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ABSTRACT. We prove that, for every complex Hilbert space H, every weak
2-local derivation on B(H) or on K (H) is a linear derivation. We also establish
that every weak 2-local derivation on an atomic von Neumann algebra or on a
compact C*-algebra is a linear derivation.

1. INTRODUCTION

Let S be a subset of the space L(X,Y) of all linear maps between Banach
spaces X and Y. Following [2], [3], and [4], we will say that a (not necessarily
linear or continuous) mapping A : X — Y is a weak 2-local S map (resp., a 2-local
S-map) if, for each z,y € X and ¢ € Y* (resp., for each x,y € X), there exists
T:y6 € S, depending on z, y, and ¢ (resp., T,,, € S, depending on z and y),
satisfying

PA(x) = 0Trye(x)  and  OA(y) = ¢Toyo(y)

(resp., Ax) = T, (2) and A(y) = T, (y)).

When A is a Banach algebra and S is the set of derivations (resp., homomor-
phisms or automorphisms) on A, weak 2-local S maps on A are called weak 2-local
derivations (resp., weak 2-local homomorphisms or weak 2-local automorphisms);
2-local *-derivations and 2-local *-homomorphisms on C*-algebras are similarly
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defined. We recall that a *-derivation on a C*-algebra A is a derivation D : A — A
satisfying D(a*) = D(a)* (a € A).

The notion of 2-local derivations goes back, formally, to 1997 when Semrl [10]
introduced the definition and proved that, for every infinite-dimensional separa-
ble Hilbert space H, every 2-local automorphism (resp., every 2-local derivation)
on B(H) is an automorphism (resp., a derivation). Ayupov and Kudaybergenov
[2] proved that Semrl’s theorem also holds for arbitrary Hilbert spaces. In 2014,
Ayupov and Kudaybergenov proved that every 2-local derivation on a von Neu-
mann algebra is a derivation (see [3]).

The results on weak 2-local maps are even more recent. In a very recent con-
tribution, Niazi and the second author proved the following generalization of the
previously mentioned results.

Theorem 1.1 ([6, Theorem 3.10]). Let H be a separable complex Hilbert space.
Then every (not necessarily linear or continuous) weak 2-local *-derivation on
B(H) is linear and a *-derivation.

The same authors proved that for finite-dimensional C*-algebras, the conclu-
sions are stronger.

Theorem 1.2 ([6, Corollary 2.13]). Every weak 2-local derivation on a finite-
dimensional C*-algebra is a linear derivation.

Let A : A — B be a mapping between C*-algebras. We consider a new mapping
AF A — B given by A¥(z) := A(z*)* (z € A). Obviously, A¥ = A, and
A(Ag) C By, for every A satisfying A = A¥) where Ay, and B, denote the
self-adjoint parts of A and B, respectively. The mapping A is linear if and only
if A" enjoys the same property. The mapping A is called symmetric if A* = A
(equivalently, A(z*) = A(z)*, for all x € X). Henceforth, the set of all symmetric
linear maps from A into B will be denoted by S(A, B), weak 2-local S(A, B)
maps between A and B will be called weak 2-local symmetric maps, while weak
2-local L(A, B) maps between A and B will be called weak 2-local linear maps.

The study of weak 2-local maps has also been pursued in [4], where we obtained
that every weak 2-local symmetric map between C*-algebras is linear (see [4,
Theorem 2.5]). Among the consequences of this result, we also established that
every weak 2-local *-derivation on a general C*-algebra is a (linear) *-derivation
(see [4, Corollary 2.10]).

One of the main unsolved problems in this area reads as follows.

Problem 1.3. Is every weak 2-local derivation on a general C*-algebra A a
derivation?

We will justify later that every weak 2-local derivation A on A writes as a
linear combination A = A; + A,y, where A; = AEM and Ay = AE.M are weak
2-local derivations and symmetric maps. Thus, we will deduce that Problem 1.3

is equivalent to the following question.

Problem 1.4. Let A : A — A be a weak 2-local derivation on a C*-algebra which
is also a symmetric map (i.e., A* = A). Is A a linear derivation?
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The above problems are questions that naturally arise in an attempt to gener-
alize the abovementioned results by Semrl [10] and Ayupov and Kudaybergenov
2], [3]. Both remain open, even in the intriguing case of A = B(H).

In this article, we provide a complete, positive answer to both problems in
several cases. In Theorem 3.1, we prove that every weak 2-local derivation on
A = B(H) is a linear derivation. This generalizes the results in [2], [3], [6],
and [10]. We also establish that this weak 2-local stability of derivations is also
true when A coincides with K(H) (see Theorem 3.2), when A is an atomic von
Neumann algebra (see Corollary 3.5), and when A is a compact C*-algebra (see
Corollary 3.6).

The techniques and arguments provided in the present article are completely
new compared with those in previous works. Our approach is divided into two
main sections. In Section 2, we establish a certain boundedness principle showing
that, for each weak 2-local derivation A on B(H), or on K (H ), the mappings a —
prA(prapr)pr are uniformly bounded when pg runs in the set of all finite-rank
projections on H (see Theorems 2.15 and 2.17). In Section 3, we derive the main
results of the article from an identity principle, which assures us that a weak
2-local derivation A on B(H) with A¥ = A coincides with a *-derivation D if and
only if they coincide on every finite-rank projection in B(H) (see Theorem 2.9).

2. BOUNDEDNESS OF WEAK 2-LOCAL DERIVATIONS ON THE LATTICE OF
PROJECTIONS IN B(H)

We recall some basic properties of weak 2-local maps which have been borrowed
from [4] and [7].

Lemma 2.1 ([4, Lemma 2.1], [7, Lemma 2.1]). Let X and Y be Banach spaces,
and let S be a subset of the space L(X,Y'). Then the following properties hold.

(a) Every weak 2-local S map A : X — Y is I-homogeneous, that is, A(A\x) =
AA(z), for every x € X, X € C.

(b) Suppose that there exists C > 0 such that every linear map T € S is
continuous with || T|| < C. Then every weak 2-local S map A : X —Y is
C'-Lipschitzian; that is, |A(z) — A(y)|| < Cllx — yl|, for every x,y € X.

(c) If § is a (real) linear subspace of L(X,Y), then every (real) linear com-
bination of weak 2-local & maps is a weak 2-local S map.

(d) Suppose that A and B are C*-algebras and that S is a real linear subspace
of L(A,B). If a mapping A : A — B is a weak 2-local S map, then
for each ¢ € B, and every x,y € A there evists T,,, € S satisfying
pA(x) = Ty p(x) and 9A(y) = Toy,,(y).-

(e) Suppose that A and B are C*-algebras and that S is a real linear subspace
of L(A, B) with 8* = 8 (in particular, when S = S(A, B) is the set of all
symmetric linear maps from A into B). Then a mapping A: A — B is a
weak 2-local S map if and only if A* is a weak 2-local S map.

Henceforth, H will denote an arbitrary complex Hilbert space. The symbols
B(H) and K(H) will denote the C*-algebras of all bounded and compact linear
operators on H, respectively. If H is finite-dimensional, then every weak 2-local
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derivation on B(H) is a linear derivation (see Theorem 1.2). We may therefore
assume that H is infinite-dimensional.

Following standard notation, an element x in a C*-algebra A is said to be
finite (resp., compact) in A if the wedge operator z A x : A — A, given by
x A xz(a) = xax, is a finite-rank (resp., compact) operator on A. It is known
that the ideal F(A) of finite elements in A coincides with Soc(A), the socle of
A (i.e., the sum of all minimal right (equivalently left) ideals of A) and that
IC(A) = Soc(A) is the ideal of compact elements in A. Moreover, if H is a Hilbert
space, then F(L(H)) = F(H) and K(L(H)) = K(H) are the ideals of finite-rank
and compact elements in B(H), respectively.

Suppose that A : B(H) — B(H) is a weak 2-local derivation. By [0, Lemma
3.4], we know that A(K(H)) C K(H) and that A|gm) : K(H) - K(H) is a
weak 2-local derivation. Proposition 3.1 in [6] proves that A(a+b) = A(a)+A(b),
for every a,b € F(H).

Lemma 2.2 ([6, Lemma 3.4, Proposition 3.1]). Let A : B(H) — B(H) be a weak
2-local derivation. Then A|gy : F(H) — B(H) is linear.

Let us revisit some basic facts on commutators. We recall that every derivation
on a C*-algebra is continuous (see [9, Lemma 4.1.3]). A celebrated result of Sakai
establishes that every derivation on a von Neumann algebra M is inner; that is,
if D: M — M is a derivation, then there exists z € M such that D(x) = [z,z] =
zx — xz for every x € M (see [9, Theorem 4.1.6]). The element z given by Sakai’s
theorem is not unique; however, we can choose z satistying ||z|| < || D||.

Let us consider two elements z, w in a C*-algebra A such that the derivations
[z,-] and [w, -] coincide as linear maps on A. Since [z, z] = [w, z] for every x € A,
we deduce that z —w lies in the center of A. The reciprocal statement is also true;
therefore, [z,:] = [w,-] on A if and only if 2 — w lies in the center, Z(A), of A. It
is known that a derivation of the form [z, -] is symmetric (i.e., a *-derivation) if
and only if 2 = w + ¢, where w = —w* and where c lies in the center of A.

From now on, the set of all finite-dimensional subspaces of H will be denoted
by §(H). We consider in §(H) the natural order given by inclusion. For each
F € §(H), pr will denote the orthogonal projection of H onto F.

Lemma 2.3. Let A : B(H) — B(H) be a weak 2-local derivation. For each
F € §(H) there exists zp € ppB(H)pr satisfying

pFA(pFapF)pF = [zFu pFGPFL

for every a € B(H). If A is symmetric (i.e., A* = A), then we can choose
zp € ppB(H)pr satisfying zp = —z5..

Proof. Let F be a finite-dimensional subspace of H. By [7, Proposition 2.7], the
mapping prAprlyesypy @ PrB(H)pr — prB(H)pr, a = prA(prapr)pr is a
weak 2-local derivation. Bearing in mind that prB(H )pr is a finite-dimensional
C*-algebra, we deduce from Theorem 1.2 that prApr|,, B(H)pr 18 @ linear deriva-
tion. By Sakai’s theorem, there exists zp € ppB(H)pp satisfying the desired
conclusion.
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If A is symmetric, we can easily check that prApp|,, 5(#)p, also is symmetric,
and hence a *-derivation on prB(H )pp. In this case, we can obviously replace zp

with @ to get the final statement in the lemma. O

Remark 2.4. Let A : B(H) — B(H) be a weak 2-local derivation with Af =
A, and let F' be a subspace in F(H). It is clear that the element zp given by
Lemma 2.3 above is not unique. We can consider the set

(2r] i= {2 € prB(H)pr : 2" = —2 and prAprlyy e = 2]}

Given 21,29 € [zp|, it follows that z; — 29 € Z(ppB(H)pr) = Cpr, and since
(21— 22)" = —(21 — 29), it follows that there exists A € R such that z; = z; +i\pp.
It is easy to check that there exists a unique Zr € [zp| satisfying

IZF|| = m1n{||z|| 1z € [zp]}

From now on, given an element a in a C*-algebra A, the spectrum of a will be
denoted by o(a). Our next remark gathers some information about the norm of
an inner *-derivation on B(H).

Remark 2.5. Let z be an element in B(H). Stampfli [11, Theorem 4] proves that

1Lz, = if |2 = Adg |,

where ||[2, -]|| denotes the norm of the inner derivation [z,-] in B(B(H)).

For a compact subset K C C, the radius, p(K), of K is the radius of the
smallest disk containing K. In general, two times the radius of a compact set K
does not coincide with its diameter. Actually, 2p(K) > diam(K). However, when
K C Ror K C iR, we can easily see that 2p(K) = diam(K).

When z is a normal operator in B(H), we further know that ||[z, ]| = 2p(c(z))
(see [11, Corollary 1]). In particular, for each z in B(H) with z = z* or z = —2%,
we have

|1z, = 20(c(2)) = diam(o(2)) < 2]|z. (1)
Let us observe that if 0 € o(z), then ||z|| < diam(o(2)) for every z = £2*.

Given a projection p in a unital C*-algebra A, we will denote by p* the pro-
jection 1 — p.

Lemma 2.6. Let A : B(H) — B(H) be a weak 2-local derivation with A = A.
Suppose that Fy and Fy are finite-dimensional subspaces of H with Fy C Fy. We
employ the notation given in Remark 2.4. Then for each z, € [zp] and each
2 € |2R,], we have

[Zl? ] = [pF122pF17 ]

as operators on pg, B(H)pp,. Consequently, there exists a real A (depending on z
and z3) such that z1 +i\pr, = pr, 22pp, - In particular, diam(o(z;)) < diam(o(29))
and diam(o(z1)) = diam(o(2'1)) for every z1, 2] € [zg].
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Proof. By Lemma 2.3 and Remark 2.4, we have

PR A(Prapr )pr, = (21, Prapr |
and

PR APRAPE,)PE, = [22, PR ADER,),
for every a € B(H). Since pr, < pp,, it follows that

[pF 2R, PRLaPR] = DR [22, PR apR PR = PR PR A(PR PR, )PRPR
= pr A(Prapr )pr = [21, PR apr,]
for every a € B(H), which proves the first statement in the lemma. Since
Z(pm B(H)pr,) = Cpr,, 2f = —z1, and 25 = —=zy, there exists A € R such
that zq + iApr, = pr 22pr, (see Remark 2.4). By Remark 2.5, we have
diam (0(21)) = ||[z1, || = || [pe 2208 Yl or, BEYPR |
= ||pr (22, pr - PR IPR || < [|[22, ]| = diam (o (22)). O
Proposition 2.7. Let A : B(H) — B(H) be a weak 2-local derivation with

AP = A. Suppose that the set Diam(A) = {diam(o(wp)) : wr € [2r], F € F(H)}
is unbounded. Then for each G € F(H), the set

Diam/, = {diam(a(wp)) cwp € [zp|, F € §(H),F D G}
1s unbounded.

Proof. Let us fix an arbitrary G € §(H). For each F' € F(H), we can find K €
§(H) with G, FF C K. Applying Lemma 2.6, we have

diam (o(w)), diam (o (we)) < diam(o(wg)),

for every wp € [zp|, we € [z¢], and wi € [zk]. The unboundedness of Diam
implies the same property for Diamg,. O

2.1. An identity principle for weak 2-local derivations. Let A : B(H) —
B(H) be a weak 2-local derivation with A* = A. Suppose that there exists
G € §(H) such that the set

Diam,, = {diam(a(wp)) cwr € [zp], F € §(H),pr < pé}

is bounded. For each F € F(H) with pr < p{, the element Zr has been chosen
to satisfy

|Zr|] < diam(o(ZF)) < 2||Zp].

Therefore, the net (2r) peg(m) pp<ps 15 bounded in pgB(H)pg. By Alaoglu’s theo-
rem, we can find zy € p5B(H )pg with 2y = —2; and a subnet (2r)pep converging
to 2o in the weak*-topology of p5B(H)pg.

If the set Diam(A) = Diamy,, = {diam(co(wr)) : wp € [zp], F € F(H)} is
bounded, we can similarly define, via Alaoglu’s theorem, an element zy = —z§ €
B(H) which is the weak*-limit of a convenient subnet of (Zr) peg(m)-
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Proposition 2.8. Let A : B(H) — B(H) be a weak 2-local derivation with
AP = A. Suppose that there exists G € F(H) such that the set

Diamg,, = {diam(co(wp)) : wr € [2¢], F € F(H),pr < p5}

is bounded, and let 2o € p&B(H)pg (20 = —2;) be the element determined in the
preceding paragraph. Then p5A(p)pg = (20, p], for every projection p € F(H) with
p < pg. If the set Diam(A) = Diam,, = {diam(o(wp)) : wr € [2r], F € §(H)}
is bounded, then A(p) = (20, p] for every projection p € F(H).

Proof. Let us fix a finite-rank projection p € F(H) with p < pg. Since (Zr) pea
converges to zy in the weak*-topology of p5B(H)pg, where (ZF)rea is the sub-
net fixed before Proposition 2.8, there exists Fy € A such that p < pg, (we
observe that, under these hypotheses, there exists a monotone final function
h:§(H) — A which defines the subnet). The subnet (Zr)g,crea converges to zg
in the weak*-topology of B(H).

Clearly, the net (pp)reg(m) converges to the projection pg& in the strong*-topo-
logy of B(H). Therefore, the subnet (pr)p,crea — pg in the strong*-topology of
B(H). Since for each F' € A with Fy C F' we have p < pg, < pp, we deduce, via
[6, Lemma 3.2], Lemma 2.3, and Remark 2.4, that

pFA<p)pF = pFA(prpF)pF = PFr [EFJ)FppF]pF = [5F,p]- (2)

It is known that the product of every von Neumann algebra is jointly strong*-con-
tinuous on bounded sets (see [9, Proposition 1.8.12]), and we thus deduce that
the net (prA(p)pr)rcrea — PEA(p)ps in the strong*-topology of B(H), and
hence (prA(P)pr)rcren — peA(p)pd also in the weak*-topology (see
[9, Theorem 1.8.9]). This shows that the left-hand side in (2) converges to
p&A(p)pg in the weak*-topology of B(H).

Finally, the separate weak*-continuity of the product of B(H) (see [9, Theo-
rem 1.7.8]) shows that the right-hand side in (2) converges to pg[zo0, plpg = [20, D]
in the weak*-topology. Therefore, p5A(p)ps = [20, p|, as we desired. The second
statement follows from the same arguments. O

We can state now an identity principle for weak 2-local derivations on B(H).

Theorem 2.9. Let A : B(H) — B(H) be a weak 2-local derivation with A* = A.
Let py € F(H) be a finite-rank projection. Suppose that zy is a skew-symmetric
element in (1 —po) B(H)(1 —pg) such that (1 —po)A(p)(1 —po) = [20, p] for every
finite-rank projection p € (1 — po)B(H)(1 — po). Then

(1= po)A((L = po)a(l — po)) (1 = po) = [20, (1 — po)a(l — po)],
for every a € B(H). If in addition py = 0, then A = [z, -] is a linear derivation
on B(H).

Proof. Let D : B(H) — B(H) denote the *-derivation defined by D(a) = [2o, a]
(a € B(H)). Lemma 2.2 (see also [6, Lemma 3.4, Proposition 3.1]) assures us
that Alzy : F(H) — F(H) is a linear mapping. Since every element in F(H)
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can be written as a finite linear combination of finite-rank projections in B(H),
it follows from our hypothesis that
(1= 20) A = po)la-po)7(m)1-p0) = Dla-po)7(m)1-p0)

= [20 Jla-po) 711 (1-p0)- (3)

Fix a in (1 — po)B(H)(1 — po) and fix a finite-rank projection p; < 1 — py.

Having in mind that piap, + prapt + prap, € (1 — po)F(H)(1 — po), and also
recalling [6, Lemma 3.2] as well as (3), we conclude that

piA(a)pr = prA(prapy + prapi + prap)p
= p1[20, (prapy + prapy + prapy)|pr- (4)
The net (pr) regmy converges to 1 — pg in the strong*-topology of B(H). We

prp<l-pg

deduce from (4) that

prA(a)pr = prlzo, pra + p?aPF]pﬂ

for every F' € §(H) with pr < 1 —pg. Taking strong*-limits in the above identity,
it follows from the joint strong*-continuity of the product in B(H) that

(1 = po)A(a)(1 = po) = [0, a],
which finishes the proof. O
Our next result is a consequence of Proposition 2.8 and Theorem 2.9.

Corollary 2.10. Let A : B(H) — B(H) be a weak 2-local derivation with
A¥ = A. Suppose that one of the following statements holds.

(a) The set Diam(A) = {diam(o(wr)) : wr € [zp|, F € F(H)} is bounded.

(b) The set {|[prAprlp, e : F € $(H)} is bounded.
Then A is a linear derivation.

Proof. 1t A satisfies (a), then the conclusion follows straightforwardly from Propo-

sition 2.8 and Theorem 2.9. If we assume (b), we simply observe that for each
F € §(H) we have

12|l < diam (o (ZF)) = ||[ZF, llprsinpe | = IPrAPFle s | < 21IZF]
(see Remarks 2.4 and 2.5). O

The following lemma states a simple property of derivations on M,,. The proof
is left to the reader.

Lemma 2.11. Let D : M, — M, be a *-derivation. Suppose that p; is a rank
1 projection in M,. If D(a) = 0 for every a = piapt in M,, then there exists
a € iR such that D(z) = [apy, z] for all x € M,,.

We state now an infinite-dimensional analogue of this lemma.

Proposition 2.12. Let A : B(H) — B(H) be a weak 2-local derivation with
AP = A. Suppose that py is a rank 1 projection in B(H) such that A(a) = 0 for

every a = pyapy in B(H). Then there exists a € iR such that A(z) = [apo, 7]
for all x € B(H).
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Proof. Take a finite-rank projection p < py. Since

Ay = (p+po) A(Po+0) | (wo+p) B(E) po+p) © (Po+P)B(H)(po+p) — (po+p) B(H)(po+p)

is a weak 2-local derivation with A} = A, (see [7, Proposition 2.7]) and (py +
p)B(H)(po+p) = M, for a suitable m, we deduce from [6, Theorem 2.12] that A,
is a *-derivation. We also know that A,(a) = 0 for every a € (po+p)B(H)(po+p)
with @ = pap. Lemma 2.11 implies the existence of a(p) € iR, depending on p,
such that A,(z) = [a(p)po, x] for all € (po + p)B(H)(po + p)-

We claim that «(p) does not depend on p. Indeed, let p;,ps be finite-rank
projections with p; < py. We can find a third finite-rank projection p3 < pp
such that pi,py < p3. We know that A, () = [a(p;)po, z] holds for all cases of
x € (po+ p;)B(H)(po + pj) for all j =1,2,3. Since for each j = 1,2,

(po + pj)Aps (pU + pj)’(Poerj)B(H)(poerj) = APj’

we can easily see that a(p;) = a(ps) for every j = 1,2, which proves the claim.
Therefore, there exists a € iR such that

(p + po)A(x)(po + p) = [apo, 7] (5)

for all z € (po + p)B(H)(po + p) and every finite-rank projection p < pg.
Let us fix F' € §(H). We can find another finite-rank projection p; < py such
that pp < po-+p1. We have shown that Ay, = (po+p1) APo+21) | (po+p1) BUH) (po+p1) =

[Oépm ']|(p0+P1)B(H)(po+p1)v and hence that HApl H < 2|a|' Since pFAplpF|pFB(H)pF -
PPADF|peB(H)pr, We can also conclude that

HpFApF|pFB(H)PF|| < 2|a|7

for every F' € §(H). Corollary 2.10 implies that A is a linear *-derivation. The

continuity and the linearity of A, combined with (5), give the desired statement.
OJ

Theorem 2.13. Let A : B(H) — B(H) be a weak 2-local derivation with
AP = A. Suppose that there exists G € F(H) such that the set

Diamg,, = {diam(c(wp)) : wr € 2], F € F(H),pr < pi}
1s bounded. Then A is a linear *-derivation.

Proof. Combining Proposition 2.8 and Theorem 2.9, we deduce the existence of
20 = —z5 in (1 — pe)B(H)(1 — pg) such that

(1= pa)A(a)(1 = pa) = [20, (1 = pa)a(l — pe)],
for every a € B(H). The mapping A; = A — [z, .] is a weak 2-local derivation
on B(H) with A; = Af, and it satisfies
(1 =pe)Ai(a)(l —pg) =0 (6)

for all a € (1 — pg)B(H)(1 — pe).
Let q1,...,¢» be mutually orthogonal rank 1 projections such that pg = ¢ +
e + qm
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Let {&; : j € J} be an orthonormal basis of p5(H). For each j € J, we denote
by p; the rank projection corresponding to the orthogonal projection of H onto

C¢;. By Proposition 2.7 in 7], the mapping (g +p;) A1 (Gm +25) | (gm-+p,) B (gm+p))
is a linear *-derivation on (¢, + p;)B(H)(gm + p;). Therefore, there exists z; =

(_0270 Z(J)J) = —zj € My(C) such that (gn + pj)Ai(gm + pj)(a) = [z, a] for every
05 —3J .
a € (qm + p;) B(H)(qm + p;). We deduce from (6) that o7j; = 0 (for every j). We
have thus defined a family (aj;) C C.
The same arguments given above show, via [7, Proposition 2.7] and (6), that

for each finite subset Jy C J, with kg = jon, and py, = ZJEJO p; that

(gm + py) A1(a)(Gm + Pay) = |20, ] (7)
for all @ € (gm+psy) B(H)(gm~+Dps,), where 2, identifies with the (ko+1) x (ko+1)
skew-symmetric matrix given by 2z, = aooqr, + Y iedo aéjeoj — aéje(’;j, where e,
is the unique minimal partial isometry satisfying egjeq; = ¢, and eg;e9; = p;, and
Qo 18 a suitable complex number.

We claim that the family 3= ; |ag;|? is summable. Indeed, for each finite subset
Jo C J, we can show from (7) and [6, Lemma 3.2] that

N adse; + byl = (@m + 010) D1 (010) (Gon + D30) = (@ + P2) As (98 (i + 1),
Jj€Jo
and hence that
1 2
> 10t * = 11(Gm + pa) A1 (0o) (@ + 220)||” < || A1(pE)]

J€Jo

2
’

which assures the boundedness of the set {} ., ]aéj|2 . Jo C J finite} and proves
the claim. ‘ L

Thanks to the claim, the element 2z = >, ; ag;e0; — ap;ep; is a well-defined
skew-symmetric element in B(H). We further know, from (7), that

(@m + Pso) D1(a)(@m + Psy) = (@m + Psy)[21, 0] (@ + Do) (8)
for every finite subset Jy C J, pj, = ZjeJo p;, and every element a in pj, B(H)p,.
In the case in which a = p;,, we get
(@m + D1o) A1(P3) (@ + Do) = (@ + P [215 P (@ + 115 )-

Lemma 3.2 in [6] implies that
(@ +Ps0) A1 (P + (06 — D)) (@ + D)
= (gm + Ps) A1(P1) (@ + Do)
(qm + pJo) 21, pJo] (‘Jm + pJo)
= (qm + pJo) ZlaPG](Qm + pJ())'

(gm + P10) A1 (PE) (g + P3y) =

— o/

Letting pjs, /* pg in the strong*-topology, we get

(G +PE) A1 (PE) (@ +P8) = (G +18) 21, PE) (G +1G) = 51 = Y _ o jeaj+adsei.
jeJ
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Clearly, 21 = ¢n21pG — P&21qm- Let p < pg be a finite-rank projection. We deduce
from the last identity that
Gn[21, PIp = @nZ1p = @D (PE)P = @i (p + (P& — P))P = @i (P)p,
where the last equality follows from [6, Lemma 3.2]. We similarly prove p[z,
Plam = —PZ1¢m = pA1(P)gm, and hence, by (6),
(@m + PE) A1) (@ + P6) = (g + &) (21 2)(Gm + D)
Now, [6, Proposition 3.1] shows that A; is linear on F(H). We thus deduce

from the above that

(gm + &) A1(a)(gm + p&) = (Gm + 8) (21, Al (Gm + PG) (9)

for every a € ptF(H)ps.
We claim now that

(gm + &) A1(a)(gm + P&) = (gm + 8) (21, A)(Gm + PE)

for every element a in p5B(H )pg. For this purpose, let us fix a € p5B(H)pg, and
a projection py,, with Jy a finite subset of J. Keeping in mind that (¢, + p,)a +
(@ + pso)Fal(qm +ps,) € p5F(H)ps, a new application of [6, Lemma 3.2] proves
that

(m + P51, a)(gm + P5)
= (@m + p5) [21: (@ + Ps)a + (@ + Po) (G + P1o) | (@ + P5)
= (@m + 220) A1 (@ + P)a + (@ + P3o) (G + o)) (G + D)
= (@m + py) A1(a) (gm + Do )-
If in the previous identity we let p;, * pg in the strong*-topology, we obtain the
equality stated in the claim.

The mapping (¢m + &) A1 (@m +PE) (g +ps) B (gn-ps) 15 @ Weak 2-local deriva-
tion on (¢, + pg)B(H)(qm + p&) (see [7, Proposition 2.7]). We know from (9)
that (g, + p&)A1(a)(gm + p5) = (gm + pE)[21, @] (gm + pg) for every element a in
p&B(H)pg. We set

Ay = (gm + PE) A1 (Gm + DE) (gt B (gmtps) — (@ + PE) 21,71 (@m + PG)-

Then A, is a weak 2-local derivation on (q,, + pg&)B(H)(q + p5) and Ag(a) =0
for every a € p5B(H)pg. Proposition 2.12 proves that A, is a linear *-derivation
on (¢m + p&)B(H)(qm + p5), which implies the same conclusion for the mapping

(@m + DE)VA(@m + PE) (grrtp) BT (g9
If we set G = (E;’:ll ¢;)(H) € G, then we conclude that the set

Diam,,, = {diam (o (wr)) : wr € [zr], F € F(H),pr < pg, }

is bounded (Just apply the fact that pé1Apé1|pél B, is a bounded linear

*-derivation). If we apply the above reasoning to G, p,—1, and A, we deduce
that

L L
(gm—1 + PG, ) A(Gm—1 + pG1)|(qm71+pél)B(H)(qm,1+pél)
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is a bounded linear *-derivation. Repeating these arguments a finite number of
steps, we prove that A is a bounded linear *-derivation. O

The key technical result needed in our arguments follows now as a direct con-
sequence of Theorem 2.13.

Corollary 2.14. Let A : B(H) — B(H) be a weak 2-local derivation with
AP = A. Suppose that the set Diam(A) = {diam(o(wr)) : wr € [2p], F € F(H)}
is unbounded. Then there exists a sequence (F,) C F(H) such that pr, L pg,, for
every n # m, and diam(o(Zf,)) > 4™ for every natural n.

Proof. If there exists G € §(H) such that
Diamg,, = {diam(c(wp)) : wr € [z¢], F € F(H),pr < p&}

is bounded, then Theorem 2.13 implies that A is a linear *-derivation, which
contradicts the unboundedness of the set

Diam(A) = {diam(o(wr)) = [|[prAPFlprsnpell : W € [2F], F € F(H)}.

We can therefore assume that Diamg, is unbounded for every G € §(H).
We will argue by induction. Let us fix [y € §F(H) with diam(o(zF,)) > 4.
In the notation employed before, the set Diaml;1 . is unbounded. The map-

ping pg, Apg, ’pﬁ Blpp, pr, B(H)py, — py, B(H)pg, is a weak 2-local deriva-

tion and a symmetric mapping (see [7, Proposition 2.7]). Therefore, the set

Diam(pg, Apr, |pt (s ) must be unbounded. We can find Fy € F(H) with
1 1

pr, L pr, and diam(o(Zp,)) > 42.

Suppose that we have defined F}, ..., F}, satisfying the desired conditions. Set
K, = F, ®%...@% F, € §(H). According to the arguments at the beginning
of the proof, Diaml_( . is unbounded. Therefore, we can find F,; € §(H) such

that pr,,, L pr, for gvery j=1,....n and diam(o(Zp,,,)) > 4" O]

We show next that every weak 2-local derivation on B(H) is bounded on the
lattice of projections of B(H).

Theorem 2.15. Let A : B(H) — B(H) be a weak 2-local derivation with
AY = A. Then the following statements hold.
(a) The set Diam(A) = {diam(c(wr)) : wp € [zF|, F € F(H)} is bounded.
(b) The set {||zp|| : F € F(H)} is bounded.
Consequently, by Alaoglu’s theorem, we can find zo € B(H) with zg = —z§ and a
subnet (Zr)pea of (Zr)reg) converging to zy in the weak*-topology of B(H).

Proof. (a) Arguing by contradiction, we suppose that Diam(A) is unbounded. By
Corollary 2.14, there exists a sequence (F,) C §(H) such that pg, L pg, for every
n # m, and diam(o(Zp,)) > 4™ for every natural n. We can pick a sequence of
mutually orthogonal rank 1 projections (py) C B(H) satisfying pen—1,p2n < Pr,,
Zp, = tAon—1D2n—1+1AonPon+ (PE, —Don—1—DP2n) Z2F, (PF, —D2n—1—P2n) (A2n—1, A2n €
R), and |)\2n—1 — >\2n| = >\2n—1 — )\gn = dlam(O'(an)) Z 4™,

Let e, be the unique rank 2 partial isometry in B(H) defined by e, = &, ®
Eon—1 + &on—1 ® &op, where &, and &s,; are norm 1 vectors in pe,(H) and
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pan—1(H), respectively. Since e, L e, for every n # m, the series > e,
converges to an element ag € B(H). Set sq, = Ziilpk < pg,, where K, =
@,_, Fi.. Clearly, ag = s2,a082, + 53,0053, Applying the properties of Zr, (see
Lemma 2.3, Remark 2.4, and Lemma 2.6) and [6, Lemma 3.2], we have

32nA(a0)32n = $2nA(52na082n)32n = $2n[5Kn, SQna052n]32n

n
= [l g Aok—1D2k—1 + A2kD2k, S20.00S2n | -
=1

Let us consider the functional ¢o = > _; 5xWey, 1.6, Where, following the stan-

dard notation, we,, ¢, (@) = (§ak—1,a(&2r)) (a € B(H)). We deduce from the
above that ||¢p]| < 1 and that

n

1A(0)]| = [do(san(a0)s2n)| = Z S Ohoit = )

—Z |)\2k 1_)\2k| >Z—4k ZQk

k=1

which is impossible.
(b) Take F' € F(H) and any z € [zp]. If we choose i\ € o(zr), the inequalities

1Zr|| < ||z — iApp|| < diam(o(z — iApp)) = diam(o(z)) = diam (o (ZF))
hold because 0 € o(z —i\pr) and (z —i\pr)* = —(z — iApp). Finally, the desired
conclusion follows from statement (a). O

We can now provide a positive answer to Problem 1.4 in the case A = B(H).

Theorem 2.16. Let A : B(H) — B(H) be a weak 2-local derivation with A* =
A. Then A is a linear *-derivation.

Proof. By Theorem 2.15, the set
Diam(A) = {diam(o(wr)) : wr € [zp], F € F(H)}
is bounded. The desired conclusion follows from Corollary 2.10. U

All the results from Lemma 2.3 to Proposition 2.14 remain valid when A :
K(H) — K(H) is a weak 2-local derivation with A* = A. Actually, the conclusion
of Theorem 2.15 also holds for every such mapping A with practically the same
proof, but replacing ag = Y oo, €, € B(H) with ag = Y o0 1(3)"e, € K(H),
because in that case we would have

| A(ao)|| = |bo(s20A(a0)s20)| = Z%(;)kp\%l — Xox| > Z(%)k’
k=1 k=1

obtaining the desired contradiction. We have thus obtained an appropriate version
of Theorem 2.15 for weak 2-local derivations on K (H).

Theorem 2.17. Let A : K(H) — K(H) be a weak 2-local derivation with
AY = A. Then the following statements hold.
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(a) The set Diam(A) = {diam(c(wr)) : wp € [zF|, F € F(H)} is bounded.
(b) The set {||zr|| : F € F(H)} is bounded.
Consequently, by Alaoglu’s theorem, we can find zy € B(H) with zg = —z and a
subnet (Zr)rpea of (Zr)reg) converging to zy in the weak®-topology of B(H).

Applying a subtle adaptation of the previous arguments, we get the following.

Theorem 2.18. Let A : K(H) — K(H) be a weak 2-local derivation with
AP = A. Then A is a linear *-derivation.

3. WEAK 2-LOCAL DERIVATIONS ON B(H)

We can culminate now the study of weak 2-local derivations on B(H) with the
promised solution to Problem 1.3 in the case A = B(H).

Theorem 3.1. Let H be an arbitrary complex Hilbert space, and let A be a weak
2-local derivation on B(H). Then A is a linear derivation.

Proof. We have already commented that H can be assumed to be infinite-dimen-
sional. Suppose that A : B(H) — B(H) is a weak 2-local derivation. Since the
set S = Der(A), of all derivations on B(H), is a linear subspace of B(B(H)), we
deduce from Lemma 2.1(c) and (e) that Ay = A+TM and Ay = 2=2% 416 weak

24
2-local derivations on B(H). Since A; = A* and A, = A}, Theorem 2.9 proves
that A; and Ay are linear *-derivations on B(H), and thus, A = A; +iA, is a
linear derivation on B(H). O

According to Theorem 2.18; the arguments developed to prove Theorem 3.1
are also valid to obtain the following.

Theorem 3.2. Let H be an arbitrary complex Hilbert space, and let A be a weak
2-local derivation on K(H). Then A is a linear derivation.

We begin with a suitable generalization of [6, Lemma 3.2].

Lemma 3.3. Let A; and Ay be C*-algebras, and let A : Ay & Ay — A1 &> Ay
be a weak 2-local derivation. Then A(A;) C A; for every j = 1,2. Moreover, if
m; denotes the projection of Ay &> Ay onto Aj, we have m;A(ar +as) = m;A(a;),
for every a1 € Ay, as € Ay and 7 =1,2.

Proof. Let us fix a; € A;. Every C*-algebra admits a bounded approximate unit
(see [8, Theorem 1.4.2]), and thus, by Cohen’s factorization theorem (see [5,
Theorem VII1.32.22, Corollary VIII1.32.26]), there exist by, c; € A; satisfying a; =
bici. We recall that A* = A} @ Aj. By hypothesis, for each ¢ € A, there exists
a derivation Dg, 4 : A1 & Ay — A ®> A, satisfying

PAay 5(a1) = @Dy, g(a1) = ¢Da, (brc1) = ¢(Da, o(b1)c1) + ¢(b1Day p(c1)) = 0,

where in the last equalities we applied that D,, 4(b1)c1 and by Dy, 4(c1) both lie in
A; and that ¢ € A;. We deduce, via the Hahn-Banach theorem, that A(a;) € A;.

The above arguments also show that, for each derivation D : A; &> Ay —
A; &> Ay, we have D(A;) C A; for every j = 1,2. It follows from the hypothesis
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that, for each ¢ € A}, a; € Ay, and ay € Aj, there exists a derivation Dy g, 4444,
A B> Ay — A > A, satisfying

¢A(a1> - ¢D¢7al+a2,al (al) and ¢A(CL1 + a’2) = ¢D¢7a1+a2,a1 (al + a2)‘

In particular, ¢A(a;) = ¢A(a; + ag), for every ¢ € Aj. Then it follows that
7T1A(a1) = 7T1A(CL1 + CLQ). O

For further purposes, we will also explore the stability of the above results
under ¢o.- and cp-sums.

Proposition 3.4. Let (A;) be an arbitrary family of C*-algebras. Suppose that,
for each j, every weak 2-local derivation on A; is a linear derivation. Then the
following statements hold.

(a) Bvery weak 2-local derivation on A = @' A; is a linear derivation.
(b) Every weak 2-local derivation on A= @ A; is a linear derivation.

Proof. (a) Let A : @fg A — @?Z"J A; be a weak 2-local derivation. Let 7;
denote the natural projection of A onto A;. If we fix an index j, € J, it follows
from Lemma 3.3 that A(A;,) C A;, and that A(@",._, A;) C P, A;. We

Jo#ied JoF#jed
deduce from the assumptions that Aly, : A; — A; is a linear derivation for
every j.

We will finish the proof by showing that {||Al4, ]| : j € J} is a bounded set.
Otherwise, there exist infinite sequences (j,) C J, (a;,) C A, with a;, € Aj,,
la;, || <1, and [|A(a;,)|| > 4™, for every natural n. Let ag = Y, a;, € A. For
each natural n, ay = a;, + (ap — a;,) with a;, L (ap — a;,) in A. It follows from

the above properties and the second statement in Lemma 3.3 that
[A(ao)|| = [, Alao)|| = [|Alas )] > 47,

for every n € N, which is impossible.

(b) The proof of (a), but replacing ag = >, a;, with ap = > 07, 5xa;, € A,
remains valid in this case. O

Following standard notation, we say that a von Neumann algebra M is atomic
if M = @™ B(H,), where cach H, is a complex Hilbert space. We recall that a
Banach algebra is called dual or compact if, for every a € A, the operator A — A,
b — aba is compact. By [1], compact C*-algebras are precisely the algebras of the
form (@,.; K(H;))c,, where each H; is a complex Hilbert space.

We finish this article with a couple of corollaries which follow straightforwardly
from Theorems 3.1 and 3.2 and from Proposition 3.4.

Corollary 3.5. Every weak 2-local derivation on an atomic von Neumann algebra
1s a linear derivation.

Corollary 3.6. Fvery weak 2-local derivation on a compact C*-algebra is a linear
deriwation.
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