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QUANTUM (sl,,AV,) LINK INVARIANT AND MATRIX
FACTORIZATIONS

YASUYOSHI YONEZAWA

Abstract. In this paper, we give a generalization of Khovanov-Rozansky
homology. We define a homology associated to the quantum (sl,,AV,) link
invariant, where AV, is the set of fundamental representations of Ug(sl,). In
the case of an oriented link diagram composed of [k, 1]-crossings, we define a
homology and prove that the homology is invariant under Reidemeister II and
IIT moves. In the case of an oriented link diagram composed of general [i,j]-
crossings, we define a normalized Poincaré polynomial of homology and prove
that the normalized Poincaré polynomial is a link invariant.
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§81. Introduction

In this paper, we study a categorification of the quantum (sl,, AV;,) link
invariant, associated to Uy(sly,) and its fundamental representations AV,, =
{V, A2V, ., A1V, ), using matrix factorizations. That is, this work is a
generalization of a categorification of the (sl,,,V},) link invariant via matrix
factorizations given by Khovanov and Rozansky [6].

Murakami, Ohtsuki, and Yamada [9] gave the state model of the (sl,,
AV,) link invariant using a polynomial invariant of MOY diagrams, which
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Figure 1: MOY diagrams I‘[ ” } and F[Iéjé]

are composed of trivalent planar diagrams colored from the set {1,2,...,n}
corresponding to the fundamental representations {Vj,, A?Vj,,..., A" 'V, },
under planar isotopy moves and MOY relations. MOY diagrams represent
intertwiners between tensor products of some fundamental representations,
and MOY relations are equivalent to relations between intertwiners. The
state model consists of equations for [i, j]-crossings

J
(1) < % > _ Z(_1)_k+j—iqk+m_z~2+(i_j)2+2(z‘—j)<F%g€]> ’

k=0

(2) <Y> )k+] zqfk gntj2—(—i)2—2(j— z)<P[Z:J]>

and MOY relations, where F[L”k] and F%JIQ are MOY diagrams in Figure 1.

Khovanov and Rozansky cat7egoriﬁed the (sl,,V,,) link invariant via matrix
factorizations. Roughly speaking, they first defined matrix factorizations of
F[Ll’é} and F[Llll } satisfying isomorphisms of matrix factorizations correspond-
ingi to MOY relations colored by 1 and 2. Then, they categorified (1) and (2)
for [1,1]-crossings as a complex of matrix factorizations of F[Ll é] and F[l !
and proved that if tangle diagrams are related by a Reidemeister I, 11, or
IIT move, then the complexes of matrix factorizations of these diagrams are
isomorphic.

Note that there are some similar approaches to a categorification of the
(sl,Vy) link invariant (see [3], [10]). Sussan [12] and Mazorchuk and Strop-
pel [8] studied the categorification using a Lie theoretic category. Cautis
and Kamnitzer [2] and Webster and Williamson [13] studied the categori-
fication using a geometric approach. Mackaay, Stosic, and Vaz [7] studied

the categorification using bimodules associated to MOY diagrams.
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Our strategy of a categorification of the (sl,,AV},) link invariant is as
follows.

(S1) We first define matrix factorizations of I‘[LEQ and F%; satisfying iso-
morphisms between matrix factorizations C(’)rrespondi’ng to MOY rela-
tions colored from the set {1,2,...,n}. (In [14], [16], and [17] Wu and
the author independently categorified polynomials associated to MOY
diagrams using matrix factorizations. These works are a generalization
of [6].)

(S2) We categorify (1) and (2) for [k, 1]-crossings, where k is an element of
the set {1,...,n — 1}, as a complex of matrix factorizations of F[Lk,bl]

and F[Lkll ] (or F%”é] and FE’%’F). Then we show that if colored tangle
diagrams composed of [k, 1]-crossings are related by a Reidemeister
IT or IIT move, then the complexes associated to these diagrams are
isomorphic.

(S3) We introduce an approximate [i,j|-crossing composed of [i,1]-cros-
sings. Therefore, we can define a complex for the approximate [i, j]-
crossing by a tensor product of complexes associated to [i, 1]-crossings.
If colored link diagrams are related by a Reidemeister move, then the
complexes of these diagrams are not isomorphic. Thus, we would like to
define a complex for an [i, j]-crossing by normalizing the complex of the
approximate [i, j]-crossing and prove that if colored tangle diagrams
are related by a Reidemeister I, II, or III move, then the complexes of
these diagrams are isomorphic.

Since the structure of morphisms between matrix factorizations of F%Jk]
and F%’f;_l (F%jk] and F%ﬁ_l) is intricate, we have two difficulties. One is to
define boundary maps of a complex of the [i, j]-crossing explicitly. Another
is to show that there exists an isomorphism between complexes for the
colored tangle diagrams that are related by a Reidemeister move, after we
have defined the complex for the [i,j]-crossing explicitly. We consider the
above strategy to avoid these difficulties. However, we have not defined a
complex for an [i, j]-crossing by normalizing the complex of the approximate
[i, j]-crossing in this paper. We hope to return to this question in a future
paper.

Instead of defining the complex for the [i, j]-crossing, we consider the
following strategy.
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(S3’) We introduce an approximate [i,j]-crossing composed of [¢,1]-cros-
sings and define a complex for the approximate [i,j]-crossing by a
tensor product of complexes associated to [i, 1]-crossings. For a given
colored link diagram, we define a normalized Poincaré polynomial of
the homology of the approximate link diagram and prove that the
polynomial is a link invariant.

Using the above strategy, in Section 4 we define matrix factorizations
of MOY diagrams and show isomorphisms between matrix factorizations
corresponding to some MOY relations in the homotopy category of matrix
factorizations. Note that Sussan [12] and Mazorchuk and Stroppel [8] gave
a categorification of MOY diagrams colored from the set {1,...,n} via cat-
egory O. In Section 5 we give a complex of the [k,1]-crossing in strategy
(52). (We remark that the construction is a generalization of a complex for
a [2,1]-crossing given by Rozansky [11].) Theorem 5.3 is one of the main
results.

THEOREM A. If colored tangle diagrams composed of [k,1]-crossings are
related by a Reidemeister II or I1I mowve, then the complexes of matrix fac-
torizations of these diagrams are isomorphic.

A point of this construction is that the boundary map of the complex of
a [k, 1]-crossing is described explicitly. Therefore, we can calculate a (Z @
7. & 7./27)-graded homology H*/F(D) for a given colored link diagram D
composed of [k, 1]-crossings.

In Section 6 we introduce the approximate [i, j]-crossing, define a com-
plex of the approximate [i, j]-crossing, and calculate the difference between
complexes of colored link diagrams that are related by a Reidemeister I, 11,
or III move in Theorem 6.5.

The information of Theorem 6.5 is enough to give us a new link invariant
for a colored oriented link diagram D. We consider the (Z & Z & Z/27)-
graded homology H%5*(D) through the complex for the approximate
diagram of D. Then, we take the Poincaré polynomial of the homology
H*J*(D), which we call P(D):

> tigls" dimg H"¥(D) € QtF,¢*", 5]/ (s — 1).
i!jIk

We obtain a link invariant by normalizing the Poincaré polynomial P(D) as
follows. Let Cri(D) (k=1,...,n — 1) denote the number of [*, k]-crossings
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of a colored oriented link diagram D. We define a rational function P(D)
by

n—1

— 1
PO e

k=1

By Theorem 6.5, we have one of the main results (Theorem 6.7) in
Section 6.2.

THEOREM B. P(D) is an invariant of colored oriented links.

P(D) is the (sl,,AV,) link invariant if ¢ is specialized to —1 and s is
specialized to 1. Therefore, P(D) is a refined link invariant of the (sl,,, AV},)
link invariant.

REMARK 1.1. (1) A power of the parameter s associated to the Zs-
grading is a sum of colorings over each component for a given colored
link diagram.

(2) Wu gave a similar result [15, Lemma 13.4]. He defined a morphism from

the matrix factorization of F[Ll?j to the matrix factorization of F[in:] 1
(k=0,...,5 — 1) and defined the complex of matrix factorization of

an [i, j|-crossing whose boundaries’ morphisms are associated to these
morphisms. The author conjectures that the link invariant P(D), for
a colored link diagram D, is equal to the Poincaré polynomial of the
homology associated to Wu’s complex of matrix factorizations CW*(D).
However, he does not have a proof of this claim.

Moreover, we have an interesting question: Is there an isomorphism
between Wu’s complex of [4, j]-crossing CW*(Crl#]) and the complex of
the approximate [i, j]-crossing C(Crl™) (in Definition 6.4)

C(Crlbly ~ W liahy®lilat,

If such an isomorphism exists, then the above conjecture is obviously
true. The complex C(Crl*/) has an acyclic direct summand. That is,
the complex C(Crl*]) is isomorphic to a complex M® & A®, where M*
is a complex of matrix factorizations that does not have acyclic direct
summands and A® is an acyclic direct summand in E(Cr[i’ﬂ). It is suf-
ficient to show an isomorphism M¢® ~ ¢V (Crl+71®Ula . However, it is
hard to understand boundary maps in M®.

(3) This article is a short version of the author’s Ph.D. thesis [18]. Therefore,
the author leaves out detailed calculations of proofs. In the author’s
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previous paper [17], propositions in Section 4 are proved in detail. In
the author’s Ph.D. thesis [18], propositions in Sections 5 and 6 are
proved in detail.

8§2. Z-graded matrix factorization

In this section, we recall definitions and properties of matrix factorizations
(see [6], [5], [19]).

2.1. Z-graded modules

Let R=Q[x1,...,x,] be a polynomial ring such that the degree deg(z;) €
Z is an even positive integer given for each ¢ =1,...,r. Then, R has a Z-
grading decomposition @; R’ such that R‘R? ¢ R and R = Q. We denote
the maximal ideal generated by graded homogeneous polynomials of R by m.
We consider a free R-module M with a Z-grading decomposition @, M*
such that R/ M C M7 for any i € Z.

A Z-grading shift {m} (m € Z) is a functor that shifts the Z-grading by
m on an R-module,

(M{m})' =M™,

For a Laurent polynomial f(q) =3 a;q¢' € N>o[q,q™ 1], we define M@ by

D{iy)=e.

2

2.2. Potential and Jacobian algebra

For a homogeneous Z-graded polynomial w € R, we define a quotient
ring R, by R/I,, where I, is the ideal generated by partial derivatives
g—;‘; (1 <k <r). The quotient ring R, is called the Jacobian algebra of w.
A homogeneous element w € m is a potential of R if the Jacobian algebra
R, is a finite-dimensional Q-vector space.

2.3. Z-graded matrix factorizations

Assume that the polynomial w in R is a potential with of an even homo-
geneous Z-grading. The polynomial w is allowed to be zero, and R=Q in
such a case. In this setting, we define a Z-graded matrix factorization with
the potential w as follows.

We suppose that a 4-tuple M = (Mg, M7, dry, dar, ) is a two-periodic chain

da, dar,

My My My,
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where My and M, are Z-graded free R-modules (permitted to be infinite
rank), and dyy, : Mo — M; and dyy, : M7 — My are Z-graded homogeneous
morphisms (do not assume Z-grade-preserving).

We say that a 4-tuple M is a Z-graded matriz factorization with a poten-
tial w € m (or simply a factorization) if dpz, and djps, are morphisms with
Z-grading (1/2)degw satisfying dpr, dpy, = wIdps, and dagdar, = wIdyy,.

We define a Z-grading shift {m} (m € Z) on M = (Mg, M1,dn,,dpr, ) by

M{m} = (Mo{m}, Mi{m}, dn,,dn, ).
For a Laurent polynomial f(q) = Zaiqi € Nxo[q, q71]7 we define H@f(q) by

Par{iy)®e.

(2

The translation (1) changes a factorization M = (Mg, My, ds,,dp, ) into
M{1) = (M, My, —dpr, , —dp,)-

The translation (2)(= (1)2) is the identity. (1)* is denoted by (k).

DEFINITION 2.1. A matrix factorization (My, M1,dp,d;) is finite if M
and M; are free R-modules of finite rank.

2.4. The homotopy category of matrix factorizations HMF
DEFINITION 2.2. We define a homotopy category HMF%’jﬂ of Z-graded

matrix factorizations as follows.

e An object in HMF%2" is a factorization M = (Mo, My, dg,, das,) with
the potential w, where My, M7 are R-modules.

e A morphism in the category HMF%ﬁH from M = (Mo, M1,dp,, dar,) to
N = (No, N1,dn,,dy,) is a pair f = (fo, f1) of Z-grade-preserving mor-
phisms of R-modules satisfying the commutative diagram

d dnry
My My My
fo \L f1 l fo \L
dny dn,
No M No

up to homotopy.



76 Y. YONEZAWA

e The composition fg of morphisms f = (fo, f1) and g = (go, g1) is defined
by (fogo, f1g1)-

For any matrix factorizations M and N, let Hompyr (M, N) denote the
set of Z-grade-preserving morphisms from M to N.

DEFINITION 2.3. A matrix factorization is contractible if it is isomorphic
in HMF%" to the zero factorization (0,0,0,0). A factorization is essential
if it does not include any contractible factorizations.

2.5. Cohomology of matrix factorization

We consider a Z-graded polynomial ring R = Q[z1,..., x| and its maxi-
mal ideal m = (x1,...,2;). For a factorization M = (My, My,do,d1) €
Ob(HMF%er), we define a quotient M /mM by a two-periodic complex
of Q-vector spaces

d d
Mo/mM() *O> Ml/li ;> Mo/mMo.

Let H(M) =H°(M) @ H' (M) denote the cohomology of M /mM , which we
call the cohomology of the matrixz factorization. We consider a full sub-
category whose objects are matrix factorizations with finite-dimensional
cohomology of HMF%’SH, denoted by HMF% . A matrix factorization M e
Ob(HMFifﬁll) with finite-dimensional cohomology is a direct sum of an
essential finite factorization and a contractible factorization (see [6, Corol-
lary 4]). Therefore, we find that HMF%W and the full subcategory of finite

. L . 1l . .
matrix factorizations in HMF%’:Jl are categorically equivalent.

2.6. Tensor product of matrix factorization

Let X={z1,...,z,} and Y ={y1,...,ys} be two sets of variables. Let
W = {w1,...,w} be the set of common variables in X and Y. We consider
Z-graded rings generated by X = {z1,...,z,}, Y={y1,...,ys}, and W =
{w1,...,w}, which we put R=Q[X], R’ =QJ[Y], and S = Q[W]. We always
take a tensor product of R and R’ over the ring S generated by the common
variables of R and R/,

R@R':R%R'/{rs%r’ —r%sr'|r €R,r e R se S}

Even if the common variables of R and R’ are nonempty, we denote a tensor
product R(?R’ by R® R’ without notice. For an R-module M and an R'-
module N, we also take these tensor products over the ring .S,

M®N:M%N/{ms%n—m%>sn|mEM,nGN,SES}.
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For M = (My, My, dyg,, dag,) in HMFS 2! and N = (No, N1, dny, dy, ) in

HMF%,’%I,, we define a tensor product M X N in HMFggg,w 4o DY

<M0®No> (M1®N0> (dMO —dN1> (dM1 le)
Mi®N1) \Mo®N1) \dn, dny ) \—dn, dr) |

We remark that M X N is contractible if either factorization M or N is
contractible. Moreover, the tensor product preserves the condition of finite-
dimensional cohomology. Therefore, the tensor product is well defined in
HMF®". As a bifunctor, the tensor product is viewed

X:HMFf  x HMFS, | — HMFS o

REMARK 2.4. (1) The tensor product X is commutative, associative, and
compatible with the direct sum. Moreover, there exists a unique unit object
for the tensor product (see [20]).

(2) As from here, M7 X My X M3 X ... X My is defined by (((M@
M) K M3)K...) K My:

M{RM;RM3zX ... KM= (...(My R M) X Ms)X...) K M.

We consider a special case of the tensor product of two matrix fac-

torizations. Let w(z1,...,x;), w'(y1,...,y;j), and W”’(z1,...,2;) be poten-
tials of polynomial rings R = Q[x1,...,2;], R = Q[y1,...,y;], and R" =
gr,all

Qlz1, .. -, zk], respectively. Suppose that we have an object of HMFR®R,7w_w,,

denoted by M, and an object of HMF%’%}}%H, o/ —w» denoted by N. The poten-

tial of their tensor product M X N is w — w”. However, w — w” is not a
potential of R® R’ ® R” but is a potential of R® R”. Therefore, we consider

that the matrix factorization M X N is an object of HMF%;}%,, - Then,
we regard the tensor product as a bifunctor to HMFggE,,vw_w,, through
gr,all .
HMF o pio Rt o’
. gr,all gr,all gr,all
X HMFR@R’,w—w’ X HMFR’@R”,M’—W” - HMFR@R”,w—w” :

We have the following proposition.

PROPOSITION 2.5 ([6, Proposition 13]). If M is a factorization of

HMF%@)R,M_W, and N is a factorization ofHMF%,@,R,,

product M X N is also a factorization with finite-dimensional cohomology.

w/—wr» then the tensor
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Thus, the tensor product is a bifunctor from HMF® to HMFI":
: gr gr gr
(13) X:HMFpop o XHMF o g = HMF o g

2.7. Koszul matrix factorizations

For homogeneous polynomials a, b in a Z-graded polynomial ring R and
an R-module M, we define a matrix factorization K (a;b)y; with the poten-
tial ab by

K(a:b)ar = (M,M{%(deg(b) — deg(a)) },a, b).

For sequences a = (ay,as,...,a;), b = (b1,be,...,br) of homogeneous
polynomials in R and an R-module M, a matrix factorization K (a;b),
with the potential 3% | a;b; is defined by

k
K(a;b)y = 4@1K(ai;bi)3® (M,0,0,0).

This factorization is called a Koszul matriz factorization (see [6]).

THEOREM 2.6 ([5, Theorem 2.1]). Let a;, b;, and b, (i =1,...,m) be
homogeneous polynomials in R, and let M be an R-module. If ay,...,am
form a regular sequence in R and

m m
z : 2 : !

aibz- = aibi,
=1 =1

then there exists an isomorphism

m m

.X K(aj; bj)M >~ ‘& K(aj; b;)M

Jj=1 Jj=1
COROLLARY 2.7. We put R = Q[z1,22,...,21), Ry = R[y]/I, where I is

an ideal generated by a monic polynomial y' + ayy'™' + -+ (o €R

such that deg(o;) =1 deg(y)). Let R be the image of R under the obvious

inclusion map to Ry. Let a; (i=1,...,m) be a homogeneous polynomial in

Ry, and let b; (i=2,...,m) be a homogeneous polynomial in R.

(1) Let by, 8 be homogeneous polynomials in R,, such that (y+ B)by € R.

Assume that these polynomials satisfy the following conditions:

(i) (y+ B)b1,ba,..., by, form a regular sequence in R,

(i) aibi(y+B) + D ity aibi(=:w) is a polynomial in R.
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Then, there exist homogeneous polynomials a, € R (i=1,...,m) satisfying
the following isomorphism:

(y+ B)as b1 (y+ B)a) b
a2 bg 0/2 b2
K ) ; ~ K ) ;
am bm Ry alm bm Ry

(2) Let by and B be homogeneous polynomials in R. Assume that these poly-
nomaals satisfy the following conditions:

(i) b1,ba,...,by form a regular sequence in R,

(i) a1bi(y+B) + > ity aibi(=:w) is a polynomial in R.

Then, there exist homogeneous polynomials a) € R, and a; € R (i=2,...
m) satisfying o (y + ) € R and the following isomorphism:

9

ai bi(y+B) ay bi(y + B3)
as b alg bo
K ; ) ~ K N )
/
am bm R, (. bm R,

Proof. This corollary is proved by Theorem 2.6 and the equation ' +
ouyl*1 +---+ oy =0 in the quotient R,. 0

THEOREM 2.8 ([6, Proposition 10], [5, Theorem 2.2]). Let R = Q|z], where

z = (z1,22,...,27); let a; and b; (1 <i<k) be homogeneous polynomials

in Rly], where y = (y1,Y2,-..,Ym); and let M be an R[y]-module (also an

R—mo?iule). If a= tay,as,...,a;) and b="(by,bo,..., bkj satisfy the condi-

tions

(1) Zle a;bj (=:w) € R;

(i) there exist homogeneous polynomials bj (x,y),bs, (2, y),...,b; (2,y) €
R[y] such that the sequence (b;;(0,y),bj, (Q,g),...,bjr_(g, y)) is reqular
in Q[yl,

gr,all |

then there exists the following isomorphism in HMFZ 7"

G11G25eeesir J15T2300000r
K@by~K( a ; b .
(asb)ar ~ K ( ; M)y, by iy ) M



80 Y. YONEZAWA

2.8. Complex category over additive category

For an additive category A, let Kom®(A) denote the (bounded) complex
category over A, let K°(A) denote the homotopy category of Kom®(A), and
let X*® denote a complex in the category

de xi—2 deyi—1 de i de yit+1

(*)Xl_l Xz XH_I*))

A translation functor of a complex category, which we call [k] (k € Z),
changes a complex X* into

(X*[]) = X

REMARK 2.9. This definition of the translation functor is different from
the ordinary definition (X*[k])? = X**t*. This definition matches with the
Poincaré polynomial P(D) of (Z & Z @ 7./27)-graded homology.

We assume that a category A has a tensor product structure. For com-
plexes X*® and Y*, we define a tensor product X®* ® Y* as follows:

(X @Y= P X' @Y,
i+j=k

de(xomye), = Z (dexs ® Idys +(—1)" Idyxi ®deys ).
i+j=k
2.9. Complex category of Z-graded matrix factorizations
We consider the complex category Komb(HMF%lr ) and the homotopy
category IC”(HMF%?r .)- By Proposition 2.5, we have bifunctors
. b r
X : Kom (HMF%%@R,’W_W,

— Kom"(HMF%, o n);

) X KOmb(HMF%,®R,,7w,_w,,)

. xb gr b gr b gr
X:KC (HMFR®R/’w7w/) x K (HMFR@R//,wuw“) - K (HMFR®R,,7w7w,,).
Finally, we show a proposition for a complex of Koszul factorizations.

PROPOSITION 2.10. Let a;, al, b; (i=1,...,k), and ¢ be sequences of

17
homogeneous polynomials in R satisfying that
(C1) carby + 2%, abi = calby + 3%, /by,
(C2) the sequence (bi,...,by) is reqular in R.
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Put S = &9?22 K(aj;bj)r, and put S = X;?:Q K(a;; bj)r. We have the fol-
lowing isomorphisms by Corollary 2.7:

_® _
K(ca1;b))r RS —= K(ca;b)p¥S

_ ¥ _
K(al;cbl)R@S — K(a’l;cbl)RﬁS

!

(i) We have the following commutative diagram of matriz factorizations:

(¢,)RIdg

(1) K(ca1;b1)g ®S

E

K (cd;b)p RS

K (ay;ch1) g X S{—degc}

o

(e,1)Rldg
K(a;cb)) g B8 {—degc}.

(ii) We have the following commutative diagram of matriz factorizations:

(1,c)Rldg

(2) K(al;cbl)R&S

|o

K(d);cb)) g RS

K(ca;b1)p XS

|?

(1,0)RIdg B
K(cd);b))p XS .

Proof. 1t suffices to apply the isomorphisms of Theorem 2.6 to the fol-
lowing complex:

K (), = =) (), oo

By direct calculation of morphism composition, we find that @- ((¢, 1) X1d) -
—1

Eis

K<(C;/2/1> ; <Z;>>R (e1)R1d K<(Zi> : (Cbb;))R (—degc}.
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83. Homogeneous polynomial and its generating function

In this section, we give a few special polynomials that are generalized
elementary symmetric polynomials and their generating functions. Using
these polynomials, we define matrix factorizations for MOY diagrams in
Section 4.

3.1. Homogeneous polynomial
We suppose that variables ¢, t2;,...,tm,, Where ¢ is a formal index,

have Z-grading 2. Let ’]I‘E?;) be a sequence of m variables t;; (1 <1 <m):

Tg?)l) == (tl,h tgyi, e 7tm,i)-

Let x;; = Zl<k1<~--<kj<m ki thi (1 < j <m) denote the elementary

symmetric polynomials. We find that the Z-grading of z;; is 2j. In addi-
(

tion, we put xg; = 1 for any 7. Let X(?;) be a sequence of the elementary

symmetric polynomials z;; (1 <1< m):

(m)
X(l) = (xl,’iaxz,ia cee 7$m,7j)-
For a sequence of positive integers (mi, ma,...,my) and a sequence of indices
(11,12, ...,1k), let RE;?IZQmQ%)m’“) be a polynomial ring over Q generated by
symmetric polynomials in sequences X(ml), X(mQ), . ,X(m’“) :
(i1) (i2) (ix)
(m17m27“'7mk) i
(i17i27...,ik) = Q[J:Lil s 15271‘1, e a$m1,i13 . al'l,ik,l'Q,ika e al'mk,ik]-

Let s(m) be a function that is 1 if m >0 and —1 if m < 0. For a sequence

of integers (mi,ma,...,my) and a sequence of indices (i1,i2,...,1%), let
((Z“mm2”)ml) be a rational function composed of polynomials of XE?IS“)
(k=1,...,1),

l
H(l T X1y e+ $|mk|,ik,)s(mk)>
k=1

and let Xr(nm(llln;bjzg’) be homogeneous terms with Z-grading 2m of the ratio-

. mM1,M2,...
nal function X ™2
(i1,82,.-.,87)

of X UmLm2esm) (1 e N ):

mv(i17i27~"7il)

™) 1 general, let nglll:m”)ml) denote a sequence

(ma,ma,...my) _ ( (m1,m2,.--,ml))
(i1,82,-.31) m,(i1,iz,..i) /TEN>1
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REMARK 3.1. Let m; (1 <j <I) be a positive integer.

(1) X (msema) o g generating function of elementary symmetric polynomi-

(315-4%1)
(m1) (my)

als of variables T, /..., T; /.
(1) (ir)
(2) X (Zm =)

(i1,yi1)

mials of variables ']I‘EZ;), . ,’]I‘EZI)Z) up to +1.

These polynomials have the following properties.

is a generating function of complete symmetric polyno-

PROPOSITION 3.2. (1) Let Sy be the symmetric group. For any o € Sk,

(mama,.smi) _ 3 (Mo (1) (2)5M0 (k)
m,(i1,32,..,1k) M, (g (1)si0(2)s-to(k))

(2) Foranyle{l,2,...,k—1},

m
(ml,m% 7mk X(mh my) (Mig1,e-mp)
m,(i1,i2,...,0%) M—3,(1,y5) " 5, (G 15e0508)
Jj=0

(3) For any positive integer mq,

(=mi,ma,..omp) _ y(ma,me) oy X(—mlamewmk) .
m,(i1,82,..,0k) m,(i2,..50k) LivPm—1, (i1 ig,...ik)

(=m1,ma2,...,my)

ML m—my, (i1,i2,...,ik)

(4) For any positive integer m,

m
ZX mi,.. ’mk X( mi,...,— k):O

l7 7/17 -1 l (Zlv 7“6)
=0
(m1,ma2,...,mg) (m1,...,mp) (m1,...,mp)
(5) The ideal in R(lelz 2 i) " generated by (X (1117 i) ""’Xm,(lz'1,...,i:))
equals the ideal generated by (Xl(yzll”:';;) - Xi (Zfl’zgmk),,
(mi,.my) (*ml+1~--,*mk))
m,(i1,...,il) m,(il+1,...,ik)

We consider the power sum tﬁfl —i—tgj.'l 4. +t21_‘,—il in Q[t1,4, .., tm,]. The
power sum is represented as a polynomial of the subring Q[z1 , ..., Zm, ;] gen-

erated by the elementary symmetric polynomials, which we call Fy, (21, 22,
-y Tmy) OF Fm(XE?;)) for short:

Fm(XE;n)) = Fm(xLi, L2y ,(L’mﬂ') = t?:z!_l + tgjl +--+ t%—t_,il.
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PROPOSITION 3.3. (1) We have

m
Fm(xl,iy l’gﬂ', e ,$m7i) = Z(—l)n+1_kk xk,zXf;_TZk7(z)
k=1

(2) The sum of ka(x(’.”k)) (k=1,...,7) equals F. (mlvm%'"vmj)).

(ix) Eizlmk( (31,251 5)

(41,82,..415)

J

( K PARRS ) )
kZka X“”k = Py (X)),
=1

(3) The polynomial Zi::l Fp, (X (mk)) is a potential of R(ml’mQ’ i),

(k) (31,8250-,15)
84. MQOY diagrams and matrix factorizations

MOY diagrams represent intertwiners between tensor products of some
fundamental representations. The diagrams consist of some elementary pla-
nar diagrams colored from the set {1,2,...,n}, which corresponds to the set
of the fundamental representations {V,,,..., A" 1V, } and the trivial repre-
sentation A™V,,.

In this section, we give a definition of matrix factorizations of MOY dia-
grams and show isomorphisms between matrix factorizations corresponding
to some MOY relations.

4.1. Potential of MOY diagram

A potential for a MOY diagram is a power sum determined by color-
ings, orientations of the diagram, and formal indices that we put on ends
of the diagram. For a given MOY diagram, we assign a different index
i to each end of the diagram and then assign a power sum to each end
as follows. When an edge including an i-assigned end has a coloring m
and an orientation from inside the diagram to the outside end, we assign

m3 mi Mo

mi mo ma
(1<m<n) (2<m3z=mj+my<n)

LIm] Almam2] Vlm,ma]
Figure 2: Elementary MOY diagrams
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e P (ms)
X(5)

Figure 3: MOY diagram assigned indices and diagram assigned sequences

the polynomial +F, (21,4, Z2,,...,%m,) to the end, and when an edge has
an opposite orientation from outside to inside, we assign the polynomial
—Fy (214,724, - -, Tm,i). The potential of a MOY diagram is defined by the
sum of these assigned polynomials over each end of the diagram.

To each end of the edge with coloring m, we simply assign only a formal

(

index ¢ or a sequence of variables X(?)I) for convenience (see Figure 3). For

instance, the potential of the diagram in Figure 3 is
oy (X{1Y) + Fony (X)) = Fony (X)) + Foy (XU5) + By (X(5).
4.2. Elementary MOY diagrams and matrix factorizations
For elemental pieces of MOY diagrams (see Figure 2), we define matrix

factorizations.

We consider elementary MOY diagram L[(T-]2) in Figure 4.

DEFINITION 4.1. For the diagram LETL), we define a matrix factorization
Flm]
L) by
- (m] . x(m) 5 (m) )
(3) BE (Z5 X5~ X)) ponaor

(1,2)

@
Tm (1<m<n)

@

Figure 4: Elementary MOY diagram L

[m]
(1;2)
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® @ @

(2<m3z=mi+mg<n).

Figure 5: MOY diagrams A[(;nig;ﬂ and V([1m213r)nﬂ

where L;r(l]l;z) is the polynomial

(F(x (™) oxtm oxm o x )y

17(2)7 ' .7_17(2) .77(1)7 mv(l)
(m) (m) (m) (m)
— Fm(XL(Q)’ . ’Xj,(Q)’XjJrl,(l)’ . ,Xm7(1)))
(m) (m)
/(X5 0~ X5 @)

REMARK 4.2. For m > n+ 1, we can consider a matrix factorization f[(rln.]Q)

as the above definition. However, we find that such matrix factorizations are
contractible.

We consider MOY diagrams A[gi’gﬂ and V([In;;)rm} in Figure 5.

[m1,ma]

DEFINITION 4.3. For the diagram A(3;1’2)

, we define a matrix factoriza-

[mlva]

tion K(3;1,2) by

(4) B g (Almamal. xme) _ e Omima),)
j=1 7,(3;1,2) 7 75,(3) 3,(1,2) RE;’}Q’;?”?’)’
where AE"Z;)I” 22)] is the polynomial

(Fm3(. . an_11,(1,22)7 Xj,(33) ’Xj+13,(3)’ )

(mi,m2)  x-(m1,m2) - (m3)
— Fi (... ’Xjfll,(1,22)7Xj,(11,2) ? ’Xj+13,(3)’ =)

J(x(ma) _ x(mima)y

7,(3) 3,(1,2)
For the diagram V([lmzlg)nﬂ, we define a matrix factorization VETE;’;Q} by

m3
[m1,ma], y-(m1,ma) (m3)
(5) B Viaes X502 — %) )Rgg";g;%m@{_mlm?}’
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AN - m \\
@ @) @
I'; FR FG

Figure 6: Gluing diagrams

where V[Zléﬂg} is the polynomial

(m1,m2) §-(m1,ma)
-1 X2 X2

(m3)  xr(ma) - (m1ma)
= P (o, X X6 XG5 )

1
(mima) 1 (ms)
/(X = X))

REMARK 4.4. For m3z > n + 1, we can consider matrix factorizations
AE?%’Z;Q] and VEI ;’3)2} as the above definition. However, we find that such

factorizations are contractible.

4.3. Glued MOY diagrams and matrix factorizations
For a MOY diagram I', we define a matrix factorization by gluing matrix
factorizations f[{ﬁ]?), KE?;;:;;Z], and VET;Q;Q] Let C(I'),, denote a matrix fac-

torization for I'.

DEFINITION 4.5. For the diagram I' composed of a disjoint union of two
diagrams I'y and I'y, we define a matrix factorization C(I") by the tensor
product of C(T'1) and C(I'3):

C(D)y := C(T'1)n B C(T2)n.

We consider two MOY diagrams that have a consistently oriented com-
mon m-colored edge (see the left and the middle diagrams in Figure 6).
These diagrams I';, and I'g are glued at the markings (D) and (2), and then
we obtain the diagram I'g in Figure 6.

DEFINITION 4.6. Let w + F,,(X El))) be a potential of I';, and let w’ —

Fm(Xg)L)) be a potential of I'r. We put C(I'1),, the factorization of I', in
Ob(HMF¥

(mq,..., my, m) (m)
R o ot Fm(Xgy')

), and we put C(I'r), the factorization I'
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@ m @ m
@ o
G ™ @)
I L'c
Figure 7: Diagram I'r and glued diagram I'c

). For the glued diagram I';, we define a

(m)
w'—Fm, (X(Q) )

in Ob(HMF® , mlm)
(i’l ,,,,, i2,2)

matrix factorization C(I'g) by

C(FG)n = C(FL)TL X C(FR)TL’XES):XE7{;> .

We find that C(I'¢),, has finite-dimensional cohomology by Proposition 2.5.
Therefore, C(I'q), is an object of HMF# P

(my,..., mp,my,..., ml)
(4155 ik,i’l AAAAA i)
We consider the MOY diagram I'r and the dizlxgram I'c obtained by
joining ends of edges with the same coloring (see Figure 7).
DEFINITION 4.7. In this case let w + Fm(Xgr)L)) - Fm(ng)) be a
potential of the diagram I'r. For factorization C(I'r), in
Ob(HMF®" ), a matrix factorization of the

(mq,...s mg,m,m) (m) (m)
R(il,m,ik,fﬁ) ""’JFFW(X(l) )7Fm(X(2) )

diagram I'¢ is defined by

C(Te)n:=C(I" m m) -

(Te)n =C( T)”‘X52>)=XEI>>
Here, C(T'¢),, has finite-dimensional cohomology. Therefore, C(I'¢),, is an
object of HMF®"

(mq,...,mg)
(315 0si)

We find that a glued matrix factorization loses potentials at glued ends.
Therefore, a potential as a matrix factorization associated to a MOY dia-
gram is compatible with the potential of the diagram.

PROPOSITION 4.8. A matriz factorization of a MOY diagram is indepen-
dent of a decomposition of the diagram in HMF®",

4.4. MOY relations and isomorphisms between factorizations
We show isomorphisms between factorizations corresponding to MOY
relations. For a sequence of integers (mi,...,my), a sequence of indices
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(i1,...,ik), and ¢; € {1,—=1} (j=1,...,k), let w(elmlf“j’e’“mk) denote

k
(6) > 6, (X)),

PROPOSITION 4.9. (1) We have the following isomorphisms in the
homotopy category HMF®"

(my,mg,m3,my) (ml —mg,—m3, M4)

(1,2,3,4) W(1,2,3,4)
(ma) (ma)
Xia) Xia)
m4 (me)
X
C ~C ma ~C )
mi mao ms3
(m1,m2,m3) (1) ¢(m2) s¢(ms)
X(1,2,3) X(1) X(2) X(3)

n n

(2) Wehave the followingisomorphisms in HMFS"

(my,mg,mg,my) (m1,mg,mg,—my)"

(1,2,3,4) W(1,2,3,4)
(m1) (m2) ¢ (ms) (m1,m2,m3) (m1) (m2) ¢ (ms)
Ly Xio) X) K(1,23) ORI RRE)
mi Mo ms3 m
C ( ~C * ~C ,
x(ms)
(5) ma
(ma) (ma)
X ) " X' /.

where 1 <mqy,mg,mg<n—2;ms=mi+me<n—1,mg=mo+mz<n—1;
and mg =m1 +mo +m3 <n.

PROPOSITION 4.10. (1) There exists an isomorphism in HMF%r

(X D), = g, iz 0.0.0){—mn-+ m?}m),

where JF Xy is the Jacobian algebra for the polynomial F, (X(m)):
M)

(1)

oF,,
Tk Fn(X() /<3=’E1 1 "a$m,1>'
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T

(m3,m3) (mz,—m3)
s way e

@ © @[2§]q

C mi ma ~ C ms3

@

n n

(2) There exists an isomorphism in HMF®

(3) There exists an isomorphism in HMF®"

®m1 @ ® [";Z;” ] 4
cl ™ e ~C " (ma),
1
n n

where 1 <mq,ms <n—1, and mg =mq +ms <n.

REMARK 4.11. The Jacobian algebra J is isomorphic to the coho-

m ()
mology ring of the complex Grassmannian Gr(m,n) as a graded algebra [4].

The cohomology ring of Gr(m,n) is isomorphic to

H(Gr(m,n)) =Qlex,...,em]/(hnti—m, - hn),

where h; is the Jacobi-Trudi determinant

€1 €9
1 €1
0 1
0 cen 0 1 €1
OFm(X() .
On the other hand, we find that —5—~— is the (n +1 —i)th com-
plete symmetric function of Tg;) up to (—1)". Since x11,...,Zm,1 are the
(m) P C5(1)

0
elementary symmetric functions of ']1‘(1) , the polynomial e is rep-
resented as the Jacobi-Trudi determinant of x11,...,2y,,1. Therefore, the
Jacobian algebra J .

H(Gr(m,n)).

(XE,S)) is naturally isomorphic to the cohomology ring
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Proof of Proposition 4.9. (1) By Theorem 2.8, the left-hand factorization
is isomorphic to

(7) % K(A[m5’m3]'$‘ _ X(m5,m3))
jo1 a3 T T R (5.3) /@
where Q = R{y'y 520 ™M) [ (g 5 — XU s — X)) I the
quotient @, the polynomial Agﬁ(j;n ?f)] equals
(Fina(-. 7X](r_n117,(7?722,3m)3),$j747 Tjf14,...)
— Py (o, X)X Oumems) g0,.00))

Jesa = XG5

A[mhmz,m:a]

7,(451,2,3)
morphic to RETQI;:L 42)’m3’m4), (7) is isomorphic to the middle factorization

of Proposition 4.9(1):

We denote this polynomial by . Since the quotient @ is iso-

mq

[m1,ma,m3], (m1,m2,m3)
(8) EIK(AJ',(4;1,2,3) 14— X (123) )REE,&%,M,M).

In a similar way, we find that the right-hand factorization of Proposi-
tion 4.9(1) is isomorphic to (8).
We can prove Proposition 4.9(2) in a similar way. 0

Proof of Proposition 4.10. (1) A matrix factorization of an i-colored loop
is

OFm(Xm 1) , 0> .

5 (R plm) o 1
(9) (R R 21—y =

1) 7
By Theorem 2.8, (9) is isomorphic to
(me(Xm,l),O,O,O){—mn + m2}<m)

(2) By Theorem 2.8, the left-hand factorization is isomorphic to

ms mi,m
jgl K<A£',(11;3,42)]?$j71 — l‘j’g)Q/{—mlmQ},
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where Q' = RET;’;?%’ml’mQ)/<X§T§,’g’2) —Z12,... ,anzl(’;?j)) — Zymg,2). In the
quotient @', the polynomial AE”Z;;” 42)} is equal to Lgan,]Q). We have an isomor-

phism of Rgn;)’mg)—modules

m ms3
Q{=mama} ~ <R§1,§5m3))@[’"1]w

Thus, we obtain the isomorphism of Proposition 4.10(2).
(3) By Theorem 2.8, the left-hand factorization is isomorphic to

—_~—

ms3
[m1,m2] | y-(m1,m2) (m1,mz2)
(10) B K Ay Xy ~ Xy )Rggngglvmw{_mlm?}’
where
o
7,(3;2,4)

(m1,m2)  y-(m1,ms2) (m1,m2) y-(m1,ma)
B X ey Xl o)~ Fms (s X ™ X))
- (m1,m2) _ y-(mi,me) ’
X ~ ey
3 (m ,T ) (m T ) (m 51 ) (m ,TT )
The polynomials <Xm1ir1,(21,4) - Xm1i1,€2,4)’""Xms,l(l,j) N msvl(l‘f)) are
described as a linear sum of the polynomials (X{Tii;”) - Xf%l’f)”),...,

Xf:fl(fl 42)) - annzl(;n 42))). Then, by Theorems 2.6 and 2.8, (10) is isomorphic

to
o [mi] ... o "
jglK(Lj’(LQ)’xj’l x],?)RET%;ml) IX (Q 70)070)<m2>7

—~——

where Q" is the Rgfé)’ml)—module RETQI”Z)LI’mQ)/<A£nmllﬂﬁi2(]3;274), . Aﬁl(;;]él))

Since Q" is isomorphic to (Rgnzl)’ml))@[ :”21]q as an REE)’ml)—module, we
obtain the isomorphism of Proposition 4.10(3). 0

PROPOSITION 4.12. (1) We have that there exist isomorphisms in

2,3,4 (1.2,3,4)
® ®@ ® ©) © @\ em-
o1 Jgm 1 n

cl 2 m—1| ~c m+1 el m
£, 1 m
® @ /, ©) @/, ® @/,
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Figure 8: [1, k]-crossings and [k, 1]-crossings

(2) There exist isomorphisms in HMF®, . e
(1.2,3,4) “(1,2.3,4)

O @ O @ ) @ \ ®h-m=1l

1y m+14m

c| m 1 ~C|1 m ®eC
m+1

® @ ), \® o/, \& o),

Proof. We will show the isomorphisms in the proof of Theorem 5.3 (see
Remarks 5.5 and 7.1). 0

§5. Complexes of matrix factorizations for [1, k|-crossing

In this section, we define complexes of matrix factorizations for a [1, k|-
crossing and a [k, 1]-crossing (k=1,...,n—1), and we show that there exist
isomorphisms corresponding to Reidemeister II and IIT moves composed of
[1, k]-crossings and [k, 1]-crossings. Note that the definition of complexes of
matrix factorizations for a [1,k]-crossing and a [k, 1]-crossing is a general-
ization of a complex of matrix factorizations for a [1,2]-crossing given by
Rozansky [11].

In the state model of the (sl,,AV},) link invariant, (see [9]), the [1,k]-
crossings and [k, 1]-crossings (see Figure 8) are expanded into a linear sum

as follows:
_ 1=k g1 1%’6 1,*’“ —k kn/ ToYk
< >n_( b k 1 9 < ’Xkﬁl >n’
> _ (—1)k gkt 1%’6 1,*’“ 1)k 7kn< %ﬁ > ’
n k k 1 n

Y\/H’ A
/= =7

=

k=141 K 1
— (- 11k;/m1 ; 1 k;qlm< '\A/J:k}l>’
n k 1 k n
_ (—1)klght k%’g 11
n 1 k

=N

<
<
<

—_
ET‘
|
R‘
S
/\
—
F
;—l— ,_.:
—
\/
: .

\\ =
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5.1. Complex for colored tangle diagram with [1,k]-crossings

First, we consider diagrams F[Lly’g] and F[Llf ] appearing in the state model
for [1, k]-crossings (see Figure 9).

By Theorem 2.6, the factorization of Fg’g] (1 <k<n-—1) is isomorphic

to

7 [1,K] [1,k] 1.k 1
N (o) = S0 DK (] o g @11 =200 X0 s {=k+13,

(1,2,3,4)

and the factorization of F[l ] (1 <k <n-—1) is isomorphic to

it <l1.k] [1,4] ) (k,—1)
M(1,273,4) S(l 2,3.4) 2 K(ukz+1,(1,2,3,4)7 (11— $1,4)Xk,(2,4) )Rg,g,;i;{—k},

where

Sk k [1,k] - (1k) (k1)
5(1727374) - j§1 K(Aj,(1,2,3,4)7Xj,(1,2) B Xj,( ’4))R8 ’2‘3?:;))7

[1,K] [1,k] k+1—j, [L,k] _
A; 3,(1,2,3,4) = %5,(1,2,3,4) — (—21)"" jukﬂ (1,2,3,4) (1<j<k),

[1,K]
U (1,2,3,4)

(k1) (LK) (k1) (1,k)
Foa (-, X0 13,4 X (12) )= Fea (o X 34)’Xj+1,(1,2)"")
B (L) (k1) :
X2~ X561

We have two Z-grade-preserving morphisms between these matrix factor-
.. =k —[1.k
izations M£172],374) and N[(172]7374),

—[1,k 1,k]
X (L,z11 —714): ME1,21,3,4) - N£1,2,34 {-1},

1%:—1%1@ 1;‘::'13
k 1 k kﬁl
® @ ® @

[L,K] [L,K]
o Ly

)

(11) Id

K

Figure 9: Diagrams F[Ll’g] and F[Ll’l assigned indices
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LA —[1,k]

(12) Id—(llgw)& (r11—714,1): N (1,2,3,4) —>M(1,2,34 {-1}.
REMARK 5.1. We have
——[1,k] —[1,k]
dlmQ HOmHMF(M( 2,3 4),]\7(17273 4) { 1}) = 1
—=[1,k] T7LH

dimg HomHMF(N(1 2,3,4) (1,2,3 4) {-1}) =1

DEFINITION 5.2. We define complexes of matrix factorizations for [k, 1]-
crossings and [1, k]-crossings as follows:

—k 1-k
[1,]
®\ ] gy
¢ 1 < =0—= M350 {kn}k) ——————> Nyazalhn—1}k)—0,
k—1 k
)Q} N
,(1,2,3,4) i
C —O—>N(1234){1—kn}< ) ———————— M(1234){ kn} (k)= 0,
—k 1-k
®\ X+ <2143> (1,4]
cl X% —0—>M(2143>{kn}< ) ——> N@agthkn—1}3(k)—0,
k—1 k
[1 ]
Q _[1‘]6] ,(2,1,4,3)
¢ j . =0 NG {1— kn}ik) —————> M1 a5 {—kn}(k)—0,
where
L1, =1d_ = (1
k] T11— %14
X1.(1,2,34) = S0 (1,1, ),
[1,k] _
Cl1234) ¢ IdSE111534)@(331,1 T14,1).
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For a given tangle diagram composed of [k, 1]-crossings and [1, k]-cros-
sings, we decompose the tangle diagram into [k, 1]-crossings, [1, k|-crossings,
and colored lines using markings and then assign different indices to the
markings and ends of the diagram. Then, we define a complex of matrix
factorizations for the tangle diagram by a tensor product of complexes for
[k, 1]-crossings, [1, k]-crossings, and colored lines in the decomposition.

5.2. Invariance under Reidemeister moves
In the following section, we show one of the main results, which is a
generalization of Khovanov and Rozansky [6, Theorem 2].

THEOREM 5.3. If tangle diagrams composed of [k, 1]-crossings and [1,k]-
crossings are related by a Reidemeister II or III mowve, then the complexes
associated to the diagrams are isomorphic in KP(HMF®). That is, we have
the following isomorphisms:

o

(Halk) C

S

UU
A AR

—_

(ITbyy,) C

\\/j
<

[
4\7
_/?ry

kk 1 |1
(I11x) C ;
N ] n

. 1‘3\1 ;

{ ]
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5.3. Proof of invariance under Reidemeister IIa and ITb moves

We have
(13)
-1 0 1
@ ©) (@) B o
M . B Mo (P5:04)
C @{ @ - Moo{l} MEB 1\4-11{*1}7
©) @ .
where

_ —=[1,k] —[1,k] = S 7[1,E] 7Lkl
Moo= N1 256 XM (g54,3) Mo =My 556 X M543

—I[1,k] —[1,k] — —[1,k] —[1,k]
(1,2,5,6) xN(6543)’ My :M(1,2,5,6) &N(6,574,3)7

¢ = (1d sk Mg —216,1)) KIdeny

Moy =N

(1,2,5,6) M(G 5,4,3)
& :Id—Lk X (Id—~ [1,k X(1 1,6 —X1,3
¢2 N£1,2],5,6) ( S(G 5] 3) ( Y 7 ))7
G =1d_ny N(Idopy N(1,216—213
bs il ( stk (1,21, 3));

= —(Id— X(x11—216,1)) XId— .
o ( sitH (21,1 — x1,6,1)) ML

We show that this complex is isomorphic to

_[Lk] _ —[].Ji‘} [Lk] (k’fl).
Lioasy=501243 X K(“k+1,(1,2,4,3)Xk,(2,3) 11— 21 3)R8 o

Note that the above factorization is isomorphic to the middle factorization
of (ITa,,) L3y B L{y by Theorem 2.6.
To prove the isomorphism, we show the following lemma. If the lemma

can be proved, we obtain the isomorphism by a chain homotopy equivalence.

LEMMA 5.4. We have isomorphisms in HMF®" (L k) (Lk—1,F)
(1.2.3,4)"¥(1.2.3,4)

1 k
(14) Moo{1} = (L)' 4 5) W {1},
1.k
(15) Mo~ (V{1 5) 20,
—_— 1,k 1.k
(16) Moy >~ (M El 2}4 3))€B[k e g L£1,2},4 3))
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(17) My{-1} = (ALY )W -1},

such that, with respect to the above isomorphisms, ¢, (i =1,2,3,4) induces
the following matrices ®;:

on_ —x koD
B bl i(23) M0
$) = | Bra(ldgne ) for1 ,

(1 2,4,3)
Id_
Ok-1 M54
E_ 1(Id— e ) o1

52 _ (1243) (k1) :

Ok—1 IdSEghg)g(l Xk (2, 3))

By = (Ek(:[dﬁ[lxk] ) tOk) :

(1,2,4,3)

on_ Td.. R(—x P 1
Ty et st Ky~

Ek_l(IdM[l,k] ) tOk_l ’

(1,2,4,3)

where Ep,(f) is the diagonal matriz of polynomial f with order m and o,
1s the zero low vector with length m.

Proof of Lemma 5.4. (I) We show the isomorphism (14).
The matrix factorization Mgg{1} is isomorphic to

-1,k k
(18) SE1,2],4,3)&K( EH] 65.43) (T16 — I1,3)X,E 53)) {—2k + 2},

where

Rk Lk k1) (k,1) (1,k) (k,1) (k,—1)
Q1= 1 2,3,4,5,6) /<X 1 2) Xl,(5,6)’ e ’Xk,(l,Z) - Xk,(5,6)’ Xk:,(2,6) )-

The set

k,—1,—1
B1={1,716,...,7] 627X( 7(2,3,3)}

is a basis of 1 as an REl ];’3’2))
[1,]

tion K (uy (12,4.3)} (11— 21 3)X(k( )Q1{ 2k + 2} is isomorphic to

-module. By this basis, the matrix factoriza-

(19) (Ri{—2k+2}, Ri{3 —n}, Ek(uklﬁ (1243 Be((@11 —ml,g)X,Ef“(’gfé)))),
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. (1,k,1,k) )
where R; is the R(1 5.3.4) -module spanned by B;. Thus, the matrix factor-
ization (18) is isomorphic to

—[1,k
(ME1,21,4,3)>®W‘1{1}-

(IT) We show the isomorphism (15).
The matrix factorization Mg is isomorphic to

—[1,k 1,k k
(20) SE1,2],4,3)®K(“£;+1] (6,543 (T1,6 — 13) X 53)) {2k},

where

Q R(l,k,l,k:,k,l)

(1,2,3,4,5,6)
(1,k) (k,1) (1,k) (k,1) (k,—1)
/<X1,(1,2) - Xl,(5,6)’ e ’Xk,(1,2) Xy k,(5,6) (z11 — $176)Xk7( )>
The set
%2:{1,961,1—961,67---7961{;7_62(1311 r16), k)}

is a basis of )2 as an Réi];;f))
[1,k]

tion K (uy | (12.4.3)’ i(r11 — x173)X]i]f(’2_7§)))Q2{—2k} is isomorphic to

-module. By this basis, the matrix factoriza-

k
(Ra{=2k}, Ro{1 = n}, Biia (w54

(21) (k1)
Brr1((w11 = 213) X (5.9))),

where R is the REELR) hodule spanned by 9B,. Thus, the matrix factor-
(1727374)

ization (20) is isomorphic to
LA k+1
(M(1,2,4,3))@[ o,

(III) We show the isomorphism (16).
The matrix factorization Mg; is isomorphic to

GlLK]

1,k
(22) Sz B K (uf +1]7(675,473) (w16 — 713); X\o s ) g {2k + 2}

The set Bz = {1,216 — 21 3,...,3:’1“%2(331,6 —x13)} is a basis of Q1 as an

1,k,1,k 1,k k,—
RELQ’?)A))—IHOdule. K(u£€+1] (1,2,4,3) (1‘1 6 — $173); (.%1,1 — 1‘1’3)X( (2 3 ()5))@1 X
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{—2k + 2} is isomorphic to (Ri{—2k + 2}, R3{1 — n}, F1, F{), where R3 is
the RYF1E)_module spanned by 83 and

(1,2,3,4)
k=1 [LK]
F1:< Ok—1 Xe2, ) k+1(1243)>’

[1,K] t
Er1(ui 1243 Ok-1

k,—1

Fl = for—1 Ep—i((z1,1— 1'1,3)X,i’(2,3))) .
T1,1 — 21,3 Ok—1

Thus, the matrix factorization (22) is isomorphic to

—1,

Lk
(M4 !

k
2]4 3))69% o g L[(1,2,4,3)'

1<y Ey

(IV) We show the isomorphism (17).

The matrix factorization Mg {—1} is isomorphic to

—[1,k 1,k k
(23) SE1,21,4,3)gK(u£c+1](6543)(x16 213); X} 53)) {2k}

The set

By = {1,216 — 213, (211 — 21,6)(T1,6 — T1,3);- -,

26 (w11 — 21,6) (21,6 — 21,3) }

is a basis of 1 as an Rg:sgj))—module. K(ugfl] (124 3)(1'1 6 — T13);
X]gc(’;;)))Ql{—Qk} is isomorphic to (Re{—2k}, R4{1 —n},G1,G}), where Ry
is the Rg’;;f)) -module spanned by B4 and
k—1 [LK]
Gy = ( Okkl Xy (2,3)%k41,(1,2,4,3) (w11 — x1,3)>
= 1 b
B (u£€+1] (12,4,3)) fo—1
Q= o1 B 1((z110 — 71 3)X(k(2 3)))
! 1 Ok—1

Thus, the matrix factorization (23) is isomorphic to
7Lkl k
(M(1,2,4,3))®[ Ja.

(V) We show that the morphisms ¢; (i = 1,2,3,4) induce ®; with respect
to the above isomorphisms.
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By the isomorphisms of (14) and (15), we find that the morphism ¢, :
Moy — My induces the morphism Id_nx  X(211 —216,21,1 —21,6) from

(17k71’k)
(1727374)

basis 81 of ()1, a matrix form of the grade-preserving Rgg;g -module

morphism z1 1 — z16;Q1{2} — Q2 is

the matrix factorization (18)—(20). With respect to the R -module

(kv_l)
Ok-1 —X} 3)
Ep1(1)  ‘fog—1
Ok—1 1

In a similar way, we find that ¢, induces Id_n, X (1, x1,6—x1,3) from
(1,2,4,3)

the factorization (18) to the factorization (22), ¢; induces Idgpm B (1,

(1,2,43)
x16 — x1,3) from the factorization (20) to the factorization (23), and ¢,

induces Idg[l,k] X (21,1 —21,6,21,1 —21,6) from the factorization (22) to the
(1,2,4,3)

factorization (23), and then these morphisms are deformed into morphisms
Py, B3, and Dy, respectively. 0

REMARK 5.5. We showed the above isomorphism (16). This is the claim
of Proposition 4.12(1).

We can prove the other isomorphisms of (II,,,) and (IIp,,) in a similar
way. The isomorphisms of (11}, ) are shown in Section 7.1.

5.4. Proof of invariance under Reidemeister II1I move

We prepare the following isomorphisms for proof of invariance under Rei-
demeister III move. Mackaay, Stosic, and Vaz [7, Conjecture 2] conjectured
that there exist isomorphisms between complexes of bimodules that are
associated to the following diagrams.

. . . . b T .
PROPOSITION 5.6. We have the following isomorphisms in K (HMF%M).

E+1 1 ﬁﬂ 1 k—&-l)‘
C N ~C ,C ,
] n k1 n

Nk k1

n
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A )
11k
~C .

t kAL
I—Ek
C / ~C
1 k+1 n 1 ij (kﬂ

Proof. Removing acyclic complex in the left-hand complex, we have the
right-hand complex, respectively. We prove this proposition in Section 7.2.

0

n

COROLLARY 5.7. We have the following isomorphisms in ICb(HMF%w):

kAL

Proof of invariance under Reidemeister 11111 move (Theorem 5.3(11111y)).
We have
(24)

k1 ko1
KA K+l 1 X ®Id 1 1
cl(\J|= ¢+ — R :
N ] N1 J n N1 l] n

By Proposition 5.6, the above complex is isomorphic in C®(HMF®) to

tc 1AL
ka

1 k+1
1 k n

(25)
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—_—~—

We show that Y[f’l] XId = X[f:’u X Id up to chain homotopy equivalence.
Put
OIOIO)
C \ ] = C—k—l @
1,1 —k
@ (Id &X[ (]239,8)) 02
[LK]
@ n X+t (0.1,7,4) X 1dgz
(26)
C—k+1
(X[i g 1,7,4) Kldy, —Idx gxg}:g,&g,s))
where
[1,K] —[1,1]
c* M(9,1,74)@M(2398){(k+1)(n—1)}<k‘+1>7

1k 1,1
Cyh = £9,1},74)&N£23]98){(k+1)(n_1)}<k+1>a

JT—E 1,1
Cy k:N[(9,11,74)®M£23]98){(k+1)(n_1)}<k+1>a

1,k 11
ok = N[(91]74)®N23]98){k+1 (n— 1)}k +1).

—_—

The morphism X[ UR1d is composed of a tensor product of a morphism

R
from C <%9 toC <1 H’) {—1} and an endomorphism ® of the com-

plex (26). The endomorphism ® consists of morphisms f, g, and h in the
commutative diagram

cr*
0 —— C*k*l fan) C*kJrl — 0
cyt
@: 7 w(@gﬂ) 0
_, \Jogn
C
0 —— C*k*l fan) C*kJrl — (.

oy"
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Since @ is derived from X[f’l] X 1d, we find that f # 0, goo # 0, gi1 # 0, h # 0.
Moreover, we have
dime H —k—1 —k—1y _ 1 —k ek _
img Hompnr (C ,C ) = dimg Hompur (C ", C1 ") =1,
dimQ HOInHMF(C;k, C;k) = dim@ HOHlHMF(C_k+1, C_k+1) =1,
dirnQ HomHMF(Cl_k, CQ_k) = dimQ HOIIlHMF(CQ_k, Cl_k) =0.

Therefore, ® induces the morphism

Id - 0
ey 0, Idc—kfl, 01 Idc_k ,Idckarl,O, e
2

up to chain homotopy equivalence. Thus, we obtain the first isomorphism of
Theorem 5.3(III11;). We can prove the other isomorphisms of
Theorem 5.3(I1111)) in a similar way. U

We prepare isomorphisms in le(HMF%w) for Section 6.

PROPOSITION 5.8. We have the following isomorphisms in ICb(HMF%{w):

k+1 k+1
(1c é ~C [y k| {kn+Ek}E)[-F],
1, Nk n

n

E+1 k+1
(2)C é Cly k| {—kn—Ek}E)K],
1~ k n

n

1‘\ k
(3)¢ @A c 1\7,/k {kn + K} ([-),
k+1 k+1

n n

1 /Ak
@wel O =e [\ k| (k- rRE.
k+1 k+1

n n

12

12

Proof. We show the isomorphism (1). The left-hand complex is
(27)
—k —-k+1

k] o [LLA] ’ k] o L]
A5 B M 5y 53 9y {kn}(k) A5 BN (5 4 5 0y {kn — 1}(K).
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We have

—[k,1] ——[1,k] —[1,k] (k+1,1,k,1) (a
A(1;4,5) X M(5 4,32) — A(1 i2,3) RE’S}?;)LM (R(1,2,3,5) /<Xk+1 (2, 3 5) A=K},

~ k1] A7l k] ~1,K] k+1,1,k,1 k,—1)
Aias) W N (5432 > Mil2,3) @ pikt1,10) (3515,3,5) )/<X( (3 5)>){ k+1}.

(1,2,3)

k]
5432) induces Idx(l1 g]s) ®1

with respect to the above 1som0rphlsms By a chain homotopy equivalence,
the complex (27) is isomorphic to

The boundary map of complex (27) Id Al &X[Jr (

K5k + B} (R)[-E].

The other isomorphisms (2), (3), and (4) can be proved in a similar
way. 0

5.5. Example of homology of Hopf link with [1, k]-coloring
We show the Poincaré polynomial of the link homology of a [1, k]-colored
Hopf link:

P 1 k _ t—2k8k+lq2kn+k [Z:| [TL - k]q
q

n

_ _ _ n
4t 2k+28k+1q2kn n+k—2 [k;:| [k]q
q

_ n n —ntk—
=2kt 1] [ o= ),
q

P Il k| — $2k=2 gh+1,—2kntn—k+2 [Z} (K],

q
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+ t2k8k+1q72knfk [ﬂ [n— k],
q

n —2kn n— — -
=t M g2 ([Klgq"* 272 4 [n — g 7).
q

Awata and Kanno [1] calculated a homological Hopf link invariant by refined

topological vertex. The evaluation for a [1, k]-colored Hopf link is
(28)
f(k,l) (q/’t/) _ q/—2n+k2—k(_t/)k |:Z:| ([k]qlq/n+k—2t/—2 + [n o k]qquQn—‘rk).
q/

Therefore, we find the following relation between these evaluations:

(29) P 1l |k :f(kvl)(qf%_t)8k+1tkqf2lm+szk7

§6. Complexes of matrix factorizations for [i,j]-crossing

6.1. Wide edge and propositions

We introduce a wide edge to define a complex of matrix factorizations for
an [z, j]-crossing. The wide edge represents a bunch of 1-colored lines with
the same orientation. We represent a k-colored edge branching into a bunch
of k 1-colored lines as a diagram of a wide edge (see Figure 10).



(slpn, AVyp) LINK INVARIANT AND MATRIX FACTORIZATIONS 107

Nl

Figure 10: Wide edge and a bunch of £ 1-colored lines

We naturally consider a crossing of a wide edge and colored edge and a
crossing of wide edges. For example,

*1 *1---*1

K fogeee p
hl ‘ *1*1---*11

! T
k MLJ/F | i1 *1 *1
) *1*1---*11

PROPOSITION 6.1. There exist isomorphisms in KP(HMF%, )

{0

n ' n

C !1 ~C !1
k

2 n n

For diagrams with the other crossing, their complexes are isomorphic in

KP(HMF, ).
Proof. We prove this proposition using Proposition 5.6. 0
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We find the following corollary of this proposition.

COROLLARY 6.2. There exist isomorphisms in K*(HMF%, )

p .
C-ITL:C i ,

n [ ] n

For diagrams with the other crossing, their complexes are isomorphic in
KP(HMFS; ).

n

By Propositions 5.6 and 5.8, we find the following corollary.

COROLLARY 6.3. There exist the following isomorphisms in ICb(HMF%iw):

e AR+1 lﬁl—ql
1) ¢ é\ ~C fL‘ {kn + k}(k)[—k],
1
e Ak E+1
2) ¢ Q ~C M‘L‘ {—kn — k}k)[K],
1~
A~
(3) ¢ k¢ ~C \Tf! (ko + K} [ H,
kL) k+1/
s
4) ¢ 1,2) ~C \1 kl (—kn — kM) [K].
kt1 ) k+1/

6.2. Approximate complex for [i, j|-crossing

We consider an approximate crossing of an [i, j]-crossing in Figure 11.

This approximate crossing has only [i,1]-crossings. Thus, we define a
complex of matrix factorizations for the approximate crossing using the
complex of an [, 1]-crossing in Section 5.1.



(sln, AVy) LINK INVARIANT AND MATRIX FACTORIZATIONS

A

Figure 11: Approximate diagram of [i, j]-crossing

109

DEFINITION 6.4. We define a complex of matrix factorizations for an
[i, j]-crossing as an object of /Cb(HMF%rw);

Ql Ql Ql
\ .

Ql

\s.

N

N

=C
=C
=C
=C

{=i(i=1)(n+1)}[i(i —1)]

{=3G -1+ 1)}iG - 1)

{iti = 1)(n+1)}[—i(i — 1)]

n

(i > ),

(i <J),

(i>7).

THEOREM 6.5. We have the following isomorphisms in /Cb(HMF%r’w):

C

QA

QY

12

12

1

C

Ql

Ql

B[i]q!

), =)

n n

n

i]q![7]q!
[ j@[]qmq _z’k )
~ C DR
;
Jlq!

Y

n
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\ @l

Proof. We show the proof of this theorem in Section 6.4. 0

For a colored oriented link diagram D, we obtain the homology of C(D).
We consider the Poincaré polynomial P(D) in Q[t*!,¢*!, s]/(s? — 1) of the
homology of C(D). We obtain the following corollary of Theorem 6.5.

COROLLARY 6.6. If colored oriented link diagrams are related by a Rei-
demeister mowve, we have the following equations of P:

. — [z ] — zA\ J
(TTa) -7 il = P Q‘ ,
e
(1T0) =71 [] Wi
=Pl 1] Wi
(TIT) - ,

n
where outsides of colored tangle diagrams in each equation are identical.

6.3. Polynomial link invariant P
We define a new link invariant P by normalizing the Poincaré polynomial
P. For a colored oriented link diagram D, let Crg(D) (k=1,...,n — 1)
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denote the number of [, k]-crossings in D. We define a polynomial P(D)
by

n—1

_ 1
PD)]] oD

k=1
By Corollary 6.6, we have the main theorem of this paper.

THEOREM 6.7. The polynomial P is an invariant of oriented colored links.

P(D) is the (sl,,AV,) link invariant if ¢ is specialized to —1 and s is
specialized to 1. Therefore, the polynomial P(D) is a refined link invariant
of the (sl,, AV;,) link invariant.

6.4. Proof of Theorem 6.5

Proof of Theorem 6.5(I). By Corollary 6.2, We have

C %] =C m {=i(i—1)(n+1)}[(i —1)]
~C %J {—i(i —1)(n+1)}[i(i —1)].

We show the following lemma.

LEMMA 6.8. We have the following isomorphism in K?(HMFS"):

. . @
(31) C t/\] {—i(i—1)(n+1)}[i(—1)]=C T

Proof. We prove the lemma by induction on ¢. In the case that ¢ =2, by

[i]q!

Theorem 5.3 and Proposition 5.8 we have an isomorphism

c m {~2(n+1)}2)~C % {~2(n+1)}2]
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Also by Theorem 5.3 and Proposition 5.8, we have an isomorphism

c(%) {—k(k—1)(n+1)}[k(k —1)]
%

(32) ~cC 1;11/\] {—k(k—1)(n+ 1) }[k(k - 1)]

1 k—1

~C {=(k=1)(k=2)(n+1)}[(k—1)(k—2)].

n

By induction, the complex (33) is isomorphic to
= p\ BlRl!
c Cij ~C T
n n

By this lemma, we find the first isomorphism of Theorem 6.5(1). We
prove the isomorphism for a minus ¢-curl in a similar way. 0

Proof of Theorem 6.5(1I).

() <) < )
ﬁi )
QCT T |

We prove the other isomorphism of (I7a) and isomorphisms of (IIb) in a
similar way.

| l
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Proof of Theorem 6.5(III). It is sufficient to consider the case i < j < k.
We similarly prove invariance of the Reidemeister (III) move for the other
coloring case.

§7. Proof of Theorem 5.3(1Ib) and Proposition 5.6

7.1. Invariance under Reidemeister IIb move
We show the isomorphism

@ 62) © @
(33) clec e | = 1T lk
& o/l Vo ol
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By Definition 5.2, we have

(34)
-1 0 1

@ @ 71

1 Ik o <52> Nio (?3,54) _
OC DO®| = Nalt) ———— & ———— Nu{-1}

Y 01

® @ /.

where

———[1,k] —=[1,k] ——=[1,k] ———[1,k]
‘7\700_1\4(1526)®N(6453)7 NlO_M(1526)®M(6453)7

- —=[1,k] —~=[1,k] —=[1,k] —[1,k]
Nl_N(1526)&N(6453)’ Nll_N(lSQG)&M(6453)?

U1 =1d— i g(ld [1,k] &(58176 —:17173,1)),

M(1526) S(6.4,5,3)
vy = (IdS[l o XLz —z6) X Idgnwm
(1, 526) (6453)
U3 = (Id.p x X (1,211 — T1,6 X Id—1 4
( s, (1,21, ) T
VUy=— Idﬁ[l k] &(Id—u,k] X (1'1,6 — 21,3, 1))
(1,5,2,6) (6,4,5,3)

By Theorem 2.8, Noo{1} is isomorphic to

k
[1,K] .y (LK) (—1,k,1,1)
El K (Ai,(6,4,5,3)’Xi,(6,4) - Xi,(1,2,3,6) )Qu

1,k v (—1k)
> K(u£€+1},(6,4,5,3) (T16 = 713); Xy 30) )Q1{3 —n}i1),

where

Ql _ R(l,k,l,k,k,l)/<X(1,k) . X(k,l) X(l k)

(k1) LK)
(1,2,3,4,5,6) 1,(1,5) 1,(2,6) " k,(1,5) -X >

k,(2,6) Yk+1,(1,5,2,6)
By Corollary 2.7, this matrix factorization is isomorphic to

lL,k] [1,k] (—1,k)

Sa23) X K(uk+1,(1,4,2,3) (z11 —21,3); Xy (3 4)) {3—n}),
where g%’}’iw) is a matrix factorization defined in Section 5.1. We also find
that Nj¢ is isomorphic to

=l[1,k] 1,k -1,k
5(1747273) X K(UEHE (6,4,5,3) + «; (1‘1’6 — $1,3)X]5 @3 4)))Q1{1 —n}(1),

[ANSS]
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where « is a polynomial with Z-grading 2n — 2k satisfying

1,k 1.k
(35) (“Ec+1],(6,4,5,3) +ta)(rie —113) = “Ec+1],(1,4,273) (1,1 = 213)

in the quotient @1, and that No; and N13{—1} are isomorphic to

_[17k] [Lk} . (_Lk)

Stz B R (Ui 1 (@11 = 218): X 3745) o, {1 = nH(1),

_[Lk] 1,k -1,k

Sa2,3) X K(“E€+1},(6,4,5,3) + a; (716 — $1,3)X,§,(3,4)))Q2{—1 —n}(1),
where

_ p(LkLEk1D)
Q2= R 5345.6)

(1,k) (k,1) (1,k) (k1) [LA]
/<X1,(1,5) - X1,(2,6)v e 7Xl<;,(1,5) - Xk,(2,6)7uk+17(1,5,2,6) (T11 — 216))-

Note that the polynomial « also satisfies (35) in the quotient Q2. We calcu-
[L,K] [1,k]

- - k+17(1757276) k+17(674)573)
No1, and Njp; into direct summands of indecomposable matrix factoriza-

late the polynomials u and u to decompose Nog, N1o,
tions.

Since we have equations in (1 and Q2

Xie) =Xz (=i=h),
1 [LE] .
the polynomial Ui (1,5,2,6) 15 equal to
(k1) (k,1) (1K) (k1) (k1) (k,1)
B (X 5.6y Xiaisy Katny0,) ~ Frtt (X600 Xy a6 Xi2.6)
(1K) (k,1)
Xk+1,(1,5) B Xk+1,(2,6)

k‘,l n— kvl n—m— k:’l
=C <X1(,(2,)6)) k +c2 (X1(7(2’)6)) g QX;,(Q,)ﬁ) o

n—=k —k—1
=czyg” + 3y e,

where ¢1 and ¢y are the coeflicients of monomials :r’f‘k and xrf—k in Fiq(xq,
n—k m—k—2
T, .. ., Tht1) = C1T] " Tpp1 + 2] eaxpy1+--- and cg =ci(n—k) +co.

Then, the polynomial ullH]

k1, (6,4,5,3) 18 equal in Q1 to

(717’“7171) (k71) (717]67171) (717]67171)
Fega (... ’Xk,(1,2,3,6)’Xk+1,(4,6)) = Fa (e ’Xk,(1,2,3,6)’Xk+1,(1,273,6))

(kvl) (_17k7171)
Xk+1,(4,6) N Xk+1,<1,2,3,6)
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- (—1k1,1)\n—k (—1Lk 1,1\ n—k—2 v(—1,k1,1)
_Cl(Xl,(l,z,z,ﬁ) )T+ (X (1, 236))n X, (1,236 T

k—1

n—=k
=C1Ty 6 +c3(— 11311+9612+£L‘13)5L‘16 + -

:—Cg(ZEll I 3).%'?61C 1+

By the condition (35), we have the equation in Q1

1,k n
(36) L+1] (6,4,5,3) +a=—cz(w11 — 21,3) (2] 6k b B),

where [ is a polynomial satisfying —(x16 — 56173)03(13’;761“’1 + B) =
[1,k]

Uiy (1,4,2,3) 0 Q1. Thus, Ny is isomorphic to

1,k n 1k
Sh 4}2 3) X KO(—Cg(.’L‘Ll — x173)(.%'1 Gk 1 + /8), (.%1’6 — $173)X( (3, 4)))
{1 =n}(1).
The sets

%1 = {17:1;1,67 . x?ﬁk 27 C3(x?6k 1+ﬂ)}7

1= AL (s —213), m16(16 — 21)s- 2" A (we — 213) |
are bases of (1 as an Rgzgg:g—module. Let Ry and R} denote the R&’;;Z]g-
modules spanned by B and B/, respectively. The sets
k—2 1,k
By = {1, (211 — 216),-- 2] (11— T16), (u Eq+1] (14,23 T a)},
B = {1, (w16 — 213), (z1,1 — T1,6)(T1,6 — T1.3),- - -,
x’fﬁk (z1,1—21,6) (21,6 — 213) }
are bases of ()2 as an Rgl;;f)) -module. Let Ry and R denote the Rggég_

modules spanned by B9 and B, respectively.

Using these bases, we find that K(ugj_;_kl]7(l747273)(x1,1 —213); Xlg_( j )0, {3—
n}(1) is isomorphic to

(Rl,Rl{Qk—n— 1},En,k(ug+kl] (1423)(3011 .%'1’3)),

En k(X} 5')) {3 = n}(1).
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K(—Cg(.l‘l,l — x173)(.7}1 6k 1 + ﬁ), (.7}176 - 1‘1,3)X( ;jf) )Ql{l }<1> is isomor-
phic to

(R}, Ri{2k —n+1}, 91, 92){1 — n}(1),

1,k
gl - < ton_k_2 En_k_2(ug{:+1]7(1741273) (I]-’l - xl,?’))) )

21,1 — 21,3 On—k—2
(—1,k) [1 K]
o= Op—k—2 . Xk (3, 4) Ukt1,(1,4,2,3) ‘
Enr2(X} 54) “On k2

1,k 1,k . .
K(u ;E;H] (1,4,2,3) (11— $1,3);X,£ (3.4) 4))Q2{1 n}(1) is isomorphic to

(R27R2{2k -—n-—= ]-}7En—k‘—|-1( E:_;'_kl] (1,4,2 3)(1‘1 1— xl,S))a

Bt (X)) {1 = n (1),

1Lk . .
K(u ;[gH] (6,4,5,3)" (71,6 —71,3) 2(34 )Q.{3 —n}(1) is isomorphic to

(Ry, Ro{2k —n+ 1}, 93, 94){—1 — n}(1),

1,k
_ (ton—k En—k;( Ec—&—l] (1,4,2,3) ($1,1 - 131,3)))
g3 = - )
1 On—k
- 1,k
91— On—k Xlg( ))“L+1],<1,4,2,3)($171 —713)
4 — —1,k .
En—k(X/;(gA))) ton_k
With respect to the above isomorphisms, 71, U9, V3, and 74 induce

E,_p1(Idcpm ) Lo k1

N(1 4,2,3) "
1 9
On—k—1 (1w (1,42,3)
[1,k]
On—k—1 —Uu Id— 1,k
n k+1(1423) N<14123)
Enp—1(Idgpm ) bon_k—1 ,
Qa, 4 2,3)

On—k—1 Id—u k]

Nil42,3)

[1,k]
On—k—1 (= Ui 1,(1,4,2,3) 1)
En fo— 1(Idﬁ[1 k) ) ton—k—l ’

(1423)
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(En—k‘—l(ldﬁ[lvk] ) ton—k—l) .

(1,4,2,3)

By a chain homotopy equivalence, we obtain the isomorphism (33). We
can prove the other isomorphisms of Theorem 5.3(IIb) in a similar way.

REMARK 7.1. We showed above how to decompose Nig into a direct
sum of indecomposable matrix factorizations. This corresponds to the MOY
relation

1 k+1 k

k 1 _ /1
1 kil n

+[n—l<:—1]q<

7.2. Proof of Proposition 5.6
We show the isomorphism

@

k@ @ ‘L @
+1 @1 k+1 1
(37) C@@ ~C
/®). G,
® o 6/, ® @ ®/n

The left-hand side is

—k—1 —k —k+1

Zz (k+1) (53724)
- {(k+1)n} - {(k+1)n -2}
LOO <k+1> — > . {(k_?a)n_l} e —— L11 <I€+1> )
o (k+1
where

- —I1,k] —[1,1] —[1,k] — —I1,k] —[1,1] —[1,k]
Loo = A(1;6,7) X M(8,6,4,3) X M(2,7,5,8)’ Lo = A(1;6,7) X N(8,6,4,3) X M(2,7,5,8)7
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- LV —[L.A] Tk o w7l ATLLA]
L01 :A(1‘67) IZM(8643) IEN(2758) Lll _A(167)K|N(8643) IZN(2758)7

Cl —IdAllk (Id—11 X (1,:61,8 —1:173)) @Id—uc] 5

(1;6,7) 5(8643) M(5.7,5,8)

C2 = Id—[l,k] X IdH 1y X (Id—p,k] X (1,.%1,2 — «771,8));
Al (8,6,4,3) (2,7,5,8)

CS_IdA[lk Mldgny B (Idgrw B (Lz12—215)),
(1;6,7) (8643) S(2,7,5,8)

Z = —Idf 1,k] (Id [1,1] X (17$1,8 - 2?1,3)) X Idﬁ[lyk]

(1 6,7) (8 6,4,3) (2,7,5,8)
Lqo is isomorphic to

k“ 1,k 1k

a1 (A[ (1]67)7:6@1 X(( )))Q17

SK (uy < )X i) o Ik =1},
Uk+1,(2,7,5,8)7 \T1,2 — T18 k(78

(k+1,1,1,1,k)

where ()1 is the R(1,2,3,475)

-module

REALLLLELEL)
(1,2,3,4,5,6,7,8)

(1,1) (1,1) (-1,1,1) (1,k) (k,1) (1,k) (k,1)
/<X1,(8,6) o Xl,(4,3)’X2 (3,6,8)° Xl J(2,7) X 1,(5,8)7 ’Xk,(2,7) o Xk,(5,8)>'
By Theorem 2.6, this matrix factorization is isomorphic to

k+1
[1,k] (-1,1,1,k)

51 K(A [(1:6,7) 3 Li,1 — Xi’(27374’5) )Rgllg+2131415)1 k)
[1,k] [1,K] (1R

X K(uk+1,(2,7,5,8) — A (1;6,7)° (w12 — 718) X}, (2 5)) {-k—1}.

Moreover, by Corollary 2.7, this matrix factorization is isomorphic to

—=lk+1,1;1,1,k 1 k)
(38) S£172;37475) } 0 K(30§ (.%'172 - x1,8) ( ) { k— }

where By is a polynomial with degree 2n—2k in @1 satisfying (z1,2—x1,8)Bo,

denoted by B, in the image of RU+LLLLE)

(1,2,3,4,5)
k+1,1;1,1,k
and SE1+2 3 4 5’)’ ¥ is the matrix factorization

under the inclusion map to Q1,

k+1

(—1,1,1,k) (k+1,1,1,1,k)
B K Bizin =X o5 ) pgpan (Bi€ Ruggis™)
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The sets 531 = {1, (37172 — 551,8)} and %/1 = {1, (551,8 +l‘172 —T13— 13174)} are

bases of the Rgf;}éa}g)l’k)—module Q1. Let Ry and R} denote the RKHLLLLE)

(1,2,3,4,5)
module spanned by B; and B, respectively. Using the bases, the matrix

factorization K (By; (21,2 — :Ul,g)X](C_(;’;))Ql is isomorphic to

(717171) (717]6)
0 B 0 X5 (2.34) Xk, (25
Rl, /1{2k_n+1}’< >’< (_]_k) 7( 19y ) 7( ’ ) .
( 4 0 Xk,(2,5) 0

We find that (212 —218)X ,g_(;éf)) : R} — R; is an antidiagonal matrix. Since
(x12 — CL‘Lg)X’g_(;’g))BO : R — Ry is a diagonal matrix, By: Ry — R} is also

an antidiagonal matrix. Therefore, the polynomial A is equal to B/ X2(7(21 ; i))

Thus, the matrix factorization (38) is isomorphic to

S lk+1,131,1,k] B (-1,1,1) 1 (~1k)
5(172;3,4,5) X K( (=1,1,1) 7X2,(2,3,4) Xk,(2,5))R(k+1,1,1,1,k){_k - 1}
XQ’(273,4) (1,2,3,4,5)
Slk+1,1;1,1,K] v (=1,k) B
S S(172;3,4,5) X K(B; Xk,(2,5) )R§f2}3}4}5;'k){ k+1},
Ly is isomorphic to
k+1
[1,k] . (-1,1,1,k)
Zgl K(A'Lv(lvﬁv’?) ’ :L‘i71 o Xi7(2737475) )Q27
[Lk‘} [Lk] . (719]/”‘)
&K(uk+1,(2,7,5,8) - Ak+1,(1;6,7)’ (551,2 - 95174)Xk,(2,5) )Q2{_k}’
where ()2 is the Rglleéa’lg)l’k)—module
(k+1,1,1,1,k,1,k,1)
R 5345675)
(171) (1»1) (lafl) (Lk) (k71) (Lk) (kzl)
/<X17(876> - ‘X]"(1173)7 X17(6’3) ? X17(277) - AX]‘?(S78)7 T ’Xk7(2’7) - Xk7(578)>.
(k+1,1,1,1,k)

By the isomorphism (s ~ R and Theorem 2.6, this matrix fac-

(1,2,3,4,5)
torization is isomorphic to

—[k+1,1;1,1,k) B 1k
5(1,2;3,4,5) X K(i)v ($1,2 - x1,4)XlS:,(2,5)))R(k+1,1,1,1,k){_k}'

(931,2 —T14 (1,2,3,4,5)

By Theorem 2.8, we find that Lg; is isomorphic to

—[k+1,1;1,1,k —1,k
(39) Stizais  BEK(BX{ o8 )g k)
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(_l)k)
k,(2,5)

(_lvk)
B 0 Xk (25 0
Rl,R1{2k_n_ 1}, < ) , ( 7( ) ) (71,]@‘) ,
( 0 B 0 Xy (2,5)

)

Since the matrix factorization K(B;X )Q, is isomorphic to

then the matrix factorization (39) is isomorphic to

Slk+1,1;1,1,K] Cw(—LE) B

5(1,2;3,4,5) X K (B; Xk7(275) )Rgff2131410)1k){ k}
Glk+1,1;1,1,k] (—1,k)

DS XK(B; X 1 {—k+2}.

(1,2:3,4,5) (B; X} (25 )RETE?3?4?5§ m{ }
By Theorem 2.8, Ly is isomorphic to

—lk+1,1;1,1,k] (—1,k)

St o XK(B; X 1mi—k—+1}.
(1.2:3,4.5) (B Xy o)) i d }

With respect to the above isomorphisms, the morphisms (;, (s, 23, and (,
induce

(Idg[k+1,1;1,1,k] X (1,517172 — x173),1d§[k+1,1;1,1,k] X ((L’LQ —T1,4, 1)),

(1,2;3,4,5> (1,2;3,4,5)
Idgiern0 B (1, (21,2 — 213) (21,2 — 214)) 0
(1,2;3,4,5)
0 Idg[kJrl,l;l,l,k] X (1,1) )’
(1,2;3,4,5)

Id e, X (1, 212 — 21,4),
S(1,2;3,4,5)

- (Idg[kﬂ,l;l,l,k} X (1,1), Idgirr1,10,000 B (21,2 — 214,712 — T14)).
(1,2:3,4,5) (1,2:3,4,5)

By a chain homotopy equivalence, the left-hand side of (37) is isomorphic
to

—k-1 —k
- IldgX® (1,x12—21,3)
Li{(k+1)n}(k+1) Lo{(k+1)n—1}(k+1),
where
+ _ alk+1,11,1,K] B (—11,1) v(~1k)
Ly= 5(1,2;3,4,5) X K(mﬂXQ,(ZB,A) Xk,(2,5))R(k+1,1,1,1,k){_k - 1}7
X (1,2,3,4,5)

27(27374)
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B

(x12—214

[k-+1,1;1,1,k]

N — 1k
Ly = 5(1,2;3,4,5) X K( ); ($1,2 - x174)X]i7(2’5))>R(k+1,1,1,1,k){_k}'

(1,2,3,4,5)
The right-hand side of (37) is
—k—-1 —k

k) okl {(B+Dn} & k) ik {(B+1)n—1}
M (5163) B A6a5) k1) 2.1,63) XA (6.45) 1)

[1,k+1] —[1,k+1] —[1,k]

where £ = X4 (2.16,3) X Idx%’;i]ﬁ)' By Theorem 2.8, M(2’176’3) X A(6;475) is iso-
morphic to
B ROl X - K
X K(ugcl—;-]g—(g,lﬁ,fi); (71,2 — xl,s)Xziit,l(I;)))Qg{_k =1},
where ()3 is the RET;}5}4’15)1’k)—module
Riaaage) /@1 = Xigs, - wiis = Xs)

~ RET;ISTS)I *)This fact and Theorem 2.6 imply that this

matrix factorization is isomorphic to Li. In a similar way, we find that
Mglzlit‘)l:]a) X KEE’;]Z]@ is isomorphic to Li. With respect to the above isomor-
phisms, £ induces IdgX (1,212 —x1,3). Thus, we have the isomorphism (37).

In a similar way, we can prove the other isomorphisms of Proposition 5.6.

Moreover, (03
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