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ABSTRACT. Let 1 < p < oo, and let G be a locally compact group. We char-
acterize disjoint hypercyclic weighted translation operators on the Lebesgue
space LP(G) in terms of the weight, the Haar measure, and the group element.
Disjoint supercyclic, disjoint mixing, and dual disjoint hypercyclic weighted
translation operators are also characterized.

1. INTRODUCTION

Recently, we characterized chaotic, hypercyclic, and supercyclic weighted trans-
lation operators on the Lebesgue space of a locally compact group in [6], [7], [8],
and [9], extending some works on hypercyclicity for weighted shifts on ¢(Z) in
[10], [12], [13], and [16]. In 2007, Bernal-Gonélez, Bes, and Peris introduced the
study of disjoint (or diagonal) hypercyclicity in [1] and [5], respectively. Since
then, disjoint hypercyclicity was investigated intensively, and the results on dis-
joint hypercyclicity have been richly rewarding (see [2], [3], [4], [14], [17], and
[18] for recent works on this subject). Among many important results, the char-
acterization for weighted shifts on (?(Z) to be disjoint hypercyclic and disjoint
supercyclic were given in [5] and [14], respectively. Inspired by [5] and [14], we con-
tinue our research on weighted translation operators on locally compact groups
in the present article, while giving sufficient and necessary conditions for such
operators to be disjoint hypercyclic and disjoint supercyclic.

Copyright 2017 by the Tusi Mathematical Research Group.

Received Feb. 23, 2016; Accepted Jul. 21, 2016.

First published online Apr. 19, 2017.

2010 Mathematics Subject Classification. Primary 47A16; Secondary 47B38, 43A15.

Keywords. disjoint hypercyclicity, topological transitivity, locally compact group, LP-space.
459


http://dx.doi.org/10.1215/17358787-2017-0001
http://projecteuclid.org/bjma

460 C.-C. CHEN

First, we recall that an operator 7" on a Banach space X is supercyclic if there
exists an element x € X such that the orbit

{aT"z:aeC/n>0} = UCT":C

n>0

is dense in X, where T™ denotes the nth iterate of 7. Without the help of a
complex multiple, T is called hypercyclic if {T"x : n > 0} = X. It is known that
the notion of hypercyclicity in linear dynamics is related to some notions in topo-
logical dynamics. Indeed, hypercyclicity is equivalent to topological transitivity.
An operator T is topologically transitive if, given two nonempty open subsets
U,V C X, there is some n € N such that T*(U) NV # 0. f T*(U) NV # () from
some n onward, then T' is called topologically mizing.

One can also compare the notions above to the setting of a sequence of opera-
tors. We recall that a sequence of operators (7},) is called topologically transitive
if, for any nonempty open sets U and V', we have T,,(U) NV # () for some n € N.
Similarly, if (7;,) satisfies the stronger condition that T,,(U) N’V # () for some n
onward, then (7},) is said to be topologically mizing. Also, a sequence of operators
(T,,) on a Banach space X is hypercyclic if there exists a vector € X such that
the orbit {T,,x : n > 0} is dense in X. If (7},) has a dense set of hypercyclic
vectors, then (7),) is called densely hypercyclic. 1t is well known in [11] that,
for a sequence of operators, dense hypercyclicity and topological transitivity are
equivalent.

In [1, Definition 2.1] and [5, Definition 1.1], Bernal-Gondlez, Bes, and Peris
independently studied the new notion, namely disjoint hypercyclicity, as in the
following.

Definition 1.1. Given N > 2, the operators Ti,7T5,...,Tx acting on a
Banach space X are disjoint hypercyclic, or diagonally hypercyclic (in short,

d-hypercyclic), if there is some vector (z,z,...,z) in the diagonal of XV =
X x X x---x X such that

{(x,x, o), (Tiw, Tox, ..., Tyx), (TP, Tex, ..., Tyx), .. }

is dense in X, where € X is a d-hypercyclic vector associated to the operators
T, T, ..., Ty.

We can extend the definition naturally to notions of d-supercyclicity and
d-chaoticity. For topological dynamics, several new notions were given accord-
ingly in [5], as follows.

Definition 1.2. Given N > 2, the operators T1,Ts,..., Ty on a Banach space
X are d-topologically transitive if, given nonempty open sets U, Vi,...,Vy C X,
there is some n € N such that

0£UNT"(V)NTy (Vo) NN TR (V).

If the above condition is satisfied from some n onward, then 77,75, ...,Ty are
called d-mizing.
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We note that in [5, Proposition 2.3], the operators Ti,T5,...,Ty are
d-topologically transitive if and only if 77,75,...,Txv have a dense set of
d-hypercyclic vectors. Likewise, the notions and results noted above can be extended
to N > 2 sequences of operators (77,)0 1, (Ton)0 1, (TNnn)o2 ;. Indeed,
d-topological transitivity and dense d-hypercyclicity for (77,)0 1, (Ton)0 ;- - -,
(Tyn)p2, are also equivalent in [5, Proposition 2.3]. We will make use of these
equivalences to obtain our main result in Sections 2 and 3. We conclude this sec-
tion with a remark from [5, p. 299], where the author pointed out that 7" and ¢T
cannot be d-hypercyclic where c is a scalar. Indeed, assume that 7" and ¢T" have a
d-hypercyclic vector z € X. Then there exist sequences (ny) and (my) such that
(T, ()" x) — (x,0) and (T x, (¢T')™z) — (0,2) as k — oo. But the first
limit forces |c| < 1, and the second one implies that |c| > 1, which is a contradic-
tion.

2. DISJOINT HYPERCYCLICITY

In this section, we will characterize disjoint hypercyclic weighted translation
operators on the Lebesgue space of a locally compact group and will give some
examples of disjoint hypercyclicity on various groups.

In what follows, let G' be a locally compact group with identity e and a right-
invariant Haar measure A\. We denote by L?(G) (1 < p < oo) the complex
Lebesgue space with respect to A\. A bounded function w : G — (0, 00) is called a
weight on G. Let a € G, and let §, be the unit point mass at a. A weighted trans-
lation on G is a weighted convolution operator T, : L?(G) — LP?(G) defined
by

Tow(f) = wTu(f) (f € LP(G)),
where w is a weight on G and T,(f) = f *d, € L?(G) is the convolution

(f % 6.)() = /G Flay ™) dbu(y) = f(aa™) (z€C).

We also define a self-map S, ,, on the subspace L?(G) of functions in L?(G) with
compact support by

Suwlh) = w0 (he LU(G)

so that
TowSaw(h) =h (h € L’C’(G)).

Since the weighted translation Ty ,, is generated by the group element a and
the weight function w, we first observe that some elements a € G and weights
w should be excluded. For example, if |w|« < 1, then ||T},,| < 1, and T,,, is
never hypercyclic. Also, it is demonstrated in [9, Lemma 1.1] that 7, is not
hypercyclic if a is a torsion element of GG. Based on this result, the following
lemma reveals that weighted translation operators cannot be disjoint hypercyclic
if they are generated by a torsion element.

An element a in a group G is called a torsion element if it is of finite order. In
a locally compact group G, an element a € G is called periodic (see [9, p. 2840]
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if the closed subgroup G(a) generated by a is compact. We call an element in G
aperiodic if it is not periodic. For discrete groups, periodic and torsion elements
are identical.

Lemma 2.1. Let G be a locally compact group, and let a € G be a torsion element.
Let 1 < p < oo. Given some N > 2, let T} = T, ,, be a weighted translation on
LP(G) generated by a and a positive weight w; for 1 <1 < N. Then the operators
Ty, T, ..., T are not disjoint hypercyclic.

In the following, we will focus on the aperiodic group element a € G, using the
condition of aperiodicity. For aperiodic elements, [9] shows that an element a € G
is aperiodic if and only if, for any compact set K C G, there exists some N € N
such that KNKa™ = () for all n > N. We note that in many familiar nondiscrete
groups, including the additive group R?, the Heisenberg group, and the affine
group, all elements except the identity are aperiodic (see [9, Remark 2.2]). Now
we are ready to state the main result.

Theorem 2.2. Let G be a locally compact group, and let a be an aperiodic element
inG. Let 1 <p < oo. Giwen some N > 2, let'T; =T, ,, be a weighted translation
on LP(G) generated by a and a positive weight w; for 1 <1 < N. For1 <r; <
ro < --- < ry, the following conditions are equivalent:
(i) T, 152, ..., T\ have a dense set of d-hypercyclic vectors.
(ii) For each compact subset K C G with \(K) > 0, there is a sequence of
Borel sets (Ey,) in K such that A(K) = limy_,o A(E)) and both sequences

n n—1 _1
OLn = H wy 07, and Qi = (H wy * 5g>
j=1 7=0

satisfy (for 1 <1< N)

klggo ||§0l77‘lnk|Ek||oo = Iqll—>1£1<> ||$l,rlnk|Ek||OO =0

and (for1 <s<Il<N)

— lim Pl (ri—rs)ng *~ Ps,reny
%) k—o0 SOZ,TSTL;C

‘@s,(mrs)nk : al,rlnk —0

[e.e]

lim
k—o00

@s,rlnk Ey Ey

for some subsequence (ny) C N.
Proof. (1) = (ii). Let T7*, 152, ..., T be disjoint hypercyclic. Let K C G be
a compact set with A(K) > 0. By aperiodicity of a, there is some M such that
KNKa*™ = for all n > M.
Let xx € LP(G) be the characteristic function of K. Let ¢ € (0,1), and choose
0 < ¢ < {5. By density of the disjoint hypercyclic vectors, there exist a disjoint
hypercyclic vector f € L?(G) and some m > M such that

If = xxl,<6*  and T f = xkll, < 62
forl=1,2,...,N. Let
A={z e K:|f(z)-1]| >4},
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and let
B={zeG\K:|f(z)] >d}.
Then we have
}f(x)’ >1-§ (reK\A
and
|f(z)| <6 forze(G\K)\B.
Moreover, by the inequality

P> 1 =l = [ 170 = (@) dre)
> /A £(2) — 1] d\(x) = FPA(A),
we have A\(A) < 7. Similarly, one has A(B) < 6. On the other hand, we have
P> T =l = [ 17 @) =) dd@)
= [ ()l ) = (@) X
_ /G (G (@) £(2) — 1 (2a~™) | dA(z)

by the right invariance of the Haar measure. Hence let

Cun = {2 € K ¢ |Grpm (@)™ fwa™™) — 1| > 6}

and
Dip={z€K: |<pl,rlm(a:)f(a:)| >4}
Then
Prom(@) [ flza™™)| > 1 =6 (v € K\ Cim)
and

PLrm(@)|f(2)] <6 (2 € K\ D).
Again, applying the inequality

O > || T f = el = /G 77 () — xx ()] dA(z)

> / lwi(z)w(za™")- - wy(za™ ") fzaT™) — 17 dA(z) > 6 A(Cm),
Cl,m
we have A\(C},,) < 7. Using a similar argument and the right invariance of the
Haar measure, one can deduce A\(D;,,) < ¢*. Since K N Ka™™ = (), we have
|f(wa™™)]

- J
rym
Q1 () < s <15 <°¢ on K\ (Cym U Ba™™)

and

) )
OLrm(T) < 7] < 5 <e on K\ (D, UA).
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Next, we will show the other two weight conditions for 1 < s <[ < N. First,
by the definition of C,,, we have

|wi(@)w(za™") - cwy(wa” M) f(zaT™) — 1] <6 on K\ Cpp.

Now, let Fsp = {x € G\ K : |@spom(x) fxa™™)] > 6} for 1 < s <1 < N.
Then we have

}ws(q:)ws(q;afl) n ‘ws<$a7(7‘sm71))f(l’a7rsm)| <0 on Ka*(TZ*Ts)m\F&m C G\K,
which implies that
(a9 -, (D) fra )| <5 on K\ a0

Moreover, A(Fs,,) < 67, which follows from the fact that

0% > | Ty f — xxelb > / 70 f ()" d\(2)

s,m

= / |ws(z)wy(za™) - -ws(xa_(“m_l))f(a:a_“m)‘pd/\(:v) > 0P AN(Fsm).
Fsm

Therefore, for 1 <s <[ < N and x € K\ (Fs,ma(”_”)m U Cl), we have

ws<xa_(rl_r5)m) e ws(l'a_(”m_l)) ws<xa_(rl_7'5)m) e ws(xa_(Tlm_l))|f(xa_Tlm)|

UH(LL’)U)[(.Z’CL_I) e wl(xa—('r’zm—l)) o wl(x)wl(xa_l) .. wl(xa—(rlm—l))|f<xa—'rlm)|

that is,

&8,(7“[—7"5)7’77/(33) : Qj/lmlm('r)
Psrim (T)

<e on K\ (Fsma(”_“)m UClm).

Again, we have

\wi(z)w(za™)- - wl(xa_(”m_l))f(xa_”m)| <d§ on Ka~=mm\ F ..
which says

‘wl(xa_(rs_”)m) e wl(:z:a_(“m_l))f(ma_“mﬂ <6 on K\ Falmom,
Therefore, for 1 < s <1< N and z € K \ (Fj,,a™ ™™ U C,,,,), we have

wl(xaf(rsfrl)m) e wl(xaf(rsmfl)) B wl(l‘af(Tszl)m) NN wl(xaf(rsm71)>|f(xa/7rsm)|

wy(z)wy(za=1) - - wy(za= D)~ w(x)ws(za=1) - - ws(za=Csm=D)|f(za—Tm)]

<L<s-
1—-46 7

that is,

Qpla(rz—rs)m(x) : 6877’5771(33)
{)b/l,”'sm(m)

<e on K\ (Flma(rs’”)m UCsm).
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Finally, let

En=(EK\A)\ |J Ba"UCmUDm)\ | (Funa™ ™ U F pal=mrom),

1<I<N 1<s<I<N
Then we have
MEN\ En) <6N?6%, lormmlzallo <& [ Punmlealle < e
and
H &s,(n—f‘j)m : @z,nm‘ ” - Hw,(rl_rj)m : Gs,rsm‘ H e
Ps,rim Em oo Plrsm Em oo

which proves the condition (ii).

(ii) = (i). We show that 77*,732,..., T\ are d-topologically transitive. For
1 <1< N,let U and V; be nonempty open subsets of L?(G). Since the space
C.(G) of continuous functions on G with compact support is dense in L?(G), we
can pick f,g, € C.(G) with f € U and g, € V; for L = 1,2,...,N. Let K be the
union of the compact supports of f and all ¢g;. Let E, C K, and let the sequences
(Yin)s (1) satisfy condition (ii).

By aperiodicity of a, there exists M € N such that K N Ka* = 0 for all
n > M.

First, for 1 <1 < N, we have

HTlrmkfXEkHZ _ / ‘wl(x)wl(xa_l) .. wl(xa—(rmk—l))‘Plf(xa—mnk)|;D d)\(x)

Era"l™k

_ /E (™ Yy (a1 - - wy () | (@) [P dA(2)

= [ @@ dxa) =0

as k — oo. Here we denote S, ., by S;. Applying similar arguments to the iterates
S/, and using the sequence (@, ), We have

1
li STk P —
e 151 eIy P Bea-m [wi(za)wy(za?) - - - wy(zarme)|p
< |gi(za™) | dA(z)
=0
for 1 <1 < N. Moreover, for 1 < s <[ < N, we have
177" (S goxm,) ||}
= [ e ntoa) e PTG )
G
_ / wi(z)wy(xa™) - - - wy(wa )P
— g ‘ws(xafrlnkJrl)ws(m&—rlnkJrQ) . ws<xa*7“lnk+7“s”k>yp

x |gsx e (wa™ ) [P dX (@)
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|wl(xa_("'s—"'l)nk)wl (a:a/_(rs—rl)nk_l) e wl<:[;a_(7'snk_1))|p | (l‘) |p d)\(x)
Ey ’ws(l-alf(rsnkfl))ws(xa*(Tsnk*Q)) cwg(z)|P 9s

— / gplv(rl_rs)’ﬁk (m) : SDSJ’snk (l’) ‘gs (:L') ‘P d)\(ilf) N O
Ep (pl,rsnk ("L‘)

as k — co. Similarly, we have
HTsrsnk (SlrlnkngEk) Hi
N / |wy(@)w(zat) - wy(wa™ )P ST gy, (za ") [P dA ()
G

By Y Y i

o a |wl (xa_rsnk"v‘l)wl (xa/_rsnk‘i‘z) e wl<xa_7’snk+7'lnk)|p
X |gixe, (za= ") [P dA ()

- / ’ws(xa_(rl_rs)nk)ws(xa_(rl_rs)nk_1> e ws(xa_(rlnk_l)ﬂp

B By ‘wl(gja—(ﬁnk—l))wl(q;a—(ﬁnk—z)) e wl(aj)’P
x |gi(z)[" dA(x)

_ / 68,(7”1 Ts)nk:( SOZ Tlnk | [ ‘p d)\(x) SN O
By, 908 TN (SL’)

as k — oo.
Now, for each k € N, we let

v = fXEk + S?nkngEk + S§2nk92XEk + . 4 S]TVNnngXEk c LP(G)

Then, by K N Ka*=7)" = (), we have

N
low = FIIE < NABAGN Be) + D 1157 x|

=1
and
17" v = aully < T fxmelly + 177 ST™ gix, |l +

+ TS g, Il

+llgxe, — allly + 1T S ™ gaxs I + -+

+ 11" S gn x e |Ip-
Hence limy_,o vx = f and limy_,o0 7" vy = ¢, for [ = 1,2,..., N, which implies
that

DAUNT, ™™ (V) NTy 2™ (Vo) M- -0 Ty ™™ (V). O

We note that, if G is discrete, then K = E), for each k € N in the proof of
Theorem 2.2. Hence each Ej in the condition (ii) of Theorem 2.2 will be replaced
by K if G is discrete.
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Example 2.3. Let G = Z, and let a = —1 € Z. Given N > 2, let w; x d_1 be a
weight on Z for [l = 1,2,..., N. Then the weighted translation operator T_; s,
is defined by

Tfl,wz*(;_lf(i) = wl<2 + 1)f(Z + 1) (f € ﬁp(Z))

Also, the operator T"4 .5 _, is just the bilateral weighted backward shift 7; given
by Tie; = wye;—1 with w; = w;(i); that is, T} = T_1 s, for 1 < 1 < N. Here
(€;)iez is the canonical basis of P(Z), and (wlﬂ)iez is a sequence of positive real

numbers. Hence, by Theorem 2.2, for 1 < r; < ry < --- < 7y, the operators
17,152, ..., T are disjoint hypercyclic if, given € > 0 and ¢ € N, there exists a
positive integer n such that, for all |i| < ¢, we have for 1 <[ < N
rn ' rin—1 i
o)) = [ Jwrx0-0) x61(0) = [] w(i—5)= [] w()<e
Jj=1 J=0 j=i—rn+1
and
rin—1 TIn i+rmn
Gran(i) = H(wl*é le i+7) H w(J
7=0 Jj=i+1

and for 1 <s <[ <N,

~ . ~ . i+rmn
908,(7“1—7’3)”(2) : QDI,TNL(Z) _ Hg zl+1 w3<]>
Sos,rm(z) H;—i—(@il—%) Wg (]) H;+ZT1 wy (])
+rmn
H] zlJr(rl rs)n+1 Ws (-7)

= < e
H;Jr:lfl wy ()

and

~ 7 . i+rsn
@l,(rl—rs)n(x) : (ps,rsn(m) . Hj:i—(rl—'rs)n—i-l wl(j) ' H] =i+1 wl(])

Plrn(T) | J PANETNG)
L)
15 ws(d) ’
which are the conditions in [5, Theorem 4.7]. If we define w; : Z — (0, 00) by

1 ifi<o
. _ 2 )
wl(z)_{z ifi>0

forl =1,2,..., N, then the weights wq, ws, ..., wy satisfy the four weight condi-
tions above.

Example 2.4. Let G = R, and let a = 2. Given N > 2, let w; be a weight on R
for i =1,2,..., N. Then the weighted translation 75 ,, on L?(R) is defined by

Do f(2) =w(@)f(z—2) (f€L(R)).
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By Theorem 2.2, for 1 <7y <7y < --- < ry, the operators T3}, , 157, , ..., Ton,
are disjoint hypercyclic if, given € > 0 and a compact subset K of R, there exists

a positive integer n such that, for x € K, we have for 1 <[ < N

et rn

Oy (T le*é le T+ 2j) <

and
rin—1 rim—1 1
J o L
(plrm H wl*5 H l(z 2J)> E,
7=0
and, for 1 <s <[ <N,
~ ~ rn—1 .
9057(7‘[77'5)”('2:) * Ol (T) _ Hjl:(] wy(r — 2j)
() TV g — 25) - T wi (e — 25)

rim—1 .
iI=(r;—rs)n Ws (T — 2]
CID = 2)

1775w — 25)

and

~ T —Ts)N . rsn—1 .
@l,(rl—rs)n<x) . st,rsn(x) . ngll ) U)l(l' + 2]) ’ Hj:() wl(x - 2.])
Pirn(@) [17% " wsle - 29)
rsn—1 .
I il 2)

- ren—1 .
szo ws(z — 2j)

We may define w; : R — (0, 00) by

% if x >1,
wz) =< 5 if-1<z<1,
2 ifz<—1

for I = 1,2,...,N. Then the four weight conditions above are satisfied by the
weights wy, ws, ..., wy.

Ezxample 2.5. Let

G=H:= cx,y,z €R

o O =
O~ 8
i SR

be the Heisenberg group which is neither abelian nor compact. For convenience,
an element in G is written as (z,vy,2). Let (z,v,2),(2',vy,2’) € H. Then the
multiplication is given by

(z,y,2)- (2", 2) = (x+ 2"y +y, 2+ 2 +2y)
and

(I7y7 Z)_l = (—.ZU, —Y,TY — Z)
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Let a = (1,0,2) € H, which is aperiodic. Given N > 2, let w; be a weight
on H for I =1,2,...,N. Then a~! = (—1,0,—2), and the weighted translation
T1,0,2),w, o0 LP(H) is defined by

T(I,O,Q),wlf(xvyu Z) = wl(xa Y, Z)f(ﬂ? - 17y7 Z = 2) (f S LP<H>)

By Theorem 2.2, we have, for 1 < r; < ry < --- < ry, that the opera-
tors T(102) wy? T(TIO2) wo - T(T1()2) are disjoint hypercyclic if, given ¢ > 0
and a compact subset K of H, there exists a positive integer n such that, for

(x,y,z) € K, we have for 1 glgN

n mnn
(pl,rm(x7ya Z) = le * 5?17072)71(1'7:% Z) = le(l‘ +]a Y,z + 2]) <éE
j=1 Jj=1
and
rim—1 rin—1 1
@lnnl‘yv le*(5102 le .]7y’z_2j)>g7

and, for 1 <s <[l <N,
D (r1—ryn (T, Y, 2) * Puon (@, Y, 2)
Dorn (2,4, 2)
B 17w = 4oy, 2 — 2)
= H§Zo_rs)n—1 ws(x — J,y, 2 —2j) - H;‘zzno—l wil(x — 4,9, 2 — 24)
[T ws(x = Gy, 2 = 2))

= Hmnflw( . — 94 <é
=0 I\ 1Y,z ])

and
P —re)n (T, Y, 2) * Psron(T, Y, 2)
Prron(T, Y, 2)
T wile + Gy, =+ 2) - T2 wilz — 4.y, 2 — 25)
[T walw — Gy, 2 — 29)
H;S:nf(il W@ = 4y, 2 — 2))

- rsn—1 . <Eé&.
Hj:() s( _j,y72—2])

Similarly, one can obtain the required weight conditions by defining w : H —
(0,00) as

if 2>1,
if—1<z<1,
ifz< -1

wl(xaya Z) =

[\ l\ngl\.’)I»—t

for 1 <[ <N.
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Now we turn our attention to single weighted translation 7' := T, ,, generated
by an aperiodic element a € G and a weight w on G, and we denote S, , by S. By
a similar argument as in the proof of Theorem 2.2, we characterize hypercyclicity
for the direct sum of weighted translation operators. Indeed, if we consider open
sets Uyand V; (I =1,2,...,N)in L?(G), and if we pick f;, g, € C.(G) with f; € U,
and ¢g; € Vj, then the same argument can be applied to obtain a sequence (v )
for each [ satisfying limy_,oc v = f; and limy_,oo T vy, = gy for l =1,2,..., N.
We have the result below.

Proposition 2.6. Let G be a locally compact group, and let a be an aperiodic
element in G. Let 1 < p < oo, and let T = T, ,, be a weighted translation on LP(G)
generated by a and a positive weight w. Given N > 2 and ri,ry,...,rny € N, the
following conditions are equivalent:
(i) T @ T @® - ®T™ are hypercyclic on (LP(G))N.
(ii) For each compact subset K C G with A\(K) > 0, there is a sequence of
Borel sets (Ey) in K such that A(K) = limg_,o N(Ey) and both sequences

n n—1
. N1
©On ::Hw*éi,l and Op 1= <Hw*5é>
j=1 i=0

satisfy (for 1 <1< N)
1m 91y oo = i [ Bl 1 = 0
for some subsequence (ny) C N.

Proof. (i) = (ii). By the density of hypercyclic vectors of 7" for each [, there
exist a hypercyclic vector f; € LP(G) and some m > M such that

Ifi = xkllp <6 and T fi — xkll, < 6°

forl =1,2,..., N. Repeating a similar argument as in the proof of Theorem 2.2,
we can obtain the weight conditions.
(ii) = (i). As in the proof of Theorem 2.2, for each k € N, we let

vk = fixe, + S gixE, € LP(G).
Then, by K N Ka*"=7)™ = (), we have
e = fillh < [[AIBAEN Ex) + 1™ gix s, |5

and
[T v = aills < N T fix sl + (gl [BA K\ Ex).
Hence limy_,oo Vi = fi and limy_,oo 77" vy, = gy for l = 1,2, ..., N, which implies
that
T (U) NV A 0
for some kand [ =1,2,..., N. O

Using Proposition 2.6 together with Theorem 2.2, we immediately have the
following corollary.
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Corollary 2.7. Let G be a locally compact group, and let a be an aperiodic
element in G. Let 1 < p < oo, and let T' = T, ,, be a weighted translation on
LP(G) generated by a and a positive weight w. Given N > 2, forrog =0< 1<
ry <ry < ---<ry, the following conditions are equivalent:

(i) T, 17, ..., T™ are disjoint hypercyclic.

(i) Do<cscrcn T are hypercyclic on (LP(G))
(iii) For each compact subset K C G with \(K) > 0, there is a sequence of
Borel sets (Ey,) in K such that \(K) = limy_,o A(E)) and both sequences

n 4 n—1 N -1
©On ::Hw*éi_l and Op = <Hw*(5é>
j=1 =0

satisfy (for 1 <1< N)

N(N+1)
2

im0l o = B 1B o = 0
and (for1<s<I<N)
kll_{ilo ||6(7"l_7"5)”k|Ek||oo - kh—{ilo ||('0(Tl—7"s)"k|Ek”°° =0

for some subsequence (ny) C N.

In particular, T*,T?,..., TN are disjoint hypercyclic if and only if T*®@T?*®--- @
TN are hypercyclic.

Example 2.8. Let G =7Z, let a = —1 € Z, and let w*d_; be a weight on Z. Then
the weighted translation operator 1", ,.s_, is the bilateral weighted backward
shift on ¢?(Z). By Corollary 2.7, for 1 <7 < ry < .-+ < ry, the following are
equivalent:

R v - L :
() T s TR es - -+ T s, are disjoint hypercyclic.
N(N+1)
2

(i) Docscrcn T e, are hypercyclic on (F(Z))

Hence we recover a result in [5, Corollary 4.9].

3. OTHER DISJOINT NOTIONS

We will extend some results in this section from d-hypercyclicity to d-mixing,
d-supercyclicity, and dual d-hypercyclicity. First of all, the characterization of
d-mixing is given below by replacing the subsequence with the full sequence in
the proof of Theorem 2.2.

Theorem 3.1. Let G be a locally compact group, and let a be an aperiodic element
in G. Let 1 <p < oo. Gwen N > 2, let T} = T,,, be a weighted translation on
LP(G) generated by a and a positive weight w; for 1 <1< N. For1<r; <ry <
-+ <1y, the following conditions are equivalent:

(i) T, T2, ..., TR are d-mixing.
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(ii) For each compact subset K C G with A\(K) > 0, there is a sequence of
Borel sets (E,) in K such that \(K) = lim,,_,o A(E,,) and both sequences

n n—1
= H wy * 52_1 and Ol 1= (H wy * 52)
j=1 j=0

satisfy (for 1 <1< N)

-1

lim H‘Pl,rm‘EnHoo = lim ”SEl,nn‘Enuoo =0

and (for1 <s<I<N)

lim
n—oo

‘ (Es,(rl—rs)n : (El,rm
&s,nn
Proof. (i) = (ii). By the assumption of d-mixing, there exists a function f; €

LP(G) for each [ = 1,2, ..., N such that

Ifi = xxlly <0 and [T fi = xkcll, < 07

from some n onwards. Following the same argument as in the proof of Theo-
rem 2.2, the weight conditions can be obtained.
(ii) = (i). For each n € N, we let

— lim (pl,(rl—f)n * Psren

n—oo ()0[7r5n

=0.

Enlloco Eplloco

= fxe, + 51" 91xE, + 55" g2XE, + -+ SN INXE, -

Then we can deduce
O#£UNTT" (Vi) NIy (Vo) 0 - N T (Viv),
which says 77,752, ..., T\ d-mixing. O

Let T, = oy, I for 1 < [ < N. In the result below, we will show that
N sequences of operators (171,)0% 1, (T2n)52q,-- -, (Tnn)ee, are d-topologically
transitive, which implies that (o, 77"")0%, (012 nT”")n Lo (N TN ), are
d-hypercyclic, and therefore that 77*,752,..., T\ are d—supercychc

Theorem 3.2. Let G be a locally compact group, and let a be an aperiodic element

in G. Let 1 < p < oo. Gwen N > 2, let T} =Ty, be a weighted translation on

LP(G) generated by a and a positive weight w; for 1 <I < N. For1 <r; <1y <
- < ry, the following conditions are equivalent:

(i) T, 152, ..., T\ have a dense set of d-supercyclic vectors.

(ii) For each compact subset K C G with \(K) > 0, there is a sequence of
Borel sets (Ey) in K, and there exist sequences (ay,,) C C\ {0} such that
AMK) = limg_,00 A(Ex) and both sequences

n n—1
Pin = le * 5Z,1 and Ol 1= (H wy * 52)
j=1 7=0

satisfy (for 1 <1< N)

-1

=0

(e o]

21l = i |,
k—o00

a M Ey,
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and (for 1 <s<I<N)

Ps,(ri—rs)ng "~ Plring — lim Pl(ri—rs)ng * Ps,reng,

k—o00 Spl,rsnk

lim =0

k—o0

st,rlnk Ej oo Eglloo

for some sequence (ny) C N.

Proof. (i) = (ii). By density of the disjoint supercyclic vectors, there exist a
disjoint supercyclic vector f € L?(G), some m > M, and o, € C\ {0} such that

If = xxlly <0® and [T f = xcll, < 67

forl =1,2,..., N. Repeating a similar argument as in the proof of Theorem 2.2,
one can obtain the weight conditions.

(ii) = (i). By the same procedure as in the proof of Theorem 2.2, for each
k € N, we let

ST g1x B, + Sy gaxE, -+

1,ng 2,1 &ank

v = [XE,+ S gnxE, € LP(G).

Then, again, by K N Ka*"=7)" = (), we have

N
1 n P
o = 71 < MK B+ D || =87 qove ||
=1 T
and
o, T ™ vk — aull}
T A INE QT p
S Haz,nlem’“fXEng‘i‘ H_lez kSllnkglek 4+
1,n p
Lng e Qri— 1 k P
+ H—T S;- gthEk
Ofl lnk
Q| n rim TIL1Mn p
s, — il + || 1y kslrf g |+
-|—1 Nk p
« s Tn TNTL p
+H l sz ESTN T X B
C]{]\7 Nk p
Hence limy_ oo vy = f and limy_o g, 7)™ v, = ¢, for I = 1,2,..., N, which
implies that
0£UnN 7™ (Vi) N Ty, " (Vo)n--- Ty™"™ (V).
al,nk a2,nk OZN N
Hence T7", 152, ..., T\ are d-supercyclic with a dense set of d-supercyclic vectors.

O

Remark 3.3. We note that the following two conditions are equivalent upon apply-
ing a similar argument as in the proof of [7, Proposition 2.2].

(i) For 1 <1 < N, we have

= 0.

o

lim ||Oél ni P, Tznk‘Ek”OO - hm H Qpl,rmk
k—o0 E

ank k



474 C.-C. CHEN
(ii) For 1 <[, s < N, we have
1m [upn, |5 lloo - 1Boramelmlloc = 0.
—00

Example 3.4. Let G = Z, and let a = —1 € Z. Given N > 2, let w; x d_1 be a
weight on Z for [ = 1,2,..., N. Then the weighted translation operator T_j s _,
is defined by

T ypes o J (1) = wi(i + 1) f(i4+ 1) (f € #(Z)),

and T 4,.s_, is the bilateral weighted backward shift 7; given by Tie; = w;e;—1
with w;; = w;(i). By Theorem 3.2, for 1 < 7 < ry < --- < ry, the operators
17,152, .., T are d-supercyclic if, given ¢ > 0 and ¢ € N, there exists a
positive integer n such that, for all |i| < ¢ and |k| < ¢, we have for 1 <[, s < N

(i) - Bopn(k) = H;Zo_l w(i = j) -~ H;’:i—rm—i-l wi(j) e
l,rin T ¥srsn - TsT N ren .
: Hj:l ws(k + j) Hk+ 1 ws(J)

j=k+1 s
and, for 1 <s <[ <N,
~ . ~ . i+rn .
ws,(rl—rs)n(l) : @l,ryn(l) _ Hj:il—l—l ws(])
Psrun(i) TR wa() - T, wi ()

i+rn .
Hj:il—l-(rl—rs)n—l—l Ws (j)
T2 wi(h)

and
~ % . i+rsn .
@l,(m—rs)n(x) ) (Ps,rsn(x) _ Hj:i—(rz—'l‘s)n-i'l Wi (j) ' Hj:i‘f'l Wi <‘7)
gpl,rsn(l‘) H;—:;:_nl Ws (])
. H;’:zin(rlfrs)nJrl wy (j)
[ w. ()

which are the conditions in [14, Theorem 4.2.1].

<,

Recall that a hypercyclic operator T whose dual T™ is also hypercyclic is called
a dual hypercyclic operator. In [15, p. 766], Salas constructed a dual hyper-
cyclic weighted shift on a Hilbert space. Similarly, the d-hypercyclic operators
T1,Ts, ..., Ty are said to be dual d-hypercyclic in [17] if T}, Ty, ..., Tx are also
d-hypercyclic, where T;* is the dual of 7; for 1 < [ < N. In fact, that a sep-
arable Banach space supports dual d-hypercyclic operators was proved in [17,
Theorem 3.4] and [18, Theorem S| independently. We note that Bes and Peris
considered a weighted bilateral forward shift A with dual A* on ¢*(Z), and they
showed that both the operators A, A%, ..., AN and the operators A*, A*2, ... A*N
are d-hypercyclic under some weight sequence in [5, Theorem 4.11].

Finally, we will characterize the disjoint hypercyclicity for the dual of weighted
translation operators by applying Theorem 2.2 directly. Let p € [1, o0] with con-
jugate exponent ¢, and let (-,-) : LP(G) x LY(G) — C be the duality. The simple
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computation gives

(Towf,g) = (£, Tor(wg)) (f € L7(G),g € LU(G)).
Therefore the dual map T}, : LY(G) — L(G) is given by

T () = To-1 (wg) = Ty-1,uss,_,(9) (9 € LYG)),

which is also a weighted translation operator on L?(G). Moreover, the dual of
T, s T,%, by a computation; that is, T,y = T;7, for all n € N.

Corollary 3.5. Let G be a locally compact group, and let a be an aperiodic
element in G. Let 1 < p < oo. Given some N > 2, let T} =T, ,, be a weighted
translation on LP(G) generated by a and a positive weight w; for 1 < [ < N.
Let T} = a1 wpxb, 1 be the dual of T;. Then for 1 < r; <1y < --- < ry, the
operators Ty, Ty, ..., TN have a dense set of d-hypercyclic vectors if each
weight wy * 6,-1 satisfies conditions (ii) for a=' in Theorem 2.2; that is, both
sequences

n n—1 _
O] p 1= H(wl * 0g=1) * 0, 1)1 and  Qf, = (H(wl k Og-1) * 52,1>
j=1 j=0

satisfy the weight conditions in Theorem 2.2.

The Corollary 3.5 says that there exist d-hypercyclic operators 77", 152, ..., T\
such that the operators 77", 75", ..., Ty" are also d-hypercyclic. However, this
is not the case for d-mixing. We conclude noting that the operators 77", 152, ..., T\
and the operators 77", 75", ..., TN can never be d-mixing simultaneously since
T} = To-1w45, > and, for a~! € G, the sequences for the weight w; * J,-1 in the
condition (ii) of Theorem 2.2 are defined by

rn rin—1
* L 7 _ i ~—1
cpl,rln T H(wl * 6a_1) * 5(a—1)—1 - H wy * 5i - SOZ,Tm
Jj=1 Jj=0
and
rn—1 ; 1 Tn ; 1 )
~ _
Spl,rln = ( H (wl * 6(1*1) * 5,171) = (H wy * 5,171) = Spl,rm
j=0 j=1
for each I.
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