (5.17)

where C' > 0 does not depend on A € C\ R and f € Ly(R).

The case where H, is not similar to a self-adjoint operator in Lo(R) deals
with the existence of special spectral points of H, which are impossible for the
spectra of self-adjoint operators. Traditionally, these spectral points are called
spectral singularities if they are located on the continuous spectrum of H,. This
particular role pertaining to spectral singularities was discovered for the first time
by Naimark [26]. Recently, various aspects of spectral singularities, including their
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physical meaning and possible practical applications, have been analyzed with a
wealth of technical tools (see, e.g., [20], [25]).

It is natural to suppose that a spectral singularity Ay € (0, 00) of H, is charac-
terized by atypical behavior of the resolvent (H, — AI)~! in a neighborhood of Ag.
This assumption leads to the following definition: a positive number Xy is called
a spectral singularity of H, if there exists f € Lyo(R) such that the evaluation
(5.17) does not hold when a nonreal A tends to Ag.

Theorem 5.7. Let Ay € (0,00), and let there exist a sequence of nonreal \,’s
such that A\, — Ao and lim,,_,.. Wy, = a € C\R. Then Ay is a spectral singularity
of the non-self-adjoint operators H, and H .

Proof. The inequality (5.17) is equivalent to the inequality

C
IEO < M1 (5.18)

where Z(\) is defined by (5.13). Moreover, it follows from the proof of Theorem 5.4
that it is sufficient to verify (5.18) for f = wy« only. By virtue of (5.15) and the
proof of Theorem 5.4,

OO el Im Wy

=(\)uy- ) M (5.19)
It follows from (5.16) that ||uy|| = ||ux<||. Replacing ||ux|| by |Jux<|| in (5.19), we
rewrite (5.18) in the following equivalent form:
I T
W ¢ yec\r (5.20)
|CL - W>\|

If the condition of Theorem 5.7 is satisfied, then the inequality (5.20) cannot
be true in a neighborhood of \g. Therefore, Ay should be a spectral singularity
of H,. The same result holds for H,- if we consider the sequences \: — Ao,
Wy = W; — a* and take into account that Hf = H,. O

If A\ =k? with k¥ € R\ {0}, then the formula (5.11) allows one to define two

functions uf\[ corresponding to positive/negative values of k, respectively. In this

case, the formula
Wi = [u51.(0) = (g, ) = 2ik (1 + / e (5) ds) — (q,uf)
0

(¢*V is the even part of ¢) gives two values of the Weyl-Titchmarsh function W,\
on (0,00).

Let g be chosen such that the Wf’s are well posed (i.e., /WV)T—L # 00). Then, the
functions Wf can be interpreted as limits on (0, 00) of the holomorphic functions
W, considered on C., respectively. Taking the relation W; =Wy, A € C\ [0, 00)
into account, we deduce that (fVVV;r )= W)\_ for A > 0. This relation and the
definition of Wf imply that u{ and wu, are generalized eigenfunctions of the
operators H, and H,-, respectively, with a = W; .
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If a = Wy is nonreal, then, due to Theorem 5.7, A is a spectral singularity of
the non-self-adjoint operators H, and H,-. The corresponding generalized eigen-
functions coincide with uy and uy . If @ = Wy is real, then the evaluation (5.17)
holds (since H, is self-adjoint) and A cannot be a spectral singularity of H,.

6. EXAMPLES

6.1. Ordinary d-interaction. This simplest case corresponds to ¢ = 0. The
operators H, = —% have the domains

D(H,) = {f ewi(r\oy) 1 700 =0 } -

" F(0+) = f1(0-) = af(0)

The Weyl-Titchmarsh function has the form W,\ = 2ik = 2iv/\. There are
no exceptional points for operators H, because Wﬁ =1/ VA does not vanish on
C\ [0, 00).

The limit functions W/\i = 2ik, k > 0/k < 0 take nonreal values. Hence, the
operators HW; and HW; have the spectral singularity A\ = k2.

The ordinary d-interactions have been well studied (see [19], [22]), and the
evolution of spectral properties of H, when a runs C can be illustrated as follows:

Im(a)

\ self-adjointness

& spectral singularities (zero
point is excluded)
nonreal eigenvalues

» similarity to self-adjoint
operator

6.2. The case of an odd function. Let ¢ be an odd function. Then the Weyl-
Titchmarsh function W) takes the especially simple form

W = 2ik — (q,uy) = 2ik + (¢, G xq), A=k> ke C,. (6.1)

The last equality in (6.1) follows from (5.10) since (G * ¢)(0) = (G * ¢*)(0) =0
for odd functions ¢, while the first one is the consequence of (5.7) and the fact
that [u}]5(0) = 2ik[1 + (G * q)(0)] = 2ik.

Let us consider, for simplicity, the odd function

Z7 O S x S pa
q(x) = Zsign(z)X(—pp)(r) = § —Z, —p <z <0, ZeC,p>0.
07 $€R\[—p,p],
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The corresponding operators H, f = d2f + f(0) Zsign(z)x[—p,p (z) with domains
of definition

0—) =
D(H,) = {f W5 (R\{0}) : 7o = 10 =10

f1(0+) = f'(0=) = af(0) + Z* [* sign(x) f(x) dl’}
have no positive eigenvalues (see Example 5.3). After the substitution of ¢ into

(6.1) and elementary calculations with the use of (5.11), we obtain the explicit
expression of the Weyl-Titchmarsh function

2
Wy = 2ik — |Zk|3 (e —2)* +2ikp—1], A=k*keC,. (6.2)

The limit functions I/VjE are determined by (6.2) for £ > 0 and k < 0, respec-
tively. It is easy to check that the imaginary part of Wf,

—~ A
Im W3 = 2k + %(2 cos® kp — dcoskp + 2),
does not vanish when k runs R \ {0}. Hence, any positive A turns out to be a
spectral singularity for some operators H,. Namely, the operators H, and H,-

with @ = Wy will have the spectral singularity \.

6.3. The case of an even function ¢ = ce ™ (u > 0). The corresponding

operators H,f = —dz—f + f(0)ce#*l have the domains

F(0=) = f(0+) = f(0) }
F10+4) = f1(0=) = af(0) + ¢ [y el f(z)d

The eigenfunctions uy (see (5.11)) are given by the expression

D(H,) = {f W (R\{0}) :

_(1_ ik|z| q(z) _ 2
u (1 ,u2—|—)\>e +M2+>\, A= k°. (6.3)

The Weyl-Titchmarsh function

4Rec _llaI”
p—tk o (p—ik)?

Wy = 2ik — (¢, uy) = 2ik — (6.4)
is defined on C\ [0, 00) and its limit functions Wf are determined by (6.4) with
k> 0and k < 0, respectively. Each A\ € C\ [0, 00) is an eigenvalue of the operator
H, with a = W,, and the corresponding eigenfunction is given by (6.3).

It follows from (6.3) that a positive eigenvalue \ exists for some operator H, if
and only if ¢ > p?. In this case, A\ = ¢ — u?, the corresponding eigenfunction uy
coincides with 42 = e=#l#l and u, is an eigenfunction of a self-adjoint operator

=Y
H, Witha:I/VjE——B/L—A
Let us assume for the simplicity that ¢ € iR and ||q||2 |7 = 1. Then
~ 1
Wy =2k + ———— = 2iVA+ ————— (6.5)

(= ik’ (n —m
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If k is real in (6.5), then the imaginary part of Wf,

—~ 2kp
ImWE =2k + —L—
! = kP
does not vanish when A = k? € (0,00). Hence, any positive X is a spectral

singularity of operators H, and H,- with a = /Wj .
It follows from (6.5) that

= i ] = Al )

Therefore, W/’\ = 0 for certain A € C\ [0,00) if and only if (u — tk)*> = —1 for
k € C,. The latter equation has two required solutions,

V3 /1

bo =5 +i(5—n)

when 0 < pu < % By virtue of Theorem 5.4, Ay = k2 is an exceptional point of
the operator H, with

kl = _k87

1 : p — ik
(1 — iko)? U (= iko)?

while \; = k? = )\ will be an exceptional point of its adjoint H,« = H] (see

a =Wy, = 2iko + 3iko — 1,

Corollary 5.6).

The obtained result shows that the existence of exceptional points for some
operators from the collection {H,}.cc depends on the behavior of the function
q(z) = ce "l If g(x) decreases (relatively) slowly on oo (the case 0 < p < 3),
then there exist two operators H, and H] with exceptional points Ay and A},
respectively.

APPENDIX: BOUNDARY TRIPLETS

Let Spin be a closed symmetric (densely defined) operator in a Hilbert space
$) with inner product (-,-). Denote Spax = Sjnin. Obviously, Smin C Smax-

A triplet (H,To,T'1), where H is an auxiliary Hilbert space and Ty, T'; are
linear mappings of D(Syax) into H, is called a boundary triplet of Spay if Green’s

identity

(Smaxf> g) - (fa Smaxg) = (Flfv FOQ)H - (FOfv FlQ)H) f7 g€ D(Smax)

is satisfied and the map (I'g,T'1) : D(Smax) — H & H is surjective.

The symmetric operator Sy, is the restriction of Spax onto D(Smin) = {f €
D(Smax) : Tof = I'1 f = 0}. The defect indices of Sy coincide with the dimension
of H. Boundary triplets of Sy,.x are not determined uniquely and they exist only
in the case where the symmetric operator Sy, has self-adjoint extensions (see
[5], [11], [17], [21] for various generalizations of boundary triplets).

Let (H,Tg,I'1) be a boundary triplet of Sp,.x. Then the operator

Hoo = Smax rD(Hoo)a D(Hoo) = {f € D(Smax) : F()f = 0}
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is a self-adjoint extension of Sp;,. The Weyl-Titchmarsh function W) associated
to the boundary triplet (H, T, I';) is defined for all A\ € p(Hy) (see [16]):

WAFOJC}\ = Flf)\, Vf)\ - ker(Smax — )\[)

The operator-valued function W) is holomorphic on p(H,) and the adjoint of the
operator W, in ‘H coincides with Wy-.
Let fy € ker(Spax — AI). It follows from Green’s identity that

Wy — Wi
%

Therefore, (ImA)(ImW,) > 0 for nonreal A\. The latter means that W) is a
Herglotz—Nevanlinna function (see [18]).
Let T be a bounded operator in the auxiliary Hilbert space H. The operator

HT = Smax TD(HT), D(HT> = {f - D(Smax) : Trof = Flf}

is a proper extension of Syin (i.€., Smin € HT C Siax). Moreover, the adjoint oper-
ator Hr} is also a proper extension and Hr_TF = Hyt, where TT is the adjoint oper-
ator of T in the auxiliary space H. Hence, the self-adjointness of the unbounded
operator Hr in §) is equivalent to the self-adjointness of the bounded operator T
in the auxiliary space H.

The spectrum of Hr is described in terms of T and W). Namely (see [16]),
A € p(H) belongs to the point o,(Hr), to the residual o.(Hr), and to the
continuous o.(Hrt) parts of the spectrum of Hr if and only if 0 belongs to the
same parts of the spectrum of T — W, ; that is,

(Im N[ fAlI> = (Tofx, ImWy)Tof), where Im W) = (A.1)

ANep(Hu)Noo(Hr) <<= 0€0,(T-W,), ac{prc} (A.2)

For each A\ € p(H,), the operator T'y is a bijective mapping of the subspace
ker(Smax — AI) onto H. Its bounded inverse

’Y(A) = (FO rker(SmaXf)\I))_l H— ker<Smax - >\I)

is called the ~-field associated with (H,To, ).
The ~-field v(-) is a holomorphic operator-valued function on p(H.,) and (see
[27, Propositions 14.14, 14.15])

O =Ty(Ha =AW = 2(A) (), (A3)

where the adjoint operator v(A*)" maps ker(Smax — A*I) into H. For any \ €
p(Hy) N p(Hr), the Krein—-Naimark resolvent formula

(Hr = A)™" = (Hoo = M) ™" = y(A)(T = Wi) "'y (X" (A4)
holds (see [27, Theorem 14.18]).
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