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DECAY ESTIMATES FOR SOLUTIONS OF NONLOCAL
SEMILINEAR EQUATIONS

MARCO CAPPIELLO,
TODOR GRAMCHEYV, anp LUIGI RODINO

Abstract. We investigate the decay for |z| — oo of weak Sobolev-type solutions
of semilinear nonlocal equations Pu = F(u). We consider the case when P =
p(D) is an elliptic Fourier multiplier with polyhomogeneous symbol p(§), and
we derive algebraic decay estimates in terms of weighted Sobolev norms. Our
basic example is the celebrated Benjamin—Ono equation

(0.1) (\D|+c)u:u2, c>0,

for internal solitary waves of deep stratified fluids. Their profile presents alge-
braic decay, in strong contrast with the exponential decay for KdV shallow
water waves.

81. Introduction

The main goal of the present article is to investigate the appearance of
algebraic decay at infinity for weak solutions of semilinear nonlocal elliptic
equations of the form

(1.1) Pu=F(u),
where P = p(D) is a Fourier multiplier in R"
(12) Pule)= [ e=ple)ae) de

with @(€) = [, e” ™ u(z) dz, @€ = (2m)~"d¢, and where F(u) is a polyno-
mial vanishing of order k > 2 at u =0, namely,

N
(1.3) F(u)=) Ful, F;eC.
7j=2
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For P an operator with constant coefficients, that is, a p(§) polynomial,
or the more general Fourier multiplier, equations of the form (1.1) arise
frequently in mathematical physics in the theory of solitary waves for non-
linear evolution equations. Relevant examples are equations in the realm of
wave motions featuring both dispersion and diffusion processes, long inter-
nal waves and the interface between two fluids of different densities, and
semilinear Schrodinger equations. Let us recall, in short, the case x € R:
starting from an evolution equation of the form v, + (Pv), = F(v),, with
t > 0, solitary waves are solutions of the form v(¢,z) = u(x —ct),c > 0. Look-
ing for these types of solutions, one is indeed reduced to studying the elliptic
equation (1.1).

There are no general methods for deriving the existence of such special
solutions, and in the known examples special features like conservation laws
and/or the presence of symmetries play a fundamental role. On the other
hand, it is natural to study regularity and behavior at infinity of these types
of waves in order to have a global knowledge of their profile. In the funda-
mental papers [5] and [6], Bona and Li proved that if p(§) is analytic on R,
then every solution u € L*°(R) of (1.1) such that u(x) — 0 for z — +o0
exhibits an exponential decay of the form el ¢ > 0 for |z| — oo, and
extends to a holomorphic function in a strip of the form {z € C:|3Jz| < T'}
for some T > 0. The research efforts in [5] and [6] were motivated by the
applications to the study of decay and analyticity of solitary waves for KdV-
type, long-wave-type, and Schrédinger-type equations. In [4] and [9], we
proved similar results in arbitrary dimension for analytic pseudodifferen-
tial operators, deriving sharp estimates in the frame of the Gelfand—Shilov
spaces of type S (see [19]), which give simultaneous information on the expo-
nential decay at infinity and the Gevrey-analytic regularity on R™. Recently,
the results on the holomorphic extensions have been refined in [11] and [12].

Here we want to consider the case when p(§) is only finitely smooth
at £ = 0. Namely, the symbol p(§) is assumed to be a sum of positively
homogeneous terms, and we are interested in the nonlocal case; that is,
at least one of these terms is not a polynomial, hence p(§) is only finitely
smooth at the origin. In this case, the functional analytic machinery and
the pseudodifferential calculus used in the above-mentioned papers are not
applicable. Motivation for this type of study comes from two directions. The
first is the presence of several nonlinear models in the theory of solitary
waves in which the symbol of the linear part presents singularities or finite
smoothness at £ = 0. The most celebrated equation in this category is the
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so-called Benjamin—Ono equation (0.1) (see [2], [3], [22], [25], [28]), which
will be considered in detail in Section 2.

Another more general issue comes from the novelty with respect to the
general theory on decay and regularity estimates for linear and nonlinear
elliptic equations in R™ (besides [4]-[6], [9], [11], and [12], see, e.g., [1], [10],
[13], [26], [24], and [29]). In fact, we are not aware of any result for general
semilinear elliptic equations of the form (1.1) in the case of finitely smooth
symbols. As a first step, in this paper we will focus on the decay of the
solutions with the purpose of treating analytic regularity and holomorphic
extensions in a future work. With respect to the case of smooth or analytic
symbols, a finite smoothness of the symbol of the linear part of (1.1) may
determine the loss of the rapid or exponential decay observed in all the
above-mentioned publications. This fact is confirmed by several examples
(see Section 2 below). As a novelty, we can prove that in this new situation
the solutions of (1.1) present at least an algebraic decay at infinity whose
rate depends on the dimension n and on the regularity of the symbol p(&).
This decay will be proved in terms of estimates in the weighted Sobolev
spaces

H'R") :={ueS'R"): ||ul|s; = H(x)t<D>SuHL2(Rn) <o}, steR,

where () = (1 + |z|?)/2 and (D)* denotes the multiplier with symbol (£)*.
Note that, for t = 0, H*°(R") coincides with the standard Sobolev space
H*(R™). We will denote as standard by || - ||s the norm || - |5 0. (We refer the
reader to [13] for a detailed presentation of the properties of these spaces.)

Let us now detail the class of operators p(D) to which our results apply.
We will consider Fourier multipliers with symbols of the type

h
(1.4) P& =po+ 3 P, (©),
j=1

where pg € C and py,;(§) € C°(R™\ 0) are (positively) homogeneous sym-
bols of order m;, that is, py,, (A§) = A™ip(&) for A >0, with 0 <m; <ma <
<o <myp =M. We assume that M > 1 and that the following global ellip-
ticity condition holds:

(15) inf (&) [p(6)]) > 0.

EER™

Since p(0) = pp, condition (1.5) implies in particular that py # 0.
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Moreover, set
(1.6) m :=min{m; : pmm; is not polynomial}.

We will call m the singularity index of p(§). When the set in the right-
hand side of (1.6) is empty, then P =p(D) is a partial differential operator
with constant coefficients, and we go back to the above-mentioned results
of exponential decay.

Our main result is the following.

THEOREM 1.1. Let m € R with [m] >n/2, and let P be an operator with
symbol p(§) of the form (1.4) and (1.6) satisfying the assumption (1.5).
Assume that u is a solution of (1.1) such that uw € H*%°(R"™) for some s>
n/2 and for some g, > 0. Then, u € C*(R"), and for every a € N" and
e >0 we have

9% € Hs,\a|+m+n/2fs(Rn);

that is, the following estimate holds:
(1.7) |[(zym /272 2P 9| < oo

for every a, € N, with || < |a|. Under the same assumptions on p(D)
and u, the same result holds for solutions of the equation

(1.8) p(D)u=f+ F(u),
where f is a given smooth function satisfying (1.7).

We observe that the second part of Theorem 1.1 turns out to be new also
for linear equations, that is, when F'(u) =0 in (1.8), whereas the first part is
trivial in this case since the homogeneous equation p(D)u =0 admits only
the solution u = 0, the nonlinearity being essential to produce nontrivial
solutions when f = 0. Note also that the estimate (1.7) implies that

(1.9) H<x>m+”/2*5uHL2 < 00.
Unfortunately, by our methods we are not able to prove the stronger result

(1.10) |-t ) < oo

“HLoo(Rn

Such pointwise estimates have been obtained in [25] for a class of Benjamin—
Ono-type equations and are satisfied by the solutions of other similar models
described in Section 2 (see also [15], [14], and [20] for further results on
algebraic decay at infinity for dispersive equations).
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REMARK 1. In Theorem 1.1, we assume that u € H®%(R") for some s >
n/2 and for some ¢, > 0. This is a technical condition needed in our general
setting for the proof of Lemma 4.1. In some special cases the assumption can
be weakened (see, e.g., [25, Theorem 4] for the generalized Benjamin—Ono
equation).

Also, the condition [m] > n/2 is technical. It is used in the inductive
scheme in Section 4, but it does not seem necessary for the validity of the
estimate (1.9) (see Example 3 and Remark 3 in Section 2).

§2. Examples

This section is devoted to the analysis of some examples of nonlocal semi-
linear equations whose solutions admit algebraic decay of the form (1.9).
In particular, we will test our decay estimates on these models. The first
and more important example is given by the Benjamin—Ono equation in
hydrodynamics.

EXAMPLE 1. The Benjamin—Ono equation, introduced in [3] and [28],
describes 1-dimensional internal waves in stratified fluids of great depth. It
reads as follows:

(2.1) O + H(0?v) +200,v =0, teR,zeR,

where H (D) stands for the Hilbert transform, that is, the Fourier multiplier
operator of order 0 with symbol —isigné&:

(2.2) H(D)u(z) = 1P.v./ uly) dy :/ e (—isign £)a(€) de.
T RL—Y R

There exists a large number of articles dealing with existence, uniqueness,
and time asymptotics for the initial value problem related to the equation
(2.1) and its generalizations in various functional settings (see, e.g., [7], [8],
(17], 23], [25], [27], [30], [32]). Concerning the solitary waves u(z —ct),c >0,
they satisfy the nonlocal elliptic equation (0.1) which corresponds to (1.1)
for p(¢) = |¢| + ¢ and F(u) = 2. In [3], Benjamin found the solution

2c

T 14 veR

(2.3) u(z)
(see (2.11) in Remark 2 for the easy computation). Later, Amick and Toland
[2] proved that, apart from translations, the function (2.3) is the only solu-
tion of (0.1) which tends to 0 for |z| — co. Note that u(x) in (2.3) exhibits
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a quadratic decay at infinity like |z|~2, satisfying (1.9) with m =1,n = 1.
(For other results and generalizations in higher dimension, see [25].)

The next example is not related to applicative problems and shows that
polynomial terms py,;(£) in the expression of p(¢) have no influence on the
rate of decay.

EXAMPLE 2. In dimension n =1, consider the equation
(2.4) —u”" + 3|DJu + 3u = 8u?,

where |D| is as before the Fourier multiplier with symbol |£|,£ € R. Note
that the linear part of (2.4) is globally elliptic, that is, (1.5) is satisfied.
Moreover, the order is M =2 and the singularity index is m = 1. We have
the following result.

PROPOSITION 2.1. The equation (2./) admits the solution

1

=172 TER

(2.5) u(x)

Proof. We will check that the Fourier transforms of the left- and right-
hand sides of (2.4) coincide for u(z) as in (2.5). To this end, we recall (see,
e.g., [31, (VIL, 7;23), p. 260] or [18, (9), p. 187]) that

7-(”/2 —n/2
20 A+ ) O =T (5) T B,

where z,£ € R" and where I' denotes the standard Euler function; arguing in
the distribution sense, we may allow any A > 0. The functions K, (), v € R,
x € R\ 0, are the modified Bessel functions of second type (for definitions
and properties, see, e.g., [16], [33]). We recall in particular that

(2.7) K, (z)=K_,(z), veRz#0,

(2.8) Kyiq(x) = 2?VK,,(:U)4—[(,,,1(:17), veR,z#0.
From (2.7), (2.8), we have

(2.9) Kapp(a) = (1 +1) Kyjale), 2 #0,

(2.10) Ks)o(x) = (;+5+1)K1/g(az), % 0.
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Let us then prove that (2.5) is a solution of (2.4). In fact, from (2.6) and
(2.10), we have

8F (u®) =8F ((142%)7?)
= 8\/7?(%—’)5/2K5/2(|§D

2 €1\ 12
=2/ (e+ 30l +3) (51)  Kapa€)
= (& 43¢ +3)F((1+2*)71)
= F(D*u+ 3|D|u+ 3u). i
REMARK 2. The method used in the proof of Proposition 2.1 can also be
applied to the Benjamin—Ono equation and gives an easy alternative proof

that the function u(x) in (2.3) is a solution of (0.1), say, for ¢ = 1. In fact,
from (2.6) and (2.9) we easily obtain

F(u?) = 4f((1 + 1‘2)_2)

= 8\/E(§>3/2K3/2(|€|)

211) — v (el +1) () " Kate)

=2(|¢]+ 1) F((1+2*)71)
= F(|Dlu+u).

Note that, by (2.8), we may calculate inductively Kpy/(x) for any odd
integer N in terms of Kj/y(x). This allows us to produce other similar
examples, with higher-order M, with m =1 and higher-order nonlinearity.
Solutions are still of the form u(z) = H%

By the same argument, we obtain the following example in higher dimen-
sion.

ExXAMPLE 3. In dimension n = 3, consider the equation

(2.12) —Au + 3V —Au + 3u = 24u?,
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where v/—A denotes the Fourier multiplier with symbol [£]. Note that the
linear part of (2.12) is globally elliptic, that is, (1.5) is satisfied and the
singularity index is m = 1. The equation (2.12) admits the solution

1

-_ €R3
(I+p2 57

(2.13) u(x) =
which satisfies (1.7), (1.9), and (1.10) for m =1 and n =3. As a matter of
fact, arguing as in the proof of Proposition 2.1, we have

24 F (u?) = 24F ((1 4 |z[) ")
R G ()

— (€ +31¢] + 3) F((1+ ) )
= F(—Au+3vV—Au + 3u).

REMARK 3. Note, however, that in (2.12) the condition [m] > n/2 is not
satisfied since m =1 and n = 3. This seems to confirm the technical nature
of this assumption and the fact that it is not really necessary for the validity
of (1.7) and (1.9). Moreover, the examples in this section seem to confirm the
optimality of the estimates (1.7), (1.9), and also the more general conjecture
u(z) = O(|x|~™" ") for the solutions of (1.1).

§3. Commutator identities and estimates

In this section we prove some commutator identities for Fourier multi-
pliers which will be used in the proof of our result. We first state a simple
but crucial assertion on the compensation of the singularities at £ =0 for
homogeneous symbols.

LEMMA 3.1. Let p(&) be of the form (1.}) satisfying (1.5), and let m be
defined by (1.6). Then the following estimates hold:

D? S/D’Y
£€Rn Ip(§)]

Proof. Since |5| = |v|, then Dg(ﬁDgp(g)) is a sum of terms with homo-
geneity of order m; — |o|. Since m; < M, we have m; — |o| < M. Moreover,
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in the nonpolynomial case, in view of the assumptions |o| < [m],m; > m,
we have mj — |o| >m — [m] > 0. Therefore, for some C > 0, we have

|DZ(E7DIp(©)| < Cle)M, ceRr™
Hence (3.1) follows from (1.5). 0

REMARK 4. In Lemma 3.1, and often in the rest of this article, we con-
sider higher-order derivatives of the nonpolynomial terms Dgpm ; (£). These
derivatives should be performed in the distribution sense, possibly pro-
ducing ¢ distribution or its derivatives at the origin. However, in all the
expressions, multiplication by monomials £¢ appears as well, so that on
the whole we will always obtain a distribution h € §'(R™) homogeneous of
order larger than —n. Then § contributions are cancelled. Strictly speaking,
the distribution h € §'(R™) can be identified in this case with the function
Plgnyo € CF(R™\ 0) N Ll (R"). (Let us refer, e.g., to [18, Chapter 1, Sec-
tion 3.11] for a detailed explanation.) Summing up, in Lemma 3.1 and in
the rest of this article we may limit ourselves to argue in classical terms,
that is, on the pointwise definition of derivatives.

PROPOSITION 3.2. Let p(D) be a Fourier multiplier defined by a homo-
geneous symbol p(&) of order m >0, and let o, f € N™ with |5 < |a|. Then,
for every u € S(R™), we have the identity

2Pp(D) D% = p(D)(x” D)

(3.2) ) o
+ 2 D Capap Do (DID)(D) (@ Dgu),
0#£v<B &,
1BI<lal<al

where for every v in the sums above, ¥ denotes a multi-index depending on
a, B,&, B, and satisfying the condition |y| = |vy| and C are suitable
constants.

aByapy
Proof. We can write

P p(D)Du =3 (f) [ e = pn©u* Dyutw) dy e

V<8

=p(D)(«" D)

B) V(L i(x—y)E B— e 7,
s ( DY (9 )p()yP~ Du(y) dy dé.
0275 N /L" Re ’
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Integration by parts with respect to y and £ gives
| [ paet (e Dyuty) y e
= [ [ DD uty) dde

_ gyl (@) _B=!
3 00 ()5
0<B—y

X /n /nei(:c—y)fga—d(Dgp)(g)y/g_,y_(;u(y) dny.

Now let 4 be a multi-index such that ¥ <« — ¢ and || =|v|. Such a multi-
index exists since |y| < |8 — 0| < |a — 4| in the sums above. Then, write

elr=y)iga—o — gﬁ(_Dy)aﬂFfﬁei(w*y)f

and integrate by parts again with respect to y. We obtain
[ [ eemsesmmen - Suty) aye
= [ [ e oDy P utw) dy e

= (e 0=7y_(B-7-0d)
0§;—a( ) < 0 >(5—7—5—0)!
0<B—vy—4

< [ e D€yt Dy T ) dy e,

which gives (3.2). 0

PROPOSITION 3.3. Let q(D) be a Fourier multiplier defined by a homoge-
neous symbol q(§) of order m > 0. Then, for every p € N™ with |p| <m+n
and for every v € S(R™), the following identity holds:

(3:3) @D =aD)a")+ 3, <§)<—1>0'<D2q><D><xw>.

0#0<p
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Proof. Note that the condition |o| < m + n and the homogeneity imply
that ng(f) € L _(R™). Then, integrating by parts, we have

loc

sy = | (DLa(€)ie)de

=D <f,’) (—1)l! /R e DZq(€)DE T 0(¢) dé

o<p
from which (3.3) follows. {

For fixed s € R, we will denote by H;(R™) the space of all u € S'(R™)
such that
HUHHf = H<D>SU’HL1 < 0.

The next result states some useful estimates for singular operators, that is,
operators with symbol ¢(§) — oo for £ — 0.

LEMMA 3.4. Let q(§) € C®°(R™\ 0) be a homogeneous symbol of order
e (—n/2,0), and let ¢ € C°(R™) such that p(§) =1 for |£] <1. Consider
the operator

Hy qv(2) := ((pg)(D)v) ()
- /Rn - e Ve (E)q(E)v(y) dydE, v e SERM).
Then we have
(34 1Hp qvll s < Cslv]| ;-

Proof. Observe that we can write ¢(£)q(&) = q(&) — (1 —(£))q(€). Since
q(&) is a homogeneous distribution of order y, then its inverse Fourier trans-
form is a homogeneous distribution of order —n — p. On the other hand, it
is immediate to check that the inverse Fourier transform of (1 — ¢(§))q(§)
is rapidly decreasing. Then we have

| Fet o (0()a(9) (@)] < Clar)y 0.

Since p > —n/2, the estimate above implies that fgix(¢(§)q(f))(x) €
L?(R™). Hence, writing

Hy go(x) = (Fo 3, (9(€)a(€)) xv) (@),

the estimate (3.4) follows as a consequence of the Young inequality. U
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Now we address the case of commutation with fractional powers.

LEMMA 3.5. Let q(§) be a smooth positively homogeneous symbol of order
w, letr € (0,1), and let ¢ € C°(R™) such that p(§) =1 for || < 1. If u—r>
—n/2, then for every v e S(R") we have

(3:5) I[@)" Hegvll, < Collolla;-
If, moreover, u—1r >0, then
(3.6) I[)"s Hop g0l < Cslolls-

Proof. Writing explicitly the commutator, we have

) HogJo= [ [ D)~ () elOa(v(w) dy e,

By the homogeneity properties of ¢(£), arguing as in the proof of Lemma 3.4,
we have that the kernel K (x,y) of the operator above satisfies the estimates

[ ()] < Ol — ) "+

and the same estimates hold for all the derivatives. In particular, if 4 —r >
—n/2, then by the Young inequality, the operator [(z)", H, 4] maps contin-
wously L'(R™) into L?(R™), whereas if u —r > 0, it is bounded on L?(R").
Similarly, one can treat the derivatives and obtain Sobolev continuity and
the estimates (3.5) and (3.6). The lemma is then proved. 0

84. Proof of the main result

In this section we prove Theorem 1.1. We can assume without loss of
generality that F(u) = u”* for some integer k> 2 and that p(¢) is of the
form (1.4) with h =1,m =my = M; that is, p(§) = po + pm(&) with p,,(£) a
nonpolynomial positively homogeneous function of order m with [m] >n/2.
The extension to the general case is obvious. We first give a preliminary
result.

LEMMA 4.1. Under the assumptions of Theorem 1.1, we have u €
HS+1’1(RH).

Proof. We first prove that v € H**1(R"), that is, that D;u € H*(R") for
every j € {1,...,n}. Differentiating (1.8), we obtain

P(Dju) = D;f + D;u".
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The assumption (1.5) and the condition M >1 imply that P is invertible
with symbol 1/p(€), and the operator P~'o D; is bounded on H*(R™). Then
we have

Dju=P~Y(D;f)+ P~ (Dju"),

and since u* € H*(R™) by Schauder’s estimates, we obtain

1Djulls < Cs([1flls + lully) < oo

Starting from the assumption (z)¢°u € H*(R™), we now prove by a boot-
strap argument that u € H%Y(R"), that is, (z)u € H*(R"). First, let 1 <
min{e,,1 — &,}, so that ¢, + 1 < 1. Multiplying both sides of (1.8) by
(x)*e1 and introducing commutators, we have

P(<J;>€o+€1u) = [P’ <$>80+81:|'U/ + (z)eterf 4 <x>50+51uk
and then
(4.1) <x>€o+€1u = p-1 [P, <x>€o+61]u + P—1(<x>50+51 f) + P_1(<:C>E°+51uk)'

Now we write explicitly the commutator

[P, <x>€°+51]u = // ei(z—y)§(<y>eo+61 _ (1:>€°+51)pm(§)u(y) dy d¢.

Let ¢ € C3°(R™) such that p(§) =1 for |{] < 1. Then we can decompose the
commutator as

[P, (z)*" Ju = Qu(z) + Qau(z),

where

Quu(z) = / / £V ()t — ()Y () p(€)uly) dy dE

and
Qau(x) = / / eV ()1 — ()51 (1 — o(E))prnl(€)uly) dy dE.

By Lemma 3.5 with ¢(§) = pp(§),u = m, and r = ¢, + €1, since 0 <
€0+ €1 <1 and the condition [m] > n/2 implies that m > 1, we have m —
€o—¢€1 >0. Then @ is bounded on H*(R"™), and then the same is true for
P~16Q;. On the other hand, Q5 is an operator with smooth amplitude of
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order m. Then by the classical theory (see [13], [21]), we have that P~! o Qs
is bounded on H*(R"). In conclusion, we have

HP’1 [P, <x)€0+€1]uHs < Cg|ulls < oo.
Moreover, by Schauder’s lemma we have, since €1 < &,

P71 G|, < oo, < o)l < .

Hence

H<x>so+sluHs < CS(H<x>so+slfHS + ||ulls + H(x>€ou |§ . ||u|’§’2) < 00.

Then (z)%°t1y € H5(R™). Possibly iterating this argument a finite number
of times, we obtain (x)°u € H*(R™) for every ¢ € (0,1). To obtain that
u € H%1(R"), we need a further step. Of course, it is sufficient to show that
zpu € H*(R™) for any h=1,...,n. Arguing as in (4.1), we have
lznulls < Co([|[P7HPanlull + ([P @n )|, + ([P @nu®)]),)-
(D¢, p)(§)

Now, P~1[P,x}] is the Fourier multiplier with symbol PG) which is
bounded on H*(R™). Moreover,

1P @na®)], < Cullan®lls < Cll|(@)at|], < CZ|(@)*ul] - lullt ™ < o0

by the previous step. Then we obtain that zpu € H5(R™),h=1,...,n, that
is, that u € H*(R"). Finally, we prove that z, Dju € H*(R™) for every h,j €
{1,...,n}, that is, that u € H*TL1(R™). Starting from (1.8) and arguing as
before, we get

zpDju= P (xy D, f) + P~ (xpDju”) + P71 [P, x) Dju.
Clearly we have ||P~1(z;,D;f)||s < oo. Moreover,
[P~ (@nDjuh)||, < Cs(||P~" o Dy(awnu®)||, + || P~ an, Djlu”|),)
< (@] + lluklls) < U@yl - ulli™ < oo

Concerning the commutator, we can readily repeat the argument used before
and obtain that

HP*I[P, xh}DjuHs < Cs||Djulls < oo.

The lemma, is then proved. U
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Proof of Theorem 1.1. We divide the proof into two steps.
Step 1. Let us set

ke =max{j eN:j<m+n/2}
(4.2)
_{[m+n/2] ifm+n/2¢N,

\m+n/2—-1 ifm+n/2€N.

We first prove that u € C°°(R™) and D% € H¥lltker (R for every o € N™.
This is equivalent to showing that, for every fixed «, 3, p € N, with |8] < |«
and |p| < ker, we have 2778 Dy € H*(R™). This will be proved by induction
on |p+«al. For |p+ «a| = 1, the assertion is given by Lemma 4.1. Assume now
that 28D € H*(R") for |p| < ker, |B] < ||, and |p + a| < N for some
positive integer N, and let us prove the same for [p+ o] = N + 1. We first
apply 7 D* to both sides of (1.8) and introduce commutators. We obtain

P(2°D%) = 2° D f + 2P D*u* — [2° D*, Plu.
By Proposition 3.2, we get

P(2° D) = 2° D f + 2P D"

(4.3) ~ N
= 2 D Capaps D7 o (Dipm)(D)(@" D),
0#v<B &8
1BI<|a]<|al

where |5 = |y|. We now multiply both sides of (4.3) by x” and write
P(zP*P D) = 2P P(2° D) + [P, 2] (2" D%w).
We have, by Proposition 3.3,
P(mp+ﬂD°‘u) = 2PtBDf 4 PP DYYF

(1.4 - % (0) 0oz Dt

0#£0<p
= > Y Capaps”DY o (DIpm)(D) (2’ D¥u).
0#4v<8 &3

18I<]al<|al
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Applying again Proposition 3.3 with ¢(§) = f”/Dg pm (&) and resetting the
sums, we obtain for new constants C’a 6657 p0
P(x P D%u)

_ xp+’8DO‘f + 2PTB Dk

! 2 Y CuprapipePii (D) (a7 D)
T<Bosplol<iml |5|<|al <ol

la|—|al+|o]>0

s S Cupraopbli (D)@ D),
vSPo<plol>m |B|<|al<|al
|a|—|é&|+]e]|>0

(4.5)

where p°(D) is the Fourier multiplier with symbol pJi"7(¢) =
D"(f”Dgpm(f)). Note that if |o| < [m], then D"(@Dgpm(f)) is well defined
and locally bounded on R™ (see Lemma 3.1). If |o| > m, then m — |o| >
m — ke > —n/2, and then in particular pj; "7 (€) € Ll (R™) and it defines a
homogeneous distribution of order m —|o|. Now let ¢ € C3°(R™) with (§) =
1 for |¢| < 1. For |o| > m, we can write pj; "7 (€) = P;anf (&) +pms 7€), where

P (€) = (1= ()i (&) and p)57(€) = p(E)pR77 (). Then we can
invert P and take Sobolev norms. We get

|2P TP D[, < HP_l(a:p"'BDaf)Hs + HP_I(I’H'BDQUI“)H

+ Z Z ‘Caﬂ'ydﬁ?pd |

Y<B,0<p,lol<[m] |5|<|a|<|ol
|| —=|&|+[o]|>0

[Pt o pp (D) (2~ D)

(4.6) + Z Z |Ca57&/5’apa|

y<B,o<plol>m |5|<|@|<|al
|| —|é&|+]e|>0

NP o p2 7 (D) (P~ B D)
m,1 s

+ Z Z |Caﬁ"/&ﬁ~§pa|

1<B.o<plol>m |31<|al<|a]
|la|—|&|+|o]>0

S

P o B (D) (2~ D)

87
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'77:770' N 1
Jag (D), j=1,2, denote the operators associated to the symbols

pzr’jj’a(é), j=1,2. We want to estimate the five terms in the right-hand side
of (4.6). The first is finite by assumption. Concerning the nonlinear term, if
p=B=0, by the boundedness of P! o Dj,5=1,...,n, using the Leibniz

formula and Schauder’s estimates, we get

where p

|P7E D < Gy D0t

k
< Csa||u”s+\a|—1 <
by the inductive assumption. If p+ 8 # 0, we can write

$p+6Da k_ kxp+6uk_1Dau

al
+ PP E ﬁDo‘lu X - X D%y,
a1+ fop=a aq!l-- oyl

laj|<le] Vi

Moreover, since |3| < |a|, we can write 5= 1 + -+ + () for some j; satis-
fying |B;] <|aj|,j =1,...,k. Then we have, for some ¢ € {1,...,n}:

oA D b < Coa ([l P~ Dl - gl - o

k
+ Y a0l T I D% ll)

o+ Fag=«a j=2
laj|<le| ¥j

< o0

by the inductive assumption. The third and fourth terms in the right-
hand side of (4.6) can be easily estimated inductively observing that, by
Lemma 3.1, the operators P~op);"? (D) with |o| < [m] and P~} opi’l’J(D)
are both bounded on H*(R™) and that || <|a| and |[p— o + a| < [p + o]
since |a| — |&| + |o| > 0. Concerning the last term, the estimate is more del-
icate since we have to deal with singular operators. Nevertheless, we can
apply Lemma 3.4 with (&) =p7°(€) and p=m — || > m — ke > —n/2.
We obtain

[P~ o %7 (D) (@~ Do) < Clla? = DOl .
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Moreover,

(4.7) |22~ D% s < C||() P14 Dy | .

As a matter of fact, we have, for some k€ {1,...,n}:
||a;P*"+5DduHL1 < C’H<x>’|"|+1<x>|p"1+|B|D5‘uHL1

(4.8) < O[[(@) ™ o - () P D

<c| <m)‘/’|—1+‘5|D%HL2,

by the Holder inequality, as the condition |o| > m implies that |o| > [m] +
1>n/2+1 and this gives (z)~1°*1 € L2(R"). Similar estimates can be
proved for the derivatives and give (4.7). In conclusion, we obtain

[Pt o 7 (D) D% |, < )13 Do, < o0

by the inductive assumption.

Step 2. Now let 7 be the fractional part, that is, 0 <7 < 1, ke + 7 <
m +n/2. To conclude the proof, we need to prove that (z)"zP#D% €
H?(R™) for every p,a, 5 € N* with || < |a| and |p| < k. Starting from the
identity (4.5), multiplying both sides by (x)” and introducing commutators,
we obtain

P((m)TprrﬁDo‘u)
P, (z)7] (x"TP Du) + (x)7 P(2**P D)
P, <x>T] (x"’+6Dau) + <x)TxP+BDO‘f -+ <x)7xp+’8D°‘uk

-1
-1

" : Z Ca,@’ydnypgp;yﬁ:y’J(D) (<x>Tl'p_U+BDdu)
v<B,0<pilol<[m] |31<|a|<|al
|| —|&]+|o| >0
(4.9)

Y Y Copape @ )@ D)
v<Bo<plol<im] |B|<|al<|a|
[ —l&l+lo]>0

+ Z Z Caﬁvd[}’ypgngfl’g(l)) (<x>7$ﬂ—0+5D6¢u)
|| —|&|+|o|>0
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+ X S Copaioge @7 PR (D)] (@7 D)
v<B,0<p;|o|>[m] |B|§‘&|§|a|

]~ [&|+lo >0
DY Y Coprainee @) 05" (D)@~ D).

v<B.o<plol>[m] |B|<|a|<|al
|a|—l|a|+|o|>0
At this point we can apply P~! to both sides of (4.9) and take Sobolev
norms. We already know that P~! and P~ o p;;7° (D) for |o| < [m] and
P~YP,(z)7] are bounded on H*(R"). Moreover, we recall that p;’,ﬁ’a(D) is a
Fourier multiplier with smooth symbol of negative order; then it is bounded
on H*(R"). For the same reason, since 7 < 1, we have that [(z)7,p)/?(D)]
is a pseudodifferential operator with smooth and bounded symbol; then it
is also bounded on H*(R™). We obtain

)72 2 D],

< CS(||:vp+ﬁDau||S + H<x>7x”+5Dast + H(:E>Ta:p+ﬂDaukHs)

,+~ o)

R D SR ravset )
Y<B,0<p,|ol<[m] |8|<|a|<]al
||~ []+]o|>0

+ Y > Cuapabioe
1<80<plol<lm] |3|<lal<]al
lal~a]+]o]>0

(4.10) ) o
()7, P77 (D)) =7 D

* Z Z Csaﬂwo?ﬁ’ypg H <$>Txpia+ﬁDduHs
1<Bo<p |B|<|a|<]al

lo[>m |a|~|G|+|o|>0

—_ +~ v
+ oy Y Coprasipollz” 7 Douls

v=Bo<p |BI<|al<] o]
lo[>m  |o|—|&|+|o|>0

+ Z Z Coapyapipo H <$>Tp;yr27270(D) (95p_0+BDdU) ’

V<Bo<p |BI<|a|<]el
lo[>m |o|~|G|+|o|>0

57

her . I iti nstants. n im he terms in
where Csaﬁmﬁwa are positive constants. Let us now estimate the terms

the right-hand side of (4.10). The first is finite by the previous step of the
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proof, the second by assumption. Concerning the nonlinear term, we can
write as before

(z)" 2P TP Dk

= kaPP D% () Tu - uF 2

k
o! o
+ E ﬁx”ﬁlDo‘lu- (z)TxP2 D2y - H 2P D%,
a1+ fop=a ar!l--ag! j=3
laj|<|e

where |3;] < ||, j=1,...,k, and the last product does not appear if k = 2.
Then we have the estimate

)22 Dt

< Cul|2?* P Dulls - ||(x) Tl - [full§~2

ol
Z ———||lzP P D . T 02 a2
+a1+...+%:a aﬂ---ozk,!”x UHS H(ac) x uHS

laj|<|e

k
T 1% Dl
j=3

k— k
< Csllullsyjof kertlal - [[€2)7ull, - 1ulls™ + Coallull s jag fe-t1al < 0

since 7 < 1 < k¢;. To estimate the fourth term, we observe that, since || —
|&| 4 |o| > 0, then, if o # 0, we have

|[(z)"eP~ "B D[ < C||(@) 1 DY| | < oo,
If o =0, then |a| — |&| > 0 so that |3] 4+ 1 <|@| + 1 <|a|. Hence

()2 P D], < Cu[(@) P D
S C;||u”5+‘a|,kcr+|a‘ <00
by the previous step. The fifth term is more delicate to estimate. After

cutting off the amplitude of the commutator, we can apply Lemma 3.5
with r=17,q(&) = pn"7(£),u = m — |o|, and since m — |o| — 7 > —n/2, the
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operator [(z)7,p"7 (D)] can be written as the sum of a bounded operator
on H*(R") and a continuous operator H{(R") — H*(R"™). Hence we have

[ [(2)7,p3 7 (D)) 2=+ D% < Cy (|2~ P Doul| + |2~ B Dl ;)

m

< C|[(@)lPH P DA | < o0

by the Holder inequality, since |o| > n/2. The sixth and the seventh term in
the right-hand side of (4.10) are obviously finite. Concerning the last term,
we can write

(@) Py 5" (D) (P~ D) = pl 757 (D) ()2~ D)
— [P57(D), (2)7] (=P D)
and apply Lemmas 3.4 and 3.5 with ¢(&) = pp; "7 (£),r =7, =m — |o|. We
obtain

() P27 (D) (=4 Do) |

S

< Cua)7 2Dy < O PD
< C||(@) P18 DA < oo,
arguing as in the proof of (4.8). The theorem is then proved. U
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