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DATA-DRIVEN EFFICIENT ESTIMATORS FOR A PARTIALLY
LINEAR MODEL

BY HUNG CHEN! AND JYH-JEN HORNG SHIAU?

State University of New York, Stony Brook and National Chiao-Tung
University

Chen and Shiau showed that a two-stage spline smoothing method and
the partial regression method lead to efficient estimators for the paramet-
ric component of a partially linear model when the smoothing parameter is
a deterministic sequence tending to zero at an appropriate rate. This paper
is concerned with the large-sample behavior of these estimators when the
smoothing parameter is chosen by the generalized cross validation (GCV)
method or Mallows’ Cy,. Under mild conditions, the estimated parametric
component is asymptotically normal with the usual parametric rate of con-
vergence for both spline estimation methods. As a by-product, it is shown
that the “optimal rate” for the smoothing parameter, with respect to ex-
pected average squared error, is the same for the two estimation methods
as it is for ordinary smoothing splines.

1. Introduction. In this paper, we study the asymptotic behavior of the
two efficient estimators for the parametric component of a partially linear
model discussed in Chen and Shiau (1991) when the smoothing parameter is
chosen either by the generalized cross validation (GCV) method proposed by
Craven and Wahba (1979) or by the Mallows Cj, criterion [Mallows (1973)].
As in Chen and Shiau (1991), we consider a semiparametric regression model

(1) Yin =xi7;;ﬁ+g(tin)+eins i= 13'--,ns

where both the x;, = (x;1, . ..,%4,)7 (a d-vector) and ¢, € [0,1] are observed
design variables, 8 = (8y,...,8;)7 is a vector of unknown regression coeffi-
cients, g is a smooth function to be estimated and the {e;,} are independent
and identically distributed errors when mean zero and variance o2.

Several estimation methods for model (1) have been proposed in the lit-
erature. See Chen and Shiau (1991) and the references cited therein. Chen
and Shiau (1991) discussed the asymptotic behavior of the following three
estimators.

(i) The partial spline estimator [proposed by Engle, Granger, Rice and Weiss
(1986), Wahba (1984, 1986) and Shiau, Wahba and Johnson (1986), among
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others] is the solution to the following variational problem:

@ i z{y,,, —x78—g(tm)]? + A / g™ ()]2 at,

where WZ" is the Sobolev space {f|f has m—1 absolutely continuous derivatives
and f™ € L,[0,1]} and X is the smoothing parameter controlling the tradeoff
between fidelity to data and roughness of the solution. It is known that the
partial spline estimators for 8 and g = (g(¢1,),. .. ,8tn))T are

(3) By = (XT(I-8))X)"XT(I-S»)y and g\ =Sx(y—XB,),

where X = (x;,,) is the n x d design matrix for the parametric component of (1),
Y = W1n, . - .,¥an)T and Sy is the smoother matrix for ordinary spline smoothing
[i.e., when 8 = 0 in (2)].

(ii) The partial regression estimator was proposed independently by Denby
(1986) and Speckman (1988). Motivated by the partial regression scheme in
linear regression, the partial regression estimator is obtained by first smooth-
ing X and y, respectively, by the smoother matrix S, and then regressing the
residuals of y on the residuals of X. Specifically, we have the partial regression
estimator defined by

@)  Bu= (XTI -8,)2X)"1XT(I-S))% and g =S\(y —XBi,).

(iii) The two-stage spline smoothing estimator was recently proposed by
Chen and Shiau (1991). For simplicity, we shall discuss a simplified version
of the estimator when the same smoothing parameter is used in both stages
of smoothing, namely,

Bo,\ = (XT(I-8,)X)'X"(I - 8»)%y,
gor=S» (Y - Xﬁo,\) - (I - S/\)SAXBOA'

The basic idea behind this estimator is to modify the partial spline method
so that roughness of the parametric component is penalized as well as that of
the nonparametric component. Thus we first smooth X to obtain the residuals
(I — S))X for the purpose of extracting the smooth part from the parametric
component, and then we apply the partial spline technique to smooth y over
(I — S,)X. This two-stage smoothing gives (5).

In general, the smoother matrix Sy in (3), (4) and (5) can be replaced by
any commonly used smoother matrix. Of course, estimators obtained by dif-
ferent smoothers may behave differently. See Chen and Shiau (1991) for some
remarks. In this paper, we only study the case that S) is the smoothing spline
smoother.

_To use these three methods to estimate 8 and g in practice, it is necessary
to specify a value of the smoothing parameter . In the context of nonpara-
metric regression, it is well known that the choice of ) is very crucial to the
solution. A popular data-driven method of choosing ) is the generalized cross

(5)
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validation (GCV) method (to be described in Section 2). Numerically, the GCV
method has been proven to be a good method. Speckman (1981) and Li (1986)
gave some nice theoretical results on the GCV method. However, the use of the
GCV method for determining the value of X in (8), (4) or (5) has not yet been
thoroughly examined. To our knowledge the only relevant reference is Speck-
man (1988), who gave a weak GCV theorem as in Craven and Wahba (1979)
for the partial regression estimator (4) in the context of kernel smoothing.

There have been some studies on the asymptotic behavior of the preced-
ing three estimators, when ) is a deterministic quantity depending on n, in
the setting that x;., = h.(i,) + 2;m, where the A,’s are smooth functions and
{i1n, - .., 2idn)}1<i<n are independent and identically distributed error vectors
with zero mean and positive definite covariance matrix. For the partial spline
estimator with spline smoothing, Rice (1986) pointed out that ﬁ)\ B can
achieve the usual parametric rate of convergence as in parametric regression,
namely, O(n~1/2), only at the expense of undersmoothing the nonparametric
component g. Thus Rice (1986) concluded that the use of the GCV method for
choosing ) is questionable in this case.

On the other hand, Speckman (1988), for the partial regression estimator
with kernel smoothing, and Chen and Shiau (1991), for the two-stage spline
smoothing estimator as well as the partial regression estimator with spline
smoothing, showed that the negative result reported in Rice (1986) disappears.
More specifically, by choosing an appropriate rate for ), the convergence rate of
Box—B or By, —B reaches the parametric rate O(n~1/2) while g €0, or g1, can still
estimate g = (g(¢1,), . . .,8(tns))T with the same optimal convergence rate as
that of the ordinary nonparametrlc regression estimator, which is achievable
by the GCV estimator of ). Basically, Chen and Shiau (1991) demonstrated
that the goal of obtaining an estimate for the regression surface g(-) with an
“optimal” nonparametric convergence rate does not conflict with the goal of
obtaining an estimate for the parametric component 3 with the parametric
convergence rate. Since “optimal” estimates of the regression surface can be
obtained by the method of GCV for the nonparametric regression context,
we expect that the parametric convergence rate can be achieved for some
estimators of 3, such as (4) and (5), for the semiparametric model (1). The
following conjecture is hence reasonably made by Speckman (1988) for kernel
smoothing and Chen and Shiau (1991) for spline smoothing.

CONJECTURE. The GCV method can be used to choose the value of ) in (4)
or (5) such that ,61 » OF Boy can still estimate 8 with n=Y2 rate.

The main objective of this paper is to prove this conjecture when S is the
smoother matrix for ordinary spline smoothing. We also prove that the same
result holds if X is chosen by the criterion of Mallows’ C;. We remark that
although the problem of determining smoothing parameters for nonparametric
regression based on data only is studied extensively in the literature [see Li
(1986) and references therein], those results are not applicable in general to
the problem posed in this article. A further remark on this is given in Section 2.
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The main results are summaﬁged in Theorexlls 1 and 2 (Section 2), in which
the asymptotic distributions of 3, — B and 3,5, — B are derived when the
smoothing parameter is determined by either the (restricted) GCV method
or (restricted) Mallows’ C;. Descriptions of these two methods are given in
Section 2. Most of the proofs are given in the remaining sections.

As a by-product of proving Theorems 1 and 2, it is shown in Propositions
1(b) and 3(b) that the “optimal rate” for the smoothing parameter, with respect
to expected average squared error, is the same for the two estimation methods
as it is for ordinary smoothing splines.

As suggested by a referee, we also have looked into the situation studied by
Heckman (1986). When %, = constant, Heckman (1986) established asymp-
totic normality for the partial spline estimator of 3 and showed that its bias is
asymptotically negligible. According to the preceding discussion, it is expected
that the GCV method can be used to choose the value of ) in (3) such that
B, can still estimate 3 with n=1/2 rate under the setting of Heckman (1986).
This conjecture is also confirmed for a more general case where the A,’s are
polynomial of degree less than m, and the result is presented as Theorem 3
in Section 2.

2. Data-driven methods and main results. In this section we describe
the (restricted) GCV method and (restricted) Mallows’ Cy, for determining the
value of )\ in (4) and (5) and present the main results of this paper. We first
introduce some notation. Write

XPBox + Box = [Sx + (I - 8,2 X (XT(I - 8,)°X) X" (I - 8,)?]y = Aoxy,
XB1y +8ux = [Sx + (T - SA)X(XT(I - 8,)2X)"'X7(I - S2)%]y = Auyy,

where Ag, and A;, are so-called hat matrices or influence matrices. Let XOG
be the minimizer of the generalized cross validation function (GCV function)

2

) - U= Ao]
0 - [n—l tI'(I —Ao)\)]2

over X € [\, A\g] where \; = n~% log™ n with 6; = 2m /5, and )y = n~% for any 6,

satisfying 0 < 63 < 2m/(4m+1). Also ||£I —Ap)y|12 = yTUT —Ap)TUT —Agpy)y, the

residual sum of squares. Similarly, let Aoc denote the minimizer of Mallows’ C,

COL(/\) = n’1||(I -—14())‘))'”2 +2n" 102 trAo,

over A € [A1, Az], where o? is assumed known. For the partial regression
method, \i1g, Vi(\), A\ic and Cy.,()\) are defined accordingly for A;,y.

It is known that there exists a common orthonormal basis for all S, (with
A being the running index), for example, a Demmler-Reinsch basis [Demmler
and Reinsch (1975)]. In other words, all Sy can be diagonalized simultane-
ously by this basis. Further details of this basis are given in Section 3. Unfor-
tunately, it is not clear whether there exists such a common orthonormal basis
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for all Apy, or A;) in general. Although both the GCV method and Mallows’ Cy,
have been studied in the context of nonparametric regression when S is the
smoother matrix for smoothing splines, these results are not applicable to our
problem since the arguments used to prove these results depend strongly on
the existence of a common orthonormal basis for all S,.

Throughout the rest of the paper, we assume that {x;,} is a random sample
from x, where x = (xq,...,%4)7, %, = h,(t)+2,, for 1 <r < d, t € [0,1] and the k,’s
are smooth functions. Set go = ¥¢; 3,h, +g. We also assume that the following
conditions hold.

(A1) Ez, =0, Var((zy,...,24) = £ = (0,5) and Ez? < 0o, for 1 < r < d, where
¥ is a d x d positive definite matrix.

(A2) [} (gm@®)2dt=~>0and m > 2.

(A3) The points ¢;, are generated by (2i — 1)/2n = t"' p@)dt for some den-
sity function p(¢) on [0, 1].

(A4) The errorsey,, ...,e,, are i.i. d having a distribution independent of
n and t, and Ee}, < oo, forz-l 2,.

(A5) g,hr,go eF={ffe W2'"[0 1] f®0)=f®1)=0,m <k <2m -1}
for1<r<d.

Under (A3), we can find the magnitude of trSf\ forl=1,2,... over [\, A2
based on Lemma 5.1 of Speckman (1981). This result is summarized in Lemma
2(c). Under (A5), functions in F are the so-called very smooth functions defined
in Wahba (1977). When A2 also holds, it follows from Speckman [(1981), (3.2)
and Lemma 3.1] that an exact bound can be obtained for g, T(I —S,)%goy, where
g0 = (8o(t1n), . - . ,80(t»n))T. This bound is given in Lemma 2(b) in Section 3.

We now dlscuss the assumption (A5), which states that gy and A, must sat-
isfy boundary conditions on some high derivatives. (A5) is considered because
it and (A2) give an explicit asymptotic expression for the expectation of the av-
eraged squared error loss. Then this expression can be used to determine the
asymptotic behavior of A\ determined by either the GCV method or Mallows’
Cr. Using the bias reduction approach developed by Eubank and Speckman
(1991), go and A, can be modified (by construction) to satisfy the boundary
conditions specified in (A5). It is then conjectured that a result similar to that
of this paper without (A5) will still hold as long as an explicit asymptotic ex-
pression for the expectation of the averaged squared error loss exists after the
boundary adjustment. However, no proof is available now.

The asymptotic distribution of 8,5 and ,31 5 are summarized in Theorems
1 and 2, respectively, when the value of )\ is determined by either the GCV
method or Mallows’ Cy.

THEOREM 1. Under (Al)—(A5) Vn (50,\ — B) converges in distribution to
N(0,02x7Y) for 2= )\OG or /\OC

THEOREM 2. Under (A1)~(A5), Vi(Bys — B) converges in distribution to
N(,025~Y) for X = Mg or Aic.
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Now we describe the (restricted) GCV method and (restricted) Mallows’
Cy, for determining the value of )\ in (3) under the assumption that 4,’s are
polynomial of degree less than m [i.e., A% (¢) = 0]. The results are summarized
in Theorem 3. First write

XBy +8 = [Sx+ (I - S))X(XT(I - 8,)X) X7 (I - 8,)]y = Axy.

Let Ag and \¢ be the minimizer of the corresponding GCV function and Mal-
lows’ Cr, respectively, over A € [\, A2].

THEOREM 3. Under (A1)«(A5) and h™(t) = 0, for 1 < r < d, vn(Bs — B)
converges in distribution to N(0,02%71), for X = Ag or Ac.

Let Lo,()\) denote the averaged squared error loss over design points, that
is, n71||Aory — X8 — g||%, and Ao denote the value of A that minimizes the
risk Ro,(\) = ELg,()\) over [A\1, A2]. Note that here the expectation is taken
with respect to e only, that is, conditioned on (x,¢). We will prove Theorem
1 via the following three steps. Since the GCV method or Mallows’ C;, at-
tempts to provide a data-based estimate of \og, we first try to locate Aog. Let
Ao = [X\1,n%], where 6, > 2m/(4m + 1) > 63 > 65 > . Note that A, is con-
tained in [A;, A2]. We show in Proposition 1 that Aoz € Ag. Next, we show in
Proposition 2 that the choice of A based on either the GCV method or Mal-
lows’ Cy, does fall in Ag in probability. Finally, we show that. \/n(8y5 — B) is
asymptotically normal.

Set h, = (B (t1p), ..., Ar(twn))T, for 1 <r <d, and

1 -1
=7 [/ p/*™(v) dv] / (1+v*) 7 do.
0 0

The proofs of the following two propositions are given in Section 4.

PROPOSITION 1. Under (A1)~(A5) and A € [\, \2], when n tends to infinity,
we have (a) Ro,(\) = N2 + n~IA"12m gnd (b) \og ~ n—2m/4m+D),

Here the symbol a(n) ~ b(n) means that a(n)/b(n) is bounded away from
zero and infinity. Note that Agr € A¢ is an immediate result of (b).

__ PROPOSITION 2. Under (A1)~(A5) and X € [A1, A2, limy PQX € Ag) = 1, for
A= )\OG or )\oc.

To prove Theorem 1, we use the following technical lemma to pave the
way. Set Ag(\) = n=1XT(I — S»)3X, A1(\) = n~ XTI — §5)2X, Z = (Zjrn)nxaq and
H = (hr(tin))nxd-

LEMMA 1. Assume that (A1)~(A5) hold and that g,h, € F, for 1 <r <d.
Then the following hold uniformly over all A € [\, A2]:
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(a) Ap(N) = Z +0p(1));
(b) A1(N) = Z + 0p(1));

and the following hold uniformly over all X € Ag:

(¢) n~Y2XT(I - S,)%S,X = 0,(1);
(d) n=2XT(I - S))%g = 0p(1);

(e) n~Y2HT(I — S»)%e = 0p(1);

() n~Y2Z"S e = op(l) forl=1,2;
(g) 1227 (I S%)g = 0p(1).

The proof of Lemma 1 is given at the end of Section 3. Note that the notation
0p(1) used in this paper denotes either the usual convention or a d xd (or dx1)
matrix such that the magnitude of each element is 0,(1).

Now the proof of Theorem 1 becomes fairly simple.

PROOF OF THEOREM 1. Rewrite
Ao(N)n2(Bys — B) =n"Y?Z"e + Rem(}),
where
Rem()) = n~V2{XT(I - 8,)2(SrXB +g) + H (I - Sx)%e + ZT[(I - 8,)* — I]e}.

It follows from Lemma 1(c)(f) that sup,cs, |[Rem(}))| = 0p(1). Although any
realization of )\ is in [A1, A2], which is a wider interval than Ao, by noting that,
for any ¢ > 0,

P (|Rem(i)| >¢) <P(X ¢ Ao) +P (|Rem(3)| >c and X € Ao)
<P(A g Ap) +P (sup [Rem()\)| > c) ,
/\GAQ

we can conclude that Rem(}) = 0,(1) by Proposition 2.
By Lemma 1(a), sup)¢qy,, »,1 o(N) — Z| = 0p(1). Since

Ao(X) — = < sup JAo(A) — = = 0p(1),

E[Al’

we have Ay(\) — T in probability. It is shown in Chen and Shiau (1991)
that n—1/2ZTe — N(0,02%) in distribution. We then conclude 7 (8,5 — 8) —
N(0,5%2x~1) by the above argument and Slutsky’s theorem. O

We now turn to the partial regression estimator (4). Observe that

A (MnY2(Byy — B) =n~Y2ZTe + n~V2XT(I - 8,)2g +n~/2HT (I - S»)%e
+n~V2ZT((1 - 8,)? - Ile.
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Similarly, the proof of Theorem 2 can be performed via the following two
propositions and Lemma 1(b)—(f).

Let the loss function L1,(\) = n~1||A1\y — X3 — g||?, and let A1z denote the
value of the smoothing parameter that minimizes the risk Ry,()\) = ELy,()\)
over \ € [A1, Asl.

PROPOSITION 3. Under (A1)~(A5) and )\ € [\, \2], when n tends to infinity,
we have (a) Ri,(\) ~ A2 + n=IA~1/2m gnd (b) A\ig ~ n—2m/(Um+D),

__ PROPOSITION 4. Under (A1)~(A5) and X € [\, Agl, lim, P(X € Ag) = 1 for
A= Aig or \c-

We now turn to the partial spline estimator (3) when A/™(¢) = 0.

PROOF OF THEOREM 3. Set A2(\) = n~1XT(I — S,)X. Rewrite
A,(N)n'2(3s — B) =n~Y/2Z"e + Rem(}),
where
Rem()\) =n~V2{ZT(I - S,)g+H" (I - S»)(e +g) — Z"Sxe}.

Note that HT(I — S))(e+g) = 0 because the &,’s are polynomials of degree less
than m and S, is the smoother matrix for ordinary spline smoothing. Using
the same proof to show Lemma 1(a), we have sup,(y, »,142(N) — Z| = 0p(1).
It follows from Lemma 1(f) and (g) that sup,cs, [Rem(})| = 0,(1). We then

conclude +/7(B5 — B) — N(0,52S1) by the above discussion and the argument
used in proving Theorem 1. O

3. Technical lemmas. In this section we state two more technical lem-
mas and summarize some properties of smoothing splines that are needed in
the sequel. Lemma 1 is proved as an immediate result of these lemmas.

It is well known that smoothing splines are in the space of natural polyno-
mial splines of order 2m on [0, 1] with knot set {¢;,}},. According to Demmler
and Reinsch (1975), a basis for natural splines is {¢,(£)}1<j<» With the follow-
ing biorthogonality property:

1 1
n Z ¢jn (tin)¢kn (tin) = (s:ik, [) ¢-§"m) (t)(ﬁg;:) (t) dt = /\kn‘sjk-
i=1

Here {\,} is a nondecreasing sequence of nonnegative numbers, and the
eigenvalues of S) are (1 + A\,)~! for 1 < & < n. Hence, S) is a nonnegative
definite matrix and has the eigenvalue decomposition I'7D,T', where D, is
a diagonal n x n matrix with k-th diagonal value (1 + \4,A)~! and T is an
orthogonal n x n matrix with the ij-th element n='/2¢;,(¢,). Therefore, (I —
S,)S% = 84 (I - S,)* for any positive integers ! and k.
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Let
B%p = n‘lgT(I— S)‘)zg, B%rp = n_lhg‘(I— S)‘)zh,-
and B% =n'gl(I - S,)%g.

Note that B is the averaged squared bias of the ordinary smoothing spline

estimate of g A similar interpretation is applicable to B, and 32
The following lemma is due to Speckman [(1981), Lemma 3. 1 (3.2) and
Theorem 2.4].

LEMMA 2. Suppose that (A3) holds. When A € [A,X2] and m > 2,
(a) B2, = 00?) if go € F, (b) B, = 7X*(1 +0(1)) if g € F and (A2) holds,

and (c) tr S = Y3 (1 + MenA) ! = A~ Y2™(1 + 0(1)) for positive integer L.

Thus Lemma 2(a) also implies that B3, = O(\?) and B , = 0(\?), if g, h, € F.
Lemma 3 summarizes the convergence rates for some terms to be used later
in the proofs of Lemma 1 and Propositions 1-4. Let x;, = h;(y) + 2im and
zZ = (zlrm ce ,znrn)T-

LEMMA 3. Assume that (A1)—(A4) hold and that h,,f,f1,fo € F,for 1L <r
< d. Let a, ag and a, be constants satisfying 1 < a < 1/ag < 5 and a < a;.
Then, for any finite positive integer 1, the following statements hold uniformly
overall A € [M\, 2land 1<r,s<d:
(a) 278z, = c;oA~1/2™ + 0, (AV/4ma0)
(b) eTShe = o%c; A2 (1+0,(1));
(© n-YV2T(I - Sy )e = 0,(\/) = 0p(1), where £= (F(t1a), - f (tan))Ts
(d) n=Y26T(I - 8y )'z, = 0,(A\Y*1) = 0,(1);
(e) n~MT(I — S, )y = O(\2), where £; = (f;(t1n), - - -, fi(tan))7>
i=1,2andl>2;
() n=1xT(I - S\)%zs = 05 +0,(1);
(@ n'xT(I — S)\)'%s = 0rs +0p(1), for 1 > 2;
(h) n=12xT (I — S,)28\x, = 0,(1) + O(n/2)2);
(i) zTSie=o, (A\~1/4ma);
G n'2T(I - 8))'e=0,(n"12);
(k) x7(I —S))3x; — xF (I - S»)%z
= —(c1 — 2cq +¢3) oA"Y 4 0, (ATV/4Ama0) 4 O (n1/2AV/1)
+h7(I-5S,)%h,;
M x7(I-5x)°% —x{(I-8,)"x,
= (c1 — Bcy + 33 — C4)Trs A" V/2™ 4 0y (A7H/4m20) 4 O, (n1/2NMo1)
+hT(I—S,)%S,\h,.

Lemma 3 immediately gives the results of Lemma 1 as shown below. The
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nontrivial proof of Lemma 3 is deferred to Section 6.

PROOF OF LEMMA 1. First note that A\=1/4ma = o(n=1/2), for all ) € [\, Ag]
since 1/ay < 5. It is easy to see that (a) and (b) hold by Lemma 3(g). Note that
A2 = o(n"1/2), for all A € Ao. Then it is easy to see that (c) holds by Lemma
3(h); (d) holds by Lemma 3(d) and 3(e); (e) holds by Lemma 3(c); (f) holds by
Lemma 3(i); (g) holds by Lemma 3(d). O

4. Proof for two-stage spline smoothing estimate. We prove Proposi-
tions 1 and 2 for the two-stage spline smoothing estimates in this section. The
following technical lemma summarizes the convergence rates for some terms
to be used in the proofs. The proof of the lemma is deferred to Section 7.

LEMMA 4. Assume that (A1)~(A4) hold and thatg,h, € F,for 1L <r<d.We
further assume that the constants a,ay and a, specified in Lemma 3 satisfy the
further constraint that 4m/(dm — 1) > a; > a and ap > % Then the following
statements hold uniformly over all X\ € [\1, A2]:

(@) n~ltrAgy =cin A2 (1 40,(1));
(b) n=1trA2, =con A"V (14 0,(1));
(©) n~'gl (I —Aox)%g0 = 7A%(1+0p(1));
(@) n=1BTZ7 (I - Ap\)?2ZB

= {n_l (}: ﬂ,h,)T (I-8y)* (Z ﬂ,h,)
+ (ca — 2c3 +¢4) BTEBn~1A"1/2m | (14 0,(1));

(e) |n~'gl(I - Aor)%e| = 05 (Ron(N));
® |n=(ZB)" (I - Aox)?e| = 0p(Ron (N));
(g) |nﬁ1|eT(2Ao,\ —Ag,‘)e - 02(2trA0,\ — tl'Ag)\)l = Op(Ron(/\)).

PROOF OF PROPOSITION 1. Write Ag)y — X8 — g =(Agy — DXB +g) +Apye.
Hence

Ron(\) =n~Y(XB+g)T(I -Apx)%(XB +g) +n a2 trAl,.
Note that X@+ g =208 + go. Then

ROn(/\)={[0202 + (¢ — 25 +¢4)BTSBln~IA-Y/2m 4 N2

(Z ﬁ,h,>T (-5 (;m) }(1 vop(1)),

(6)

by Lemma 4(b)—(d).
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Note that n~1(%,4h.)T(I — S))*S,6'h;) > 0 and its order is O()\2), by
Lemma 3(e) and that the eigenvalues of S, are between 0 and 1. Also,
(ca — 2c3 + c4)BTEB > 0, by the fact that c; — 2c3 +c4 > 0 and ¥ is posi-
tive definite. Hence, Proposition 1(a) holds by (6), and Proposition 1(b) follows
easily from Proposition 1(a). O

PROOF OF PROPOSITION 2.  Recall that Cor,(\)=n"1||(I-A¢))y||?+2n " l0%trA,,
which can be written as
Co(A) =n—'eTe +Ro,(\) + 2n1(ZB + g0)T(I — Apy)2%e
(7 +n~1{o?(2tr Apy) — tr A%, ) — eT(24¢) — A2, )e}
=n~"'eTe + Ry, ()\) +0p(Ron (1)),
by Lemma 4(e)—(g).
Recall that the GCV function Vy()\) = n71||(I — Ag\)y||2[n~ 1 tr(Z — Apy)] 2.

Write Agy = S» + Boy, where By = n~*(I — Sx)2XA; (XTI — Sy)2. It follows
from Lemmas 1(a) and 3(g) that

trBoy = tr (A7 (A\)n~XT (I — 82)*X) = tr(Taxa +0p(1)) = 0, (1).
Also Lemma 2(c) gives that tr S, = O(A\~1/2™). We then have
[n~1tr(I — Agy)] 2 o 1+2n M trAg, + o(n~1tr Agy).
Observe that
n~H(T = Aoa)y)|2 =Ron (V) +2n71(ZB + g0)T (I — Apy)?e + n~'eTe
—n7! [T (2405 — A2\ )e — 0%(2trAo — trAZ,)]
—20%n71 tr Aoy
The fourth term on the right-hand side is equal to 0,(R,(}\)), by Lemma
4(g). The second term is also of the order 0,(R¢,())), by Lemma 4(e) and (f).
We thus get
Vo(A) = [n~'eTe + Ron(2) + 0, (Ron (1)) — 20201 tr Agy]
x [1+2n71tr Agy +0(n~1tr Agy)]
=n"teTe + Ron(\) +0p(Ron (V) +2(n1tr Agy) (n"2eTe — o%)
=n~"teTe + Ry, () +0,(Ron (1)),

(8

by Lemma 4(a), Proposition 1(a) and the law of large numbers. From (7) and
(8), we have

| COL()\) — COL(/\OR) = ROn ()\) - Ry, (/\OR) + Op(ROn ()‘))
and

Vo(X) — Vo(Aor) = Ron(A) — Ron(Mor) +05(Ron (1)),
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respectively. When Rg,()\)/Ro,(Mogr) — o0, it follows easily that Cor(A) >
Cor(Aor) and V(X)) > V(Aor) in probability. Since ) is the minimizer of Cor(N)
or Vo()), this implies that Ry,(\)/Ro,(Mor) — 1 in probability. Let {6,} be
any sequence that tends to infinity. Note that R,(\ogdr)/Ron(Aor) — oo and
Ro,(Mor/8n)/Ron(Aor) — oo by Proposition 1(a). Hence, Ron(V)/Ron(Aor) — 00
for any A > A\gd, or A < Aog/6,. Since Ry,(\)/Ro,(Aor) cannot go to infinity,
we have that

lim P(Mor/6n <X < Aogbn) = 1.

Since {6,} is any sequence that tends to infinity, X cannot be too far away
from A\gg in probability. Thus lim, P(A € Ag)=1. O

5. Proof for the partial regression estimate. First, we state a techni-
cal lemma that summarizes the convergence rates for some terms to be used
in the proofs of Propositions 3 and 4. We defer the proof of this lemma to
Section 7.

LEMMA 5. Assume that (A1)—(A4) hold and that g, h, € F,for1 <r <d. We
further assume that the constants a, ag and a, specified in Lemma 3 satisfy the
further constraint that 4m/(dm — 1) > a; > a and ay > % Then the following
statements hold uniformly over all )\ € [\, A2]:

(@) nlgld — AT — A1)go = YA(1 +0,(1));

n~18TZ7 (I - Ayy) " - A1,)Z8
T
=n-1 [( > ﬂrh,) I -8, ( > ﬂrhr> +op,(\7Y 2"')} (1 +0,(1));

(©) |n~'XB+g)TU —-ALTU - Apne| = 0p(R1,(N).

(b)

PROOF OF PROPOSITION 3. Simple algebra leads to
Rln()\) = n_l(Xﬁ + g)T(I —AlA)T(I —-Al,\)(Xﬁ + g) +n7 1o tr A{AAD‘.

Set Ajy = S» + B1y, where By, = n~ (I — S))XA7 (XTI — S»)%. By Lemmas
1(b), 3(g) and 2(c), we have

@ T B, By, =trAT (A [n X7 (I - 8,)2X]AT (V) [n X7 (T - 85)*X]

= Op(l)

apd

tr STBy, = tr AI‘I(A){n‘lXT[(I _8\) - (I- sgqx} = 0,(1),
tr 82 = coA~1/2m(1+0(1)).

(10)
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Hence,
(11) n~!tr AT Apy = can A "Y2m(14.0,(1)).
Then since XB + g =Z3 + g;, we have

Ry, ()\) = [02(7271_1)\_1/2'" + ’)’)\2

+n-1 (Xr:ﬁ’h’)T(I - SQ“’(Z: ,Brhr)} (1+0,(1)),

by Lemmas 5(a), 5(b) and (11).
Note that n=}(Z,5h,)T (I — 8))?(£.6:h,) > 0 and its order is O()\2) by
Lemma 3(e). Hence, (a) holds; (b) follows easily from (a). O

(12)

PROOF OF PROPOSITION 4. We first observe that tr By = Op(1) by Lemmas
1(b) and 3(g). Then, by Lemma 5(c), it remains to show that

(13) n‘1|a2 tr A{)\AI)\ - eT(Au +A{)\ —A{)\Av\)el = O(Rln()\)),
(14) n_1|02(2 tr Al)‘ — tr A{)\AI)\) - eT(An +A{)\ —A{;\AI)\)QI =O(R1n(/\))
hold uniformly over all X € [\, A2], so that

Ci()) = n"'eTe + Ry, (2) +0,(R1,(})),

VlL(A) =n"leTe +R1n(A) + Op(Rln(A)).
Then, by applying the same argument employed in Proposition 2, we have
Proposition 4.

It follows from Lemmas 1(b), 3(c), 3(j) and 3(g) that

(15) n~'e’Bjye=[n"1eT(I-5,)(Z+H)]|A7'(\)[n~Y(Z + H)T(I - S))2e]

=0p(R1x(})),

n~'e’BSxe=[n"1eT(I-5,)%(Z + H)]A*())

(16) x{n"YZ+H)T[(I-8,) - (I-5,)%e}
=0(R1,(3)),
n~1e’BY,Bj e = [n"eT(I - 8,)%(Z + H)]AT1())
an  x [nTIXT(I - 8,)2X]ATY(N)
x [n~YZ + H)T(I - S,)?%e]
=0p(R1x(}))-
It follows from Lemmas 3(b) and 2(c) that

(18) n~'[eT(25\ —S%)e — 0% tr (2S) — S2)] = 0, (R1(})).

We conclude (13) and (14) by (9), (10) and (15)—(18). O
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6. Proof of Lemma 3. We begin with a technical lemma which is an
extension of Lemma 4.4 in Speckman (1985) to the case when the random
variables are not independent. Therefore, the Gaussian assumption in Speck-
man (1985) or Li (1986) is removed.

LEMMA 6. Let Wy, ..., W, be random variables with zero mean and finite
variance. Suppose that there exist nonnegative numbers {u;} such that

2
,:ZWkJ <Zuk, for all p < v.

=y
Then, for any ¢ > 0,

n
ZCka

n
> c} < ¢ %ch(logy 4n)? N " uy.
k=1

P { sup
k=1

0<e¢;<-++<en<eg

PROOF. By the argument used in Lemma 4.4 of Speckman (1985), we have

Z Cp, Wk Z Wk

k=1
Then, by the first two theorems stated in Serfling [(1970), page 1228],

[l<z<n Z Wk

Hence, this lemma holds by Chebyshev’s inequality. O

sup
0<c;<--<en<cp

= Co max

2 n
J < (logz 4n)? ) " us.
k=1

REMARK 1. When EW,W; =0, for k # I/, Lemma 6 holds with u; = Var(W).
REMARK 2. Lemma 6 also holds when 0 < ¢, <--- <¢; <cp.

Define

&km = n_1/2 Zzim¢kn (tin)’ hkm = n_1/2 Z hr (tin)¢knhr (tin),

i=1 i=1

n n
Ckn = n_1/2 Zg(tin)¢kn (tin)7 Ekn = n—1/2 Zein¢kn (tin),
i=1

i=1

for 1 <k <nand1<r<d Lemma 6 will be applied to {&rn&ksn }1<k<n and
{€krn€rn}1<k<n, for 1 < r, s < d, later on in the proof of Lemma 3. Thus we need
to show that these two sequences of random variables satisfy the assumption
of Lemma 6.
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LEMMA 7. For any finite positive integer l and 1 <r, s <d, both

{ (gkmgksn - Urs) (1 + /\kn/\) -t } and {ﬁkmekn(l + /\kn/\) -t }

1<k<n 1<k<n

satisfy the assumption of Lemma 6 with u;, = c*(1 + Mu\)~%, for some con-
stant c*.

PROOF. Recall that S\ = I'TD,I'. Set D,, = (dit)nxn, Where dj, = 1, if
p<i=k <v, and dj =0, otherwise. In other words, D, is an n x n diagonal
matrix with the diagonal entry equal to 1 from the u-th row to the v-th row
and zero otherwise. Then

€
2 ey D DD Yo

(19)

Z E?T?sz—;)flrs = 2 (T7D,, D3 Dy T)'2s — 07 t(ITDysDrD, )

By (A1), (A4) and a conditioning argument, we have
2
§krn€kn _ 27, (T 21
[Z s Aknx\)’] =0?Ez! ("D, D\D,,T)%z,,
=020, tr(I7D,, D\D,,T)%
=020, [Z(l + /\kn/\)_2l:| .
k=p

Letting u;, = 020,+(1+ As,A)~2, we have shown that the assumption of Lemma
6 holds for {&xrmern(1 + MnA) " H1<k<n.
Next, by (19) we have

2
[Z E’E'I"ik‘;"‘ )\)l's] = Var(z! ("D, D)D,,T)'z,),

since E(zT(I'TD,,, Dy D,.,TV2z;) = os tr(T7D,, D) D,,,T). We first show that, for
any symmetric matrix A = (@;)nxn,

(20) Var(zTAz;) < c° tr A2

for 1 < r < s < d, where ¢ is a constant depending on Ez222 and T only. For
notational simplicity, we only demonstrate the case of » = 1 and s = 2. First,
we note that EzT Az, = 015 tr A and

(21Azy)* = Z Z Z Z ;04121102202 k12120 -
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Since {(zi1n, 2i2n)}1<i<n are mutually independent with mean (0, 0), we have

E2%2%, i=j=k=l,

2 e .

o l,:] k=l l#k

Ez1,2:902110219, = 12» AR

i1n<j2n<k1n<12n 011022, i=k j=1i #J,
0, otherwise.

Hence

Var (2! Az,) = (Ez%2% — o%,) Zau +onop Y ai<c Zau,
i#

where ¢ = max(Ez2z2 — 03,, 011022). Since A is symmetric and ¥; jaZ = tr A?,
(20) holds.
Let A = (I'"D,, D, D,,T). By (19) and (20), we have

2
[Z g(rlnf-ki:k—/\;lrs] = Var(ZZ‘AZs) <c tr(l"TD,,., DDy F)Zl

=c° [i(l + ,\,,,,,\)—2’] :

k=v
Thus {(€prn&sn — Trs)(L+ ApnA) ™ }1<k<,, satisfies the assumption of Lemma 6 by
identifying uy, = c®(1 + Az, A) 2.

PROOF OF PART (a). First, we show the case of [ = 1, that is, to show that
(21) 27 S)2s = 05 tr Sy + 0, (A/4ma0)

holds uniformly for all X € [\, A\2] and its proof argument will be used through-
out the proof of Lemma 3. Since 83 < §;, there exists a > 1 such that ad; < 6;.
Define the index set A = {6: § = a’6y, for some positive integer i and § < 61}.
Then A is a finite partition of [6;, §2]. Correspondingly, {n“5 6 € A}isa
finite partltlon of [A1, A2]. For any 7 = n=%® with a6 € A, Ez'S,z, = 0,5 tr S,
and Var (27S,z;) <c® tr 82 = O(+—V/ 2"‘) by (20) and Lemma 2(c) Thus by the
Chebyshev inequality, we have

(22) 27 Sz, — oy tr S, = O, (r~V/4™).
Write
(27'Sx2s — oy tr S») — (27S,2s — 0ps tr S;)

n 1 )
(23) - Bl (1 + Agn A T 1+ ’\kn'r) (Ekrngks,, - Urs)

n

T—A 1 Ekrnhsn — Ors
A ;(1 1+/\kn/\) 1+/\kn7' )
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Note that (1 + Az, \)~! are nonincreasing in 2 and bounded above by 1, and
that {(€m&rsn — 0rs X1+ AenT) " Hi<k<n satisfy the assumption of Lemma 6 with
up, = ¢*(1 + M 7)2. Then, for any ¢ > 0 and § € A, we have

n
1 gkrngksn — Ors
P su >c
{n—"5<>\2n-5 ; 14+, A 14T -
Z 1 Ebrnhsn — Ors > e
1+ -

/\kn 1+ /\]mT

<P
o<1/(1+,\,.,.,\)< <1/(1+,\1,,)\)<1
< ¢ 2(log, 4n)? Z Uk,
k=1

by applying Lemma 6 to (23). Since
z up =c*(1+ M) "2 =c*car V2™ (14 0(1))
k

by Lemma 2(c), these arguments lead to
24) (27S)zs — 0rs tr S)) — (2782 — 01s tr S;) = Op ( /\ 7 1/4m logn)

uniformly for all A € [n~%, n=%]. Then, by (22), forn™* <A <n=°

(i,?SAzs —ops tr S)\) =0p (T_1/4'"> +0, (7'_1/4’" logn) =0p (,\‘1/4”“’0),

where a is any fixed constant satisfying 1/ay > @ > 1. Since the cardinality
of A is finite, (21) holds.
Now it remains to study the case when / > 2. Note that

EzTS 2, = 05 tr S = ci0,,77/*"(140(1)) and
Var(z7S z,) < tr 8% ~ r~1/2m

by (20) and Lemma 2(c). Hence zT'S.z; — o tr S%. = Op(r~1/4™) by the Cheby-
shev inequality. Some algebra shows that

(278425 — oy tr S4) — (27S% 2, — oy tr S)

1 1
Xk: [(1 + >\kn>\)l (1 + AknT)l} (Ekrnhsn — Ors)
T— ilzi [ 1 ] €km€ksn_0'rs.
k=1 i=0 1+ Ak"’\) (1 + /\Im)\)i+1 (1 + )\kn‘r)l‘i

Noté that (1 + M\;,A)~% are nonincreasing in k and bounded above by 1. Hence,
(a) holds by applying Lemma 6 to each term on the right-hand side of the
above expression and by the argument used in showing (21). O
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PROOF OF PART (b). (b) follows from (a) by identifying z, and z; in (a) with
ein (b). O

PROOF OF PART (c¢). For any finite positive integer /, observe that En—1/2fT
(I-8S,Ye=0and

Var[n~ V247 (I - S, )'e] = n~ 10267 (I - S,)2£ < n~ 1027 (I - S, )f = O(r?)

since the eigenvalues of S, are between 0 and 1. Hence, for any given 7 €
[AI’A2L

(25) n~V2T(I -8, )e=0,(7).
For 7 = n—% with 6 € A, write
£1((1-8,) - (1-5;)]e

Y L L 1 = L i
(26) == Z[Z(l_l+)\;m>\) (1_1+>‘kn‘r):|

k=1 Li=1
1 AenT
X T A T4 s [nhn

where fin = n Y23 f(tin)Prn(tin). Note that {I\en7/(1 + AenT)] fin€rn} does not
depend on A, E(funern)finein) = 0, for & # I, that {(1+ g N) (1 +Mpn 7)™V}, for 1 <
i,j <1, are nonincreasing in &, and that

A 2 AknT 2
ar(1+)\ f’"'s’"‘)' Z(1+)\;mr) fin
=n"1oMT(I - 8,)* = O(r?).

It follows from Remark 1 following Lemma 6 that we can apply Lemma 6 to
each term on the right-hand side of (26). Thus we conclude that

(27) n~12[f7(I1-S,)'e — (I - S.)'e] = 0,((r — A) logn)

holds uniformly for all A € [n~2%%, n—?]. By (25) and (27), for any a; > a,
n~V4T(I - 8, )e = 0,(\/)

holds uniformly for all A € [\, A2] and finite positive integer /. Hence, (c)
holds. O

PROOF OF PART (d). (d) can be shown similarly by identifying e in (c) with
z,in (d). O

PROOF OF PART (e). Note that

[n =71 - 82)'8s| < (nHF (I - $5)'1) V2(n 77 (1 - 8,)'8a) 2,
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by the Cauchy-Schwarz inequality. Since that the eigenvalues of S, are be-
tween 0 and 1, (e) holds by Lemma 2(a). O

PROOF OF PART (f). Write X"(I-8,)2 Z = ZTZ+HT(I-8,)?Z+Z"(S2 —28,)Z.
Then, by (A1) (in Section 2) and the law of large numbers, n-127Z = % +0p(1).
Hence, (f) follows from (a) and (d). O

PROOF OF PART (g). Note that

nIxT (I - 8 ) %, =n~'27 (I - S))'zs + n 'hI(I — 8, 'z,
+n~thI(I - S,)'z, + n~hT(I - S, )'h,.

Recall that n=1Z7Z = ¥ + 0,(1). Hence, it follows easily from (a), (d) and (e)
that (g) holds. O

PROOF OF PART (h). Write

X,T.'(I - S)‘)2S)‘x3 = Z?.'(S)\ - 23%\ +S?\)Zs + hz‘(I - S)\)zs)‘hs
+hl[(I-8,)2 — (I-8,)%z +hT[(I - S))? - (I - S))?|z,.

Since [hI(I — 8»)2S,h;| < nBy,,Ba,, = O(nA2), (h) holds by (a) and (d). O
PROOF OF PART (i). Observe that EzTS’e = 0 and
Var (z!'S’e) = o2 Var (278%z,) ~ r~1/27,

by (20) and Lemma 2(c). Hence z7S% e = O,(r~1/4"), for any given sequence
T =n"% with a6 € A. Write

n -1

(28) zT(S4-S!)e =

[ 1 ] EkrnEin
k=1 v=0 (1 + /\kn)\) (1 + )‘kn)\)w'l (1 + /\)m'r)l_" )

Note that (1 + A\, \)~¢ are nonincreasing in £ and bounded above by 1. By
Lemma 7, {&mern(l + Mn7) ™} satisfies the assumption of Lemma 6. By ap-
plying Lemma 6 to each term on the right-hand side of (28), we conclude that

(29) zI'S\e = 0, ((1 — A1) 7~ /4m logn) = O, (A~1/4ma0)
holds uniformly over ) € [n=%%, n=%]. Hence, (i) holds. O
PROOF OF PART (j). Write
n~12zT (I - S,)%e = n"Y?zTe + n=1/227 (-28, + 53} )e.

Then by the central limit theorem and (i), (j) holds. O
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PROOF OF PARTS (k) AND (1). It follows from (a) and (c) that
x7(I-8,)3%, — x7(I - S»)%z,
= —27(I - 5,)28xz, — hT(I - §5)%z
+ hT(I - S,)3z, + hT(I - S,)%z, + hT(I - S, )%h,
= — (1 — 22 +¢3)0r ATY/2™ 4 0, (A7Y/4ma0) 4 O, (n1/2N}/e1)
+ h7(I - S,)%h,,

xZ'(I - S)\)axs - xf'(I - S,\)“xs
=27 (I - 8,)%Sxz, + hI[(I - 8,)% — (I - 8))*]z
+ BT [(I-8,)% — (I - S»)%]zs + hT(I - 5,)%S»h,
= (c1 — 8cz + 8c3 — €4)0rs ATV 4 0, (ATH/4m0) 4 O, (n1/2NV1)
+ hf'(I - S,\)?’S,\hs.
Hence, we conclude (k) and (1). O
7. Proofs of Lemmas 4 and 5.
PROOF OF LEMMA 4. Recall Rp,(\) ~ A2 + n=1A\"1/2™_ From now on, we

require that the three constants a, ¢¢ and a, in Lemma 3 satisfy 4m/(4m—1) >
a1 >a and ag > 1 so that, for X € [y, As),

(30) nIx"V4mao = o(A2 4 p~IN"1/2m) = o(Ry,(N))
and
(31) n=Y2\Va1 = o(A2 4 n7INTY2m) = o(Ry, (V).

Equations (30) and (31) can be verified by simple algebra. Recall that Ay =
S,\ + Bo)‘, where Bo,\ = n‘l(I - S,\)2XA61()\)XT(I - S,\)2 and Ao)‘ = n‘lXT(I -
S,)3X.

[(a) and (b)] By Lemma 3(g), we have

(32) trBoy = tr {A;1(2) [n7XT(I - 8,)*X]} = 0,(1),
33)  trB2, = tr{A7'(\) [pTIXT(I - 8,)%X]}" = 0,(1),
(84) trS)Boy= trA; (\) {n7IXT[(I-8,)° — (I - 85)*]X} = 0,(1).

This, together with Lemma 2(c), proves (a) and (b).
(c) It follows from Lemma 2(b) that

(35) n=1gT(I - 8,)%go = 722(1 +0(1)).
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Also, by Lemma (a) and Lemma 3(d) and (e), we have
n~'g{Bg,go = [n7'gl (I - $,)°H +n~'g{ (I - 8,)?Z]
X {AS1(A) [17XT(I - 8,)*X]A5 (\)}
x [n"HT (I — S»)%go +nZ7(I - S»)%go)
= [0(X) +0,(n™/2)][£7" +05(1)] [0(22) + 05 (n7/2)] = 0(3?).
This, together with the Cauchy-Schwarz inequality and (35), leads to (c).

(d) Write

n~1ZT(I - Apn)*Z = n-l{zT(si —-28,)Z+ZT((1- ém) — (Box—B%))z
+ZTS)\BO)‘Z +ZTBO)‘S)‘Z}.

By Lemma 3(a), we have the first term
36) n~1(ZB)T(S2 - 28,)(ZB) = (ca — 2¢1)B7=BnIA"1/2™(1 + 0p(1)).

It follows from Lemma 3(a), (d) and (f), Lemma 1(a), (30) and (31) that the

third term
(37)n‘1ﬂTZTS,\Bo,\Zﬂ =BT [n71Z78,\(I - 8,)X]A; (V) [n1XT(I - S,)%Z]8
= (c1 — 2cq +¢3)BTEB~1IN"127(1 4 0,(1)).

The fourth term has the same rate.
Observe that

n1ZT(I - Boy)Z = [n71Z27ZA;* (V)][Ao(X) — n 7 XT (I - 85)?Z]
+{[n727 (28, - $2)2] - [n~27(1 - 5,)H]}
x Ay (\)[n X7 (1 - 8,)%Z),
n~1ZT(Box — B3,)Z = [n7127(I - $,)2X]A; (V) [Ao(X) — n 7 X T (I - 8,)*X]
x Ay (A)[n71XT(I - 8,)%Z].
Then by Lemma 3(d) and (f), we have
nIHT(1-8,)2Z=0,(A +n"IA"Y2") and n7'XT(I-8,)°Z =S +0,(1).

Also, by (A1) (in Section 2) and the law of large numbers, we see that n-1Z7Z =
T + 0,(1). Hence, it follows from Lemma 1(a) that

(38) n71ZTZA; Y (\) =1 +0,(1).
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Hence, by Lemma 1(a), (36) and Lemma 3(k) and (1), we conclude that
n~1(ZB)"[(I - Bor) — (Box — B%,)] (28)
= L {(HB)"(W - $2)4(HB) + 0,(\~1/47) + 0, (n=/231/%)
+ (4eg — deg +¢4) BTEBATY2] (1 4 0,(1)).
This, together with (36) and (37), proves (d).

(e) Note that n=1gT(I — S)Yh, = O(\2), for I > 2, and
(39) n7IXT (1 - S))%e = O, (n~1/22Y2) + 0, (n"1/2) = 0, (n"1/2)

by Lemma 3(c) and (j). Then by (31), (39), Lemma I(a) and Lemma 3 (d), (e)
and (g),
n~'giBe
= [n7'gl (I - 8,)%X]A. 1 (A) [n X T (I - 8,)*X]A; 1 (V)
x [n71XT(I - S))%]
~ (n~Y2\e 4 A2)[n-1/2/\1/a1 + Op(n—1/2)]
= 0p(Roa(}))-
Similarly, we have
n='g{ (I - 8x)Boxe = [n7'g{ (I - 52)°X]A7 (N [n X7 (I - 8))e]
= 0p(Ron(}))-
By Lemma 3(c) and (31), n~'g](I — S))%e = 0,(Ron()\)). Putting these results

together, we have (e).

(f) Write (I-Aox)? = 83 —(I-Boy) 8x—Sx(I—Bo) + U-Byy) — (Bor~B2,). By
the central limit theorem, n='Z%e = O,(n~1/2). Then it follows from Lemma
1(a) and Lemma 3 (c), (k), (f) and (i) that

n~1ZT(I - Boy)e=[Ao(\) —n~1Z7(1 - 8,)2X]A; 1 (A) (12 e)
~[n™1Z7(1 - 8,)*X]A51 (V)
% [n7IHT(I - S»)%e —n=127 (28, — S%)e]
=0(Ro,())).

By Lemma 3(1), we have Ag(A\) — n~1X7(I — S,)*X = O,(Ry,(\)). It then follows
by (39) and Lemma 3(f) that

n~}ZT(Boy — B}, )e = [n7127(I - S,)2X]A; 1 ())

x [Ao(A) —n X7 (T - 85)*X]A; 1 (M) [n2XT(I - S))2%e]
= o(Ron(N)).
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Next,
n‘IZT(I - Bo)‘)S)‘e = n‘lzTS,\e - [n‘1ZT(I - S)\)2X]A5'1(/\)
“0) « (T 8,)2 - (1-5,)7e)
=0(R0n(>‘)),

since n=1Z7S)e = 0,(Rg,())), by Lemma 3(i) and the fact that
n1XT[(I-85)% — (I-S,)%le=n"tHT[(I-S,)% - (I-S))%]e
(41) +n~1Z7(S, — 282 + S3)e
= o(Ron ()‘)) ’
by Lemma 3(c) and (i). Similarly, n=1Z7S,(I — By,)e = o(Ry,()\)). Finally,
n~1ZTS\e = 0, (Ron()))
by Lemma 3(i). Combining all the terms, we have (f).

(g) Write Ag)\ —2A¢, = Si — 28, + (BoxSx + S»Byy) +Bg)‘ — 2By,. First, we
note that

(42) n~!(eTShe — o% tr 8) = 0p (nTIAT/4m0) = 0, (R, (N)),

by the proofs of Lemma 3(a) and (b) and (30). Next, by Lemma 1(a), (39) and
(41) and Lemma 3(g),

n='eTBore = [n~teT (I — S,)2X]A; (N [n1XT(I - S»)2%e]

43
)  [n /2181 4 0 (n=/E)[2 = 0y (R (),
n~'eTBy)Sre = [neT (I - S1)2X]A; 1 (A) [n1XT(I - S»)2S e
(44)
=0p(Roa (1)),
45 n~leTB% e=[n"teT(I - 8,)2X]A; ' (N) [n~1XT(I - S,)*X]

x A5 (V) [ X7 (I - 55)2€] = 0p(Ron()).

Part (g) holds by (32)«(34), (43)(45) and (42). O
PROOF OF LEMMA 5. Recall that A;), =S, + B;,, where
Bin=n"1(I-8,)XA7*(\)XT(I-8,)? and A;(\) =n"2X7(I-8,)%X.

(a) By Lemma 3(d), (e) and (g),
n~'giB\Bugo = [n7'gf (I - 8,)°X]AT (A) [271XT (I - 8,)*X]AT (A)
X [n_lXT(I —S)‘)zgo]
= 0,((2 + n~V2\Var)2),
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It can be easily verified that O,(n"1)3%/%1) = 0,(\2). This, together with the
Cauchy—Schwarz inequality and (35), proves (a).
(b) Write
BTZT(I - A1)T(I-A1n)ZB = B7Z7(S% — 28,)28 + 287Z7S5B,,Z8
+BTZ7[(I - By,\) - B, (I - B1)]28.
By (36), Lemma 3(a) and (f) and Lemma 1 (b), we have the second term,
n=1BTZTSIB1\ZB = BT [n~1Z7S\(I - S))X]ATI (V) [n~XT(I - S,)%Z]8
(46) = (c1 — c2)BTEBn~1A1/2m 4 o, (n=1\~1/4ma0)
+0,(nV/2)1/ar), -
Observe that
n~1ZT(I-By)Z = [n*IZTZAI‘l(,\)][Al(/\) -n7IXT(I - 8,)%2]
+ (n‘IZTSAZ)Al‘l(/\) [n71XT(I - S,)?%Z]
A SA)H]AI“I(/\) [n‘lXT(I -8,)%Z],

n1ZTB]\(I-By)Z = [n7'Z7(1 - 8,)X]AT(N)
x {[n7XT(I - 8,)Z - n71XT(I - S,)%X]
+ [n71XT(I - 8,)%X]ATH(N)
x [A1(\) —nIXT(I - 8,)2Z]}.
It follows from Lemma 3(a) and (d) that
x7 (I - 8))%x, —xT(I - 8»)%2s = x7(I - S,)%h,
= h7(I — 8,)%h, + 0, (n1/221/a)
= hT(I - 8))%h, + 0, (n)Z + X~1/2m),
x7(I - 8y)zs — xI (I — S5)%%s = (c1 — c2)orsA™/2™ — T (I — S, )2h
+op(/\‘1/4”"’°) +0, (n1/2)\1/"1)
= (1 — c2)osA"Y2™m —hI(I - S, )%h,
+0p(nAZ + A71/2m),
Note that [n~'h?( — S,)?h,| = O(\?) by Lemma 3(e). Hence
BT[A1()) — n=1XT(I - S,)%Z]8
=n" o, (nA2 + A~V/2m) & (HB)T(I — S,)2HB](1 +0p(1)),
BT [n~1XT(I - 8,)Z — n'XT(I - S,)2X]B

=n"(cy —c2)BTEBA Y2 — (HB)T(I - S»)2HP](1 +0,(1)).

(47

(48)
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By Lemma 1(b), (38), (47), (48) and Lemma 3(a), (d), (f) and (g), we conclude
that

n=1(ZB)"[(I - B1) — B],(I - B1)](28)
=n"t(HB)T(I - S»)2(HB) +caBTTBA/27](1 + 0,(1)).
Part (b) holds by (86), (46) and (49).

(49)

(c) Write I —A1)TT —A;) =T —S))? +B{AB1,\ — (- 8S,)Byx —BfA(I —-S)).
By Lemma 1(b), (48) and Lemma 3(c)—(e), (g) and (j), we have
n‘lgg'Bf)‘Bue
= [n &g (I - $2)*X]AT (V) [n 71X (I - 85 )2X]AT (V) [n X7 (I - 8))?%e]
~ (n—1/2/\1/a1 + /\2)[n-—1/2/\1/a1 +Op(n“1/2)]
= 0p(R1x (X)),
n“lgg'(I — S,\)Bv‘e
=n"'g{BI\(I-S))e
= [n1gZ( - 8,)2X]AT () KT - 1)
= 0p(R1x(2))-
By Lemma 3(c), n~'gT(I — S))%e = 0,(R1,()\)). Hence,
(50) n~lgl(I-A;)T(I-Ap)e=0(Ri,(N)).
Write
(I—AIA)T(I—AL\) = (I—Bv‘)T(I—BL\) +S§

—(I — Bl,\)TS,\ - S,\(I - BL\)’
Z"(I-By\)"(I-By)e = Z"(I - Byy)e — Z'BY, (I - Byy)e.
Recall that n=1Z7e = Op(n~1/2). Then
n71ZT(I- By )e = [A1(\) —n71ZT(1 - S,)X]AT (n71Z7e)
—[p7'27 (1 - 8:)x]ATI (V)
x [n"IHT(I - S))%e —n"1Z7(2S, - S%)e]
= o(R1, (1)),

by Lemma 1(a), (47) and Lemma 3(c), (f) and (i). Using the same argument to
derive (47), we have

51) AL(A) = n XTI - 8,)2X = 0,(R1n(N)).
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By (39), Lemma 1(b), Lemma 3(f) and (g) and (51), we have
n1ZTBY, (I - By )e = [n7127(1 - S,)2X]AT 1 ())
x [A1(A) = X7 (I — 8,)2X]AT () [0~ XT (I - 8»)%]
= o(R1.(1)).
Hence,
(52) n=1ZT(I — B1y)T(I - Byr)e = o(R1,(1)).
Then by Lemma 3(c) and (i), we have

n~1ZT(I — B1»)TSre =n"127Sse — [n7127(I - S, )*X] AT*())

(563) X [n_lXT(I — S,\)S,\e]
=o(R1,(\)).

Thus by (52), (53) and Lemma 3(i) we have

(54) ZT(I—AL\)T(I —Al)‘e) = Op(Rln(/\))‘

Part(c) holds by (50) and (54). O
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