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AUTOMATIC BANDWIDTH CHOICE AND CONFIDENCE
INTERVALS IN NONPARAMETRIC REGRESSION

By MicHAEL H. NEUMANN

Weierstrass-Institut fiir Angewandte Analysis und Stochastik

In the present paper we combine the issues of bandwidth choice and
construction of confidence intervals in nonparametric regression. Main
emphasis is put on fully data-driven methods. We modify the Vn -
consistent bandwidth selector of Hardle, Hall and Marron such that it is
appropriate for heteroscedastic data, and we show how one can optimally
choose the bandwidth g of the pilot estimator ,. Then we consider
classical confidence intervals based on kernel estimators with data-driven
bandwidths and compare their coverage accuracy. We propose a method to
put undersmoothing with a data-driven bandwidth into practice and show
that this procedure outperforms explicit bias correction.

1. Introduction. We assume observations
Y, =m(x;) + ¢, i=1,...,n,

where the errors ¢; are independently, not necessarily identically distributed
with zero mean and variance v(x;). The nonrandom design points x; are
assumed to be spaced on the unit interval [0, 1], x; < x4y < -+ <x,.

We aim at defining a confidence interval for the regression function m at
some interior point x, of this interval.

There already exists a very developed theory for confidence intervals based
on kernel estimators with nonrandom bandwidths. Under assumptions on the
decay of the bandwidths it is shown that these methods are consistent and,
moreover, there are rates for the errors in coverage probability calculated.
Hall (1991, 1992a), for confidence intervals for a density, and Hall (1992b),
for intervals in regression with ii.d. errors, found optimal rates for the
bandwidths involved in the confidence interval procedure by optimizing the
coverage accuracy. On the other hand, the majority of the available literature
does not take into account the bandwidth choice that is necessary for practi-
cal applications. Some exceptions we are aware of are papers of Faraway and
Jhun (1990) for density estimation and Faraway (1990) for the regression
case, where the bandwidth as well as the quantile for confidence bands are
obtained on the basis of the same bootstrap sample. However, the authors do
not provide any rigorous result on the real coverage probability in comparison
to the prescribed level.
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Usually the first step in constructing asymptotic confidence intervals
consists in the definition of an asymptotically normally distributed pivotal
quantity. There are two commonly used methods to deal with the bias of the
initial estimator 7,(x,), undersmoothing and explicit bias correction on the
basis of yet another kernel estimator. In Hall (1991, 1992a) it is shown that
the undersmoothing method leads to a better coverage accuracy. An analo-
gous result is proved in Neumann (1992b) for the regression case with not
necessarily identical error distributions, again for kernel estimators with
nonrandom bandwidths.

In the present paper we mainly focus on the practical bandwidth choice.
Whereas we can apply the bias correction method with usual bandwidth
selectors at all stages, we replace the pure undersmoothing method by a
two-step procedure that yields the same rates for the coverage accuracy. As
an estimator of the optimal global bandwidth we employ here, with some
minor modifications, the Vn -consistent bandwidth selector of Hardle, Hall
and Marron [(1992), hereafter HHM]. It is based on plug-in estimates of the
integrated variance and the integrated squared bias of 7,. To make this
method fully data-driven, we propose a method for how the bandwidth of the
pilot estimate 7, needed for the bias estimation can be optimally chosen
from the data.

The second step in getting confidence intervals is the recognition of the
distributions of the aforementioned pivotal quantities. We restrict our consid-
erations exclusively on a distribution recognition via Edgeworth expansions
for the pivotal quantities. Recently, the application of bootstrap techniques in
general, and in the context of heteroscedasticity the wild bootstrap proposed
by Wu (1986) and by Hirdle and Mammen (1993) in particular, has become
quite popular. It is used by Hardle, Huet and Jolivet (1995) for the construc-
tion of asymptotic confidence intervals. However, in Neumann (1992b) it is
shown that we obtain via Edgeworth expansions the same rate for the
approximation of the cumulative distribution function. Since on the other
hand the quantiles via Edgeworth expansions are explicitly given, there
seems to be no need for the computationally more involved bootstrap.

The paper is organized as follows. In Section 2 we develop a completely
data-driven, Vn -consistent bandwidth selector. In Section 3 we introduce
pivotal quantities used for the construction of confidence intervals. Estimates
for the error in coverage probability of the intervals are derived in Section 4.
Section 5 contains a discussion of the applied methods. A list of the assump-
tions, some technical lemmas and the proofs are deferred to the Appendix.

g

2. A fully data-driven bandwidth selector. As a starting point we
take a kernel estimator, as proposed in Gasser and Miiller (1979), which can
be written as

fn(x) = ¥ W(x, b)Y,

i=1
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The weights are defined as W(x, k), = [ h~'w((z — x)/h) dz, where w is
some usual kernel of order r with support[—1,1]if A <x < 1 — A, and some
boundary kernel otherwise. Explicit formulas for such kernels are given in
Gasser, Muller and Mammitzsch (1985). Further we set s, = (x; + x,,,)/2
fori=1,...,n—1and s, =0, s, = 1.

As already mentioned, all kernel estimators included in the procedure
should be equipped with data-driven bandwidths. Although we adopt the
coverage accuracy as our main criterion to evaluate the performance of our
methods, we choose the bandwidths according to the risk behavior of the
corresponding estimator, since a specific choice for confidence interval pur-
poses seems to be difficult for some conceptual reasons discussed in Section 5.
Since only the behavior of m, at x, influences the properties of the confi-
dence interval, it seems to be on first sight reasonable to seek an estimate of
the locally optimal bandwidth. On the other hand, we agree with Hardle and
Bowman (1988), who claim that the potential advantages of local adaptive
bandwidth selection in the context of confidence intervals are not clear.
Roughly speaking, the initial estimator 71,(x,) will only serve as a vehicle to
introduce a nondegenerate noise structure, whereas its bias will be corrected
with the help of a second estimator 7:,. For a more detailed discussion of this
subject we refer again to Section 5. On the other hand, since our methods are
based on Edgeworth expansions of pivotal quantities with nonrandom band-
widths, we can expect a better coverage accuracy for intervals with random
bandwidths that are very close to some fixed one. This is certainly an
argument in favor of global bandwidth selectors, which are usually more
stable than local ones.

For fixed h, the mean squared error of m,(x,) = LW(x,, h),Y; can be
written as MSE(h) =V, + B2, where V, = Y7 ,W(x,, h)?v(x;,) and B, =
Y W(x,, h),m(x;) — m(x,).

Since we are not willing to impose restricting assumptions on the smooth-
ness of v, we borrow the idea of the wild bootstrap and estimate V), simply by

(2.1) V, = ¥ W(x,,h)}0;,
i=1

where

(2.2) b, = 82 = (Y, — m(x,)),

and where m denotes yet another Gasser—Miiller kernel estimator. Anticipat-
ing the following results, we remark that the consistency of the bandwidth
selector considered in this section as well as of the confidence intervals in the
next section require a higher degree of smoothness for m than the basic
kernel estimator 7, can exploit. We assume throughout the present paper
that m is (r + s)-times continuously differentiable, and therefore we take m
as a kernel estimator 72 with an (r + s)th-order kernel and a bandwidth £,
which can for simplicity be chosen by cross-validation or by some other
consistent bandwidth selector.
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We opt here for these particular variance estimators (2.2) because they are
close to the squared errors ¢2, which are easy to analyze. Another obvious

10

possibility would be given by o, = (Y, — Y;_ XY, — Y, ).
The bias B, will be approximated by an estimator of the form

(23) Bio= L W(xo, h)imy() = y(%0),

where 1 (x) is another Gasser-Miiller kernel estimator with weights
W(x, g); based on an sth-order kernel @ and a bandwidth g.

Now we intend to modify the bandwidth selector of HHM such that it
accounts for the possible heteroscedasticity of the data. An even more impor-
tant issue is the data-dependent choice of the bandwidth of the auxiliary
estimator 7, which is used for the estimation of the bias.

We are going to estimate the bandwidth %, that is optimal with respect to
the mean integrated squared error (MISE) of 7,, where the integration is
because of boundary effects restricted to some interval [¢,d], 0 <c <d < 1,
that should include for our purposes the point x,,.

The MISE splits up into an integrated variance part,

IV(h) = jcd .gn:lW(x,h)?v(xi)dx - 'zn:lfch(x,h)? dxv(x,),

and an integrated squared bias part,

n 2
ISB(h) = jd( Y W(x,h)m(x;) — m(x)) dx
¢ \j=1
We estimate IV(A) analogously to (2.1) by
(2.4) IV(h) = Z / W(x,h)? dxd,.

Provided an appropriate choice of g, the quantity

(25)  TSB(h,g) = /cd(,_ilvv(x,h)img(x» - n%g<x)) dx

= ). A(h,g),Yy,
i j=1
with

A(h,g)ij=/;d(§W(x,h)kW(xk,g)i - W(x,g)i)

x(;W(x, MW (xi,8); = W, g),) dx
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could already serve as an estimator of ISB(%). A quantity similar to the sum
of (2.4) and (2.5) was proposed by Miller (1988) as an estimator of the MISE.
As remarked by HHM, ISB(%, g) is biased due to the variance of the diagonal
terms, and therefore it turns out to be better to estimate ISB(%4) by

(26) ISB(h,g) =ISB(h,g) — ¥ A(h, g).b;.
i=1

An alternative approach in the framework of density estimation is proposed
by Sheather and Jones (1991). They recognize that the nonstochastic bias
term has the opposite sign to the bias due to the smoothing, and they choose
the auxiliary bandwidth such that these terms cancel. However, an appropri-
ate choice of this bandwidth requires the estimation of higher derivatives. If
enough smoothness is present to do this reasonably well, then we could
alternatively use it to improve on the whole procedure at other stages. Now
we have with IV(h) + ISB(A, g) a pattern to estimate MISE(A), but it
remains to fix an appropriate value of g. This problem was not solved in an
entirely satisfactory way in HHM, and the authors conjectured that there is
no substitute for trying some number of different g’s. Assuming slightly more
regularity than in HHM, namely, m € C2?"75[0, 1] instead of m €
czrr ’”[/O_,\l], we obtain that the term of order O(n 1) of the mean squared
error of ISB(4, g) as an estimator of ISB(%) does not depend on g, whereas
the largest two of the remaining terms do. These terms can be used to get a
reasonable, asymptotically optimal choice for g.

The assumptions needed for the following lemma as well as for the
assumptions in the sequel are given in the Appendix.

LEMMA 2.1.  Assume (Ag) and (Agy). Then

(i) E(TSB(h, g) — ISB(h))’
— W4 C(h)n !

2
+4h4rg23Kr4/\§(fdm(r+s)(x)m(r)(x) dx)
c

c

2
av(x)
d4r, -2 —(4r+1) 4
+2h*"'n"*g Krf (d(x)) dx

2
Xf(fw(’)(y)w(’)(y +z)dy) dz
+O(h4r(g28 + n72g7(4r+1)))’

where C(h) is bounded and «k, = (—1)"(r)" Yz"w(z) dz, A, =

r S
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(- DD Yzw(2) dz;
(i)

o= |47+ D) ["(0(3)/d(2))" do

2
xf([w<r>(y)w<r>(y +2) dy) dz
1/@2s+4r+1)

X 4sx\f(fcdm(”s)(x)m(’)(x) dx)zl_ nz} (1+0(1)).

Let g be any consistent estimator of g,., that is, g = 8 = 8o T+
0,(n" /G2 1/2) Now we define h as a measurable minimizer of MISE(A, g)

— IV(h) + ISB(h, g), whose existence is ensured by a lemma of Jennrich
(1969).

REMARK. Analogously to Theorem 1 in HHM, one can prove that

fl_ho
ho

=0,(n"*),

where A =1/2 As/(s + 2r +1/2).

The next point concerns the appropriate choice of the bandwidth g for the
local bias estimator B, ,. First we infer from Lemma A.2 that

A hz (hz—y)r71 ~(r r
Bhyg—Bh=fw(z)/; W(mé)(xo—ky)—m( )(x0+y))dydz
+ Op(n2g71)

holds. Since 2 < g holds for 2 and g of optimal orders, the task of estimat-
ing B, is nearly equivalent to the estimation of m"”(x,) by m{ (x,). To give
a definite rule for the choice of g, we use the method proposed by Miller and
Stadtmiiller (1987) for the choice of the optimal global bandwidth g{*,
which can be applied in the case of heteroscedasticity, too. They observed that

gy = €, (w)C(m,v)n~ /(1 4 o(1))

holds with some constant C, , that depends on the kernel function w but not
on the unknown functions m and v. On the other hand, the optimal global
bandwidth for an estimator of m itself with an (» + s)th-order kernel w has
the form

gL = Cy ., (W) C(m,v)n~ VD1 4 o(1)).
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Now we can estimate g(""* by some asymptotically optimal bandwidth
g% 7" and then we obtain a consistent estimate of g{"* by

(2.7) = Mg(mrﬂ)
' CO,rJrs(w) 0 ’

which spares us the more involved direct estimation of the constant C(m, v).
3. Confidence intervals for m(x).

3.1. Construction principles for confidence intervals. All commonly used
methods to establish confidence intervals are based on the principle of first
estimating m(x,) by an initial estimator m(x,) and then estimating the
distribution of m(x,) — m(x,). Usually a distinction is made between pivotal
and nonpivotal methods. For the related problem of bootstrap confidence
intervals, Hall (1992b) pointed out that pivotal methods, which are based on
a quantity V"1/2(3 — ) that contains an estimator V of the variance of ¥,
should be preferred to nonpivotal methods, which are simply based on an
estimation of the distribution of (% — ). Hence, in the present paper we
restrict ourselves to pivotal methods.

The main problem with confidence intervals in nonparametric regression
rests on the fact that a consistent estimator of m(x,) is necessarily biased.
Strictly speaking, MISE-optimal estimators have bias and standard deviation
of the same order. There are two common methods to deal with this problem,
undersmoothing and subsequent bias correction. Hall (1991, 1992a) shows in
situations closely related to ours that the first method leads to a better
asymptotic coverage accuracy, at least in the case of nonrandom bandwidths.

An important goal of the present paper is to provide methods where all
bandwidths are chosen by the data in a reasonable way. The only available
guideline for a reasonable choice seems to be the risk behavior of the
corresponding estimators; hence, the bandwidths we deal with are of MISE-
optimal order, which means that bias and standard deviation of the estimator
can be expected to decay at the same rate to zero. Therefore, we cannot apply
the undersmoothing method in its pure form.

In contrast, it is possible to construct a bias-corrected pivotal quantity on
the basis of MISE-optimal kernel estimators by a normalization of the initial
estimator with estimates of its bias and variance. Now it seems to be more
natural to estimate the bias first and then to divide the corrected quantity by
an estimator of its standard deviation. It turns out that this method is
equivalent to undersmoothing and, in accordance with the existing theory, we
obtain a better coverage accuracy than by the first method.

3.2. Definition of the pivotal quantities. As already announced, we con-
sider the bias-corrected pivotal quantity

M, (x,) — B, , — m(x W, , .5 +b
(31) Th _ h( 0) h,g ( 0) _ h,g, h,g

» 8 >1/2 51/2 ’
h h
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where Vh and éh, . are defined by (2.1) and (2.3), respectively, and b, , =
ZV_Vh’ ¢.im(x;) — m(x;) denotes the remaining bias. Further, we obtain a
method equivalent to undersmoothing by estimating the whole variance of
the numerator of T), , instead of that of ,(x,). In this case the usual
condition A < g, which is introduced to keep the variance of the bias
estimator of smaller order than that of 71,(x,), is no longer necessary and we
optimize g with respect to the asymptotic coverage accuracy by choosing it of
the same order as h. Since there is no other guideline for doing this in
practice, we simply set g = h, where h will be chosen later by some data-
dependent rule.
With Wh’i = Wh’ n,; and b, = b, ;, we get the pivotal quantity

W, ;& + b,

(3.2) U, = 2
Vhl /2
where Vh ZWh .0,

Note that the roles of B, o and Bh » are very different. Whereas the
quantity Bh g in Ty estzmates the bias, the term Bh , in U, reduces only
the nonstochastic part of m,(x,), but contributes by a stochastic part of the
same order as the initial estimator 72,(x,). In both cases we get a new
estimator, ,(x,) — B, ¢ and 7, (x,) — Bh », respectively, with a squared
bias of smaller order than its variance.

To obtain knowledge about the asymptotic distributions of the pivotal
quantities, we intend to apply Edgeworth expansions as far as possible. For
that we approximate the quantities of interest by certain smooth functions of
random vectors. Using results of Skovgaard (1981, 1986), we can then prove
the validity of these (formal) expansions. To draw conclusions from the size of
the difference of two random variables to the difference of their cumulative
distribution functions in a convenient way, we introduce the following nota-
tion.

DeFINITION 3.1. Let {Y,} and {Z,} (Z, = 0 a.s.) be sequences of random
variables, and let {,} be a sequence of positive reals. We write

Yn = 0~(Zn? FYIL)
if
P(Y,| > CZ,) < Cy,

holds for n > 1 and some C < o.

This notion differs obviously from the usual O,, which would provide a
similar property for an arbitrary constant y instead of Cv, on the right-hand
side. As a rule, for arbitrary 8, A > 0, we can conclude under sufficiently
strong moment conditions on the distributions of the errors, by Markov’s and
Whittle’s inequalities, that

(3.3) (a,)'e = O(n®lla,ll,n=")
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and

(3.4) e'A,e —Ee'Ae = O(n‘s\/tr(AnA’n) ,n‘A)

hold uniformly over a, € R* and arbitrary (n X n)-matrices A,, where
€ = (&,..., &,). Furthermore, we obtain similar assertions for random quan-
tities a, and A,, which is made rigorous by Lemma A.1 in the Appendix.

The following lemma shows that O is an appropriate concept for the
calculation of the cumulative distribution function of quantities that do not
immediately admit an Edgeworth expansion.

LemMmA 3.1. Let {X,} be a sequence of random variables that admit the
Edgeworth expansion
P(X, <t) =®(t) +p,(t)d(t) + O(u,),

with some polynomials p, of bounded order with bounded coefficients. Fur-
ther, we assume Y, = O(y,1, v,5)- Then

P(X,+Y, <t)=P(X,<t) +0(u, + %1+ Vs)-

The proof of this lemma follows immediately from the inequalities
P(Xn <t- CYnl) - P(|Yn| > Cynl)
<P(X,+Y,<t)<P(X,<t+Cy,)+P(Y,]>Cy,)
and the Lipschitz equicontinuity of the functions ®(¢) + p,(¢)d(¢).

4. Coverage accuracy of the confidence intervals.

4.1. Coverage accuracy in the case of nonrandom bandwidths. First, we
approximate the cumulative distribution functions of the pivotal quantities
with nonrandom bandwidths via Edgeworth expansions. The following propo-
sition serves then as a starting point to derive formulas for quantities with
data-driven bandwidths.

PrOPOSITION 4.1. Assume (Ag), (Ap) and h = h(n) and g = g(n) to be
nonrandom.
1) Ifnh > », g >0 and h/g - 0 as n - », then

b 2t* + 1
V2 ¢(t) + py—g— (1)

P(T, ,<t)=®(t) -

ihg_ih
- + —
SRR th(t) + O

2(r+1)
gZS + )

+ (nh)l)

holds uniformly in t, where p, = V;?* LW(x,, W)PEe} and V, , =
W2, vlx).
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(i) If nh - ©and h - 0 as n - «, then
b 2241 vo (o
P(U, <t) = ®(t) —Wd)(t) +PnT¢(t)+O(h + (nh)™")

holds uniformly in t, where p, = V, 5/>LW? Ee}.

The proof of this proposition is essentially the same as that of Proposition 3.2
in Neumann (1992b) and may be sketched, w.l.o.g. for (i), as follows. First we
approximate 7}, , by

- -1/2 _
Th,g=(ZW(xo;h)?8i2) (ZWh,g,i€i+bh,g)'
By Lemma 3.2 in Neumann (1992b) we have

(4.1) T, ,— T, .= O((nh) ', n7Y).

.8
The vector S, = (T, W, , &, Z;W(x,, h)?e?)' is a sum of independent random
vectors and admits, in accordance with results of Skovgaard (1986), an
Edgeworth expansion with a residual term of order O((nh) '~°) for some
8> 0. Since T}, , is a smooth function of S, , we infer from Theorem 3.2 and
Remark 3.4 in Skovgaard (1981) the validity of the formal Edgeworth expan-
sion of T} .. To identify the expansion, we must calculate the cumulants of
T, ., which has already been done in Neumann (1992b). By Lemma 3.1 we
conclude from (4.1) that the expansions of T, , and T, , are identical up to a
term of order O((nkh)~1), which completes the proof.

For the rest of this subsection we assume that the nonrandom bandwidths
h and g are chosen of the same order as 4 and g described above, namely,
h=xn /@ %D and g < n~1/@0+9+D Now it is easy to see that

b, ,=0(h'g®), b,=0(hr""),
Vh,Vh,h = (nh)fl/z,
s = O((nh) %)

i

If u,_, denotes the (1 — a)-quantile of the standard normal distribution,
then we obtain

and
Vh,g - V}L

v, ¢

P(m(xo) € (’"’A?h(xo) - Bh,g - u1—avh1/2,°°))
(42) =P(T, ,<u;_,)
=1-a+0(g*+(h/g)"" + (nh) %

— 1 — o+ O(n—s/[Q(r+s)+1] + n—r/(2r+1))
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and
P(m(x) € (y(x0) = By — w1 V2, )
(4.3) = 1-a+O0(h* + (nh) /%)
=1—a+ O(n srn/Erehy,
Estimating p, and p, by
Pn = V53/2ZW( X0 h)?ﬁis and F_A’n = ‘fvifg/zzv_vhs,h,iﬁ?,

respectively, and inverting the expansions from Proposition 4.1, we obtain
confidence intervals

. R 2u?_ +1 512
I, o= | My(x0) =By, — |1+ 5 P Uy V%
and
- A 2u%,a +1, A
I, = |mu(xo) =By, — |1+ Tﬁh U Vi'?, |,

with coverage probabilities

P(m(xy) €I, ,)=1—a+0(g*+ (h/g)" ' + (nh) ")

(44) — 1 —a+ O(n*S/[Z(V‘FS)‘Fl])
and
(45) P(m(x,) €,) =1 - a+ O(h* + (nh)™")

=1—a+ O(nf(s/\Zr)/(ZrJrl))'

Equations (4.4) and (4.5) are also proved in Neumann (1992b).

4.2. The effect of the bandwidth choice on the coverage accuracy. Now we
are going to consider the performance of confidence intervals in practical
situations, that is, intervals based on pivotal quantities T}; , and Uj; involv-
ing estimators with data-driven bandwidths. These quantities do not immedi-
ately admit Edgeworth expansions, because they cannot be written as smooth
functions of a sum of independent random vectors. We will use the approxi-
mations to T}, , and U, given by Proposition 4.1 and treat the differences
between T} , and T} , as well as between U; and U, by estimates based
on O.

First, we consider the order of approximation of the optimal bandwidth by
their estimates considered in Section 2. From here let § > 0 be an arbitrarily
small quantity, whose occurrence is explained by application of Lemma A.1.
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LEMMA 4.1. Under (Ag) and (Agy) we have
h - h,
h
where A=1/2 As/(s + 2r +1/2).

=0(n’n %, n7"),

On the basis of Lemma A.1 it is easy to see that

d -
_{Tﬁ,g} = O(négs—l, n_l),

dg
d 3 87 —1 -1
E{Th’g} O(n°h~1,n 1)
and
d

Al O(n°h~Y(nh) %, n71).
From the decomposition

2uf_ +1 2ui_ +1 2u?_ +1,
Tho= 0= |Tne= ——g—hu| * —5 (P~ i)

+(Tﬁ,é - Tfl,g) + (Tﬁ,g - Th,g)

we obtain, by Lemmas 3.1 and 4.1 and by (4.4), the following assertion.

_ THEOREM 4.1. Assume (Ag), (Ap), (Agy), (Ap) and 18 —gol/g0 =
O(n~",n" 1Y) for some y > 0. Then

P(m(x,) €1; ;) = P(m(xy) €1, . )+ O0(n°n™?)

— 1 — a4+ O(n—s/[Z(r+s)+1])'

For confidence intervals based on the pivotal statistic U; we can derive in
an analogous way estimates for the error in coverage probability. However,
since U, yields for nonrandom % better rates than 7}, ,, the error due to the
randomness of A is not automatically majorized by the error in coverage
probability of the confidence interval with nonrandom bandwidths. Hence, we
look for a better approximation to 4. The idea is quite simple. Neglecting the
effect of the estimator 7; involved in the ?,’s, the pivotal statistic U,
depends only on O(nh) of the n observations, whereas the bandwidth selector
uses all of them to a certain amount. We define another bandwidth % by a
similar criterion, where only the observations in some neighborhood of x, of
size O(h,) are excluded, such that the quantity U; is based on a set of
observations disjoint from that used for the choice of h. Then the conditional
distribution of U; under A is the same as the unconditional distribution of U,

at the point A = h. Thus Proposition 4.1 remains valid for U; as well, and
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because & approximates h better than h,, we obtain a better estimate for the
error in coverage probability than via an approximation to U; by U, .
For appropriate C, let

A, =Cn~ /@D,
J,={ief{1,....n}llx; — x| <A}
We replace MISE(%, ) by
(4.6) M(h) =IV(h) +ISB(h),

where

Ny = ¥ [‘We,h)ldee? + ¥ ["W(x, )] dxo(x,)

ied, "¢ ied,’c
and
ISB(h) = ¥ A(h, 8,V
ijed,
+ )y A(h, gy);EYY; — Y A(h, g¢);v(x;),

G,j)ied,orjed,

and define % as a measurable function with

he argmin M(h).
helho/2,3h0/2]

Let the constant C be chosen so large that U; and M(h) are based on disjoint

sets of observations.
Now we can prove analogously to Lemma 4.1 that

h —hl ,
=0(n’n %, n 1,
hg

where A’ = (1/2 + 1/2@2r + D) As/(s + 2r + 1/2).

The additional factor n~1/227"D comes into play, because, roughly speak-
ing, the number of the Y;’s included in M(h) — MISE(%, g,) is O(nA ) rather
than O(n) as in MISE(%, g).

Again by Lemma A.1 we obtain

(4.7)

d ~ B _ d . < _ -1/2 _ _
E{Uh} =0(n°h ',n" 1) and E{ph}=0(n5h Y(nh)"",n7t).

With the decomposition

2u?_ +1, ( 2ui_,+1, )
B [ —

U, — 6 Pr =
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we obtain, by Proposition 4.1(ii), (4.7) and Lemma 3.1, the following theorem.

THEOREM 4.2. Under (Ay), (Ay), (Agy) and (Ag) we have
P(m( x,) € fh) = P(m(xo) € fﬁ) + 0(n°n™%)
—1—a+ O(n CA2VErHD 4 oy

Comparing the results of the Theorems 4.1 and 4.2 we see that the
undersmoothing method retains its superiority to the explicit bias-correction
also in the case of data-dependent bandwidths chosen by the above criteria.

5. Discussion.

5.1. Our estimates via the O-calculations seem to be, on first sight,
somewhat rough, and there arises the question whether we would obtain
better estimates by formal Edgeworth expansions of the pivotal quantities
T, ; and Uj, respectively. Apart from the fact that the validity of these
expansions is not immediately clear, it turns out that we would obtain the
same rates as given by Theorems 4.1 and 4.2 with the exception of the factor
n®. To see this, expand Uj in the Taylor series

. (h—h)
Uy=U; + (h = h)Ulp-p + ——U} ,
2 h=h*
where h* is between % and h. The third term on the right-hand side is of
negligible order. All arguments can be conditioned on %, since the conditional
distribution of Uj, is equal to the unconditional distribution of U,, at the point
h = h. If we follow the proof of (4.7), we see that the leading term of order
hon=2" of h — h is given by

ZiEJnVVi(‘giz - U(xi)) + X, jyied, orje J,lA(h’gO)i,j(m(xi)sj + &m( xJ))
—M"(h)

On the other hand, we have

U — 'y (%x0) _ 1y, (x0) Vi,
h Vhl/z 2Vh3/2 ’

which depends mainly on Y;’s with i € J, and has an order of magnitude of
O(hy'). Therefore, the second term of the above Taylor series contributes, by
a term of order n~%', to the first cumulant of U;, which leads to a difference
of order at least n~*" between the Edgeworth expansions of U; and Uj.

5.2. One disappointing fact with confidence intervals in nonparametric
regression is that we cannot obtain a size of the intervals that shrinks with
the same rate as the standard deviation of optimal estimators. The reason is
that we have actually two more or less separate problems, the estimation of
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m(x,) by some estimator m(x,) as well as the recognition of the distribution
of m(x,) — m(x,), which essentially consists of the estimation of the bias
Em(x,) — m(x,). To solve both problems satisfactorily, we have to apportion
the smoothness assumption for both purposes, which requires the application
of a suboptimal estimator m(x,).

5.3. The methods used in the present paper can obviously be applied to
kernel estimators with bandwidths chosen by other selectors. Neumann
(1992a) shows that the cross-validation bandwidth %y can be approximated
by some random bandwidth %, which is independent of those observations
that enter into the estimator 7;(x,), to an order of O(h,n /@ *Dpd n=%),
which yields finally an error in coverage probability of O(n’n~1/Gr+D),
Another direction for an extension are alternative kernel estimators, as, for
example, those of Nadaraya—Watson type.

5.4. A referee of this paper pointed out that a local bandwidth choice of 2
is perhaps more appropriate than a global one, and he gave some indication
that the integral of the lengths of the intervals can be expected to be smaller
for optimal local than for optimal global bandwidth choice. We agree that
local bandwidth choice is a reasonable alternative to our proposal. However,
we recall the trade-off between length of the confidence interval and bias of
the estimator: to get a smaller length, we need a larger bandwidth, which
results in a larger bias, also after the bias correction. Moreover, data-driven
local bandwidths are usually less stable than global ones, which can influence
the rate for the error in coverage probability, as shown in Section 4.2. Finally,
we remark that neither a locally nor a globally optimal bandwidth for m, is
optimal in any sense for the ultimate estimator #(x,) = i,(x,) — B, in our
undersmoothing approach.

5.5. Another point which was raised by a referee is that our automatically
chosen bandwidths are not optimal in any sense for the constructed confi-
dence intervals. However, we think that a specific choice for confidence
intervals is quite difficult in our completely nonparametric approach. Even
from the theoretical point of view it is not clear which bandwidth should be
considered to be optimal. There exist different reasonable aspects for the
performance of confidence intervals, as, for example, coverage accuracy,
length or a connection between length and miscentering of the interval as
proposed by Beran (1986) in the discussion of Wu (1986), which would lead to
different optimal bandwidths.

APPENDIX

A.1. Assumptions. Here we list the assumptions needed for the asser-
tions in the previous sections.
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GENERAL ASSUMPTIONS (A).

(1) The design points x; = x,(n) are regularly spaced, that is, [id(¢) dt =
(i — 1/2)/n, for some positive, continuous density d on [0, 1];
(i) w € C°[—1,1] is a kernel function of order r > 2, that is,
1, if k=0,
fw(z)zkdz= 0, ifk=1,...,r—1,
C+#0, ifk=r;
(ii1)) w € C"[—1,1] is a kernel function of order s > 2;
Gv) m € C™ 90, 1].

ASSUMPTION FOR UNIFORM APPROXIMATIONS (A;). All moments of the &’s
are uniformly bounded by corresponding constants, that is, Elg|" < C(M)
for some C(M) < . (If we assume instead that only a finite number of
moments are bounded, then we have to choose & in dependence on this
number and on the entropy of the families of vectors and matrices, as can be
seen in the proof of Lemma A.1.)

ASSUMPTIONS ESPECIALLY FOR THE CHOICE OF THE OPTIMAL GLOBAL BANDWIDTH

G) m e C? 40,11, [4(m"(x))* dx # 0,
2

d 1 zZ—Xx
/ [fzwxh(T)m(z)dz—m(x) dx # 0 forall h > 0;
(i) v € C°[0,1] is bounded from zero.

ASSUMPTIONS FOR EDGEWORTH EXPANSIONS (A p).

(1) A sufficiently large number of moments of the ¢’s are uniformly
bounded;
(ii) Cramér’s condition is uniformly satisfied by the random vectors «; =
(&;, 2, £?)’ in some neighborhood of x,, that is,
sup  sup |[Eexp{it'o;}| <1,
itlx;—xol<C lItlI>b
for some C > 0 and all 4 > 0.

A.2. Some technical lemmas.

LEMMA A.1 (Uniform O-approximation). Let " = {a{"},.¢ and &™*" =
{AYY), < o be families of n-vectors and (n X n)-matrices, respectively. Further,
define the s-entropy E ("*") of &/™*" as the minimal number of (n X n)-
matrices A; with the property that each A € """ can be approximated by
some A; with ||A — A\l < &. Analogously, we define the e-entropy E_ (") of
", Assume (Ay), E,-12-5(™) = O(n*) and E,-1-s("*") = O(n*) for some
B> 0 and A < . Then:

(i) sup{(llaﬁ,”)ll + n_B)_llagn)'sl} = O~(n3, n~v),
00
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-1 _
(ii) sup {(Vtr(AE,”)AE,”)') + n_ﬁ) le’ AVe — Ee’AE,")sl} =0(n’,n")

60

hold for 6 > 0 and y < ©, which can be chosen arbitrarily small and large,
respectively.

ProoF. For a one-element set ® = {6,} we obtain (i) and (ii) by Markov’s
and Whittle’s inequalities [see Whittle (1960)]. For general ® we derive (1)
and (ii) on the basis of that set of vectors and matrices just given by the
definition of the n /2 P-entropy and n~ ! P-entropy, respectively. Let 6
denote this parameter from the approximating grid with [laf® — a{"|l <
n~1/27# By Markov’s, Whittle’s and Bonferroni’s inequalities we obtain that,
for arbitrary positive § and v,

I(ag™) el < Il ay®) el + llag” — a{ll llell
_ O(n5||a(f‘)|| + n—1/2—5n1/2+3)
)

= O(nallaﬁ,”)ll + nan‘ﬁ)

holds uniformly over # € ® with a probability exceeding 1 — O(n~"), which
implies (i). Statement (ii) can be proved analogously. O

The next lemma improves the remainder term of order n~! given in

Gasser and Miller (1979) for the expectation of their kernel estimator.

LEMMA A.2. Let w, , be uniformly (in x and h) Lipschitz continuous of
order 1, and let {g,} be a sequence of twice-differentiable functions. Further,
assume that the design satisfies the condition given in (Ag). Then

Z2—X

n 11
P O T

—a.(2) dz

—|—O(n_2h_1 sup {lg,(2)l} +n~2 sup {lg’ z)l}).

0<zx<1 0<zx<1

The proof of this lemma is straightforward and can be found in Neumann
(1992b).

A.3. Proofs.

ProOF OF LEMMA 2.1. The calculations are very similar to those in the
proof of Theorem 1 in HHM. Therefore we indicate only the sources of the
terms in (i). Some of these formulas will be used in the course of the proof of
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Lemma 4.1. First, we approximate the entries of the matrix A(A, g) by

T 2 ()™ Yi %
Aij= 2r+1(3i_Si—l)(sj_sjﬂ)Krfw (x)w (x+ 2 )dx
(A1) o

ol gz | T O(n T hTg) il —xl < Cg,

whereas A;; = 0 holds if |x; — x,| > Cg. Further, we have, by m € Cc?r90,1],
(A2) (A(h,g)m); = C(h,i)n"'h*" + O(n *h*g*)
+O0(n?h"" g7+ nRP).
Now we split up
Var(ISB(4, g))
(A3) = Var(e'A(h,g)e) + 4Var(m'A(h, g)¢)
+ 4Cov(e'A(h,g)e, m'A(h, g)e),

where m = (m(x,),..., m(x,))’, and we estimate the terms on the right-hand
side separately. Those terms which enter into formula (i) are underlined. We
have

Var(e'A(h, g)¢€)
= ziX:jAzz‘jv(xi)v(xj)(l +0(1))
(A4) 4r 2 2
- 25%;1%4[01(2&2 ) dx | (fw<r>(y)w<r>(y +2)dy| dz
X(1+o0(1)).
Further, we obtain, by (A.2),
)Var(m’A(h, g)e) = m'A(h, g)Diag[v(x,),...,v(x,)] A(h, g)m

Ab

( — B Cy(h)n~t + O(h*"n " 1g?)

and, by (A.1),

(A.6) Cov(e'A(h,g)e,m'A(h, g)e) = O(h*"'n 2g™ %" 1),

where the residual terms both will be majorized by the underlined term in
(A4). By

Var(ISB(h, g)) = Var(ISB(h, g))
+ O(\/Var(I_SF(h,g)) \/Var(ZAiiﬁi) + Var(ZAiiﬁi))

and

Var(ZAiiﬁi) < E(ZAii(ﬁi _ vi))2 _ O(h4rn—3g—4r72)’
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we see that the remaining residual terms do not enter into the asymptotic
formula. Finally, we have
EISB(h, g) — ISB(h)
=m'A(h,g)m — ISB(h) + E} A, (v, — b;)

A7
(A7) = ZhZ’gSK,?/\sf mU ) (x)ym"(x) dx(1 + o(1))

+ O(nfz) + O(thnf?)/ngerl)’

which completes the calculations needed for the proof of (i). O

Proor or LEmMA 4.1. First, we investigate how well MISE(4) is approxi-
mated by its estimate MISE(#, g). Let W, = [¢W(x, h)? dx. We split up

WV(h) ~ IV(h) = LW,(ef — v(x,)
+ EW(m(x) — ()

+ 22Wiai(m(xi) - ZW(xi,f)jm(xj)

J

- 2ZVVi‘9iZW(xi’ A)jgj
i J
— T, + - +T,.

By means of Lemma A.1 we can easily estimate the terms 7 through 7,. For
convenience, let & first be restricted to the interval [n~',1/2]. Using W, =
O(n 2h 1), we get

T, = O~((nh)71n5*1/2, n=t).

By n 'YE(m(x,) — m(x,))? = O(nf)~* + f20+9 =) and f=f, +
O(f&%n® n= "), with some f, < n~/CU+9)* D we obtain

T2 _ O((nh)*ln—Q(r+s)/[2(r+s)+1]’ n_’\)

and

2
T; = 0 \/Z (Wl[m(x;) - ZW(x”f)]m(xj)D n®. n=>
' J
(kAo )
= O((nh)_ln_l/Qn—(r+s)/[2(r+s)+ 1]n5’ n_)‘).

If we write T, in the form &'M(h, f)e, we obtain, by the relation
tr(M(h, f)M(h, f)) = O(n"1(nh) 2(nf)"!) and Whittle’s inequality for
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quadratic forms, the following estimate:
T, s|s’M(h, f)e - Ee’M(h,f)e|f=f| + Ee'M(h, f)el—f

O(y/u(M(k, Fy M, F))n?.n =) + o(z_wjv—v(xj,f)j)

= O((nh)_1n_l/zn_(’+s)/[2(’+s)+1]n’5, n‘A)
+ O((nh)71n*2(”s)/[2(’”)“], n*").
Next, we decompose
ISB(h,g) — ISB(h) = &'A(h,8)e — L A(h, 8);v(x;)
+ L AR, 8)u(v(x;) = 0;)
+2m'A(h, g)e
+m'A(h, g)m — ISB(h)

T 4 e 4T,
By (A.1) we see

T, = Oy LAk, g)n*, n )
_ O‘(thn—1§—2r—1/2n5’ n—A)_
Analogously to the estimation of IV(2) — IV(A), we obtain
T6 _ d(hzrn—2§—2r—1n1/2na’ nf’\)
O”(hzrn—lg—Zr—l/z(ng)*1/2n3, n—A)’
O(IlA(R, g)ml|in®, n~?)

O'(thn—l/ZnB’ n—/\)

and

Ty = 6(h2’§5, nt).
Analogous estimates can be derived for A € [0, 1), where O(1)-terms take
the place of the (nh)~!-terms. It is known that
(A.8) MISE(%) = C(h*" + ((nh) ™" A 1)),
which implies in conjunction with the above calculations that

MISE(h, ) — MISE(h) .

MISE( %) =0

On the other hand, we have MISE(4,) = O(n"27/@"*D)  which implies by
(A.8) that

(n™%n% n™%).

. hy
(A.9) P(Ih ol >

=0(n").
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For brevity we set M(h) = MISE(h, g) and M(h) = MISE(h). Because
M'(Wlp=4 = M'(W)|p=n, = 0, we obtain
0=(M-M)(h)+ (M'(h) —M'(hy))
= (M —M)'(h) + (h — ho)M" (h¥)

for some h* between A, and A, which implies

. M-M)(h
i QLM
—M" (h*)
By straightforward calculations one obtains that
(A.10) M'(h) <n *h?

holds for A < h,. The term (M — M)'(h) can be decomposed in the same way
as M(h) — M(h). It turns out that T; through T} are of the same order as T
through T, respectively, with an additional factor of order A,'. Hence, we
have

(M - M)'(h) = O(n"*hg?n~*n®, n=%),
which implies
h —hy=O0(hon"n®,n"%). O
ProOF OF (4.7). The proof of this equation is very similar to that of

Lemma 4.1.
First, one can derive, analogously to (A.9), that

_ h
(A.11) P(Ih — hol > ?") —0(n %)
holds. By M'(R)|,_i = M'(W)|,_j = 0, we obtain
0=(M-M)(h)+ (M'(h)-M'(h))
= (M- M) (k) + (h — h)M" (h**)

for some h** between % and A, which implies

(M - M) (h)

_MU (h**)

By (A.10) we can prove, due to Lemma A.1, that M"(h**)~! = O(nh3, n=").
We have

IV(h) —IV(h) = ¥ W,

ied,
=T+ T, + T +T,.
Let & < hy. By #J, = O(nA,), we obtain
(T5)' = O((nh) "R~ 'n~1/2A/2n 07,

h—h=

(8i2 - v(xi)) + Ty + Ty + T,
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which differs from 7T by the factor A'/2. It can be seen that the terms T
through T, are all majorized by (T})’. Next, we decompose

I’S\B(hﬂg) _ﬁ(h>g0)
=T, - X A(h,go)e 6 + Y. A(h, gg);v(x;)

i,jed, iEd,
+ Ty
+m'A(h,g)m — ISB(h) —m'A(h, g,)m + ISB(%)
+2m'(A(h,8) —A(h, g))e

+ 2 > A(h, g9)im(x;)e;
(i,j):ied,orjed,
= Ul + - +U5.

The terms Uj, U, and Uj are of the same order as T, T and T, respectively.
By (A.2) we conclude that [(A(h, §) — A(h, g)ml = O(h*" n~Y/2gin®, n™*)
holds, which implies that

U; = O(h*'n~2gsn®, n™%).
Finally, we have
U = (j(thn—lﬂh—lAln/zns, nf)‘).
Collecting the upper estimates for (T})’, T through T, and U] through U;,
we obtain

(M' = M')(h) = O(n 'hy?n=2n% n7%),
which yields (4.7). O
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