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ABSTRACT. Using Gaussian processes, we define a very general convolution
product of functionals on Wiener space and we investigate fundamental rela-
tionships between the generalized Fourier-Feynman transforms and the gen-
eralized convolution products. Using two rotation theorems of Gaussian pro-
cesses, we establish that both of the generalized Fourier—-Feynman transform of
the generalized convolution product and the generalized convolution product
of the generalized Fourier—Feynman transforms of functionals on Wiener space
are represented as products of the generalized Fourier-Feynman transforms of
each functional, with examples.

1. INTRODUCTION

Let Cy[0,T] denote 1-parameter Wiener space, that is, the space of all real-
valued continuous functions x on [0, 7] with 2(0) = 0. Let M denote the class of
all Wiener measurable subsets of Cy[0, 7], and let m denote the Wiener measure.
Then, as is well known, (Cy[0, T], M, m) is a complete measure space. Throughout
this article, we will denote the Wiener integral of a Wiener measurable functional
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F by
E[F] = E,[F(z)] = / F(z) dm(z).
C()[O,T]

A subset B of Cy[0, T is said to be scale-invariant measurable (s.i.m.) provided
pB € M for all p > 0, and a scale-invariant measurable set N is said to be
scale-invariant null provided that m(pN) = 0 for all p > 0. A property that
holds except on a scale-invariant null set is said to hold scale-invariant almost
everywhere (s-a.e.). If two functionals F' and G are equal s-a.e., we write F' ~ G.
Note that the relation = is an equivalence relation.

The concept of the analytic Fourier—Feynman transform (FFT) on the Wiener
space Cy[0, T, initiated by Brue [2], has been developed further in the literature.
This transform and its properties are similar in many respects to the ordinary
Fourier transform (for an elementary introduction to the analytic FFT, see [21]
and the references cited therein). First, we refer to [21] for the precise definitions
and the notations of the analytic FFT and of the convolution product (CP) of
functionals on the Wiener space Cy[0,T]. In [10], Huffman, Park, and Skoug
defined a CP for functionals on Cy[0,7] and obtained various results for the
analytic FFT and the CP (see [11]-[13]). In previous research involving [10]-[13],
the authors have established the relationship between the analytic FF'T and the
CP of functionals F' and G on Cy[0, T}, in the form

Y )
T,((F +G)) ) = T(F) (5) T(G) (5) (1.1)
for scale-almost every y € Cy[0, T.
An essential structure hidden in the proof of equation (1.1) is based on the fact
that the Gaussian processes

T+
3+E{ 1\/52::1:1,3:2600[0,T]} and

3= {xlﬂxz = CO[O,T]}
are independent, and the processes 3, and 3_ are equivalent to the standard
Wiener process. More precisely, the product Wiener measure m x m is rotation-
invariant in CZ[0, T (see [4, Lemmas 1 and 2]). As discussed in [4], those rotation-
invariant properties of m x m were concretely realized by Bearman [1].

Recently in [8], the present authors and Skoug used another rotation form of
Wiener measure m to define a multiple generalized FFT associated with Gaussian
processes Zp, (Z,-GFFT) on Cy[0, T]. The rotation form used in [8] is a general-
ization of Bearman’s celebrated result and is intended to interpret behaviors of
nonstationary Gaussian processes on Cy[0,7"]. The authors also investigated var-
ious relationships which exist between the multiple GFFT and the corresponding
CP associated with the Gaussian processes on Cy[0,T]. In this paper, motivated
by the results in [7], [10]-[13], we study the fundamental relationships between
the analytic Z,-GFFTs and the generalized CPs (GCP) on Wiener space.

This paper is organized as follows. In Section 2, we briefly recall well-known
results for Gaussian processes on Wiener space and introduce the concepts of
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the Z,-GFFT and the GCP of functionals on Wiener space. In Section 3, we
emphasize the main purpose of this paper via specific examples. To do this, we
introduce the partially exponential-type functionals on Cy[0,T]. In Section 4, as
preliminary results, we investigate rotation properties of the Gaussian processes
on product Wiener spaces. In Section 5, we also investigate fundamental relation-
ships between the analytic Z,-GFFTs and the GCPs. Finally, in Section 6, we
present examples which shed light upon the conditions in our two main assertions,
and which also illustrate that the conclusions of the main assertions are valid.

2. PRELIMINARIES

In this section, we first present the brief backgrounds which are needed
in the following sections. For each v € L[0,T] and x € Cy[0,T], we let (v,z) =
fOT v(t)dz(t) denote the Paley-Wiener-Zygmund stochastic integral (see
8], [15]-[17]). It is known that for each v € Ly[0, T'], the Paley—Wiener—Zygmund
stochastic integral (v, x) exists for s-a.e. x € C[0,T], and it is a Gaussian random
variable with mean zero and variance ||v||3, where || || denotes the L,[0, T]-norm.
Thus, using the change of variable formula, one can establish the integration for-
mula on Cy|0, T:

B, fexp{ (v, p)}) = exp{ 2 i3} 2.1)

for every v € L»[0,7] and p € R\ {0}.
For any h € Ly[0,T] with ||h|l2 > 0, let Z, be the stochastic process (see
9], [13], [18], [20]) on Cy[0,T] x [0,T] given by

t
Zp(x,t) = / h(s) dx(s) = (hx[o.q, ) (2.2)
0
Of course, if h(t) = 1 on [0, T], then Z,(x,t) = x(t) is an ordinary Wiener process.

Given h € Lo[0,T] with ||hlj2 > 0, let B4 (t) = [J h?(u) du. It is easy to see that
Zy, is a Gaussian process with mean zero and covariance function

min{s,¢}
E.[Zh(z,8) 2 (2, t)] = /0 h?(u) du = B(min{s, t}).

In addition, Z,(-,t) is stochastically continuous in ¢ on [0, 7] and for any hy, hy €
1;2[07JWL

min{s,t}
E, |2, (x,8)Zp,(x,t)] = /0 hy(u)hs(u) du. (2.3)
It is known (see [9]) that, for v € Ly[0,T] and h € Ly[0,T],
(v, Zh(z,)) = (vh, x) (2.4)

for s-a.e. © € Cy[0,T].
Throughout this paper, we will assume that each functional F' (or G) we con-
sider satisfies the conditions:

F:Cyl0,T] - C is s-a.e. defined and s.i.m., (2.5)



788 S. J. CHANG and J. G. CHOI

and for all h € Ly[0,T] and each p > 0,
E, HF(th(m, ) H < +00. (2.6)

Next, let BV[0,T] denote the space of functions of bounded variation on [0, 7.
Also, let C, C,, and @Jr denote the set of complex numbers, complex numbers
with positive real part, and nonzero complex numbers with nonnegative real part,
respectively. For each \ € (EJF, A2 denotes the principal square root of A (i.e.,
A2 is always chosen to have positive real part so that A™1/2 = (A"1)1/2 is in C,.
for all A € C,).

Definition 2.1. Let F satisfy conditions (2.5) and (2.6) above. Let Zj, be the
Gaussian process given by (2.2), and for A > 0 let J(h; \) = E,[F(\"Y22Z,(z,-))].
If there exists a function J*(h;-) analytic on C, such that J*(h;\) = J(h;\)
for all A > 0, then J*(h;\) is defined to be the analytic Z,-Wiener integral
(namely, the generalized analytic Wiener integral associated with the Gaussian
paths Z(z,-)) of F' over Cy[0, 7T with parameter A. In this case, for A € C; we
write
BN (Zh(x,-))] = J* (s N).

Let ¢ # 0 be a real number, and let F' be a functional such that the analytic
Z,-Wiener integral E2""“A[F(Z(x,-))] exists for all A € C,. If the following
limit exists, we call it the analytic Z;,-Feynman integral (namely, the generalized
analytic Feynman integral associated with the Gaussian paths Z,(x,-)) of F' with
parameter ¢, and we write

EX e [F(24(x,)] = Jim E7 [F(Zh(z,-))]. (2.7)
AeCy

Note that if h = 1 on [0,7], then these definitions agree with the previous
definitions of the analytic Wiener integral and the analytic Feynman integral (see
Next (see [7], [8], [13], [20]), we state the definition of the GFFT.

Definition 2.2. For k € Ly[0,T]\ {0}, A € C4, and y € Cy[0, T, let
To(F)(y) = BV [F(y + 2i(2.-))]- (2.8)
We define the L; analytic Z;,-GFFT (namely, the GFFT associated with the
Gaussian paths Z(z,-)), Tq(}k) (F) of F', by the formula
TN (F)(y) = lim Tuu(F)(y),
——iq
AeCy
for s-a.e. y € ([0, T] whenever this limit exists.
We note that if Tq(lk)(F) exists and if F' ~ G, then Tq(ylk)(G) exists and Tq(’lk) (G) ~
Tq(lk)(F) One can see that, for each k € Ly[0,T] \ {0}, Tq(lk)(F) ~ T(l)k(F) since

F(z)dm(x) = F(—z)dm(x).
Lmﬂ<> () lwﬂ (—a) din(x)
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By Definitions 2.1 and 2.2, it is easy to see that for a nonzero real number ¢,
T, (F)(y) = B2 [F(y + Zi(a, )] (2.9)

for s-a.e. y € (0,77 if both sides exist. We now present the definition of the
GCP, which involves various kinds of CPs studied in previous research.

Definition 2.3. Let F and G be functionals on Co[0,T]. For A € C,, g1, 92 €
BVI[0,T] and hy, hy € Ly]0,T]\ {0}, we define their GCP with respect to {Z,

240 Zhyy Zhy b (f it exists) by

17

(F % G)g\91792§h17h2)(y)
BN F(Z4,(y, ) 4 2ny (2,))G (24, (y, ) + Zny (0, )],
Ae Cy (2.10)
B (Z0,(y, ) + Zny (2, ))G(Z0, (5, ) + Ziy(@,))]s
A=—iq,q € R,q#0.

When A = —ig, we will denote (F x G){"9"") by (F « G)gro2ihe)

Remark 2.4.
(i) Given a function h in Ly[0,T] with ||hl|y > 0, letting hy = —hy = h//2
and g1 = g, = 1/v/2, equation (2.10) yields the CP studied in [7], [8], [13],

[20]:

(F x G)éghgz;hl,hz)(y) _ E;nfq [F<y + zj.’/}%(:r, -)>G<y — Z\Z/%(l’, )>]

(ii) Choosing hy = —hy = g1 = ¢g» = 1/v/2, equation (2.10) yields the CP
studied in [10]-[12]:

(G ) = 0 [P (D)6 (1],

(iii) Choosing hy = hy = g1 = —g» = 1/v/2 and A = 1, equation (2.10) yields
the CP studied in [22]:

ameny - [ ()0

If h is of bounded variation on [0,7], then Z,(x,t) is continuous in ¢ for all
x € Cyl0,T] (i-e., Zx(-,-) is a continuous process on Cy[0,T] x [0,7]). Thus
throughout the remainder of this paper, we require h (or k) to be in BV[0,T]
and with [|h]|s > 0 for each process Z;,.

3. OBSERVATIONS ON THE CLASS £(Cy[0,T)

Let £ be the class of all functionals having the form

U, (z) = exp{(u,z)} (3.1)
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for m-a.e. x € C[0,T], where u € Ly[0,T], and given ¢ € R\ {0}, v € L[0,T7,
and k € BV[0,T], let &,,x be the class of all functionals having the form

Vi) = Bula) exp{ ookl (32)

for m-a.e. © € Cy[0,T], where ¥, is given by equation (3.1). For notational
convenience, let WOk (z) = W, (z) and let &, 1 = &.

The functionals given by equation (3.2) and linear combinations (with complex
coefficients) of the W%"*’s are called the partially exponential-type functionals
on (5[0, T]. The functionals given by (3.1) are also partially exponential-type
functionals because W4"0(z) = ¥, (z) for m-a.e. x € Cy[0, T].

For each (¢q,v,k) € R x Ly[0,T] x BV[0,T], the class &, is dense in
Ly(Cy[0,T]). Furthermore, Span &, , x, the linear manifold generated by &, in
Ly(Cp[0,T7]), is closed under the ordinary multiplication because

WA @)W (r) = aexp{ s +us,7) + ok} = @i, ()
for mae. y € Cp[0,7], where the complex coefficient o is given by
exp{(i/2q)||vk||3}. Thus the class Span&,, . is a commutative algebra over the
complex field C.
In fact, using the fact that

\Iqutll’vhkl (x)qjg227’l}27k2 (m) — 5exp{<ul + Uo, x>} = 6\I/ul+u2 (Qj)
with
i i
_ 12 4 — ook 2}
8 = oxp{ gl + 5 llakal

one can see that

Span( U Sq,v’k>:Span5.

q€eR
vEL2[0,T)]
keBV[0,T]

We denote the set of all partially exponential-type functionals on Cy[0,7] by
E(Cy[0,TY)) (i.e., E(Co[0,T]) = Span€).

Note that every partially exponential-type functional is scale-invariant measur-
able. Since we will identify functionals which coincide s-a.e. on Cy[0, T, £(Cy|0, 1)
can be regarded as the space of all s-equivalence classes of partially exponential-
type functionals. Throughout this article, we let equation (3.1) holds for s-a.e.
x € Cy0,T]. Strictly speaking, the quotient space £(Cy[0,T])/ ~ is again denoted
by the same symbol £(Cy[0,T]) in the rest of this paper.

From now on, we reveal the main purpose of this paper via specific examples.
First, using (2.7) with F' replaced with ¥, (2.4), (2.1), it follows that for all
k€ BVI[0,T]\ {0},

B [0, (24, )] = exp{ - lukB) (33)
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Thus, using equations (2.9), (3.3), and (3.2), we see that the Ly analytic Z,-GFFT,
Tq(,lk) (¥,) of U, exists for all ¢ € R\ {0}, and it is given by

TO (W) (y) = () EZ 1 [0, (242, )] = WEF(y) (3.4)

for s-a.e. y € Cy[0,T]. From equation (3.4), we also see that T 1 E(Cy[0,T]) —
E(Cy[0,T7)) is well defined.

Next, using (2.10) with F' and G replaced with ¥, and ¥, it follows that
for all real ¢ € R\ {0} and ¢, g2, h3, hy € BV]0,T], the GCP of ¥, and ¥,,
(W, % W,)@193:m) - ovigts and is given by

(W # WP ) = exp{ (ug +vg2,0) + g lfuha +ohal}(85)
for s-a.c. y € Cy[0,T). Also, the functional (U, * ¥, 97 = = poutiinl g
an element of £(Cy[0,T]).

Using (3.5) and applying the techniques similar to those used in the calculation
of (3.4), one can see that, for s-a.e. y € Cy[0,T],

T(l) ((\Ij U )(91 .g2;h1, hz)) (y)

7 7 2
= eXP{<u91 +vg2,y) + 2—qHUh1 + vhal|3 + 2—q||(U91 + 092)/f||2}

= exp{ tugn +vg) + £ [ ulu() ((Oa(0) + (O 010)

i [T
b [ e00R0 + g ORO) s o [ 0030+ o) a)
In order to obtain an equation similar to (1.1), one may put the condition that
hi(t)ho(t) + g1(t)ga(t)k*(t) =0 mp-a.e. on [0,T), (3.6)

where my, denotes the Lebesgue measure on [0, 7]. Then we can expect the fol-
lowing equation:

T (T, # 0, ) omozhh)) (yy = TO (,)(2,, (y, )T (0) (24, (y. ) (3.7)

q,S1

for s-a.e. y € Cy[0,T], where s; (i = 1,2) is the function of bounded variation
on [0, 7] such that s?(t) = gZ(t)k*(t) + h?(t) for mgz-a.e. on [0,T]. On the other
hand, using (3.4) and (2.10), we also obtain that for s-a.e. y € Cy[0, T,

((191 ,92;h3 :h4) (y)

(150 (@) « ) (9,))
= ep{{ugn +ogm0) + - / w(t)o(O)ha(t)ha(t) di
b [ w00+ 80) @ o [ 0080 +se) ),

and under the condition

my, (supp(hs) N supp(hs)) = 0 (3.8)
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it follows that
1 (91,92;h3,h4)
(Tyon, (W) % T (,)) " ()

=T (0) (24, (y, ) TiY (04) (24, (v, ) (3.9)

for s-a.e. y € Cy[0,T], where s3 and sy are the functions of bounded variation on
0, T such that s3(t) = h3(t) + k3(t) and s3(t) = h3(t) + k3(1).

In Section 5 below, we establish the relationships appearing in (3.7) and (3.9)
for general functionals F' and G on Wiener space. Equations (3.6) and (3.8) play
key roles in our main theorems (see Theorems 5.3 and 5.5 below).

4. ROTATION PROPERTIES OF (GAUSSIAN PROCESSES

The essential purpose of this section is to establish two rotation properties
of Gaussian processes on the product Wiener spaces CZ[0,T] and C3[0,T]. For
nonzero functions hq and hy in BV[0,T], let Z;,, and Z,, be the Gaussian pro-
cesses given by (2.2) with h replaced with h; and hs, respectively. Then the
process

Bhyhy - Col0,T] x Cpl0,T] x [0,T] - R
given by
Bhyhe (1, T2, ) = Zpy (1, 1) + Zpy (T2, 1)
is also a Gaussian process with mean zero and covariance function
Ohy ho (min{s,t}) = F,, [EIQ [Shl,hQ (1,22, ) 3hy hy (azl,xg,t)]]
= By, (min{s, t}) + By, (min{s, t}).

On the other hand, let h; and hy be nonzero functions of BV'[0,T]. Then there
exists a nonzero function s € BV[0,T] such that

s*(t) = hi(t) + h3(t) (4.1)

for mp-a.e. t € [0,T]. Note that the function s satisfying (4.1) is not unique. We
will use the symbol s(hq, hy) for the functions s that satisfy (4.1) above.

Given nonzero functions hy and hy in BV [0, T'], we consider the stochastic pro-
cess Zg(ny hy)- Then Zgp, ny) is a Gaussian process with mean zero and covariance

Ex [Zs(h17h2) (aj? S)Zs(hl,hz) (x7 t)]

min{s,t}
_ /0 s2(hy, ha)(w) db(u)

min{s,t}
_ /0 (W} (u) + h3(u)) db(u)
= By, (min{s, }) + By, (min{s, t})
= Oh, by (min{s,t}).

From these facts, one can see that 3, n, and Z, ,) have the same distribution
and that for any random variable F' on Cy[0, 7],

E., [Exz [F<Zh1 (mla ) + 2, (xQ’ ))H = E, [F(Zs(hlth)(x’ ))}7 (42)
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where by = we mean that if either side exists, then both sides exist and equality
holds.

4.1. A rotation property of Gaussian processes on C?[0,T]. The following
lemma will be very useful in the proof of our main theorem in this subsection.

Lemma 4.1. Given nonzero functions hy, ho, hg, and hy in BV[0,T)], let the two
stochastic processes 3p, ny and 3n,n, on Ca10,T] x [0,T] be given by

By hy (21, T, 1) = Zpy (21, 1) + 2y (72, 1) (4.3)
and

g s (1, T2, t) = Zpg (w1, 1) + 2,y (22, 1), (4.4)
respectively. Then the following assertions are equivalent:

(1) 3ni.he and 3p, p, are independent processes,

(ii) hihs + hohy = 0.

Proof. Since the processes 3p, p, and 3p,p, are Gaussian, we know that 35, n,
and 3p, n, are independent if and only if

Eoy [ By, |30 ho (21, T2, 8) 3pg (21, 72, 8)] ] = 0
for all s,t € [0,T]. But using the Fubini theorem and equation (2.3), we have
By, [ By [3h1 hs (1, T2, 8) 305 0 (21, 22, 1) ]
= FE,, [Exl [(Zhl (21, 8) Zny (21, 1) + Zp, (21, 8) Zh, (22, 1)
+ Zp, (29, 8) Zp, (21, 1) + Zp, (22, 8) Zh, (T2, t))]]

min{s,t} min{s,t}
_ / i (u)hs () ot + / s () (1)
0 0

min{s,t}
_ /0 (B () () + o) () du.

From this we can obtain the desired result. O
Theorem 4.2. Let hy, hsy, hs, and hy be nonzero functions in BV[0,T] with
hihg + hohy = 0,
and let F : C2[0,T] — C be a m x m-integrable functional. Then
B, [Bos [F(Zn, (21,) + 2 (9, )s Zaa (1, -) + Zny (2 ))]]
= Ey | By [F (Zsh0) (T )s Zsha,a) (¥, 7)) ]

Proof. Let the processes 3n, hys 3ns.hs : Col0,T] % [0,T] — R be given by equation
(4.3) and (4.4) respectively. Since h;’s are functions of bounded variation, for all
(z1,29) € CZ[0,T] the sample paths 34, 1, (21, 22,) and 3p, p, (21,22, -) of the
processes are continuous functions on [0, 7. Let X}, , and X}, , be measurable
transforms from C3[0,7T] into CZ[0, T given by

Xh1,h2 (‘rla Ig) - 3h1,h2(‘r17 T, )
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and
th,h4(951, 962) = 5h3,h4 (331, X2, ')>

respectively. Also let P = X}, 5,(C3[0,T]) and Q = Xp, 4, (C3[0, T]) be the image
spaces of the measurable transforms Xy, 5, and Xj, 5, respectively. For simplicity,
let m? denote the product Wiener measure m x m on C3[0, 7).

By Lemma 4.1, we see that 3;, 5, and 3,5, are independent processes on
C210,T] and so Xj, , and Xj, p, are independent measurable transforms. Thus,
by the change of variables formula, the Fubini theorem and (4.2), it follows that

Ea:g |:E:L‘1 |:F (3h1,h2 (5131, X2, ')7 3h3,h4 (xla Ta, ))jH

:/ F(Xhl,hz(ifla552),Xh3,h4(5171,$2)) dmz(lfl,l“z)

e

_ / F (21, 22) d[(m? 0 X;1.) x (m 0 X;1, )] (1, 22)

= [ [ Pz o X)) dlm o X )
olJp

= / / F(Xhl,hz (1‘1, 1'2), 22) dmg(wl, IL’Q):| d(m2 o) Xh_317h4)(22)
Q -/ Cglo,1)

- / / F (25 (21,9) + 2 (2., 22) dm (1, 22)| d(m? 0 X, ) (22)
Q -/ Cglo.T)

- / / F (Zuu, o (2. ). 22) dm(z)] d(m® o X, 4, ) (2
Q ~J Co[0,T]

[ [ Pt (). 2) o X1 ) 22)] i)
Col0,T] =V Q

— [ P (B Ko, 22)) d(1,23)] (o)
Co[0,T] =J C2[0,T]

0

_ / / B (Zaho (. ). Zny(00,) B, (22,7)) din (2, )| dm(z)
Col0,T] - CS[O,T]

- / / F(Zs(hl,hz)(xa ')7 Zs(h37h4) (y; )) dm(y)} dm(m)
Co[0,T] =/ Co[0,T

Thus we obtain the desired result. 0
The following corollaries are very simple consequences of Theorem 4.2.

Corollary 4.3. Let hy and hy be nonzero functions in BV[0,T], and let F :
C2l0,T] — C be a m*-integrable functional. Then

EIQ [Exl [F(Zhl ('Il’ ) - Zh2 ('7:27 ')7 th (xlv ) + Zh1 <x2, ))H
=By [Eﬂﬂ [F (Zs(h17h2)(x7 s Zs(hl,hg)(y, ))H . (4.5)

Remark 4.4. For any function () of bounded variation, choosing hi(t) = cos 0(t)
and ho(t) = sinf(t) on [0, T] in equation (4.5) yields the main result in [1, p. 130].
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Corollary 4.5. Let hy, hs, hs, and hy be as in Theorem 4.2. Let F' and G be
m-integrable functionals. Then

Exl [Eﬂ&Q [F(th (xla ) + th ($27 ))G(Zhs (xla ) + Zh4(x2> ))”
= By [F(Zsthino) () B2 [G(Zshgna (2, )] (4.6)
4.2. A rotation property of Gaussian processes on C3[0,T].

Lemma 4.6. Given nonzero functions hy, ho, hs, and hy in BV[0,T)], let the two
stochastic processes 3n, ny.0 and 3py0n, on C[0,T] x [0,T] be given by

whl,h%o(l’l, To, T3, t) = Zh1 (5(]1, t) + Zh2 (ZL’Q, t) (47)

and
Wi, 0.h, (21, T2, T3, 1) = Zp, (21, 1) + 2, (23, 1), (4.8)

respectively. If my(supp(hy) Nsupp(hs)) = 0, then Wy, p,0 and W, o, are inde-
pendent processes.

Remark 4.7. By the consistency property, the processes 2y, 4,0 and 20y, o.p, can
be considered as processes on C2[0,T] x [0, T].

Proof of Lemma /.0. Since the processes 2y, p, 0 and Wy, », are Gaussian, we
know that 20y, 4,0 and Wy, o, are independent if and only if

Eyy [Em [Exl [mhl ha, o(21, T, T3, 5 )m]hg 0,ha (21,72, 73,1 H]

for all s,t € [0,T]. But using the Fubini theorem and equation (2. 5) we have
E,, [EIQ[ z1 [whl,hg,o(l’hﬂﬂz,%g, )wh30h4 X1,%2,%3,1t H

= By, By [Eay |20, (21, 5) Zny (21, 1) + Zn, (21, 5) Zp, (23, 1)

+ Ziy (22, 8) 2y (21, 1) + Zpy (22, 8) 23y (3, 1)] ]]
min{s,t}
_ /0 b (w)hs(u) du.

From this we can obtain the desired result. OJ
Theorem 4.8. Let hy, ho, hg, and hy be nonzero functions in BV[0,T] with
my (supp(hy) Nsupp(hs)) =0,
and let F : C2[0,T] — C be a m*-integrable functional. Then
By [Euy [ By, [F (20, (21,°) + Zpy (22, ), Zny (21, +) + Zny(23,4))]] ]
= By [E, [F(Zsthino) (@, ), Zsho i) (v, ))]]-

Proof. Let the processes W, ny0s Whyon, = Co[0,T] x [0,T] — R be given by
equation (4.7) and (4.8), respectively. Since h;’s are functions of bounded vari-
ation, for all (z1,xq,23) € C§[0,T] the sample paths 2y, p, o(T1, T2, 73, ) and
Wi, 0.h, (71, T2, T3, -) of the processes are continuous functions on [0, 7). Let Y3, n, 0
and Y}, 0.4, be measurable transforms from C3[0, 7 into C3[0,T] given by

th,hg,()(xh T, I’g) - whhhz,()(xla Xo, T3, )
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and
th,o,h4(331, T2, 5173) = thg,o,h4($1, T, T3, ')7

respectively. Also let M = Yy, 4,0(C3[0,T]) and N = Y, 0.4, (C3[0,T]) be the
image spaces of the measurable transforms Y}, n, 0 and Y}, o 5,, respectively. For
simplicity, let m® denote the product Wiener measure m x m x m on C3[0, 7.
By Lemma 4.6, we see that 20y, 4, 0 and 20y, o, are independent processes on
C30,T] and so Yy, 4,0 and Yy, o5, are independent measurable transforms. Thus,
by the change of variables formula, the Fubini theorem, and (4.2), it follows that

Ex:s [E T2 [Erl [F(Zin (xla ) + th(ﬂfz, ')a Zhs(xh ) + Zh4<x3’ >)H]

I
\

i F (Y, ho0(21, T2, 23), Yig 0.0, (%1, T2, 23) ) dm® (21, 22, 73)
C3l0,7]

F(w1,ws) d[(m3 © Yh_l,lhg,(]) x (m? o Yh_3,10,h4)} (w1, ws)

x M
= [ [ Py dte® 0 ik, )] i 0 i1k )
/3 F(Yh17h2,0(.r1, Xa, .173), ’U)Q) dm3($1, T, LC3)i| d(m3 o) Yh;,l07h4)(w2)
Cglo,17]

I
z\z\z\z\z\

(=}
=)
3

I
S
s
S
&
< =)
~
=
—~
AN
’§
5
§<
D
s
=
by
&
»
8
w
=
ISH
3
&
IS
g
I
w
.
IS
2
=

/ F (Zun oy (2.7): 21 (21.) + 23, (23,) din? (2, )] dma)
C2[0,T)

[=}
=)
e}

:/ _/ F(Zs(hl,hz)(xu ) Z s(hs, h4)( )) dm( )} dm(x)
Co[0,7) -J Co[0,T)

Thus we obtain the desired result. O

The following corollary is a very simple consequence of Theorem 4.8.

Corollary 4.9. Let hy, ho, hs, and hy be as in Theorem 4.5. Let F' and G be
m-integrable functionals. Then
E$3 [E [E:m (Zhl ) + Zh2 (va '))G(Zha(xlv ) + Zh4<x3’ ))H]
= Eo[F(Zah1 2 (@) [ B [ G(Zs s n) () ] (4.9)
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5. FOURIER-FEYNMAN TRANSFORMS AND CONVOLUTION PRODUCTS

In this section, we will establish that the GFFT of the GCP is a product of
the GFFTs (see Theorem 5.3 below) and that the GCP of the GFFTs is also a
product of the GFFTs (see Theorem 5.5 below).

5.1. Transform of generalized convolution products. It will be helpful to
establish the following lemma before giving the first theorem in this section.

Lemma 5.1. Let g1, g2, h1, he, and k be nonzero functions in BV[0,T]. For
each j € {1,2}, let s(g;h;, hj) be the function in BV[0,T] satisfying equation
(4.1) with hy and hs replaced with gjhj and h;. Also, let F' and G be C-valued

scale-invariant measurable functionals on Cyl0,T] such that the analytic trans-

forms T s(g, k.00 (F) (1Y), Ths(garno) (G)(y), and the GCP (F*G)E\gl’gz;hl’m)(y) exist
for every A € C and s-a.e. y € Cy|0,T). Furthermore, assume that given nonzero
function k in BV[0,T], the analytic transform of (F' * G)y’ (g1.92:h1,h2) s Doy i ((F =

G)g\gll’g%hl’hﬂ)(y) exists for every (A, Ay) € C. x C, and s-a.e. y € Cy[0,T].
Suppose that

glg2k2 + hlhg =0.

Then for each X\ € C4 and s-a.e. y € Cy[0,T],

T ((F G)Y") )
= T)\’S(glkﬁl) (F) (Zgl (y’ '))TA,S(gzk,hQ) (G) (292 (ya )) . (51>

Remark 5.2 (Comments on the assumptions in Lemma 5.1). Let a function y €
Co[0,T] be given. For (A, pa) € Cy x (0,+00), let

Iag (K3 p2)
= Tka( (F xQ) 9192 i hQ))(y)
E,,[(F *G) <91 g (o 22 (20, ))]
E,, [EanwAl [ ( - (y + Py 1/2 Z(x, )) + Zn, (21, ))
G (25, (y+ py 2122, )) + 2 (@1,)]]
e[ B [F (20,0, + 03 22, ) + 2 (21,))
X G(Z4,(y,") + pay 1/2 Zooi (T2, ) + Zny(21,7))]].

I
><

Il
D:l
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For (p1,A2) € (0,+00) x C,, let
J)\§<h17 ha; p1)
= Tia((F 5 G)g02) )
= Euy 2 [(F % G)Wrozhiha) (y 4 2, (25, )]
= Euy 2 [Ea, [F (24, (y+ Zi(22,7)) + o2 2, (21, )
x G(Z4, (y+ Zi(2,7)) + p1 21y (21,))]]
= By 2 [Ea [F(20,(y,) + Zguil2,) + p1 7 2y (31, )
X G(Z4(0,) + Zr(w2,) + p1 2 2 (21,)] ]
Finally, for (p1,p2) € (0,+00) x (0, +00), let
Jray(k, ha, he; p1, p2)
= Thpo ((F % G)groxint2)) (y)
= B, [(F % G)@romh) (y 4 o122 (15, ))]
= Em[ JF(Z6(y+pa 12 Zy(w2,-)) +Pf1/23h1($1, )
G (20 (y+ 0y " Zil2, ) + 1 2y (20.))]]
[Exy [F (20 (y,-) + 0o V2 Zgk(22,°) +py 22, (2, )
(Zaa(y: )+ 05 Zi2, ) + pr P Zna1,)) )]

Next, let J3:(k; A2), A2 € C4, denote the analytic continuation of Jy; (k; po); let
Jj\"; (hi,ha; A1), Ay € C,, denote the analytic continuation of J,\;(hl, ha; p1); and
let J(?:,G)(k’ hi, hs; -, ) denote the analytic continuation of Jipa(k, hi, he; p1, p2)
on C, x C,. From the assumptions in Lemma 5.1, one can see that the three
analytic Wiener integrals J;T(k; Aa), Jj\*;(hl, ha; A1), and J(*;G)(k, hi, ha; A1, Ag) all
exist, and that

J;:a{(k’, )\2) = J;\kg(hl,hm)\l) J(FG)(]{?, hl,h27)\1,)\2) (52)
for all (A, A2) € Cy x C.

Proof of Lemma 5.1. In view of equations (2.8) and (2.10), we first note that the
existences of the analytic Wiener integrals

,92;h1,h
Do storkin) ()W), Trstgornn (G) (1), (F % G)-"72) ()

_Ex2
x G

and
Ty i ((F % G) 190020 ()

guarantee that the five Wiener integrals
() B [F(y+ X2 Z5qumm)(, )],
(i) E, [F(y—l—)\ Y2 Z (gobio) (T, NI
(ill)  Eo[F(Z4,(y,) + A2 20, (2,)) G(Zg(y, ) + A2 20, (2,)],
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(V) Eny[Bay [F(Z00 (v, ) + X5 P Zgn(0,) + A 220, (21, ))
x G( g2 (y’ ) + >‘;1/2292k($27 ) + )‘;1/2th($17 ))H7

and

ang

(V) Erz [Eﬂ [F<Zgl (ya ) + <2 glk(x27 ) + Zhl (Ilﬂ ))
X G (20, (y, ) + G 2@, ) + Zny(21,4)]]

all exist for any A > 0,A\; >0, Ay >0, (; € C4, ¢ >0, and s-a.e. y € ([0, 7.
Next, the existence of the analytic Wiener integral
3()\1, )\2) = T,\2 k((F * G)g\gll’g%hl’]w))
_ Eanwx2 [E;? Wy [F(Zgl (y,-) + Zglk@% 4 Zp, (24, ))
X G( 92(%') +Zgzk(x27')+zh2(xlv'))ﬂ (53)

also ensures that the analytic Wiener integral

J(A, )\) = EanwA [EanwA [F(Zm( ) + Zgﬂf(x?? ) + Zhl ('Tla ))
X G( 92(y’ ) + Zgzk(x% ) + Zh2(x17 ))H

is well-defined for all A € C,. In equation (5.3) above, by the observation in
Remark 5.2, we see that J(A1, A2) means the three analytic function space integrals
in equation (5.2) above. On the other hand, using the Fubini theorem and (4.6),
it follows that for all A > 0 and s-a.e. y € C’O[O,T],

Tos((F =GP ) )
=J(\ )
= B, [Ea, [F (24, (y,) + A V2 Z g k@, ) + ATV 2, (21, )
X G(Z,(y,) + A2 Zgp(2, ) + X2 2y (21, 4))]]
= Bu, [Bay [F (20, (y,) + A7V [Zgk(wa, ) + 2y (21, )])
X G(Zg(y, ) + A2 [Zgn(@, ) + 2y (21,0)])]]

= E»’U [F(Zgl (y7 ) + AT 1/2 Zs(g1k,h1)(xa ))}
X Ex [G(Zgz (y7 ) + /\_1/228(92k,h2)<x7 ))}
= T)‘vzs(glk,hl) (F) (Zgl (y7 .))T)‘7Zs(g2kj7h2) (G) (ZQQ (y7 )) .

We now use the analytic continuation to obtain our desired conclusion. O

Theorem 5.3. Let g1, g2, hi1, ha, k, s(g1h1,h1), and s(gahe, hy) be as in Lem-
ma 5.1. Let q be a nonzero real number, and let F' and G be C-valued scale-
invariant measurable functionals on Cy[0,T] such that the Ly analytic GFFTs
1 1 1.92;h1,ho .
Tq(,s)(glk’hl)(F)(y), Tq{s)(gzk’hﬁ(G)(y), and the GCP (F x G)((Jg g )(y) exist for
s-a.e. y € Col0,T]. Furthermore, assume that given nonzero function k in
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BV[0,T), the analytic GFFT of (FxG)92hh2), Tq(jlk)((F*G)ggl’g”hl’hﬂ)(y) exists
for s-a.e. y € Cy[0,T]. Now suppose that

g1g2k? 4 hihy = 0.
Then for s-a.e. y € Cy[0,T],

Tq(,lk) ((F « G>c(zgl 7gz;h1,h2)) (y)
_ (1) (1)
- Tq,S(glk,hl) (F) (Zgl (ya '))Tq,s(ggk,hg) (G) (Zgz (y7 )) (54)

Remark 5.4 (Comments on the assumptions in Theorem 5.3). Before giving the
proof of Theorem 5.3, we will emphasize the following assertions.
(i) The existence conditions for

1) (1) .
T stgunn) () T, stosknn) (G) and  (F % G)Wrozihuhz)

say that

TAﬂs(glkvhl)(F)(y>7 TA,S(sz,h2)(G)(y) and (F * G)g\g1,g2;h1,h2)(y>

all exist for all A € C, and s-a.e. y € (5[0, 7.

(ii) The existence conditions for (F x G)¥#"") and Tq(lk)((F % G)grozihnha)y
say that

o T\ i((F x G)lor92m)y (1)) exists for every A € C, and s-a.e. y € Col0, T);

and
o Th, 1((F G)E\gll’g”hl’hg))(y) exists for every (A, \2) € C; x C, and s-a.e.
(TS Co[o, T]

Thus the assumptions in Theorem 5.3 involve the assumptions in Lemma 5.1.

Proof of Theorem 5.5. To obtain equation (5.4), one may establish that

T(l) ((F % G)((ng,gz;hhhz)) (y)

9,
; aM W :g2;h1,h
= Jim B [(Fx Gt (y o+ 2y, )]
A€eCy
= lim . E;ZIU)AQ [E;? o [F(Zgl (y7 ) + Zglk('x27 ) + Zhl (xl? ))
A1, A2——1iq
)\1,)\2€(C+

X G(Z!h(yv ) + Zgzk(x% ) + Zh2<$17 ))H
= lim E™[F(Z,,(y,) + Zsign) ()]

A——iq
AeCy

X lim E;n e [G(Zgz (ya ) + ZS(gzk,h2)(xa ))}

A——iq
AeCy

_ (D) 1)
o Tq,s(glk,hl)(F) (Zg (y’ '))Tq,s(QQk,fQ)(G) (Zg (ya ))
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But, as was shown in the proof of Lemma 5.1, the assertions in Remark 5.4 that
the analytic Wiener integrals

TNS(glk:hl)(F) (y) = " [F (y + Zs(glk,hl)(J:a ))}7
T s(gahona) (G) () = B2 NG (Y + Za(garn) (2, 7)) ]

and
(F* G)\oostnha)(yy = g [F(Z, (y,) + Zp, (2, )) G (24, (Y, ) + 2y (2,-))]

exist for every A € C, and s-a.e. y € Cy[0,7T] and the fact that the analytic
Wiener integral

1,92;h1,h2
T i ((F 5 G) 0" (y)

an wy,

= Ex? [E;?M [F(Zgl (y’ ) + Zgﬂc(x% ) + Zhl ($1, ))
X G<Zgz <y7 ) + Zgzk('TZ; ) + Zhg (‘rly ))H

exists for every (A,A2) € Cy x Ci establish that T g kn)(F)(Y)
and T s(gk,h0)(G)(y) are analytic on C, as functions of A, and also establish

that Ty, ,((F * G)E\gll’g”hl’h”)(y) is analytic on C; x C,, as a function of (A1, Ag).
Thus, to establish equation (5.4), it will suffice to show that

T;jg) ((F % G)((Jgth%hth)) (y)
= lim BSOS [ER[F (2, (5, ) + Zoklon, ) + B o,0)

A——iq
AeCh

x G(Zg2 (y7 ) + Zg2k<x27 ) + th (xl? )):H
= lim EX""“*F (24, (y,") + Zs(gkny) (@, )]

A——iq
AeCy

X lim 77 [G(Zgz (y,-) + ZS(gszW)(x’ ))]

A——iq
AeCy

_ () (1)
- Tq’s(glhhl) (F) (Zgl (y7 .))Tq,s(ggk,hz) (G> (ZQQ (ya )) .

But it follows from equation (5.1) and the analytic continuation. O

5.2. Generalized convolution products of transforms. In our second theo-
rem, we establish that the GCP of the GFFTs is a product of the GFFTs.

Theorem 5.5. Let g1, g2, k1, k2, hs, and hy be nonzero functions in BV[0,T] and
let s(hs, k1) and s(hy, k2) be given as in equation (4.1). Also, let q be a nonzero real
number, and let F' and G be C-valued scale-invariant measurable functionals on

Co[0,T] such that the Ly analytic GFFTs Tq(}c)l(F), Tq(}c)Q(G), Tq(,ls)(glk,hl)(F)7 and
q(ls)(ggk h2)(G) exist for s-a.e. y € Cyl0,T|. Furthermore, assume that the GCP

(Tq(’lk)l(F) * T;QQ(G))(SHI’QMS’"‘*) exists for s-a.e. y € Cy|0,T]. Now suppose that

my, (supp(hs) N supp(hs)) = 0. (5.5)
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Then s-a.e. y € Cy[0,T],

1,92;h3,ha
(T (F) = T (G)) ) ()
=T i ) (Z0 (0, ) T 1 (G) (2 11,)). (5.6)

Proof. By similar arguments in Remarks 5.2 and 5.4, the following analytic con-
tinuations of the following seven Wiener integrals

Ti(p1s 92, 8) = (T (F) 5 Ty (G)) 7" 4), i, pa, s € (0, +00),

Jo(p2, p3i M) = (Do s (F) % Ty (G)) 27" (), o, py € (0,400), M1 € €y,
Js(p1, 3 2a) = (T (F) 5 Ty o (G)) 7)1, s € (0,400), Ao € Ty,
Jilp1 2 Xs) = (Tpy 1o (F) % Ty 1y (G)) 2" (), 1, o € (0,400), 5 € T,
Js(psi A A2) = (T, i (F) % Ty (G)) 77" (1), pg € (0,400), i, Ag € C
Jo(p2; M, Az) = (Tay oy (F) % T, kQ(G))(Ag; R () py € (0, +00), Ay Ag € Cy

and

JTi(pr; A2, As) = (T i (F) # Tag 1y (G)) 2™ (), p1 € (0,400), Ao, As € Cy

all exist and have the same analytic continuation

T A2, As) = (T, (F) % Ty gy (G)) 207 A g, N € T4

Thus, by similar arguments as in the proofs of Lemma 5.1 and Theorem 5.3, it
will suffice to show that equation (5.6) holds for all A > 0 and s-a.e. y € Cy|0, 7.

Using the Fubini theorem and applying equation (4.9) with the condition (5.5),
it follows that for all A > 0 and s-a.e. y € Cy[0, 71,

(Tok, (F) # T g (G)) " ()

= B, [Taw (F) (24, (y, ) + A2 2, (21, )

X Th iy (G) (Zg2 (y,-) + X2 2, (21, ))]

= By, (B, [F(Z0,(y, ) + X2 2y (w1,) + A2 2, (22, )) ]
X By [G (24, (y, ) + NV225, (21, ) + A2 25, (23, )]
= B, [Em [Eey [F (24 (y, ) + X Y2 ( 2y (21, ) + 2y (22,7)))

G(Z4,(y, ) + A2 (2 (21, ) + Zpy(w3,))]]]

=L, [F(Zsh (y, ) + A~ 1/QZS(hs k) () B [G (25, (y, ) + )‘_1/2Zs(h4,k2)($, ]

= TA s(hs, k:1)<F)( g1 (yv ))TA,S(h4,k2)<G) (Zgz (yv >)

as desired. O
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6. FURTHER RESULTS AND EXAMPLES

The assertions in Theorems 5.3 and 5.5 above can be applied to many large

classes of functionals on Cy[0,7T]. These classes of functionals are discussed in
3], [5], [10]-[14], [19]. In Theorem 5.3, we established that a GFFT of a GCP of
functionals on Cy[0, T'] is a product of GFFTs, and in Theorem 5.5, we established
that a GCP of GFFTs is also a product of GFFTs under appropriate conditions.
This leads to the following question: how can we relate the two results in Theorems
5.3 and 5.57 In other words, how can we find the conditions on the GFFTs and
the GCPs in the next equation?

. 1,92;h3,ha
Tq(,lk)((F % G)((Iglvgz,hhm))(y) _ (T(lk)l (F) * Tq(71k)2(G))((19 g2;hs3 )<y)‘ (61)

q,

In view of the assumptions in Theorems 5.3 and 5.5, we have to check that

there exist solutions {g1, g2, k, k1, k2, h1, ha, h3, hy} of the system

;

(i) g192k> 4+ hihy =0,
(ii)  my(supp(hs) Nsupp(ha)) = 0,
(iil) s(gik, h1) = s(hs, k1),
ie., gi(t)k*(t) + h3(t) = h3(t) + k(t) myp-a.e. t €]0,T],
(iv) s(g2k, h2) = s(ha, k2),
Le., ga(t)k*(t) + h3(t) = ha(t) + k3(t) my-a.e. t €[0,T].

(6.2)

to establish equation (6.1) above.

In the remainder of this paper, we present three examples which shed light
upon the conditions in Theorems 5.3 and 5.5 above, and which also illustrate
that the conclusions of two theorems are valid.

Ezample 6.1. The set {g1, g, k, k1, ko, h1, ha, hg, hy} of functions in BV[0, T] with

27t . 27t
a1 (t) =2 C05<T>X[0,T/2] (t)v Qz(t) = [3 — 4 sin® (T)} X[T/2,T] (t)7

k(t) = Sin(?)
ki(t) = sin(%), ko(t) = sin(%),
hi(t) = xrem(t),  he(t) = xpr/2(),

47t 6t
hs(t) = COS<T>X[T/27T] (1), hy(t) = COS<T>X[07T/2] (1),

is a solution of the system (6.2).



804 S. J. CHANG and J. G. CHOI

Ezxample 6.2. Given positive integers [, m, and n with [ <m < n, let

a0 =sin(T). ga(t) = sin("0).

nnt

k(t) = cos(T),
ki(t) = ﬁsin(m—t) cos(n—ﬂt>XB(t), ko(t) = ﬂsin(mev COS(n—m>XA(i),

T T T
hy(t) = sin(?) COS<nT7Tt>, ho(t) = — sin(me> cos(nTWt),

hs(t) = ﬁsin(%) cos(nTWt)XA(t), hy(t) = ﬁsin(mev cos(nTWt)XB(t).

Then the set S = {g1, go, k, k1, ko, h1, ho, h3, hy} is a solution of the system (6.2).

In fact, the solution sets S can be obtained by the following procedures. First,
let {A, B} be a measurable partition of [0,7] with mz(A) > 0 and m(B) > 0.
Next, given any functions gy, g2, and k in BV[0,T7, let

ki(t) = V2010 xs(t), k() = V20:(8)k()xa(D),
hi(t) = (Ok@),  ha(t) = —g2()k(1),
ha(t) = V291 (Ok(xa(t),  halt) = V2g2()k(t)x5(D).

Then one can see that the set {g1, go, k, hy, ho, hs, ha, k1, k2} is a solution of the
system (6.2).

Ezample 6.3. Let H = {h, }°°, be the sequence of Haar functions on [0, 7. (For
more details, see [6].) It is well known that # is a complete orthonormal set on
L,[0,T] which consists of nonsmooth functions.

Consider the intervals A = [0,7/2] and B = [T'/2,T]. Then, for each n € N
with n > 2, either supp(h,,) C A or supp(h,,) C B.

Let Py, = {n € N : supp(h,) C A} and let Pg = {n € N : supp(h,) C B}.
Then, clearly,

U supp(h,) = A and U supp(h,) = B.

neEPy n€Pp

Let PA = {hyxa} U{h, : n € P4} and let P? = {h;xg} U{h, : n € Pg}.
Next let HA = {h#1%° | and HZ = {hZ}22, be the normalization of P4 and PP,
respectively. Then it follows that

(i) H*4 is a complete orthogonal set in Ly(A) = L,[0,7/2], and
(ii) H® is a complete orthogonal set in Lo(B) = Lo[T/2,T).

As discussed in Example 6.2 above, given g1, go, and k in BV[0,T], let
ki(t) = V20 (0k(Exs(t),  ka(t) = V205(8)k(t)xa(D),
ha(t) = g1 (t)k(t), ha(t) = —ga2(t)k(2),
hs(t) = V201 (0k()xa(t),  ha(t) = V2g2(D)k(t)x5(t).
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In these settings, for j € {1,2}, let

N UphA = (A
>_ohi=) aj
n=1 n

be the Fourier series of v/2g;k with respect to H* on A = [0,7/2], and let

o0

> AR = 3 s

n=1 n

be the Fourier series of v/2g;k with respect to HZ on B = [T//2,T]. Then, one
can see that

(i) 9192(O)k*(t) + P ()ha(t) = g192(H)K*(t) — g192()k>(t) = O,

(ii) mp(supp(hs) Nsupp(hy)) = mr(AN B) =0,
(iii) for my-a.e. t € [0,T],
GOR () + W3 (1) = 263 (K (t) = [V2a1 (£)k(2)]°
= [V20:(t)k(t)xa(t) + ﬂgl <t>k<t>><3<t>]2

(iv) for mp-a.e. t € [0, T,

GO () + h3(t) = 203 (1)K*(t) = [V292(t) k(¢
= [V2g2()k(t)xa(t) + V291 (1) k(t)x5(1)]*
= 2g2(1)K*(t)x a(t) + 262 (1) K2 (1) x5 (t)
= (X)) @+ (3 s2ng) o).

Thus, given nonzero functions g;, g, and k in BV[0, T}, it follows that

Tq(k) ((F * G)(gl ,92;91k, 92k))(y)

— (7w (1) (91,92:3, ¥ hA > B nB)
(qu 6(1)hB(F) * qu a(2)hA(G))q o (y)

for s-a.e. y € Cy[0,T7.
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