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Abstract. Let 1 ≤ p < ∞, and let G be a locally compact group. We char-
acterize disjoint hypercyclic weighted translation operators on the Lebesgue
space Lp(G) in terms of the weight, the Haar measure, and the group element.
Disjoint supercyclic, disjoint mixing, and dual disjoint hypercyclic weighted
translation operators are also characterized.

1. Introduction

Recently, we characterized chaotic, hypercyclic, and supercyclic weighted trans-
lation operators on the Lebesgue space of a locally compact group in [6], [7], [8],
and [9], extending some works on hypercyclicity for weighted shifts on `p(Z) in
[10], [12], [13], and [16]. In 2007, Bernal-Gonález, Bès, and Peris introduced the
study of disjoint (or diagonal) hypercyclicity in [1] and [5], respectively. Since
then, disjoint hypercyclicity was investigated intensively, and the results on dis-
joint hypercyclicity have been richly rewarding (see [2], [3], [4], [14], [17], and
[18] for recent works on this subject). Among many important results, the char-
acterization for weighted shifts on `p(Z) to be disjoint hypercyclic and disjoint
supercyclic were given in [5] and [14], respectively. Inspired by [5] and [14], we con-
tinue our research on weighted translation operators on locally compact groups
in the present article, while giving sufficient and necessary conditions for such
operators to be disjoint hypercyclic and disjoint supercyclic.
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First, we recall that an operator T on a Banach space X is supercyclic if there
exists an element x ∈ X such that the orbit

{αT nx : α ∈ C, n ≥ 0} =
⋃
n≥0

CT nx

is dense in X, where T n denotes the nth iterate of T . Without the help of a
complex multiple, T is called hypercyclic if {T nx : n ≥ 0} = X. It is known that
the notion of hypercyclicity in linear dynamics is related to some notions in topo-
logical dynamics. Indeed, hypercyclicity is equivalent to topological transitivity.
An operator T is topologically transitive if, given two nonempty open subsets
U, V ⊂ X, there is some n ∈ N such that T n(U)∩ V 6= ∅. If T n(U)∩ V 6= ∅ from
some n onward, then T is called topologically mixing.

One can also compare the notions above to the setting of a sequence of opera-
tors. We recall that a sequence of operators (Tn) is called topologically transitive
if, for any nonempty open sets U and V , we have Tn(U)∩ V 6= ∅ for some n ∈ N.
Similarly, if (Tn) satisfies the stronger condition that Tn(U) ∩ V 6= ∅ for some n
onward, then (Tn) is said to be topologically mixing. Also, a sequence of operators
(Tn) on a Banach space X is hypercyclic if there exists a vector x ∈ X such that
the orbit {Tnx : n ≥ 0} is dense in X. If (Tn) has a dense set of hypercyclic
vectors, then (Tn) is called densely hypercyclic. It is well known in [11] that,
for a sequence of operators, dense hypercyclicity and topological transitivity are
equivalent.

In [1, Definition 2.1] and [5, Definition 1.1], Bernal-Gonález, Bès, and Peris
independently studied the new notion, namely disjoint hypercyclicity, as in the
following.

Definition 1.1. Given N ≥ 2, the operators T1, T2, . . . , TN acting on a
Banach space X are disjoint hypercyclic, or diagonally hypercyclic (in short,
d-hypercyclic), if there is some vector (x, x, . . . , x) in the diagonal of XN =
X ×X × · · · ×X such that{

(x, x, . . . , x), (T1x, T2x, . . . , TNx), (T
2
1 x, T

2
2 x, . . . , T

2
Nx), . . .

}
is dense in XN , where x ∈ X is a d-hypercyclic vector associated to the operators
T1, T2, . . . , TN .

We can extend the definition naturally to notions of d-supercyclicity and
d-chaoticity. For topological dynamics, several new notions were given accord-
ingly in [5], as follows.

Definition 1.2. Given N ≥ 2, the operators T1, T2, . . . , TN on a Banach space
X are d-topologically transitive if, given nonempty open sets U, V1, . . . , VN ⊂ X,
there is some n ∈ N such that

∅ 6= U ∩ T−n
1 (V1) ∩ T−n

2 (V2) ∩ · · · ∩ T−n
N (VN).

If the above condition is satisfied from some n onward, then T1, T2, . . . , TN are
called d-mixing.



DISJOINT HYPERCYCLIC WEIGHTED TRANSLATIONS 461

We note that in [5, Proposition 2.3], the operators T1, T2, . . . , TN are
d-topologically transitive if and only if T1, T2, . . . , TN have a dense set of
d-hypercyclic vectors. Likewise, the notions and results noted above can be extended
to N ≥ 2 sequences of operators (T1,n)

∞
n=1, (T2,n)

∞
n=1, . . . , (TN,n)

∞
n=1. Indeed,

d-topological transitivity and dense d-hypercyclicity for (T1,n)
∞
n=1, (T2,n)

∞
n=1, . . . ,

(TN,n)
∞
n=1 are also equivalent in [5, Proposition 2.3]. We will make use of these

equivalences to obtain our main result in Sections 2 and 3. We conclude this sec-
tion with a remark from [5, p. 299], where the author pointed out that T and cT
cannot be d-hypercyclic where c is a scalar. Indeed, assume that T and cT have a
d-hypercyclic vector x ∈ X. Then there exist sequences (nk) and (mk) such that
(T nkx, (cT )nkx) → (x, 0) and (Tmkx, (cT )mkx) → (0, x) as k → ∞. But the first
limit forces |c| < 1, and the second one implies that |c| > 1, which is a contradic-
tion.

2. Disjoint hypercyclicity

In this section, we will characterize disjoint hypercyclic weighted translation
operators on the Lebesgue space of a locally compact group and will give some
examples of disjoint hypercyclicity on various groups.

In what follows, let G be a locally compact group with identity e and a right-
invariant Haar measure λ. We denote by Lp(G) (1 ≤ p < ∞) the complex
Lebesgue space with respect to λ. A bounded function w : G → (0,∞) is called a
weight on G. Let a ∈ G, and let δa be the unit point mass at a. A weighted trans-
lation on G is a weighted convolution operator Ta,w : Lp(G) → Lp(G) defined
by

Ta,w(f) = wTa(f)
(
f ∈ Lp(G)

)
,

where w is a weight on G and Ta(f) = f ∗ δa ∈ Lp(G) is the convolution

(f ∗ δa)(x) =
∫
G

f(xy−1) dδa(y) = f(xa−1) (x ∈ G).

We also define a self-map Sa,w on the subspace Lp
c(G) of functions in Lp(G) with

compact support by

Sa,w(h) =
h

w
∗ δa−1

(
h ∈ Lp

c(G)
)

so that

Ta,wSa,w(h) = h
(
h ∈ Lp

c(G)
)
.

Since the weighted translation Ta,w is generated by the group element a and
the weight function w, we first observe that some elements a ∈ G and weights
w should be excluded. For example, if ‖w‖∞ < 1, then ‖Ta,w‖ < 1, and Ta,w is
never hypercyclic. Also, it is demonstrated in [9, Lemma 1.1] that Ta,w is not
hypercyclic if a is a torsion element of G. Based on this result, the following
lemma reveals that weighted translation operators cannot be disjoint hypercyclic
if they are generated by a torsion element.

An element a in a group G is called a torsion element if it is of finite order. In
a locally compact group G, an element a ∈ G is called periodic (see [9, p. 2840]
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if the closed subgroup G(a) generated by a is compact. We call an element in G
aperiodic if it is not periodic. For discrete groups, periodic and torsion elements
are identical.

Lemma 2.1. Let G be a locally compact group, and let a ∈ G be a torsion element.
Let 1 ≤ p < ∞. Given some N ≥ 2, let Tl = Ta,wl

be a weighted translation on
Lp(G) generated by a and a positive weight wl for 1 ≤ l ≤ N . Then the operators
T1, T2, . . . , TN are not disjoint hypercyclic.

In the following, we will focus on the aperiodic group element a ∈ G, using the
condition of aperiodicity. For aperiodic elements, [9] shows that an element a ∈ G
is aperiodic if and only if, for any compact set K ⊂ G, there exists some N ∈ N
such that K∩Ka±n = ∅ for all n > N . We note that in many familiar nondiscrete
groups, including the additive group Rd, the Heisenberg group, and the affine
group, all elements except the identity are aperiodic (see [9, Remark 2.2]). Now
we are ready to state the main result.

Theorem 2.2. Let G be a locally compact group, and let a be an aperiodic element
in G. Let 1 ≤ p < ∞. Given some N ≥ 2, let Tl = Ta,wl

be a weighted translation
on Lp(G) generated by a and a positive weight wl for 1 ≤ l ≤ N . For 1 ≤ r1 <
r2 < · · · < rN , the following conditions are equivalent:

(i) T r1
1 , T r2

2 , . . . , T rN
N have a dense set of d-hypercyclic vectors.

(ii) For each compact subset K ⊂ G with λ(K) > 0, there is a sequence of
Borel sets (Ek) in K such that λ(K) = limk→∞ λ(Ek) and both sequences

ϕl,n :=
n∏

j=1

wl ∗ δja−1 and ϕ̃l,n :=
(n−1∏
j=0

wl ∗ δja
)−1

satisfy (for 1 ≤ l ≤ N)

lim
k→∞

‖ϕl,rlnk
|Ek

‖∞ = lim
k→∞

‖ϕ̃l,rlnk
|Ek

‖∞ = 0

and (for 1 ≤ s < l ≤ N)

lim
k→∞

∥∥∥ ϕ̃s,(rl−rs)nk
· ϕ̃l,rlnk

ϕ̃s,rlnk

∣∣∣
Ek

∥∥∥
∞

= lim
k→∞

∥∥∥ϕl,(rl−rs)nk
· ϕ̃s,rsnk

ϕ̃l,rsnk

∣∣∣
Ek

∥∥∥
∞

= 0

for some subsequence (nk) ⊂ N.

Proof. (i) ⇒ (ii). Let T r1
1 , T r2

2 , . . . , T rN
N be disjoint hypercyclic. Let K ⊂ G be

a compact set with λ(K) > 0. By aperiodicity of a, there is some M such that
K ∩Ka±n = ∅ for all n > M .

Let χK ∈ Lp(G) be the characteristic function of K. Let ε ∈ (0, 1), and choose
0 < δ < ε

1+ε
. By density of the disjoint hypercyclic vectors, there exist a disjoint

hypercyclic vector f ∈ Lp(G) and some m > M such that

‖f − χK‖p < δ2 and ‖T rlm
l f − χK‖p < δ2

for l = 1, 2, . . . , N . Let

A =
{
x ∈ K :

∣∣f(x)− 1
∣∣ ≥ δ

}
,
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and let

B =
{
x ∈ G \K :

∣∣f(x)∣∣ ≥ δ
}
.

Then we have ∣∣f(x)∣∣ > 1− δ (x ∈ K \ A)
and ∣∣f(x)∣∣ < δ for x ∈ (G \K) \B.

Moreover, by the inequality

δ2p > ‖f − χK‖pp =
∫
G

∣∣f(x)− χK(x)
∣∣p dλ(x)

≥
∫
A

∣∣f(x)− 1
∣∣p dλ(x) ≥ δpλ(A),

we have λ(A) < δp. Similarly, one has λ(B) < δp. On the other hand, we have

δ2p > ‖T rlm
l f − χK‖pp =

∫
G

∣∣T rlm
l f(x)− χK(x)

∣∣p dλ(x)
=

∫
G

∣∣ϕ̃l,rlm(x)
−1f(xa−rlm)− χK(x)

∣∣p dλ(x)
=

∫
G

∣∣ϕl,rlm(x)f(x)− χK(xa
−rlm)

∣∣p dλ(x)
by the right invariance of the Haar measure. Hence let

Cl,m =
{
x ∈ K :

∣∣ϕ̃l,rlm(x)
−1f(xa−rlm)− 1

∣∣ ≥ δ
}

and

Dl.m =
{
x ∈ K :

∣∣ϕl,rlm(x)f(x)
∣∣ ≥ δ

}
.

Then

ϕ̃l,rlm(x)
−1
∣∣f(xa−rlm)

∣∣ > 1− δ (x ∈ K \ Cl,m)

and

ϕl,rlm(x)
∣∣f(x)∣∣ < δ (x ∈ K \Dl,m).

Again, applying the inequality

δ2p > ‖T rlm
l f − χK‖pp =

∫
G

∣∣T rlm
l f(x)− χK(x)

∣∣p dλ(x)
≥

∫
Cl,m

∣∣wl(x)wl(xa
−1) · · ·wl(xa

−(rlm−1))f(xa−rlm)− 1
∣∣p dλ(x) ≥ δpλ(Cl,m),

we have λ(Cl,m) < δp. Using a similar argument and the right invariance of the
Haar measure, one can deduce λ(Dl,m) < δp. Since K ∩Ka±m = ∅, we have

ϕ̃l,rlm(x) <
|f(xa−rlm)|

1− δ
<

δ

1− δ
< ε on K \ (Cl,m ∪Barlm)

and

ϕl,rlm(x) <
δ

|f(x)|
<

δ

1− δ
< ε on K \ (Dl,m ∪ A).
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Next, we will show the other two weight conditions for 1 ≤ s < l ≤ N . First,
by the definition of Cl,m, we have∣∣wl(x)wl(xa

−1) · · ·wl(xa
−(rlm−1))f(xa−rlm)− 1

∣∣ < δ on K \ Cl,m.

Now, let Fs,m = {x ∈ G \ K : |ϕ̃s,rsm(x)
−1f(xa−rsm)| ≥ δ} for 1 ≤ s < l ≤ N .

Then we have∣∣ws(x)ws(xa
−1) · · ·ws(xa

−(rsm−1))f(xa−rsm)
∣∣ < δ on Ka−(rl−rs)m\Fs,m ⊂ G\K,

which implies that∣∣ws(xa
−(rl−rs)m) · · ·ws(xa

−(rlm−1))f(xa−rlm)
∣∣ < δ on K \ Fs,ma

(rl−rs)m.

Moreover, λ(Fs,m) < δp, which follows from the fact that

δ2p > ‖T rsm
s f − χK‖pp ≥

∫
Fs,m

∣∣T rsm
s f(x)

∣∣p dλ(x)
=

∫
Fs,m

∣∣ws(x)ws(xa
−1) · · ·ws(xa

−(rsm−1))f(xa−rsm)
∣∣p dλ(x) ≥ δpλ(Fs,m).

Therefore, for 1 ≤ s < l ≤ N and x ∈ K \ (Fs,ma
(rl−rs)m ∪ Cl,m), we have

ws(xa
−(rl−rs)m) · · ·ws(xa

−(rlm−1))

wl(x)wl(xa−1) · · ·wl(xa−(rlm−1))
=

ws(xa
−(rl−rs)m) · · ·ws(xa

−(rlm−1))|f(xa−rlm)|
wl(x)wl(xa−1) · · ·wl(xa−(rlm−1))|f(xa−rlm)|

<
δ

1− δ
< ε;

that is,

ϕ̃s,(rl−rs)m(x) · ϕ̃l,rlm(x)

ϕ̃s,rlm(x)
< ε on K \ (Fs,ma

(rl−rs)m ∪ Cl,m).

Again, we have∣∣wl(x)wl(xa
−1) · · ·wl(xa

−(rlm−1))f(xa−rlm)
∣∣ < δ on Ka−(rs−rl)m \ Fl,m,

which says∣∣wl(xa
−(rs−rl)m) · · ·wl(xa

−(rsm−1))f(xa−rsm)
∣∣ < δ on K \ Fl,ma

(rs−rl)m.

Therefore, for 1 ≤ s < l ≤ N and x ∈ K \ (Fl,ma
(rs−rl)m ∪ Cs,m), we have

wl(xa
−(rs−rl)m) · · ·wl(xa

−(rsm−1))

ws(x)ws(xa−1) · · ·ws(xa−(rsm−1))
=

wl(xa
−(rs−rl)m) · · ·wl(xa

−(rsm−1))|f(xa−rsm)|
ws(x)ws(xa−1) · · ·ws(xa−(rsm−1))|f(xa−rsm)|

<
δ

1− δ
< ε;

that is,

ϕl,(rl−rs)m(x) · ϕ̃s,rsm(x)

ϕ̃l,rsm(x)
< ε on K \ (Fl,ma

(rs−rl)m ∪ Cs,m).
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Finally, let

Em = (K \A)\
⋃

1≤l≤N

(Barlm∪Cl,m∪Dl,m)\
⋃

1≤s<l≤N

(Fs,ma
(rl−rs)m∪Fl,ma

(rs−rl)m).

Then we have

λ(K \ Em) < 6N2δp, ‖ϕl,rlm|Em‖∞ < ε, ‖ϕ̃l,rlm|Em‖∞ < ε,

and ∥∥∥ ϕ̃s,(rl−rs)m · ϕ̃l,rlm

ϕ̃s,rlm

∣∣∣
Em

∥∥∥
∞

< ε,
∥∥∥ϕl,(rl−rs)m · ϕ̃s,rsm

ϕ̃l,rsm

∣∣∣
Em

∥∥∥
∞

< ε,

which proves the condition (ii).
(ii) ⇒ (i). We show that T r1

1 , T r2
2 , . . . , T rN

N are d-topologically transitive. For
1 ≤ l ≤ N , let U and Vl be nonempty open subsets of Lp(G). Since the space
Cc(G) of continuous functions on G with compact support is dense in Lp(G), we
can pick f, gl ∈ Cc(G) with f ∈ U and gl ∈ Vl for l = 1, 2, . . . , N . Let K be the
union of the compact supports of f and all gl. Let Ek ⊂ K, and let the sequences
(ϕl,n), (ϕ̃l,n) satisfy condition (ii).

By aperiodicity of a, there exists M ∈ N such that K ∩ Ka±n = ∅ for all
n > M .

First, for 1 ≤ l ≤ N , we have

‖T rlnk
l fχEk

‖pp =
∫
Eka

rlnk

∣∣wl(x)wl(xa
−1) · · ·wl(xa

−(rlnk−1))
∣∣p∣∣f(xa−rlnk)

∣∣p dλ(x)
=

∫
Ek

∣∣wl(xa
rlnk)wl(xa

rlnk−1) · · ·wl(xa)
∣∣p∣∣f(x)∣∣p dλ(x)

=

∫
Ek

ϕp
l,rlnk

(x)
∣∣f(x)∣∣p dλ(x) → 0

as k → ∞. Here we denote Sa,wl
by Sl. Applying similar arguments to the iterates

Srlnk
l , and using the sequence (ϕ̃l,rlnk

), we have

lim
k→∞

‖Srlnk
l glχEk

‖pp = lim
k→∞

∫
Eka

−rlnk

1

|wl(xa)wl(xa2) · · ·wl(xarlnk)|p

×
∣∣gl(xarlnk)

∣∣p dλ(x)
= 0

for 1 ≤ l ≤ N . Moreover, for 1 ≤ s < l ≤ N , we have∥∥T rlnk
l (Srsnk

s gsχEk
)
∥∥p

p

=

∫
G

∣∣wl(x)wl(xa
−1) · · ·wl(xa

−(rlnk−1))
∣∣p∣∣Srsnk

s gsχEk
(xa−rlnk)

∣∣p dλ(x)
=

∫
G

|wl(x)wl(xa
−1) · · ·wl(xa

−(rlnk−1))|p

|ws(xa−rlnk+1)ws(xa−rlnk+2) · · ·ws(xa−rlnk+rsnk)|p

×
∣∣gsχEk

(xa−rlnk+rsnk)
∣∣p dλ(x)
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=

∫
Ek

|wl(xa
−(rs−rl)nk)wl(xa

−(rs−rl)nk−1) · · ·wl(xa
−(rsnk−1))|p

|ws(xa−(rsnk−1))ws(xa−(rsnk−2)) · · ·ws(x)|p
∣∣gs(x)∣∣p dλ(x)

=

∫
Ek

ϕl,(rl−rs)nk
(x) · ϕ̃s,rsnk

(x)

ϕ̃l,rsnk
(x)

∣∣gs(x)∣∣p dλ(x) → 0

as k → ∞. Similarly, we have∥∥T rsnk
s (Srlnk

l glχEk
)
∥∥p

p

=

∫
G

∣∣ws(x)ws(xa
−1) · · ·ws(xa

−(rsnk−1))
∣∣p∣∣Srlnk

l glχEk
(xa−rsnk)

∣∣p dλ(x)
=

∫
G

|ws(x)ws(xa
−1) · · ·ws(xa

−(rsnk−1))|p

|wl(xa−rsnk+1)wl(xa−rsnk+2) · · ·wl(xa−rsnk+rlnk)|p

×
∣∣glχEk

(xa−rsnk+rlnk)
∣∣p dλ(x)

=

∫
Ek

|ws(xa
−(rl−rs)nk)ws(xa

−(rl−rs)nk−1) · · ·ws(xa
−(rlnk−1))|p

|wl(xa−(rlnk−1))wl(xa−(rlnk−2)) · · ·wl(x)|p

×
∣∣gl(x)∣∣p dλ(x)

=

∫
Ek

ϕ̃s,(rl−rs)nk
(x) · ϕ̃l,rlnk

(x)

ϕ̃s,rlnk
(x)

∣∣gl(x)∣∣p dλ(x) → 0

as k → ∞.
Now, for each k ∈ N, we let

vk = fχEk
+ Sr1nk

1 g1χEk
+ Sr2nk

2 g2χEk
+ · · ·+ SrNnk

N gNχEk
∈ Lp(G).

Then, by K ∩Ka±(rl−rs)nk = ∅, we have

‖vk − f‖pp ≤ ‖f‖p∞λ(K \ Ek) +
N∑
l=1

‖Srlnk
l glχEk

‖pp

and

‖T rlnk
l vk − gl‖pp ≤ ‖T rlnk

l fχEk
‖pp + ‖T rlnk

l Sr1nk
1 g1χEk

‖pp + · · ·
+ ‖T rlnk

l S
rl−1nk

l−1 gl−1χEk
‖pp

+ ‖glχEk
− gl‖pp + ‖T rlnk

l S
rl+1nk

l+1 gl+1χEk
‖pp + · · ·

+ ‖T rlnk
l SrNnk

N gNχEk
‖pp.

Hence limk→∞ vk = f and limk→∞ T rlnk
l vk = gl for l = 1, 2, . . . , N , which implies

that

∅ 6= U ∩ T−r1nk
1 (V1) ∩ T−r2nk

2 (V2) ∩ · · · ∩ T−rNnk
N (VN). �

We note that, if G is discrete, then K = Ek for each k ∈ N in the proof of
Theorem 2.2. Hence each Ek in the condition (ii) of Theorem 2.2 will be replaced
by K if G is discrete.
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Example 2.3. Let G = Z, and let a = −1 ∈ Z. Given N ≥ 2, let wl ∗ δ−1 be a
weight on Z for l = 1, 2, . . . , N . Then the weighted translation operator T−1,wl∗δ−1

is defined by

T−1,wl∗δ−1f(i) = wl(i+ 1)f(i+ 1)
(
f ∈ `p(Z)

)
.

Also, the operator T−1,wl∗δ−1 is just the bilateral weighted backward shift Tl given
by Tlei = wl,iei−1 with wl,i = wl(i); that is, Tl = T−1,wl∗δ−1 for 1 ≤ l ≤ N . Here
(ei)i∈Z is the canonical basis of `p(Z), and (wl,i)i∈Z is a sequence of positive real
numbers. Hence, by Theorem 2.2, for 1 ≤ r1 < r2 < · · · < rN , the operators
T r1
1 , T r2

2 , . . . , T rN
N are disjoint hypercyclic if, given ε > 0 and q ∈ N, there exists a

positive integer n such that, for all |i| < q, we have for 1 ≤ l ≤ N

ϕl,rln(i) =

rln∏
j=1

(wl ∗ δ−1) ∗ δj1(i) =
rln−1∏
j=0

wl(i− j) =
i∏

j=i−rln+1

wl(j) < ε

and

ϕ̃−1
l,rln

(i) =

rln−1∏
j=0

(wl ∗ δ−1) ∗ δj−1(i) =

rln∏
j=1

wl(i+ j) =

i+rln∏
j=i+1

wl(j) >
1

ε
,

and for 1 ≤ s < l ≤ N ,

ϕ̃s,(rl−rs)n(i) · ϕ̃l,rln(i)

ϕ̃s,rln(i)
=

∏i+rln
j=i+1ws(j)∏i+(rl−rs)n

j=i+1 ws(j) ·
∏i+rln

j=i+1 wl(j)

=

∏i+rln
j=i+(rl−rs)n+1ws(j)∏i+rln

j=i+1 wl(j)
< ε

and

ϕl,(rl−rs)n(x) · ϕ̃s,rsn(x)

ϕ̃l,rsn(x)
=

∏i
j=i−(rl−rs)n+1wl(j) ·

∏i+rsn
j=i+1wl(j)∏i+rsn

j=i+1 ws(j)

=

∏i+rsn
j=i−(rl−rs)n+1wl(j)∏i+rsn

j=i+1ws(j)
< ε,

which are the conditions in [5, Theorem 4.7]. If we define wl : Z → (0,∞) by

wl(i) =

{ 1
2

if i < 0,

2 if i ≥ 0

for l = 1, 2, . . . , N , then the weights w1, w2, . . . , wN satisfy the four weight condi-
tions above.

Example 2.4. Let G = R, and let a = 2. Given N ≥ 2, let wl be a weight on R
for l = 1, 2, . . . , N . Then the weighted translation T2,wl

on Lp(R) is defined by

T2,wl
f(x) = w(x)f(x− 2)

(
f ∈ Lp(R)

)
.
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By Theorem 2.2, for 1 ≤ r1 < r2 < · · · < rN , the operators T r1
2,w1

, T r2
2,w2

, . . . , T rN
2,wN

are disjoint hypercyclic if, given ε > 0 and a compact subset K of R, there exists
a positive integer n such that, for x ∈ K, we have for 1 ≤ l ≤ N

ϕl,rln(x) =

rln∏
j=1

wl ∗ δj−2(x) =

rln∏
j=1

wl(x+ 2j) < ε

and

ϕ̃−1
l,rln

(x) =

rln−1∏
j=0

wl ∗ δj2(x) =
rln−1∏
j=0

wl(x− 2j) >
1

ε
,

and, for 1 ≤ s < l ≤ N ,

ϕ̃s,(rl−rs)n(x) · ϕ̃l,rln(x)

ϕ̃s,rln(x)
=

∏rln−1
j=0 ws(x− 2j)∏(rl−rs)n−1

j=0 ws(x− 2j) ·
∏rln−1

j=0 wl(x− 2j)

=

∏rln−1
j=(rl−rs)n

ws(x− 2j)∏rln−1
j=0 wl(x− 2j)

< ε

and

ϕl,(rl−rs)n(x) · ϕ̃s,rsn(x)

ϕ̃l,rsn(x)
=

∏(rl−rs)n
j=1 wl(x+ 2j) ·

∏rsn−1
j=0 wl(x− 2j)∏rsn−1

j=0 ws(x− 2j)

=

∏rsn−1
j=−(rl−rs)n

wl(x− 2j)∏rsn−1
j=0 ws(x− 2j)

< ε.

We may define wl : R → (0,∞) by

wl(x) =


1
2

if x ≥ 1,
1
2x

if −1 < x < 1,

2 if x ≤ −1

for l = 1, 2, . . . , N . Then the four weight conditions above are satisfied by the
weights w1, w2, . . . , wN .

Example 2.5. Let

G = H :=


1 x z
0 1 y
0 0 1

 : x, y, z ∈ R


be the Heisenberg group which is neither abelian nor compact. For convenience,
an element in G is written as (x, y, z). Let (x, y, z), (x′, y′, z′) ∈ H. Then the
multiplication is given by

(x, y, z) · (x′, y′, z′) = (x+ x′, y + y′, z + z′ + xy′)

and

(x, y, z)−1 = (−x,−y, xy − z).
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Let a = (1, 0, 2) ∈ H, which is aperiodic. Given N ≥ 2, let wl be a weight
on H for l = 1, 2, . . . , N . Then a−1 = (−1, 0,−2), and the weighted translation
T(1,0,2),wl

on Lp(H) is defined by

T(1,0,2),wl
f(x, y, z) = wl(x, y, z)f(x− 1, y, z − 2)

(
f ∈ Lp(H)

)
.

By Theorem 2.2, we have, for 1 ≤ r1 < r2 < · · · < rN , that the opera-
tors T r1

(1,0,2),w1
, T r2

(1,0,2),w2
, . . . , T rN

(1,0,2),wN
are disjoint hypercyclic if, given ε > 0

and a compact subset K of H, there exists a positive integer n such that, for
(x, y, z) ∈ K, we have for 1 ≤ l ≤ N

ϕl,rln(x, y, z) =

rln∏
j=1

wl ∗ δj(1,0,2)−1(x, y, z) =

rln∏
j=1

wl(x+ j, y, z + 2j) < ε

and

ϕ̃−1
l,rln

(x, y, z) =

rln−1∏
j=0

wl ∗ δj(1,0,2)(x) =
rln−1∏
j=0

wl(x− j, y, z − 2j) >
1

ε
,

and, for 1 ≤ s < l ≤ N ,

ϕ̃s,(rl−rs)n(x, y, z) · ϕ̃l,rln(x, y, z)

ϕ̃s,rln(x, y, z)

=

∏rln−1
j=0 ws(x− j, y, z − 2j)∏(rl−rs)n−1

j=0 ws(x− j, y, z − 2j) ·
∏rln−1

j=0 wl(x− j, y, z − 2j)

=

∏rln−1
j=(rl−rs)n

ws(x− j, y, z − 2j)∏rln−1
j=0 wl(x− j, y, z − 2j)

< ε

and

ϕl,(rl−rs)n(x, y, z) · ϕ̃s,rsn(x, y, z)

ϕ̃l,rsn(x, y, z)

=

∏(rl−rs)n
j=1 wl(x+ j, y, z + 2j) ·

∏rsn−1
j=0 wl(x− j, y, z − 2j)∏rsn−1

j=0 ws(x− j, y, z − 2j)

=

∏rsn−1
j=−(rl−rs)n

wl(x− j, y, z − 2j)∏rsn−1
j=0 ws(x− j, y, z − 2j)

< ε.

Similarly, one can obtain the required weight conditions by defining w : H →
(0,∞) as

wl(x, y, z) =


1
2

if z ≥ 1,
1
2z

if −1 < z < 1,

2 if z ≤ −1

for 1 ≤ l ≤ N .
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Now we turn our attention to single weighted translation T := Ta,w generated
by an aperiodic element a ∈ G and a weight w on G, and we denote Sa,w by S. By
a similar argument as in the proof of Theorem 2.2, we characterize hypercyclicity
for the direct sum of weighted translation operators. Indeed, if we consider open
sets Ul and Vl (l = 1, 2, . . . , N) in Lp(G), and if we pick fl, gl ∈ Cc(G) with fl ∈ Ul

and gl ∈ Vl, then the same argument can be applied to obtain a sequence (vl,k)
for each l satisfying limk→∞ vl,k = fl and limk→∞ T rlnkvl,k = gl for l = 1, 2, . . . , N .
We have the result below.

Proposition 2.6. Let G be a locally compact group, and let a be an aperiodic
element in G. Let 1 ≤ p < ∞, and let T = Ta,w be a weighted translation on Lp(G)
generated by a and a positive weight w. Given N ≥ 2 and r1, r2, . . . , rN ∈ N, the
following conditions are equivalent:

(i) T r1 ⊕ T r2 ⊕ · · · ⊕ T rN are hypercyclic on (Lp(G))N .
(ii) For each compact subset K ⊂ G with λ(K) > 0, there is a sequence of

Borel sets (Ek) in K such that λ(K) = limk→∞ λ(Ek) and both sequences

ϕn :=
n∏

j=1

w ∗ δja−1 and ϕ̃n :=
(n−1∏
j=0

w ∗ δja
)−1

satisfy (for 1 ≤ l ≤ N)

lim
k→∞

‖ϕrlnk
|Ek

‖∞ = lim
k→∞

‖ϕ̃rlnk
|Ek

‖∞ = 0

for some subsequence (nk) ⊂ N.

Proof. (i) ⇒ (ii). By the density of hypercyclic vectors of T rl for each l, there
exist a hypercyclic vector fl ∈ Lp(G) and some m > M such that

‖fl − χK‖p < δ2 and ‖T rlmfl − χK‖p < δ2

for l = 1, 2, . . . , N . Repeating a similar argument as in the proof of Theorem 2.2,
we can obtain the weight conditions.

(ii) ⇒ (i). As in the proof of Theorem 2.2, for each k ∈ N, we let

vl,k = flχEk
+ SrlnkglχEk

∈ Lp(G).

Then, by K ∩Ka±(rl−rs)nk = ∅, we have

‖vl,k − fl‖pp ≤ ‖fl‖p∞λ(K \ Ek) + ‖SrlnkglχEk
‖pp

and

‖T rlnkvl,k − gl‖pp ≤ ‖T rlnkflχEk
‖pp + ‖gl‖p∞λ(K \ Ek).

Hence limk→∞ vl,k = fl and limk→∞ T rlnkvl,k = gl for l = 1, 2, . . . , N , which implies
that

T r1nk(Ul) ∩ Vl 6= ∅
for some k and l = 1, 2, . . . , N . �

Using Proposition 2.6 together with Theorem 2.2, we immediately have the
following corollary.
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Corollary 2.7. Let G be a locally compact group, and let a be an aperiodic
element in G. Let 1 ≤ p < ∞, and let T = Ta,w be a weighted translation on
Lp(G) generated by a and a positive weight w. Given N ≥ 2, for r0 = 0 < 1 ≤
r1 < r2 < · · · < rN , the following conditions are equivalent:

(i) T r1 , T r2 , . . . , T rN are disjoint hypercyclic.

(ii)
⊕

0≤s<l≤N T rl−rs are hypercyclic on (Lp(G))
N(N+1)

2 .
(iii) For each compact subset K ⊂ G with λ(K) > 0, there is a sequence of

Borel sets (Ek) in K such that λ(K) = limk→∞ λ(Ek) and both sequences

ϕn :=
n∏

j=1

w ∗ δja−1 and ϕ̃n :=
(n−1∏
j=0

w ∗ δja
)−1

satisfy (for 1 ≤ l ≤ N)

lim
k→∞

‖ϕrlnk
|Ek

‖∞ = lim
k→∞

‖ϕ̃rlnk
|Ek

‖∞ = 0

and (for 1 ≤ s < l ≤ N)

lim
k→∞

‖ϕ̃(rl−rs)nk
|Ek

‖∞ = lim
k→∞

‖ϕ(rl−rs)nk
|Ek

‖∞ = 0

for some subsequence (nk) ⊂ N.
In particular, T 1, T 2, . . . , TN are disjoint hypercyclic if and only if T 1⊕T 2⊕· · ·⊕
TN are hypercyclic.

Example 2.8. Let G = Z, let a = −1 ∈ Z, and let w ∗ δ−1 be a weight on Z. Then
the weighted translation operator T−1,w∗δ−1 is the bilateral weighted backward
shift on `p(Z). By Corollary 2.7, for 1 ≤ r1 < r2 < · · · < rN , the following are
equivalent:

(i) T r1
−1,w∗δ−1

, T r2
−1,w∗δ−1

, . . . , T rN
−1,w∗δ−1

are disjoint hypercyclic.

(ii)
⊕

0≤s<l≤N T rl−rs
−1,w∗δ−1

are hypercyclic on (`p(Z))
N(N+1)

2 .

Hence we recover a result in [5, Corollary 4.9].

3. Other disjoint notions

We will extend some results in this section from d-hypercyclicity to d-mixing,
d-supercyclicity, and dual d-hypercyclicity. First of all, the characterization of
d-mixing is given below by replacing the subsequence with the full sequence in
the proof of Theorem 2.2.

Theorem 3.1. Let G be a locally compact group, and let a be an aperiodic element
in G. Let 1 ≤ p < ∞. Given N ≥ 2, let Tl = Ta,wl

be a weighted translation on
Lp(G) generated by a and a positive weight wl for 1 ≤ l ≤ N . For 1 ≤ r1 < r2 <
· · · < rN , the following conditions are equivalent:

(i) T r1
1 , T r2

2 , . . . , T rN
N are d-mixing.
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(ii) For each compact subset K ⊂ G with λ(K) > 0, there is a sequence of
Borel sets (En) in K such that λ(K) = limn→∞ λ(En) and both sequences

ϕl,n :=
n∏

j=1

wl ∗ δja−1 and ϕ̃l,n :=
(n−1∏
j=0

wl ∗ δja
)−1

satisfy (for 1 ≤ l ≤ N)

lim
n→∞

‖ϕl,rln|En‖∞ = lim
n→∞

‖ϕ̃l,rln|En‖∞ = 0

and (for 1 ≤ s < l ≤ N)

lim
n→∞

∥∥∥ ϕ̃s,(rl−rs)n · ϕ̃l,rln

ϕ̃s,rln

∣∣∣
En

∥∥∥
∞

= lim
n→∞

∥∥∥ϕl,(rl−rs)n · ϕ̃s,rsn

ϕ̃l,rsn

∣∣∣
En

∥∥∥
∞

= 0.

Proof. (i) ⇒ (ii). By the assumption of d-mixing, there exists a function fl ∈
Lp(G) for each l = 1, 2, . . . , N such that

‖fl − χK‖p < δ2 and ‖T rln
l fl − χK‖p < δ2

from some n onwards. Following the same argument as in the proof of Theo-
rem 2.2, the weight conditions can be obtained.

(ii) ⇒ (i). For each n ∈ N, we let

vn = fχEn + Sr1n
1 g1χEn + Sr2n

2 g2χEn + · · ·+ SrNn
N gNχEn .

Then we can deduce

∅ 6= U ∩ T−r1n
1 (V1) ∩ T−r2n

2 (V2) ∩ · · · ∩ T−rNn
N (VN),

which says T r1
1 , T r2

2 , . . . , T rN
N d-mixing. �

Let Tl,n = αl,nT
rln
l for 1 ≤ l ≤ N . In the result below, we will show that

N sequences of operators (T1,n)
∞
n=1, (T2,n)

∞
n=1, . . . , (TN,n)

∞
n=1 are d-topologically

transitive, which implies that (α1,nT
r1n
1 )∞n=1, (α2,nT

r2n
2 )∞n=1, . . . , (αN,nT

rNn
N )∞n=1 are

d-hypercyclic, and therefore that T r1
1 , T r2

2 , . . . , T rN
N are d-supercyclic.

Theorem 3.2. Let G be a locally compact group, and let a be an aperiodic element
in G. Let 1 ≤ p < ∞. Given N ≥ 2, let Tl = Ta,wl

be a weighted translation on
Lp(G) generated by a and a positive weight wl for 1 ≤ l ≤ N . For 1 ≤ r1 < r2 <
· · · < rN , the following conditions are equivalent:

(i) T r1
1 , T r2

2 , . . . , T rN
N have a dense set of d-supercyclic vectors.

(ii) For each compact subset K ⊂ G with λ(K) > 0, there is a sequence of
Borel sets (Ek) in K, and there exist sequences (αl,n) ⊂ C \ {0} such that
λ(K) = limk→∞ λ(Ek) and both sequences

ϕl,n :=
n∏

j=1

wl ∗ δja−1 and ϕ̃l,n :=
(n−1∏
j=0

wl ∗ δja
)−1

satisfy (for 1 ≤ l ≤ N)

lim
k→∞

‖αl,nk
ϕl,rlnk

|Ek
‖∞ = lim

k→∞

∥∥∥ 1

αl,nk

ϕ̃l,rlnk

∣∣∣
Ek

∥∥∥
∞

= 0
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and (for 1 ≤ s < l ≤ N)

lim
k→∞

∥∥∥ ϕ̃s,(rl−rs)nk
· ϕ̃l,rlnk

ϕ̃s,rlnk

∣∣∣
Ek

∥∥∥
∞

= lim
k→∞

∥∥∥ϕl,(rl−rs)nk
· ϕ̃s,rsnk

ϕ̃l,rsnk

∣∣∣
Ek

∥∥∥
∞

= 0

for some sequence (nk) ⊂ N.

Proof. (i) ⇒ (ii). By density of the disjoint supercyclic vectors, there exist a
disjoint supercyclic vector f ∈ Lp(G), some m > M , and αl ∈ C \ {0} such that

‖f − χK‖p < δ2 and ‖αlT
rlm
l f − χK‖p < δ2

for l = 1, 2, . . . , N . Repeating a similar argument as in the proof of Theorem 2.2,
one can obtain the weight conditions.

(ii) ⇒ (i). By the same procedure as in the proof of Theorem 2.2, for each
k ∈ N, we let

vk = fχEk
+

1

α1,nk

Sr1nk
1 g1χEk

+
1

α2,nk

Sr2nk
2 g2χEk

+· · ·+ 1

αN,nk

SrNnk
N gNχEk

∈ Lp(G).

Then, again, by K ∩Ka±(rl−rs)nk = ∅, we have

‖vk − f‖pp ≤ ‖f‖p∞λ(K \ Ek) +
N∑
l=1

∥∥∥ 1

αl,nk

Srlnk
l glχEk

∥∥∥p

p

and

‖αl,nk
T rlnk
l vk − gl‖pp

≤ ‖αl,nk
T rlnk
l fχEk

‖pp +
∥∥∥αl,nk

α1,nk

T rlnk
l Sr1nk

1 g1χEk

∥∥∥p

p
+ · · ·

+
∥∥∥ αl,nk

αl−1,nk

T rlnk
l S

rl−1nk

l−1 gl−1χEk

∥∥∥p

p

+ ‖glχEk
− gl‖pp +

∥∥∥ αl,nk

αl+1,nk

T rlnk
l S

rl+1nk

l+1 gl+1χEk

∥∥∥p

p
+ · · ·

+
∥∥∥ αl,nk

αN,nk

T rlnk
l SrNnk

N gNχEk

∥∥∥p

p
.

Hence limk→∞ vk = f and limk→∞ αl,nk
T rlnk
l vk = gl for l = 1, 2, . . . , N , which

implies that

∅ 6= U ∩ 1

α1,nk

T−r1nk
1 (V1) ∩

1

α2,nk

T−r2nk
2 (V2) ∩ · · · ∩ 1

αN,nk

T−rNnk
N (VN).

Hence T r1
1 , T r2

2 , . . . , T rN
N are d-supercyclic with a dense set of d-supercyclic vectors.

�

Remark 3.3. We note that the following two conditions are equivalent upon apply-
ing a similar argument as in the proof of [7, Proposition 2.2].

(i) For 1 ≤ l ≤ N , we have

lim
k→∞

‖αl,nk
ϕl,rlnk

|Ek
‖∞ = lim

k→∞

∥∥∥ 1

αl,nk

ϕ̃l,rlnk

∣∣∣
Ek

∥∥∥
∞

= 0.
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(ii) For 1 ≤ l, s ≤ N , we have

lim
k→∞

‖ϕl,rlnk
|Ek

‖∞ · ‖ϕ̃s,rsnk
|Ek

‖∞ = 0.

Example 3.4. Let G = Z, and let a = −1 ∈ Z. Given N ≥ 2, let wl ∗ δ−1 be a
weight on Z for l = 1, 2, . . . , N . Then the weighted translation operator T−1,wl∗δ−1

is defined by

T−1,wl∗δ−1f(i) = wl(i+ 1)f(i+ 1)
(
f ∈ `p(Z)

)
,

and T−1,wl∗δ−1 is the bilateral weighted backward shift Tl given by Tlei = wl,iei−1

with wl,i = wl(i). By Theorem 3.2, for 1 ≤ r1 < r2 < · · · < rN , the operators
T r1
1 , T r2

2 , . . . , T rN
N are d-supercyclic if, given ε > 0 and q ∈ N, there exists a

positive integer n such that, for all |i| < q and |k| < q, we have for 1 ≤ l, s ≤ N

ϕl,rln(i) · ϕ̃s,rsn(k) =

∏rln−1
j=0 wl(i− j)∏rsn
j=1ws(k + j)

=

∏i
j=i−rln+1wl(j)∏k+rsn
j=k+1ws(j)

< ε

and, for 1 ≤ s < l ≤ N ,

ϕ̃s,(rl−rs)n(i) · ϕ̃l,rln(i)

ϕ̃s,rln(i)
=

∏i+rln
j=i+1ws(j)∏i+(rl−rs)n

j=i+1 ws(j) ·
∏i+rln

j=i+1 wl(j)

=

∏i+rln
j=i+(rl−rs)n+1ws(j)∏i+rln

j=i+1 wl(j)
< ε

and

ϕl,(rl−rs)n(x) · ϕ̃s,rsn(x)

ϕ̃l,rsn(x)
=

∏i
j=i−(rl−rs)n+1wl(j) ·

∏i+rsn
j=i+1wl(j)∏i+rsn

j=i+1 ws(j)

=

∏i+rsn
j=i−(rl−rs)n+1wl(j)∏i+rsn

j=i+1ws(j)
< ε,

which are the conditions in [14, Theorem 4.2.1].

Recall that a hypercyclic operator T whose dual T ∗ is also hypercyclic is called
a dual hypercyclic operator. In [15, p. 766], Salas constructed a dual hyper-
cyclic weighted shift on a Hilbert space. Similarly, the d-hypercyclic operators
T1, T2, . . . , TN are said to be dual d-hypercyclic in [17] if T ∗

1 , T
∗
2 , . . . , T

∗
N are also

d-hypercyclic, where T ∗
l is the dual of Tl for 1 ≤ l ≤ N . In fact, that a sep-

arable Banach space supports dual d-hypercyclic operators was proved in [17,
Theorem 3.4] and [18, Theorem S] independently. We note that Bès and Peris
considered a weighted bilateral forward shift A with dual A∗ on `2(Z), and they
showed that both the operators A,A2, . . . , AN and the operators A∗, A∗2, . . . , A∗N

are d-hypercyclic under some weight sequence in [5, Theorem 4.11].
Finally, we will characterize the disjoint hypercyclicity for the dual of weighted

translation operators by applying Theorem 2.2 directly. Let p ∈ [1,∞] with con-
jugate exponent q, and let 〈·, ·〉 : Lp(G)×Lq(G) → C be the duality. The simple
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computation gives

〈Ta,wf, g〉 =
〈
f, Ta−1(wg)

〉 (
f ∈ Lp(G), g ∈ Lq(G)

)
.

Therefore the dual map T ∗
a,w : Lq(G) → Lq(G) is given by

T ∗
a,w(g) = Ta−1(wg) = Ta−1,w∗δa−1

(g)
(
g ∈ Lq(G)

)
,

which is also a weighted translation operator on Lq(G). Moreover, the dual of
T n
a,w is T ∗n

a,w by a computation; that is, T n∗
a,w = T ∗n

a,w for all n ∈ N.

Corollary 3.5. Let G be a locally compact group, and let a be an aperiodic
element in G. Let 1 ≤ p < ∞. Given some N ≥ 2, let Tl = Ta,wl

be a weighted
translation on Lp(G) generated by a and a positive weight wl for 1 ≤ l ≤ N .
Let T ∗

l = Ta−1,wl∗δa−1
be the dual of Tl. Then for 1 ≤ r1 < r2 < · · · < rN , the

operators T ∗r1
1 , T ∗r2

2 , . . . , T ∗rN
N have a dense set of d-hypercyclic vectors if each

weight wl ∗ δa−1 satisfies conditions (ii) for a−1 in Theorem 2.2; that is, both
sequences

ϕ∗
l,n :=

n∏
j=1

(wl ∗ δa−1) ∗ δj(a−1)−1 and ϕ̃∗
l,n :=

(n−1∏
j=0

(wl ∗ δa−1) ∗ δja−1

)−1

satisfy the weight conditions in Theorem 2.2.

The Corollary 3.5 says that there exist d-hypercyclic operators T r1
1 , T r2

2 , . . . , T rN
N

such that the operators T ∗r1
1 , T ∗r2

2 , . . . , T ∗rN
N are also d-hypercyclic. However, this

is not the case for d-mixing. We conclude noting that the operators T r1
1 , T r2

2 , . . . , T rN
N

and the operators T ∗r1
1 , T ∗r2

2 , . . . , T ∗rN
N can never be d-mixing simultaneously since

T ∗
l = Ta−1,wl∗δa−1

, and, for a−1 ∈ G, the sequences for the weight wl ∗ δa−1 in the
condition (ii) of Theorem 2.2 are defined by

ϕ∗
l,rln

:=

rln∏
j=1

(wl ∗ δa−1) ∗ δj(a−1)−1 =

rln−1∏
j=0

wl ∗ δja = ϕ̃−1
l,rln

and

ϕ̃∗
l,rln

:=
(rln−1∏

j=0

(wl ∗ δa−1) ∗ δja−1

)−1

=
( rln∏
j=1

wl ∗ δja−1

)−1

= ϕ−1
l,rln

for each l.
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