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ESTIMATING NONQUADRATIC FUNCTIONALS
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BY GERARD KERKYACHARIAN AND DOMINIQUE PICARD´
Universite de Picardie and Universite de Paris VII´ ´

To the memory of our friend Claude Kipnis

Ž .Consider the problem of estimating HF f , where F is a smooth
function and f is a density with given order of regularity s. Special

Ž . 3attention is paid to the case F t s t . It has been shown that for low
values of s the ny1r2 rate of convergence is not achievable uniformly over
the class of objects of regularity s. In fact, a lower bound for this rate is
ny4 srŽ1q4 s. for 0 - s F 1r4. As for the upper bound, using a Taylor
expansion, it can be seen that it is enough to provide an estimate for the

Ž . 3case F x s x . That is the aim of this paper. Our method makes inten-
sive use of special algebraic and wavelet properties of the Haar basis.

1. Introduction. Let X , . . . , X be n independent identically dis-1 n
tributed random variables according to a distribution P. We assume that P
is absolutely continuous with respect to Lebesgue measure on R with density
f. One aim of this paper is to study the problem of estimating Hf 3, assuming a
priori that f lies in a class of low order of regularity, namely, s F 1r4.

The problem of estimating nonlinear functionals of the density has now
Ž .widely been studied. Some approaches can be found in Levit 1978 , Hasmin-

Ž . Ž . Ž .skii and Ibragimov 1978 , Hall and Marron 1987 , Bickel and Ritov 1988 ,
Ž . Ž .Ritov and Bickel 1990 , Donoho and Nussbaum 1990 , Goldstein and Messer

Ž . Ž .1992 and Birge and Massart 1995 . A common feature is that for certain´
classes of regularity the parametric rate ny1r2 is achievable. On the other
hand, for low regularity situations, the rate typically becomes nonparametric.

The present work is principally based on the papers of Bickel and Ritov on
estimating Hf 2 and the paper of Birge and Massart extending their results to´

Ž .estimate integrals of general functionals of the density, Hf f . In Bickel and
Ritov, it is shown that the rate ny1r2 is achievable for regularity s G 1r4,
whereas for s - 1r4 the optimal rate is ny4 srŽ1q4 s.. Birge and Massart, in´
the more general context, have proven that ny4 srŽ1q4 s. was a lower-bound
rate. Moreover, they provide an ny1r2 consistent estimate for the case

Ž .s G 1r4. Furthermore, Laurent 1996 has built efficient estimates for s )
1r4.

Birge and Massart noted that the case of low regularity, 0 - s - 1r4, was´
not completely solved. This gap may be explained as follows: the method of
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Ž .Birge and Massart is based using a Taylor expansion of the function F on´
Ž .an ‘‘initial’’ estimate corrected by estimates of functionals of order 1 linear

Ž .and 2 quadratic . Their method failed to go up to the third order as there was
still the problem of producing an estimate of the cubic-order terms which
become important in the low-regularity case, 0 - s - 1r4.

In this paper, we provide a new estimator of Hf 3 exactly attaining the
lower-rate bound in the low-regularity case and closing the problem.

Our approach has several interesting features:

1. Our estimator is constructed directly, not as a ‘‘one step’’ corrected esti-
mate. To clarify this point, we give, as a starting point, a very simple
construction of a direct estimator of Hf 2.

2. We make essential use of the Haar basis here. Two properties of the Haar
basis are useful: first, the multiresolution properties, which provide an
orthogonal partitioning of objects into coarse resolution terms on the one
hand and details on the other, permitting us to estimate separately each of
them; second, the more specific martingale-type properties of the Haar
basis and more generally very special algebraic properties.

3. Although our approach is based on wavelets, the issues are different from
some other work building wavelet estimators in other problems. We em-

wphasize that we do not use here any thresholding methods as we have
Ž .xused with profit in Donoho, Johnstone, Kerkyacharian and Picard 1995 .

4. We make essential use of Besov spaces here. Relying on their properties,
we need not impose limitations on the support of the density, as other
authors have done.

The paper is organized as follows. In Section 2 we introduce the properties
of the Haar basis and Besov spaces used in the sequel. Section 3 is devoted to
the special case of estimating Hf 2. In Section 4 we present our estimate of Hf 3.
The evaluations of the behaviors of the different components of the estimate
is postponed until the Appendix. In a final remark, we explain how to extend
the previous results in order to complete the results of Birge and Massart for´

Ž .the general case of estimating Hf f .

2. Haar basis and Besov spaces.

Ž . Ž .2.1. Algebraic properties of the Haar basis. Let f x s 1 x and letw0, 1x
w Ž .V be the subspace spanned by all the f for k g Z where f x sj jk jk

jr2 Ž j .x Ž . Ž . Ž . Ž .2 f 2 x y k . Similarly, let c x s 1 x y 1 x , c x sw0, 1r2w w1r2, 1x jk
jr2 Ž j .2 c 2 x y k and W be the subspace spanned by all the c for k g Z. Letj jk

² : ² : Ža s f , c , b s f, c and E f s Ý a f . The following veryjk j, k jk j, k j k g Z jk j, k
.simple properties are classical and will be very useful in the sequel:

Ž .i v v g V if v g V , v g V .j j9 max Ž j, j9. j j j9 j9

Ž . ² :ii w , v s 0 if w g W , v g V , j9 F j.j j9 j j j9 j9
Ž . 2iii w g V if w g W .j j j j
Ž .iv w w g W if w g W , w g W , j9 ) j.j j9 j9 j j j9 j9
Ž .v w v g W if v g V , w g W , j9 G j.j9 j j9 j j j9 j9
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2.2. Haar basis and Besov spaces. Besov spaces, like Sobolev or Lipschitz
spaces, give the opportunity of restricting a nonparametric problem
using regularity conditions. Those spaces, however, happen to lead to opti-

wmality properties in the minimax framework cf. Kerkyacharian and Picard
Ž .x w1993 and to be particularly adapted to the ‘‘wavelet’’ decompositions cf.

Ž .Johnstone, Kerkyacharian and Picard 1992 , Kerkyacharian and Picard
Ž . Ž .x1992a, b and Donoho, Johnstone, Kerkyacharian and Picard 1995 . Here,
they will not be used in complete generality, but as can easily be seen, they
will allow us to get rid of the condition that f be compactly supported. Let

w Ž .us only mention the following definition see Bergh and Lofstrom 1976 and¨ ¨
Ž .x Ž . Ž .Peetre 1975 . Let t f x s f x y h . For 0 - s - 1 and 1 F p - q`, seth

1rqdh1 qys5 5 5 5f s t f y f h ,Ž .s p q H phž /h0

while, for q s `, set

5 5 5 5 ysf s sup t f y f hs p` ph
Ž xhg 0, 1

s 5 5and say that f g B if and only if f - `.s p qp q
wWe need the following inequalities see, e.g., Kerkyacharian and Picard

Ž .x1992b : for all 0 - s - 1, 1 F p F q`,

5 5 5 5 yj s s1 E f y f F C f 2 if f g B ,Ž . p s p`j p`

< < 5 5 yj Ž sq1r2. s2 b F C f 2 if f g B .Ž . s``jk ``

J#y1 Ž .For J# ) J, set D f s E f y E f s Ý Ý b c . From 1 we de-J , J# J# J jsJ k jk jk
duce

J#y1
yJ s s5 5 5 53 D f s b c F C f 2 if f g B .Ž . Ý Ýp s p`J , J# jk jk p`

J k p

5 5 Ž .Let a denote the l norm of the sequence a :lj p jk k g Zp?

5 5 jŽ1r2y1r p. 5 5 5 5 s4 ; j G 0, E f s 2 a F f if f g B .Ž . p l pj j p`p?

REMARKS.

1. The constants we denote C appearing here and throughout the paper are
generic, typically denoting different quantities from one occurrence to the
other. However, they always denote quantities that are independent of
both f and j. It would not be difficult to obtain explicit bounds for the
constants occurring in this paper, but as it is of no apparent importance to
our results, we have not tried to do so.

Ž̂ .2. Of course, f itself may be estimated crudely, using the f by f x sjk
Ž . Ž . Ž . Ž . Ž .1rn Ý G X , x , where G x, y s Ý f x f y . It is well known that,i i k jk jk

ˆ 2 j y2 js s5 5 � 4for 0 - s - 1, E f y f F C 2 rn q 2 as soon as f g B . In this2 2`

paper, we give an extension of such ideas to the problem of estimating the
integral of higher powers of f.
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3. Estimation of a quadratic functional. As a warmup for our tech-
nique we give here an estimator for the square of a density. Of course, the
result we give, Theorem 1, is not new, since already in Bickel and Ritov
Ž .1988 , there appears an estimator with the right rate of convergence even for
small regularity assumptions. Other estimates also can be found in Laurent
Ž .1996 . Nevertheless, in the Besov framework, it gives a primary understand-
ing of our technique, since in the sequel we will only elaborate this basic
construction to cover the more difficult case of the cube of the density.

We start from the basic identity

2 22 ² :f s f y E f q E f , E f s a f , a s f , f .Ž . Ž . ÝH H Hj j j jk j , k jk j , k
k

Ž . Ž .We have used here the orthogonality of E f with f y E f .j j
Ž . Ž .We have obviously the following results, using 1 and 4 :

2 22y2 js 25 55 f y E f F C2 f and E f s a .Ž . Ž . Ž . ÝH s2` Hj j jk
k

Ž . Ž . Ž .Introduce now the kernel G x, y s Ý f x f y .k jk jk

DEFINITION 1. By quadratic wavelet estimator we mean the U-estimator
constructed from the kernel G using the n-sample:

1
2B j s G X , X .Ž . Ž .Ý i i2 1 2Cn Ž .i , i gI1 2

Ž . � 4Here I is the set of all strictly ordered pairs i , i with values in 1, . . . , n ,1 2
2 Ž .and, of course, card I s C s n n y 1 r2.n

2Ž . Ž .2Now B j is an unbiased estimator of H E f ; below, we will evaluate itsj
variance. As a result we will obtain the following result on its mean-squared
error.

5 5 5 5THEOREM 1. Suppose f is such that f F M, f F M. There exists as2` 3

constant C depending on M such that

2
2 yŽŽ8 srŽ1q4 s..n 1.ˆE T y f F Cn ,Ž .Hž /

ˆ 2 j1 j1 2rŽ1q4 s.Ž .where T s B j , 2 ; n if s G 1r4 and 2 ; n if s F 1r4.1

REMARKS. If f belongs to a bounded subset of B s and is compactly``

supported, then it belongs to a bounded subset of B s l B s .2` ``

w Ž .xBy the Sobolev injection theorem see, e.g., Bergh and Lofstrom 1976 , we¨ ¨
have B s ; B s9 if s y 1r2 s s9 y 1r3. But we also have B s9 ; L if s9 ) 0.2` 3` 3` 3
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Hence, if s ) 1r6, we only need to impose that f belong to a bounded set of
B s .2`

3.1. Proof of Theorem 1.
2 2

22 22 26 E B j y E f s E B j y E f .Ž . Ž . Ž .Ž . Ž .Ž .H Hj jž / ž /
But

2 y22 2
X XE B j s C EG X , X G X , X .Ž .Ž . Ž . Ž .Ž . Ý Ýn i i i i1 2 1 2

X XŽ . Ž .i , i gI i , i gI1 2 1 2

We can split I = I into three subsets in the following way:
X X � 4 � X X 4I s i , i , i , i g I = I : i , i l i , i s B ,� 4Ž . Ž .Ž .0 1 2 1 2 1 2 1 2

card I s C 2C 2 ,0 n ny2

X X � 4 � X X 4I s i , i , i , i g I = I : card i , i l i , i s 1 ,� 4Ž . Ž .Ž .1 1 2 1 2 1 2 1 2

card I s n n y 1 n y 2 ,Ž . Ž .1

X X � 4 � X X 4I s i , i , i , i g I = I : card i , i l i , i s 2 ,� 4Ž . Ž .Ž .2 1 2 1 2 1 2 1 2

card I s C 2 .2 n

Ž .Thus, we can decompose 6 as e q e q e , where0 1 2

2
y2 22

X Xe s C EG X , X G X , i y E fŽ .Ž . Ž .Ž . Ý H0 n i i i i j1 2 1 2 ž /
I0

and the other e are given byj

y22
X Xe s C EG X , X G X , X .Ž . Ž .Ž . Ýj n i i i i1 2 1 2

Ij

Below, we let X, Y, Z, T denote independent variables with density f.

1. Bound for e :0

2 2 2 2C Cny2 ny22 22e s E GX , Y y E f s y 1 E f .Ž .Ž . Ž . Ž .H H0 j j2 2ž / ž /ž /C Cn n

Ž . < < 5 5 4Hence, by 4 , e F C f rn.20
wŽ 2 .Ž . Ž 2 .2 x Ž . Ž .2. Bound for e s n y n n y 2 r C EG X, Y G X, T :1 n

n2 y n n y 2Ž . Ž .
e s ff f a aŽ .ÝH1 jk jk 9 jk 9 jk22C kk9Ž .n

n2 y n n y 2Ž . Ž .
jr2 3s 2 a .Ý jk22C kŽ .n

Ž . < < 5 5 3Thus, using 4 , e F C f rn.31
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3. Bound for e :2

21 1 1
2 j 2e s EG X , Y G X , Y s f f s 2 a .Ž . Ž . Ý ÝH2 jk jk2 2 2ž /C C Cn n nk k

Ž . < < 5 5 2 j Ž 2 .Thus, using 4 , e F C f 2 r n .22

Putting together all the above bounds, we obtain that, as soon as the
5 5density f is such that f F M, there exists a constant C depending on M3

such that
2 j1 2227 E B j y E f F C q .Ž . Ž . Ž .H j 2½ 5ž / n n

REMARK. When n F 2 j, we obtain
2 j2228 E B j y E f F C .Ž . Ž . Ž .H j 2½ 5ž / n

5 5 5 5Now suppose that f is such that f F M, f F M, and use thes2` 3

inequality
2 2 2

2 222 2E B j y f F 2 E B j y E f q f y E f .Ž . Ž . Ž . Ž . Ž .H H H1 1 j j1 1½ 5ž / ž / ž /
Ž . Ž .Using the preceding bounds 5 and 8 , we complete the proof. I

4. Estimation of a cubic functional. Let us introduce the following
quantities:

BŽ . jr2 Ž . Ž . Ž .Low-resolution term. Consider G x, y, z s Ý 2 f x f y f zj k jk jk jk
and the associated U-estimator constructed on the n-sample:

1
3 BB j s G X , X , X ;Ž . Ž .Ý j i i i3 1 2 3Cn Ž .i , i , i gI1 2 3

Ž . � 4I is the set of all strictly ordered triples i , i , i with values in 1, . . . , n .1 2 3

�Ž . J j9Cross term. For J - J* define A s j9, k9 : J F j9 - J#, kr2 F k9r2k
Ž . J 4- k q 1 r2 ,

G M x , y , z s 2 Jr2 f x c y c zŽ . Ž . Ž . Ž .Ý ÝJ J * J k j9k 9 j9k 9
k Ak

and the associated U-estimator constructed on the n-sample:

1
3 MM J , J# s G X , X , X .Ž . Ž .Ý J J * i i i3 1 2 3An S

Ž . � 4S is the set of all triples i , i , i with no common value in 1, . . . , n , and1 2 3
3 Ž .Ž .A s n n y 1 n y 2 .n
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Cubic term. Consider
J*y1

T j9r2² :G x , y , z s 3 c x c y c z c , 2 fŽ . Ž . Ž . Ž .Ý ÝJ J * jk j9k 9 j9k 9 jk j9k 9
j, j9sJ k , k 9

and the associated U-estimator constructed on the n-sample:
1

3 TT J , J# s G X , X , X .Ž . Ž .Ý J J * i i i3 1 2 3An S

DEFINITION 2. By cubic wavelet estimator we mean the statistic

ˆ 3 3 3T s B j q 3M j , j 1 q T j , j 1 ,Ž . Ž . Ž .1 1 3 0 - s-1r4 1 2 0 - s-1r12

where 2 j1 ; n, 2 j3 ; n2rŽ1q4 s., nŽ3r2y2 s.rŽ1q4 s. F 2 j2 F nŽ3r2q2 s.rŽ1q4 s..

5 5 5 5THEOREM 2. If f is such that f F M, f F M, then there exists as2` s``

constant C depending on M so that the cubic Haar U-estimator obeys the
bound

2
3 yŽ8 srŽ1q4 s..n 1ˆE T y f F Cn .Ž .Hž /

We prove Theorem 2 by considering three different cases of regularity
for f.

4.1. s G 1r4. This case can be treated as in the previous section. We
Ž .2 Ž . 3recall that, using the orthogonality of E f with f y E f , we have Hf sj j

Ž .3 Ž .2Ž . Ž .3 Ž .H f y E f q 3H f y E f E f q H E f . However, we have, using 1 andj j j j
Ž .4 ,

3 23 2y3 js y2 js5 5 5 5 5 5f y E f F C2 f , f y E f E f F C2 f f .Ž . Ž . Ž .H s3` H s2` `j j j

If we suppose now that f belongs to a bounded subset of B s l B s ,2` ``
3 ˆ 3Ž .we can estimate Hf at the rate 1rn, by taking simply T s B j : Indeed1

Ž 3Ž . Ž .3.2 � Ž 3Ž . Ž .3.2 Ž Ž .3.2 Ž Ž .2B j yH f FC E B j yH E f q H f y E f q H f y E f =1 1 j j j1 1 1
Ž ..24E f .j1

ŽUsing a bound on the first term of the sum on the r.h.s. to be developed in
.Lemma 3 in the Appendix , we get

2 1 C33 y4 sE B j y f F C q n F .Ž . Ž .H1 ½ 5ž / n n

4.2. 1r12 F s F 1r4. Notice, to begin, that

3 2 33f s f y E f q 3 f y E f E f q E fŽ . Ž . Ž . Ž .H H H Hj j j j3 3 3 3

and
3 3 2 3

E f s D f q 3 D f E f q E fŽ . Ž . Ž . Ž .H H H Hj j , j j , j j j3 1 3 1 3 1 1
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w Ž .Ž .2 x Žbecause H D f E f s 0 . Just as before, we get an inequality seej , j j1 3 1
.Lemma 3

2 C339 E B j y E f F .Ž . Ž . Ž .H1 j ½ 51ž / n

Ž .2It remains to construct an estimator of the ‘‘cross term’’ H D f E f.j , j j1 3 13Ž .We do this using M j , j . Its behavior is investigated in the Appendix.1 3
Ž .Particularly, we obtain cf. Lemma 2

2 j qj1 3223 y8 srŽ1q4 s.10 E M j , j y D f E f F C F Cn .Ž . Ž . Ž .H1 3 j , j j 31 3 1 ½ 5ž / n

Ž .Using 1 ,

3 3y3s j y6 srŽ1q4 s.3 5 5f y E f F C2 f F Cn .Ž .H s3`j3

Ž . Ž .Using 1 and 4 ,

2 2y2 s j y4 srŽ1q4 s.3 5 5 5 5f y E f E f F C2 f f F Cn .Ž . Ž .H s2` `j j3 3

Ž .Using 3 ,
3 3y3s j y3s1 5 5D f F C2 f F Cn .Ž .H s3`j , j1 3

Hence, we have
2

3 3 3E 3M j , j q B j y fŽ . Ž . H1 3 1ž /
2 2

2 33 3F C E 3M j , j y 3 D f E f q E B j y E fŽ . Ž .Ž . Ž .H H1 3 j , j j 1 j1 3 1 1½ ž / ž /
2 2 2

3 3 2q D f q f y E f q f y E f E f .Ž . Ž . Ž . Ž .H H Hj , j j j j1 3 3 3 3 5ž / ž / ž /
Ž .As 6 G 8r 1 q 4s we obtain the rate of convergence indicated in the theo-

rem.

4.3. 1r12 G s. In the case of very low regularity, the preceding estimator
Ž .3fails to obtain the right rate of convergence due to the term H D f . Butj , j1 3

Ž .3 Ž .3 Ž .2Ž . Ž .3we have H D f s H D f q 3H D f D f q H D f . Usingj , j j , j j , j j , j j , j1 3 2 3 2 3 1 2 1 2
Ž .3 , we have the following bounds:

< Ž . < 3 y3s j2 5 5 3 j2 4r3Ž1q4 s.1. H D f F C2 f . If 2 G n , then the preceding quan-s3`j , j2 3

tity is bounded by Cny4 srŽ1q4 s..
< Ž .2Ž . < y2 s j2 yj1 s 5 5 2 5 5 j2 Ž3r2y2 s.rŽ1q4 s.2. H D f D f F C2 2 f f . If 2 G n ,s2` s``j , j j , j2 3 1 2

then the preceding quantity is bounded by Cny4 srŽ1q4 s..

Ž .3 ŽIt remains now to estimate the ‘‘cubic term’’, H D f . Using Lemma 1 seej , j1 2

. Ž 3Ž . Ž .3.2 � 2 j2 34the Appendix , we get E T j , j y H D f F C 2 rn .1 2 j , j1 2
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It may be worthwhile to notice the similarity in the rates of convergence
Ž . j2between this estimate and that of the ‘‘cross term’’ cf. Lemma 2 . If 2 F

nŽ3r2q2 s.rŽ1q4 s., then the preceding quantity is controlled by Cny8 srŽ1q4 s.. As
4r3 F 3r2 y 2 s, by choosing nŽ3r2y2 s.rŽ1q4 s. F 2 j2 F nŽ3r2q2 s.rŽ1q4 s., we ob-
tain the result.

5. Extensions. Our technique may certainly be extended to produce
estimates for other integer powers. Unfortunately, the computations may
become rather cumbersome. It seems more fruitful, at this stage, to extend

Ž .the construction of Birge and Massart 1995 since, in addition, it applies to´
general functionals. We will not perform the extension in detail here; instead
we give the principal ideas. Looking at the proof given by Birge and Massart,´
one easily sees that the important point is to give a bound for Hf 3g, where g
is a known function, where the bound has the same rate of convergence as
our previous estimator of Hf 3.

We modify slightly the definitions of the three components B3, M 3, T 3

to achieve this aim. Suppose that g belongs to B1r2 and let` `

² :E g s a f , a s g , f .˜ ˜Ýj jk j , k jk j , k0 0 0 0
k gZ0

3 3 3 ˜3 ˜ 3 ˜3Instead of B , M , T , take now B , M , T with the following definitions:
˜3 ˜Ž . Ž .let B j be the U-estimator associated with the function G in place of G ,

where

˜B jG x , y , z s 2 a f x f y f z .Ž . Ž . Ž . Ž .˜Ýj jk jk jk jk
k

˜ 3 ˜Ž . Ž .M J, J# is the U-estimator associated with the function G in place of G ,
where

˜M JG x , y , z s 2 f x a c y c z .Ž . Ž . Ž . Ž .˜Ý ÝJ J# J k J k j9k 9 j9k 9
k Ak

˜3 ˜Ž . Ž .T J, J# is the U-estimator associated with the function G in place of G ,
where

˜TG x , y , zŽ .J J#

Jr2 ² j9r2 :s 3 2 a c x c y c z c , 2 fŽ . Ž . Ž .˜Ý Ý ÝJ k jk j9k 9 j9k 9 jk j9k 90
k j, kgA j9 , k 9gA0 k k0 0

Ž .A was defined in Section 4 . Apart from these modifications, the construc-k
tion remains the same.

APPENDIX

We present here the details of the calculations for the variances of the
three estimates T, M and B. We have chosen to present them in decreasing
order of difficulty so that the easiest case is given in less detail.
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Ž .3A.1. Bounds on the cubic term. Consider the term H D f . OfJ , J#

course, we have the a priori control of this integral, as soon as f is in B2 , by3`

5 5 3 y3 JsC f 2 . We will now investigate the rate of convergence of an estima-s, 3, `

tor of this quantity. For simplicity of the expressions, from now on we
suppress the indices J and J# y 1 in the summations as often as possible.
Let I s Ý b c be the projection of f on W . We havej k jk j, k j

3
I s I I I .Ž .Ý ÝÝÝH Hj j j j1 2 3

j j j1 2 3

It is easy to see that if the three indices are all different the integral of the
product has no contribution. In this case, as a matter of fact, by a special
property of the Haar functions c this product belongs to W .jk maxŽ j , j , j .1 2 3

Hence,

J#y1 J#y1
3 2 2 j9r2² :D f s 3 I I s 3 b b c , 2 f .Ž . Ž . Ž .Ý Ý Ý ÝH HJ , J# j j9 jk j9k 9 jk j9k 9

jsJ j9sJ j , k j9 , k 9

3Ž . Ž .3Hence T J, J# is an unbiased estimator of H D f . Let us estimate itsJ , J#

variance:

2 2
23 33 311 E T J , J# y D f s E T J , J# y D f .Ž . Ž . Ž .Ž . Ž .Ž .H HJ , J# J , J#ž / ž /

In the remainder of this section, we will omit from G any mention of the
indices T, J, J*:

123
X X XE T J , J# s EG X , X , X G X , X , X .Ž .Ž . Ž . Ž .Ý i i i i i i2 1 2 3 1 2 33A S=SŽ .n

We have to split S = S into different subsets in the following way:
X X X � 4 � X X X 4S s i , i , i , i , i , i g S = S : i , i , i l i , i , i s B ,� 4Ž . Ž .Ž .0 1 2 3 1 2 3 1 2 3 1 2 3

X X X � 4 � X X X 4S s i , i , i , i , i , i g S = S : card i , i , i l i , i , i s 1 ,� 4Ž . Ž .Ž .1 1 2 3 1 2 3 1 2 3 1 2 3

X X X � 4 � X X X 4S s i , i , i , i , i , i g S = S : card i , i , i l i , i , i s 2 ,� 4Ž . Ž .Ž .2 1 2 3 1 2 3 1 2 3 1 2 3

X X X � 4 � X X X 4S s i , i , i , i , i , i g S = S : card i , i , i l i , i , i s 3 .� 4Ž . Ž .Ž .3 1 2 3 1 2 3 1 2 3 1 2 3

Ž .Thus, we can decompose 11 in e q e q e q e , where0 1 2 3

21 3
X X Xe s EG X , X , X G X , X , X y D f ,Ž .Ž . Ž .Ý H0 i i i i i i J , J#2 1 2 3 1 2 3 ž /3A SŽ . 0n

and the other e :j

1
X X Xe s EG X , X , X G X , X , X .Ž . Ž .Ýj i i i i i i2 1 2 3 1 2 33A SŽ . jn
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A.1.1. Bound for e .0

6 2An 32e s EG X , Y , Z y D fŽ .Ž . Ž .H0 J , J#2 ž /3AŽ .n

6 2An 3s y 1 D f .Ž .H J , J#2 ž /3ž /AŽ .n

Ž .Using 3 , we get

< < y6 Js 5 5612 e F C2 f rn.Ž . s3`0

A.1.2. Bound for e . As we will have to calculate terms like1
Ž . Ž .X X XEG X , X , X G X , X , X , it will be worthwhile to split again S intoi i i i i i 11 2 3 1 2 3

subsets reflecting the setting of the two indices which are equal. There
obviously are nine such subsets, each of cardinality A5 . Fortunately, becausen
of the symmetry of the function G with respect to the two last arguments, we
have just to consider three such subsets, as the other ones may be reduced to
one of these. In fact, we only have to evaluate

A5
n

e s EG X , Y , Z G X , T , U ,Ž . Ž .1, 1 23AŽ .n

A5
n

e s EG X , Y , Z G T , X , U .Ž . Ž .1, 3 23AŽ .n

Ž .i Bound for e : For the sake of simplicity we shall now denote in1, 1
Ž .the long formulas the multiindex jk by L, with the obvious extensions,

Ž . Ž . Ž X X . Xj9k9 s L9, j k s L , j k s L :1 1 1 1 1 1

9A5
X2n j9r2 j r21² :² :X Xe s fc c b b c , 2 f c , 2 fŽ .Ý Ý H1, 1 L L L9 L L L9 L L2 1 1 1 13 XA LL9 L LŽ . 1 1n

25An 2j9r2s 9 f c c , 2 f bŽ .Ý ÝH L L L9 L9¦ ;2 ž /3A L L9Ž .n

2C
25 5F f I , c .Ý Ý` j9 L¦ ;½ 5n L j9

We have used the Parseval identity and

22 j9r213 I s b 2 f .Ž . Ž .Ýj9 L9 L9
k9
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² 2 : ² J#y1 2 : ²Ž J#y1 .2 :Moreover, Ý I , c s Ý I , c s Ý I , c . We used herej9 j9 L j9sjq1 j9 L j9sjq1 j9 L
the special algebraic properties of the Haar functions recalled in the Intro-
duction. Thus,

22J#y1¡ ¦C ~ ¥< < 5 5e F f I , cÝ Ý`1, 1 j9 L¦ ;¢ §ž /n L j9sjq1

4J#y1C
5 5F f IÝ Ý` H j9ž /n j j9sjq1

14Ž .

C 4 y4 Js5 5 5 5F f f 2 .` s4`n

Ž .Here we used inequality 3 . For later use, we remark that

2
2j9r2c c , 2 f bŽ .Ý ÝL L L9 L9¦ ;

L L915 2Ž .
2 42 y4 Js 5 5s D I F C2 f .Ž .Ý s4`J J# j 2

Ž .ii Bound for e :1, 2

9A5
Xn j9r2 j r21² :² :X X Xe s b b b b fc c c , 2 f c , 2 fÝ Ý H1, 2 L L9 L L L9 L L L9 L L2 1 1 1 1 13 XA LL9 L LŽ . 1 1n

5 2An j9r2² :s 9 f b b c , 2 f cÝH L L9 L L9 L92 ž /3A LL9Ž .n

A5
2n 2j95 5 ² :F 9C f 2 b D f , f ,Ž . Ž .Ý` L9 J , J# L923A L9Ž .n

Ž . Ž .using the Parseval identity. Now, by 2 and 3 ,

C 22 y2 j9s< < 5 5 5 5 ² :e F f f 2 D f , fŽ .Ý Ý` s``1, 2 J , J# L9n j9 k 9

C 22 y2 j9s5 5 5 5F f f 2 D fŽ .Ý` s`` H J , J#n j9

C2 2 y2 j9s y2 Js5 5 5 5 5 5F f f f 2 2Ý` s`` s2` n j9

C2 2 y4 Js5 5 5 5 5 5F f f f 2 .` s`` s2` n
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Let us also remark that we have in fact proven that
22 2 2j9 y4 Js² : 5 5 5 516 2 b D f , f F C f f 2 .Ž . Ž . Ž .Ý s`` s2`L9 J , J# L9

L9

Ž .iii Bound for e :1, 3

A5
Xn 2 j9r2 j r21² :² :X X Xe s 9 b b b fc c c , 2 f c , 2 fŽ .Ý Ý H1, 3 L9 L L L L L L9 L L2 1 1 1 1 13 XA LL9 L LŽ . 1 1n

A5
Xn j r2 21² :X X Xs 9 D f , 2 f b fc D I .Ž .Ý ÝHJ , J# L L L J J# j2 1 1 13 XA LŽ . 1n

Using the Schwarz inequality, we have
5 1r2A 2n 2j9< < ² :e F 9 2 b D f , fŽ . Ž .Ý1, 3 L9 J , J# L92 ½ 53A L9Ž .n

1r22
2

X= fc D I .Ž .Ý ÝH L J J# j1ž /ž /XL1

Ž . Ž .Using the Bessel inequality, 15 and then 16 , we have
1r22

22 2 y2 Js 5 5 5 5Xfc D I F f D I F C2 f f ,Ž . Ž .Ý Ý ÝH s4` `L J J# j J J# j1 2ž /ž /XL1

C 2 y4 Js< < 5 5 5 5 5 5 5 5e F f f f f 2 .s4` ` s`` s2`1, 3 n

A.1.3. Bound for e . As for e we have to split again S into subsets2 1 2
reflecting the position of the two pairs of indices which are equal. There are
18 such subsets, each of them of cardinality A4 . Fortunately, again because ofn
the symmetry of the function G with respect to the two last variables, we
have just to consider four such subsets, as the other ones may be reduced to
one of these. In fact, we have to evaluate

A4
n

e s EG X , Y , Z G T , Y , Z ,Ž . Ž .2, 1 23AŽ .n

A4
n

e s EG X , Y , Z G X , T , Z ,Ž . Ž .2, 2 23AŽ .n

A4
n

e s EG X , Y , Z G Y , T , Z ,Ž . Ž .2, 3 23AŽ .n

A4
n

e s EG X , Y , Z G Z, T , X .Ž . Ž .2, 4 23AŽ .n
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Ž .i Bound for e :2, 1

4 2A Xn j9r2 j r21² :² :X Xe s 9 b b fc c c , 2 f c , 2 fÝ Ý H2, 1 L L L9 L L L9 L L2 1 1 1 1ž /3 XA LL9 L LŽ . 1 1n

4 2A Xn j9r2 j r21² :² :Xs 9 fc c D f , 2 f D f , 2 f ,ÝÝ H L9 L9 J , J# L9 J , J# L2 1 1ž /3 XA L9 LŽ . 1n

<² jX
1 r2 : < 5 5 5 j9r2 5 yJ s 5 5X17 D f , 2 f F D f 2 f F C2 f ,Ž . ` 1 s``J , J# L J , J# L91

2
2 2 2j9 J#5 5 5 5X18 fc c F fc s f 2 F 2 fŽ . Ž .Ý Ý ÝH H 2 2L9 L L91ž /XL9L L9 j91

< < 5 5 2 5 5 2 y2 Js J# 2and thus, e F f f 2 2 Crn .s`` 22, 1
Ž .ii Bound for e :2, 2

A4
Xn j9r2 j r21² :² :X X Xe s 9 b b fc c fc c c , 2 f c , 2 fÝ Ý H H2, 2 L9 L L L L9 L L L9 L L2 1 1 1 1 13 XA LL9 L LŽ . 1 1n

A4
Xn j r2 j9r21X X Xs 9 fb b c c f D 2 f D 2 fŽ .Ý H H Ž .L9 L L9 L J , J# L J , J# L92 1 1 13 XA L9LŽ . 1n

4 2An j9r2s 9 f x f y b c x D 2 f y dx dy.Ž . Ž . Ž . Ž .Ž .ÝHH L9 L9 J , J# L92 ž /3A L9Ž .n

Applying the Parseval identity and the fact that D is a projector:J , J#

C C222 2 2j9 J# y2 Js< < 5 5 5 5 5 5e F f b 2 D f F f 2 2 f .Ž . Ž .Ž .Ý` H ` s2`2, 2 L9 J , J# L92 2n nL9

Ž .iii Bound for e :2, 3

A4
Xn j9r2 j r21² :² :X X Xe s 9 b b fc c fc c c , 2 f c , 2 fÝ Ý H H2, 3 L9 L L L L9 L L L9 L L2 1 1 1 1 13 XA LL9 L LŽ . 1 1n

A4
Xn j9r2 j r21X X Xs 9 fc D 2 f f D f 2 f b fc c .Ž .Ž .Ý H H HL J , J# L9 J J# L L9 L9 L2 1 1 13 XA L9LŽ . 1n

Ž .Using 17 and the Bessel inequality,
4An yJs j9r2< < 5 5 < < X Xe F 9 C2 f b fc D 2 f fc cŽ .Ý Ýs` ` H H2, 3 L9 L J , J# L9 L9 L2 1 13 XA L9 LŽ . 1n

A4
n yJs j9r25 5 < < 5 5 5 5F 9 C2 f b f D 2 f fcŽ .Ýs`` 2 2L9 J , J# L9 L923A L9Ž .n

A4
n yJs J# r25 5 5 5 < < 5 5F 9 C2 f 2 f b fc .Ýs`` ` 2L9 L923A L9Ž .n
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By the Schwarz inequality,
4 1r2 1r2An 2 2yJs J# r2< < 5 5 5 5 < < 5 5e F 9 C2 f 2 f b fcÝ Ýs` ` ` 22, 3 L9 L92 ž / ž /3A L9 L9Ž .n

1r24An y2 Js J# r2 2 j95 5 5 5 5 5F 9 C2 f f 2 f f 2Ýs`` s2` ` H2 ž /3A j9Ž .n

C
y2 Js J )5 5 5 5 5 5 5 5F 2 f f 2 f f .s`` s2` ` 22n

Ž .iv Bound for e :2, 4

A4
X Xn j r2 j r21² :² :X X X X X Xe s 9 b b fc c fc c c , 2 f c , 2 fÝ Ý H H2, 4 L L L L L L L L L L2 1 1 1 1 13 X XA LL L LŽ . 1 1n

A4
Xn j9r2 j r21X X Xs 9 b b fc D 2 f fc D 2 f .Ž .ÝÝ H H Ž .L9 L L J , J# L9 L9 J , J# L2 1 1 13 XA L9 LŽ . 1n

By the Schwarz and Bessel inequalities,
4 2An j9r2< < Xe F 9 b fc D 2 fŽ .ÝÝ H2, 4 L9 L J , J# L92 1ž /3 XA L9 LŽ . 1n

A4
n 22 2 j9r2< <F 9 b f D 2 fŽ .Ý HL9 J , J# L923A L9Ž .n

A4
n 22 j95 5F 9 b 2 fÝ `L923A L9Ž .n

C2 2J# y2 Js5 5 5 5F f 2 2 f .` s2`2n

A.1.4. Bound for e . We now have to split S in six sets, each of them of3 3
cardinality A3 . In fact, we just have to evaluate two cases:n

A3 A3
n n2e s E G X , Y , Z , e s EG X , Y , Z G Y , X , Z .Ž . Ž . Ž .Ž .3, 1 3, 22 23 3A AŽ . Ž .n n

Ž .i Bound for e :3, 1
29 Xj9r2 j r21² :² :X Xe s fc c fc c c , 2 f c , 2 fÝ Ý H H3, 1 L L L9 L L L9 L L3 1 1 1 1ž /XAŽ .n LL9 L L1 1

29 Xj r2 j9r21X Xs fc c f D 2 f D 2 fŽ .ÝÝ H H Ž .L9 L J , J# L J , J# L93 1 1ž /XAŽ .n L9 L1

C 22 J#5 5 5 5F f 2 f .` 23n
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Ž .We used here inequality 18 and the following inequality:

jX
1 r2 j9r2 5 5 Ž j9qjX

1.r2 5 5 J#
Xf D 2 f D 2 f F f 2 F f 2 .Ž .H ` `Ž .J , J# L J , J# L91

Ž .ii Bound for e :3, 2

9 Xj9r2 j r21² :² :X X Xe s fc c fc c fc c c , 2 f c , 2 fÝ H H H3, 2 L L L9 L L9 L L L9 L L3 1 1 1 1 1
XAŽ .n LL9L L1 1

9 Xj r2 j9r21X X Xs fc c f D 2 f c f D 2 f c .Ž .Ý H H HŽ .L9 L J , J# L L9 J , J# L9 L3 1 1 1
XAŽ .n L9L1

< < 5 5 < < 5 5X XBy the Schwarz inequality and Hfc c F f H c c F f , we get` `L9 L L9 L1 1

29 Xj r21< < 5 5 Xe F f f D 2 f cÝ` H Ž .3, 2 J , J# L L9½ 53 1
XAŽ .n L9L1

29 Xj r215 5 Xs f 2 f D fcŽ .Ý` H L J , J# L9½ 53 1
XAŽ .n L9L1

9 X 2j15 5F f 2 D fcŽ .Ž .Ý` H J , J# L93
XAŽ .n L9 j1

9 X 2j15 5F f 2 fcŽ .Ý` H L93
XAŽ .n L9 j1

9 Xj 2 j915 5F f 2 f 2Ý Ý` H3
XAŽ .n j j91

C 22 J#5 5 5 5F f 2 f .` 23n
Hence, putting together all the previous evaluations, we obtain the following
result.

5 5 5 5LEMMA 1. As soon as f is such that f F M, f F M, then theres2` s``

exists a constant C depending on M so that
2 y4 Js J# y2 Js 2 J#2 2 2 233E T J , J# y D f F C q q .Ž . Ž .H J , J# 2 3½ 5ž / n n n

If n F 2 J#,
2 2 J#233E T J , J# y D f F C .Ž . Ž .H J , J# 3½ 5ž / n

Ž .2A.2. Estimation of the cross term. Let us evaluate H D f E f. WeJ , J# J
have the a priori control of this integral, as soon as f is in B s l B s by2` ``

5 5 2 5 5 y2 JsC f f 2 , and we are going to investigate the rate of convergence ofs2` `

an estimator of this quantity:
2 2 Jr2D f E f s a b 2 .Ž .Ž . Ý ÝH J , J# J J k L9

k Ak
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3Ž . Ž .2Hence M J, J# is an unbiased estimator of H D f E f. As previously,J , J# J
let us estimate its variance

123
X X XE M J , J# s EG X , X , X G X , X , X .Ž .Ž . Ž . Ž .Ý i i i i i i2 1 2 3 1 2 33A S=SŽ .n

Ž .As previously, we omit the indices J, J*, M in G. We have the same
splitting of S = S as in the previous section into the same four subsets. And
we can decompose this variance into e q e q e q e , where0 1 2 3

21 2
X X Xe s EG X , X , X G X , X , X y D f E f .Ž .Ž . Ž .Ý H0 i i i i i i J , J# J2 1 2 3 1 2 3 ž /3A SŽ . 0n

And the other e :j
1

X X Xe s EG X , X , X G X , X , X .Ž . Ž .Ýj i i i i i i2 1 2 3 1 2 33A SŽ . jn

w 6 Ž 3 .2 x Ž Ž ..2 Ž Ž .2 .2A.2.1. Bound for e s A r A E G X, Y, Z y H D f E f .0 n n J , J# J

6 2An 2
e s y 1 D f E f .Ž .H0 J , J# J2 ž /3ž /AŽ .n

Ž . Ž .So, by 3 and 4 ,
C 22y4 Js< < 5 5 5 519 e F 2 f f .Ž . Ž .s2` `0 n

A.2.2. Bound for e . As in the previous section, we have to evaluate three1
terms:

Ž . w 5 Ž 3 .2 x Ž . Ž .i Bound for e s A r A EG X, Y, Z G X, T, U :1, 1 n n
5 2 5 2A An n2 2 2J 3 Jr2e s 2 f f b s 2 a b .Ž . Ž . Ž .Ý Ý Ý ÝH1, 1 J k L9 J k L92 2ž / ž /3 3A Ak A k AŽ . Ž .k kn n

Ž .As previously, we used the support properties of the f . We have, using 2L
and the definition of A ,k

J#y1
2 2 2Ž jyJ . yjŽ2 sq1. yJ Ž2 sq1.5 5 5 520 b F C f 2 2 F c f 2 .Ž . Ž .Ý Ýs`` s``L9

A Jk

Ž . Ž .Using 3 and 4 , we obtain

C2y4 Js
4< < 5 5 5 5e F f f .` s` `1, 1 n

Ž . w 5 Ž 3 .2 x Ž . Ž .ii Bound for e s A r A EG X, Y, Z G U, Y, T :1, 2 n n

A5
n J

X Xe s 2 a a b b fc cÝ Ý H1, 2 J k J k L9 L L9 L2 1 1 13A kk A , AŽ . 1 k kn 1

5 2An 2Js 2 a f b c .Ž .Ý ÝHJ k L9 L92 ž /3A k AŽ . kn
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Ž . Ž .As usual, we used here the support properties of the c . Using 3 and 4L
now, we get

2C 2< < 5 5e s f f b cÝ Ý` H1, 2 L9 L9ž /n k Ak

C C2y2 Js
23 3 25 5 5 5 5 5F f b F f f .Ž .ÝÝ` ` s2`L9n nk Ak

Ž . w 5 Ž 3 .2 x Ž . Ž .iii Bound for e s A r A EG X, Y, Z G T, X, U :1, 3 n n

A5
n 2J

X Xe s 2 a b b ff cŽ .Ý Ý H1, 3 J k L9 L J k L2 1 1 13A kk A , AŽ . 1 k kn 1

A5
2n 23 Jr2

Xs 2 b b aŽ . Ž .ÝÝÝ L9 L J k2 13A k A AŽ . k kn

5 2An 23 Jr2s 2 a b s e .Ž .Ý ÝJ k L9 1, 12 ž /3A k AŽ . kn

A.2.3. Bound for e .2

Ž . w 4 Ž 3 .2 x Ž . Ž .i Bound for e s A r A EG X, Y, Z G T, Y, Z :2, 1 n n

4 2An J
Xe s 2 a a fc cÝ Ý H2, 1 J k J k L9 L2 1 1ž /3A kk A , AŽ . 1 k kn 1

4 2An 2J
Xs 2 a fc c ,Ž .Ý ÝÝ HJ k L9 L2 1ž /3A k A AŽ . k kn

Ž .using again the support property of the c . Now using 4 , we getL

2 25 5C f `
< < Xe F fc cÝÝÝ H2, 1 L9 L2 1ž /n k A Ak k

5 5 2C f ` 2F fcŽ .ÝÝH L92n k Ak

5 5 2C f ` 2s fcŽ .ÝH L92n L9

J# 5 5 2 5 5 2C2 f f` 2
F cf. 18 .Ž .2n
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Ž . w 4 Ž 3 .2 x Ž . Ž .ii Bound for e s A r A EG X, Y, Z G X, T, Z :2, 2 n n

A4
n J

X Xe s 2 ff f fb b c cÝ ÝH H2, 2 J k J k L9 L L9 L2 1 1 13A kk A , AŽ . 1 k kn 1

4 2An J Jr2s 2 2 a f b c .Ý ÝHJ k L9 L92 ž /3A k AŽ . kn

Then, using the same arguments as for e ,1, 2

J 2 2 J 25 5 5 5C2 f C2 f` ` 2y2 Js< < 5 5e F b c F 2 f .Ý ÝH s2`2, 2 L9 L92 2ž /n nk Ak

Ž . w 4 Ž 3 .2 x Ž . Ž .iii Bound for e s A r A EG X, Y, Z G Y, T, Z :2, 3 n n

A4
n J

X Xe s 2 a b fc f fc cÝ Ý H H2, 3 J k L L9 J k L9 L2 1 1 13A kk A , AŽ . 1 k kn 1

A4
n J Jr2

X Xs 2 a b 2 b fc cÝ Ý HJ k L L9 L9 L2 1 13A k A , AŽ . k kn

4 2An J Jr2s 2 2 a f b c s e .Ý ÝHJ k L9 L9 2, 22 ž /3A k AŽ . kn

Ž . w 4 Ž 3 .2 x Ž . Ž .iv Bound for e s A r A EG X, Y, Z G Z, T, X :2, 4 n n

A4
n J

X Xe s 2 b b fc f ff cÝ Ý H H2, 4 L9 L L9 J k J k L2 1 1 13A kk A , AŽ . 1 k kn 1

A4
2n 2 J

Xs 2 b bŽ .Ý Ý L9 L2 13A k A , AŽ . k kn

4 2An 22 Js 2 b .Ž .Ý Ý L92 ž /3A k AŽ . kn

Ž .Using 20 , we have

2
2 2 2 yJ Ž2 sq1.5 5b F b f 2 ,Ž . Ž .Ý Ý ÝÝ s``L9 L9ž /

k A k Ak k

so we get

C2y4 JsqJ
2 2< < 5 5 5 5e F f f .s`` s2`2, 4 2n



G. KERKYACHARIAN AND D. PICARD504

A.2.4. Bound for e .3

Ž . w 3 Ž 3 .2 x Ž Ž ..2i Bound for e s A r A E G X, Y, Z :3, 1 n n

21
J

Xe s 2 ff f fc cÝ ÝH H3, 1 J k J k L9 L3 1 1ž /AŽ .n kk A , A1 k k1

21
J Jr2

Xs 2 2 a fc c .Ý Ý HJ k L9 L3 1ž /AŽ .n k A , Ak k

< < 5 5 Ž 3. JqJ# 5 5 2Using an earlier bound for e , e F f Crn 2 f .` 22, 1 3, 1

Ž . w 3 Ž 3 .2 x Ž . Ž .ii Bound for e s A r A EG X, Y, Z G Y, X, Z :3, 2 n n

1
J

X Xe s 2 fc f ff c fc cÝ Ý H H H3, 2 L9 J k J k L L9 L3 1 1 1AŽ .n kk A , A1 k k1

1
2 J

X Xs 2 b b fc cÝ Ý HL9 L L9 L3 1 1AŽ .n k A , Ak k

21
2 Js 2 f b c .Ý ÝH L9 L93 ž /AŽ .n k Ak

Hence,

C 22 J y2 Js< < 5 5 5 5e F 2 2 f f .s2` `3, 2 3n

Putting together all the previous evaluations, we obtain the following result.

5 5 5 5LEMMA 2. As soon as f is such that f F M, f F M, then theres2` s``

exists a constant C depending on M so that

2 y2 Js J# JqJ#2 2 223E M J , J# y D f E f F C q q .Ž . Ž .H J , J# J 2 3½ 5ž / n n n

So if n F 2 J,

2 JqJ#223E M J , J# y D f E f F C .Ž . Ž .H J , J# J 3½ 5ž / n

Ž .3 jr2 3A.3. Estimation of the low-frequency term. As H E f s 2 Ý a ,j k jk
3Ž . Ž .3B j is an unbiased estimator of H E f , and we are going to evaluatej
Ž 3Ž ..2 Ž Ž .3.2 ŽE B j y H E f . However, as in the previous sections we omit in Gj

.the indices B, j ,

123
X X XE B j s EG X , X , X G X , X , X .Ž .Ž . Ž . Ž .Ý i i i i i i2 1 2 3 1 2 33C I=IŽ .n
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And now we have to split I = I into four subsets in the following way:

X X X � 4 � X X X 4I s i , i , i , i , i , i gI = I : i , i , i l i , i , i s B ,� 4Ž . Ž .Ž .0 1 2 3 1 2 3 1 2 3 1 2 3

card I s C3C3 ,0 n ny3

X X X � 4 � X X X 4I s i , i , i , i , i , i gI = I : card i , i , i l i , i , i s 1 ,� 4Ž . Ž .Ž .1 1 2 3 1 2 3 1 2 3 1 2 3

card I s nC2 C 2 ,1 ny1 ny3

X X X � 4 � X X X 4I s i , i , i , i , i , i gI = I : card i , i , i l i , i , i s 2 ,� 4Ž . Ž .Ž .2 1 2 3 1 2 3 1 2 3 1 2 3

card I s C 2 A2 ,2 n ny2

X X X � 4 � X X X 4I s i , i , i , i , i , i gI = I : card i , i , i l i , i , i s 3 ,� 4Ž . Ž .Ž .3 1 2 3 1 2 3 1 2 3 1 2 3

card I s C3 .3 n

Thus, we can decompose again the variance in e q e q e q e , where0 1 2 3

21 3
X X Xe s EG X , X , X G X , X , X y E f ,Ž .Ž . Ž .Ý H0 i i i i i i j2 1 2 3 1 2 3 ž /3C IŽ . 0n

and the other e :j

1
X X Xe s EG X , X , X G X , X , X .Ž . Ž .Ýj i i i i i i2 1 2 3 1 2 33C IŽ . jn

w 3 3 xŽ Ž ..2 Ž Ž .3.2A.3.1. Bound for e s C rC EG X, Y, Z y H E f .0 ny3 n j

3 2C Cny3 3 6< < 5 5e s y 1 E f F f .Ž .H 30 j3 ž / nCn

Ž .We used 4

w 2 2 Ž 3.2 x Ž . Ž .A.3.2. Bound for e s nC C r C EG X, Y, Z G X, T, U .1 ny1 ny3 n

nC2 C 2
ny1 ny3 2je s 2 ff f a aŽ .ÝH1 jk jk 9 jk 9 jk23C kk9Ž .n

nC2 C 2
ny1 ny3 j jr2 5s 2 2 aÝ jk23C kŽ .n

C 55 5F f .5n
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w 2Ž .Ž . Ž 3.2 x Ž . Ž .A.3.3. Bound for e s C n y 2 n y 3 r C EG X, Y, Z G T, Y, Z .2 n n

2 2C n y 2 n y 3Ž . Ž .n j 2 2e s 2 f f aÝ H2 jk jk2 ž /3C kŽ .n

C 2 n y 2 n y 3Ž . Ž .n 2 j 4s 2 aÝ jk23C kŽ .n

C4 j5 5F f 2 .4 2n

w 3 x Ž Ž ..2A.3.4. Bound for e s 1rC E G X, Y, Z .3 n

1 C22 j
3j 3 3 jr2 5 5e s 2 a 2 F f .Ý 33 jk3 3C nn k

Hence, putting together all the previous evaluations, we obtain the following
result.

LEMMA 3. As soon as the density f belongs to a bounded subset of L5
Ž 2 .which is implied by the hypothesis f belongs to a bounded subset of B ,``

there exists a constant C depending on this bound such that
2 2 j1 23321 E B j y E f F C q .Ž . Ž . Ž .H j 3½ 5ž / n n

So when n F 2 j,
2 2 j233E B j y E f F C .Ž . Ž .H j 3½ 5ž / n

So when 2 j F n,
2 C33E B j y E f F .Ž . Ž .H j ½ 5ž / n
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