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ADAPTIVE ESTIMATION IN A RANDOM COEFFICIENT
AUTOREGRESSIVE MODEL

BY HIRA L. KOUL1 AND ANTON SCHICK2

Michigan State University and State University of New York
at Binghamton

This paper proves the local asymptotic normality of a stationary and
ergodic first order random coefficient autoregressive model in a semipara-
metric setting. This result is used to show that Stein’s necessary condition
for adaptive estimation of the mean of the random coefficient is satisfied if
the distributions of the innovations and the errors in the random coeffi-
cients are symmetric around zero. Under these symmetry assumptions, a
locally asymptotically minimax adaptive estimator of the mean of the
random coefficient is constructed. The paper also proves the asymptotic
normality of generalized M-estimators of the parameter of interest. These
estimators are used as preliminary estimators in the above construction.

1. Introduction. The construction of estimators that are asymptotically
efficient in the presence of infinite dimensional nuisance parameters has been
the focus of numerous researchers in the last three decades. For example, see

Ž .the recent monograph by Bickel, Klaassen, Ritov and Wellner 1993 and the
references therein. The present paper is concerned with the construction of

Ž .such estimators in the first order random coefficient autoregression RCAR
model. In fact, the estimators of this paper are adaptive in the sense that
they are asymptotically as efficient as if the nuisance parameters were
known.

�In the RCAR model one observes X , . . . , X , where the sequence X :0 n j
4j g Z satisfies

1.1 X s u q Z X q « , j g Z,Ž . Ž .j j jy1 j

� 4 �for some unknown u in R, and for independent sequences « : j g Z and Z :j j
4j g Z of independent and identically distributed random variables with

distribution functions F and G, respectively. Here Z denotes the set of all
integers. The importance of general RCAR models in time series analysis is

Ž .illustrated in the lecture notes by Nicholls and Quinn 1982 and in the book
Ž .by Tong 1990 .
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Let D denote the class of all distribution functions with zero means and
finite variances. Let s 2 denote the variance of a D in D. Throughout theD
paper it is assumed that F and G belong to D and that

1.2 u 2 q s 2 - 1.Ž . G

Ž .In view of Theorems 2.1 and 2.7 of Nicholls and Quinn 1982 , under these
� 4 Ž .assumptions the process X : j g Z satisfying 1.1 is strictly stationary andj

ergodic. It can be constructed so that
j`

1.3 X s « q « u q ZŽ . Ž .Ý Łj j jyi k
ksjyiq1is1

almost surely and in mean square. We denote the underlying probability
Ž .measure by P and the corresponding expectation by E . From 1.3u , F , G u , F , G

one obtains that

s 2
F21.4 E X s 0 and E X s .Ž . u , F , G 0 u , F , G 0 2 21 y u y sG

The problem of interest is the construction of adaptive estimators of u in
Ž .the presence of the nuisance parameter F, G . If G is degenerate at 0, then

Ž . Ž .the model 1.1 reduces to the first order autoregression model. Kreiss 1987a
provides adaptive estimates for parameters in ARMA models when the error
distribution is symmetric and has finite second moment and finite Fisher

Ž .information for location, and Kreiss 1987b constructs adaptive estimates of
parameters in AR models without the symmetry assumption. The latter

Ž .result has been improved and generalized by Schick 1993 to AR models with
Ž .unknown regression. See also Koul and Pflug 1990 for adaptive estimation

in explosive autoregression.
From the general asymptotic theory for adaptive estimation in locally

Ž .asymptotically normal LAN families it follows that adaptive estimation is
not always possible. Necessary conditions for adaptive estimation for these

Ž .families are given by Fabian and Hannan 1982 . A general method of
Ž .constructing adaptive estimates was originally proposed by Bickel 1982 . His

Ž .method has been generalized and improved by Schick 1986, 1987 . This
Ž .theory is developed for the case of independent and identically distributed

random variables. No general theory for the construction of adaptive esti-
mates for dependent random variables exists at the present stage.

The paper is organized as follows. Section 2 addresses the problem of
constructing preliminary estimators of u . It is shown that generalized M-

'estimators are n -consistent for u under fairly general assumptions on
Ž .F, G and the underlying weight and score functions. This class of estimators
includes the least squares and the least absolute deviations estimators.
Section 3 discusses local asymptotic normality for the above RCAR semipara-
metric model. Section 4 addresses the question of efficient and adaptive

Ž .estimation of u . First, a locally asymptotically minimax LAM estimator of u
is given when F and G are known. Then the necessary condition for adaptive
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estimation is verified for the model when both F and G are symmetric about
zero. Finally, an LAM-adaptive estimator of u is constructed. The Appendix
contains technical details that may be of independent interest also.

� 2 2 4Throughout this paper, u , F and G are fixed and Q s q : q q s - 1 .G
For convenience, P , is abbreviated by P and the corresponding expecta-q , F , G q

� 4 � 4tion is denoted by E . For a sequence u in Q and a sequence a of positiveq n n
Ž . w Ž .x � 4numbers, o a O a denotes a sequence of random variables X suchu n u n nn ny1 Ž .that a X converges to 0 is bounded in P -probability. The distribution ofn n u n

Ž < .a random variable X under a probability measure P is denoted by L X P .

2. Generalized M-estimators of u. This section discusses the asymp-
totic distributions of a class of generalized M-estimators. These results are of
independent interest. In addition, any one of these estimators can be used as
a preliminary estimator in the construction of efficient estimators of u . To
define generalized M-estimators, let g be a measurable function from R to R

Ž .such that xg x G 0 for all x g R, and let c be a monotone function from R

to R. Set
n1

T t [ g X c X y tX , t g R.Ž . Ž . Ž .Ýn jy1 j jy1'n js1

ˆA generalized M-estimator u of u is defined as a solution of the equationn
Ž .T t s 0.n
In this section, it is assumed that

<E c X y u X X s 0 andŽ .Ž .u 1 0 0
2.1Ž . 2 20 - g [ E g X c X y u X - `.Ž . Ž .u 0 1 0

Ž .These assumptions imply that T u is a mean zero square integrable martin-n
Ž .gale which satisfies the conditions of Corollary 3.1 of Hall and Heyde 1980 .

Thus
<2.2 L T u P « N 0, g .Ž . Ž . Ž .Ž .n u

REMARK 2.1. If « and Z are symmetrically distributed around zero,1 1
then the conditional distribution of X y u X s « q Z X , given X , is1 0 1 1 0 0

Ž Ž . < .symmetric around zero. Hence, E c X y u X X s 0 for all odd func-u 1 0 0
< Ž . <tions c with E c X y u X - `.u 1 0

ˆThe asymptotic distribution of u can now be obtained via the followingn
lemma.

Ž .LEMMA 2.2. Suppose 2.1 holds and

2.3 T u q ny1r2 t y T u s ytb q o 1Ž . Ž . Ž . Ž .n n p

for all t g R and some b / 0. Then

y2ˆ' <L n u y u P « N 0, g b .Ž .Ž .ž /n u
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Ž .PROOF. By the monotonicity of c , the map t ¬ T t is monotone. Thusn
Ž .2.3 implies

y1r2sup T u q n t y T u q tb s o 1Ž . Ž . Ž .n n u
< <t Fc

for every finite c. From this one concludes in a routine fashion that

y1ˆ'n u y u s b T u q o 1 .Ž . Ž .Ž .n n u

Ž .The desired result follows from this and 2.2 . I

Ž .The following two lemmas give sufficient conditions for 2.3 .

LEMMA 2.3. Suppose c is absolutely continuous with a.e.-derivative c X

satisfying
X2.4 E X g X c X y u X - `Ž . Ž . Ž .u 0 0 1 0

and
X X2.5 lim E X g X c X y u X y sX y c X y u X s 0.Ž . Ž . Ž . Ž .u 0 0 1 0 0 1 0

sª0

Ž .Then 2.3 holds with

b s E X g X c X X y u X .Ž . Ž .u 0 0 1 0

Ž .PROOF. Let U s X y u X , j s 1, . . . , n. By 2.4 and the ergodic theo-j j jy1
rem,

n1
XX g X c U ª b a.s.Ž . Ž .Ý jy1 jy1 jn js1

Ž .Using stationarity, the absolute continuity of c , Fubini’s theorem and 2.5 ,
we obtain

nt
Xy1r2E T u q n t y T u q X g X c UŽ . Ž . Ž . Ž .Ýu n n jy1 jy1 jn js1

tX tX0 0 X1r2F n E g X c U y y c U q c UŽ . Ž . Ž .u 0 1 1 1ž /' 'n n

tX1 0X X< <F t E X g X c U y c U y z dz ª 0.Ž . Ž .H u 0 0 1 1ž /'n0

Combining the above yields the desired result. I

Ž . Ž . Ž .EXAMPLE 2.4 Least squares estimator . Let g x s c x s x, x g R. The
resulting estimator is the least squares estimator. Assume that E X 4 - `u 0

2 Ž . 2 2 2 4and s ) 0. Then 2.1 holds with g s E X E « q E Z E X and the as-F u 0 u 1 u 1 u 0
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sumptions of Lemma 2.3 hold with b s E X 2. Applying Lemma 2.2 yieldsu 0
1r2 ˆŽ Ž . < . Ž .L n u y u P « N 0, t , wheren u

s 2 s 2E X 4Ž .F G u 0
t s q .2 22E Xu 0 E XŽ .Ž .u 0

Ž .This is a special case of a result of Nicholls and Quinn 1982 .

Ž .EXAMPLE 2.5 Modified least squares estimator . This estimator is ob-
Ž . Ž . w < < x Ž . w < < xtained upon taking c x s x and g x s xI x F c q c sgn x I x ) c ,

2 Ž .where c is a known positive constant. If s ) 0, then 2.1 holds withF
2 2Ž . 2 2 2Ž .g s s E g X q s E X g X and the assumptions of Lemma 2.3 holdF u 0 G u 0 0

1r2 ˆŽ . Ž Ž . < . Ž .with b s E X g X . Consequently, L n u y u P « N 0, t , whereu 0 0 n u

s 2E g 2 X q s 2E X 2 g 2 XŽ . Ž .F u 0 G u 0 0
t s .2

E X g XŽ .Ž .u 0 0

Unlike the least squares estimator, this estimator does not require the
finiteness of the fourth moment of X .0

Ž .EXAMPLE 2.6 Huber estimator . This estimator is obtained upon taking
Ž . Ž . w < < x Ž . w < < xg x s x and c x s xI x F c q c sgn x I x ) c , x g R, where c is a

known positive constant. Assume that F and G are symmetric around zero,
2w Ž . Ž .xF is continuous and E X F c y X Z y F yc y X Z ) 0. Then oneu 0 0 1 0 1

Ž . Ž . Ž .verifies 2.1 , 2.4 and 2.5 and obtains from Lemmas 2.2 and 2.3 that
1r2 ˆŽ Ž . < . Ž .L n u y u P « N 0, t , wheren u

E X 2c 2 X y u XŽ .u 0 1 0
t s .22E X F c y X Z y F yc y X ZŽ . Ž .Ž .u 0 0 1 0 1

Ž . Ž . Ž . Ž .EXAMPLE 2.7 Arctan estimator . Let g x s x and c x s arctan x ,
x g R. Assume that F and G are symmetric around zero and that s 2 ) 0.F

Ž . Ž . Ž .Then one verifies 2.1 , 2.4 and 2.5 and obtains from Lemmas 2.2 and 2.3
1r2 ˆŽ Ž . < . Ž .that L n u y u P « N 0, t , wheren u

E X 2 arctan2 « q Z XŽ .u 0 1 1 0
t s .2X2E X arctan « q Z XŽ .Ž .u 0 1 1 0

LEMMA 2.8. Suppose c is bounded, F has a bounded and continuous
2Ž . Ž .Lebesgue density f and E g X - `. Then 2.3 holds withu 0

b s E X g X f u y Z X dc u .Ž . Ž . Ž .Hu 0 0 1 0
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PROOF. Without loss of generality assume that c is nondecreasing. Fix
t g R. With U ’s as in the previous proof, letj

n1 tX jy1
D s g X c U y y c U ,Ž . Ž .Ýn , 1 jy1 j jž /ž /' 'n njs1

n1 tX jy1
<D s g X E c U y y c U X ,Ž . Ž .Ýn , 2 jy1 u j j jy1ž /ž /' 'n njs1

n1 tX jy1
<D s g X E f u y Z X X dc u .Ž .Ž . Ž .Ž .Ý Hn , 3 jy1 u j jy1 jy1' 'n njs1

Observe that D y D is a mean zero square integrable stationary martin-n, 1 n, 2
gale. Thus,

2tX02 2E D y D F E g X c U y y c U .Ž . Ž . Ž .u n , 1 n , 2 u 0 1 1ž /ž /'n

Let

tX0
j u s F u y Z X y F u y Z X q , u g R.Ž . Ž .n 1 0 1 0ž /'n

Ž . Ž . Ž w x w x. Ž .Using the fact that c x y c y s H I u F x y I u F y dc u and Fubini’s
theorem, one obtains from the above inequality that

2 2E D y D F 2 sup c x E g X j u dc u .Ž . Ž . Ž . Ž . Ž .Hu n , 1 n , 2 u 0 n
xgR

By the Lebesgue dominated convergence theorem and the continuity of F,
this upper bound tends to zero. Hence

22.6 E D y D ª 0.Ž . Ž .u n , 1 n , 2

Using Fubini’s theorem and a conditioning argument together with the
underlying independence between « , Z and X , we obtaini i iy1

< <E D q Du n , 2 n , 3

tX2.7Ž . 01r2F n E g X j u q f u y Z X dc u ª 0,Ž . Ž . Ž . Ž .H u 0 n 1 0ž /'n

by the Lebesgue dominated convergence theorem and the assumed properties
of f. Finally, by the ergodic theorem,

2.8 D s tb q o 1 .Ž . Ž .n , 3 u

Ž . Ž . Ž .Combining 2.6 ] 2.8 yields 2.3 . I

Ž . Ž . Ž .EXAMPLE 2.9 Least absolute deviation estimator . Let g x s x and c x
Ž .s sgn x . The resulting estimator is the least absolute deviation estimator.

Assume now that F has a continuous, bounded and even density f , G
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Ž 2 Ž .. Ž .is symmetric around zero and E X f Z X ) 0. Then 2.1 holds andu 0 1 0
the assumptions of Lemma 2.8 are met. Thus Lemma 2.2 implies that

1r2 ˆŽ Ž . < . Ž .L n u y u P « N 0, t , wheren u 1

E X 2Ž .u 0
t s .1 224 E X f Z XŽ .Ž .u 0 1 0

We need the continuity of f everywhere to conclude this result. This is unlike
the ordinary autoregression model, where f needs to be continuous at zero

Ž .only. See, for example, Chapter 7 of the monograph by Koul 1992 .

3. Local asymptotic normality. In this section we obtain the LAN
condition for the RCAR model when the distributions of « and Z are1 1
allowed to depend on a finite dimensional parameter. This result is basic to
the characterization of efficient estimators and the ensuing discussion of
adaptation.

From now on we assume that F has finite Fisher information for location,
that is, F has an absolutely continuous density f with a.e.-derivative f X and

2Xf xŽ .
3.1 J f s dF x - `.Ž . Ž . Ž .H ž /f xŽ .

Then, under P , X has a Lebesgue density q and the conditional distribu-q 0 q

tion X y q X given X has a density p given by1 0 0

p x , x s f x y zx dG z , x , x g R,Ž . Ž . Ž .H1 2 2 1 1 2

Ž .for q g Q. Consequently, a joint density p of X , X y q X under P isq 0 1 0 q

given by

3.2 p x , x s q x p x , x , x , x g R, q g Q.Ž . Ž . Ž . Ž .q 1 2 q 1 1 2 1 2

Define now

pX x , x s f X x y zx dG z , x , x g R,Ž . Ž . Ž .H1 2 2 1 1 2

pX x , xŽ .1 2
L x , x s , x , x g R,Ž .1 2 1 2p x , xŽ .1 2

W u s x 2L2 x , x p x , x q x dx dxŽ . Ž . Ž . Ž .H 1 1 2 1 2 u 1 1 2

and

l q s yX L X , X y q X , j s 1, . . . , n , q g R.Ž . Ž .j jy1 jy1 j jy1

n Ž . Ž .Observe that Ý l u and nW u are the score and the Fisher informationjs1 j
for the estimation of u , respectively, when F and G are known.
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An application of the Cauchy]Schwarz inequality and Fubini’s theorem
shows that

3.3 L2 x , x p x , x dx F J f , x g R.Ž . Ž . Ž . Ž .H 1 2 1 2 2 1

Ž . Ž . 2 Ž .Therefore, W u F J f E X - `. It is also easy to check that W u ) 0.u 0
Ž .We now introduce a parametrization of the distributions of « , Z .1 1

Ž . Ž .DEFINITION 3.1. By a path we mean a map h ¬ F , G from y1, 1 intoh h

Ž . Ž . 2 2 Ž .D = D satisfying F , G s F, G and u q H z dG z - 1 y a# for all0 0 h

Ž .h g y1, 1 and some a# ) 0.

Ž .Fix a path h ¬ F , G . Then there exist positive numbers a and a suchh h 0 1
that

2 2q q t q z dG z - 1Ž . Ž .H h

w x Ž . Ž . Ž .for all q g Q s u y a , u q a and t, h g D s ya , a = y1, 1 . For0 0 0 0 1 1
Ž . nq g Q and d s t, h g D , let Q denote the restriction of P to0 0 q , d Žqqt, F , G .h h

Ž . n nF and let L q , d denote the log likelihood of Q with respect to Q .n n q , d q , 0
Ž .Here and in the sequel, F denotes the s-field generated by X , . . . , X ,j 0 j

j s 0, 1, . . . , n.

Ž .DEFINITION 3.2. We say the path h ¬ F , G is regular if the followingh h

conditions hold.

Ž . 2 Ž .R.1 The map h ¬ H x dF x is continuous at 0.h

Ž .R.2 For each h, F has Lebesgue density f and there exists a measurableh h
2Ž . Ž .function z from R to R such that Hz x f x dx - ` and

2h
2' 'f x y f x y z x f x dx s o h .Ž . Ž . Ž . Ž . Ž .'H hž /2

Ž . Ž .R.3 There exists a measurable function j from 0, 1 to R such that
1 2Ž .H j u du - ` and0

1 2y1 y1 2G u y G u y hj u du s o h ,Ž . Ž . Ž . Ž .Ž .H h
0

y1Ž . � Ž . 4where G u s inf t: G t G u .h h

In this case we set, for q g Q,

Hz X y q q z X f X y q q z X dG zŽ . Ž . Ž .Ž . Ž .j jy1 j jy1
3.4 z q s ,Ž . Ž .j H f X y q q z X dG zŽ . Ž .Ž .j jy1
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H1 j u f X X y q q Gy1 u X duŽ . Ž .Ž .Ž .0 j jy1
3.5 j q s yX ,Ž . Ž .j jy1 H f X y q q z X dG zŽ . Ž .Ž .j jy1

l qŽ .j
S q s , j s 1, 2, . . . ,Ž .j z q q j qž /Ž . Ž .j j

and
TV u s E S u S u .Ž . Ž . Ž .u 1 1

We are now ready to state the LAN result.

Ž .THEOREM 3.3. Suppose the path h ¬ F , G is regular and the sequenceh h'� 4 Ž .u in Q is such that n u y u is bounded. Thenn 0 n

n1 1 1
T T3.6 L u , u y u S u q u V u u ª 0Ž . Ž . Ž .Ýn n n n j n n nž /' ' 2n n js1

n � 4 2in Q -probability for every bounded sequence u in R andu , 0 nn

n1
n<L S u Q « N 0, V u .Ž . Ž .Ž .Ý j n u , 0nž /'n js1

The proof of this theorem is facilitated by the following two lemmas, proofs
of which are given in the Appendix. Let q and p , respectively, denoteq , d q , d

the stationary and transition densities under Qn if the path is regular. Inq , d

this case define also a map s from R2 to R2 such thatq̇

s X , X s S q p X , X y q X a.s. P .'Ž . Ž . Ž .q̇ 0 1 1 0 1 0 q

Ž . Ž . Ž . ŽObserve that p X , X s p X , X y q X and s X , X s s X ,˙ ˙q , d 0 1 0, d 0 1 0 q 0 1 0 0
.X y q X .1 0

Ž .LEMMA 3.4. Suppose the path h ¬ F , G is regular. Thenh h

2
23.7 sup 1 q x q x y q x dx ª 0 as d ª 0.' 'Ž . Ž . Ž . Ž .H ž /q , d q , 0

qgQ0

Ž .LEMMA 3.5. Suppose the path h ¬ F , G is regular. Thenh h

2 21 T 5 5sup E p X , x y p X , x y d s X , x dx s o d' 'Ž . Ž . Ž . Ž .˙H ž /q q , d 0 q , 0 0 q 02
qgQ0

and

2
sup E s X , x y s X , x dx ª 0 as t ª 0.Ž . Ž .˙ ˙Hq qqt 0 q 0

qgQ0

y1r2 Ž .PROOF OF THEOREM 3.3. Let Z s n S u , j s 1, . . . , n. Our proofn, j j n
wutilizes the martingale central limit theorem Corollary 3.1 in Hall and
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Ž .xHeyde 1980 and a proper application of Theorem 3.10 in Fabian and
Ž .Hannan 1987 . More precisely, we shall apply their theorem with Q s D ,n 0

Ž . nu s 0, E ? s H ? dQ , U s Z and M s nI , where I is the 2 = 2n, d u , d n, j n, j n 2 2n

identity matrix. In view of these results it suffices to verify

<3.8 E Z F s 0, j s 1, . . . , n , a.s. P ,Ž . Ž .u n , j jy1 un n

n
25 5 5 5 <3.9 L a s E Z I Z ) a F s o 1 , a ) 0,Ž . Ž . Ž .Ý ž /n u n , j n , j jy1 un n

js1

n
T <3.10 E Z Z F s V u q o 1 ,Ž . Ž . Ž .Ž .Ý u n , j n , j jy1 un n

js1

� 4 � y1r2 4 � 4and, for every sequence d s n u in D with u bounded,n n 0 n

2
W s q x y q x dxŽ . Ž .' 'Hn u , d u , 0ž /n n n

n
2q w X , y dy s o 1 ,Ž .Ž .Ý H u , d jy1 un n n

js1

3.11Ž .

1 Twhere w s p y p y d s .' ' ˙q , d q , d q , 0 q2

It follows from Lemma 3.5 that

s X , x p X , x dx s 0 a.s. P , q g Q ,'Ž . Ž .˙H q 0 q , 0 0 q 0

Ž .which implies 3.8 . Verify that for a ) 0,

2 ' 'E L a s s u , v I s u , v ) a n p u , v q u du dv.Ž . Ž . Ž . Ž . Ž .Ž . ˙ ˙HHu n 0 0 un n

Ž . 5 Ž .5 2 Ž 2 .w Ž .ŽAnalogous to 3.3 , one verifies H s u, v dv - 2 1 q u J f 1 q0̇
1 2Ž . . 2 x Ž .H z t dt q Hj dF . This, together with Lemma 3.4, yields 3.9 . Next,0

Lemmas 3.4 and 3.5 imply that
2

E W s q x y q x dxŽ . Ž . Ž .' 'Hu n u , d u , 0ž /n n n n

qnE p X , x y p X , xŽ . Ž .' 'Hu u , d 0 u , 0 0žn n n n

2
1 Ty d s X , x dx ª 0Ž .˙n u 02 /n

� 4 � y1r2 4 � 4for every sequence d s n u in D with u bounded. This givesn n 0 n
Ž .3.11 .

Verify that
n n1

T T<E Z Z F s s X , v s X , v dv.˙ ˙Ž . Ž .Ž .Ý Ý Hu n , j n , j jy1 0 jy1 0 jy1n njs1 js1

Ž .Thus 3.10 follows from the ergodic theorem if u s u for all n. Thisn
� 4shows that the theorem holds for the constant sequence u . From this one
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� n 4 � n 4 Ž .concludes that Q is contiguous to Q and hence 3.10 . This completesu , 0 u , 0n

the proof. I

COROLLARY 3.6. Let P n denote the restriction of P to F for q g Q. Letq q n'� 4 Ž . � 4u be a sequence in Q such that n u y u is bounded and let t be an 0 n n
bounded sequence in R. Then

n ny1 r2dP t 1u qn t nn n 23.12 log y l u q t W u s o 1Ž . Ž . Ž . Ž .Ý j n n un n'dP 2nu js1n

and

n1
<3.13 L l u P « N 0, W u .Ž . Ž . Ž .Ž .Ý j n u nž /'n js1

Consequently,

n n1 1 '3.14 l u y l u q n u y u W u s o 1 .Ž . Ž . Ž . Ž . Ž . Ž .Ý Ýj n j n u n' 'n njs1 js1

Ž . Ž .REMARK 3.7. The results 3.12 and 3.13 together become the usual LAN
condition for the joint log-likelihood ratios if u s u . This result is differentn
from the LAN-type expansion for the conditional log-likelihood ratios, given

Ž .X , of Hwang and Basawa 1993 .0

4. Efficient and adaptive estimates. This section discusses efficient
estimation of u . First, consider the case when F and G are known. As can be
seen from Corollary 3.6, the parametric experiment associated with this case
satisfies the LAN condition. Thus, it follows from the Hajek]Le Cam theory´

ˆ� 4for LAN experiments that an estimator u is LAM at u for bounded lossn
functions, herein called efficient for u , if

n1ˆ'4.1 n u y u y l u s o 1 .Ž . Ž . Ž .Ž . Ýn j u'n W uŽ . js1

Ž .See Fabian and Hannan 1982 . To exhibit such an estimator, let

Ýn l qŽ .js1 j
Z q s q q , q g R.Ž .n n 2Ý l qŽ .js1 j

'The following construction of efficient estimators uses discretized n -con-
sistent preliminary estimators of u . The idea of discretization goes back to Le

Ž .Cam 1960 and has become an important technical tool in the construction of
efficient estimators in semiparametric models; see Bickel, Klaasen, Ritov and

'Ž .Wellner 1993 and references therein. In our problem, n -consistent prelimi-
nary estimators can be chosen from the class of generalized M-estimators of
Section 2.
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Ž . � 4THEOREM 4.1. Suppose 3.1 holds. Then, for every sequence u in Qn' Ž .such that n u y u is bounded,n

n1'4.2 n Z u y u y l u s o 1 .Ž . Ž . Ž . Ž .Ž . Ýn n j u'n W uŽ . js1

ˆ ˆ'� 4 � Ž .4Consequently, if u is a discrete n -consistent estimator of u , then Z u isn n n
efficient for u .

'� 4 Ž .PROOF. Fix a sequence u in Q such that n u y u is bounded. Fromn n
Ž . Ž .3.8 to 3.10 one obtains that

n n1 1
2 2 <l u s E l u F q o 1 s W u q o 1 .Ž . Ž . Ž . Ž . Ž .Ž .Ý Ýj n u j n jy1 u un n nn njs1 js1

Ž . Ž .This, together with 3.14 , gives 4.2 . I

Ž .Our next goal is to construct estimates of u that satisfy 4.1 when F and
G are unknown. Such estimates are LAM-adaptive for u in the class of all

Ž .LAN-subproblems that satisfy Stein’s 1956 necessary condition for adapta-
Ž .tion; see Fabian and Hannan 1982 . We now show that this necessary

condition is satisfied in our model if F and G are symmetric around zero. To
Ž .see this consider a regular path h ¬ F , G , where both F and G areh h h h

Ž .symmetric around zero for all h g y1, 1 . For such a path, the conditional
density p of X y u X , given X , satisfiesh 1 0 0

p X , yy s f yy y zX dG zŽ . Ž . Ž .Hh 0 h 0 h

s f y y zX dG z s p X , y , y g R.Ž . Ž . Ž .H h 0 h h 0

Ž . Ž . w Ž . Ž .xThis implies that z u q j u cf. 3.4 and 3.5 is an even function in the1 1
Ž .variable X y u X and l u is an odd function in the variable X y u X .1 0 1 1 0

Consequently,

V u s E l u z u q j u s 0,� 4Ž . Ž . Ž . Ž .12 u 1 1 1

which is Stein’s necessary condition for adaptation for the given path.
In order to construct adaptive estimates of u , F and G will be assumed to

be symmetric around zero for the remainder of this section. To describe our
� 4 � 4 � 4estimates, let k denote the logistic density. Let a , b and c denoten n n

� 4sequences of positive integers which converge to zero. Let d be a sequencen
of positive numbers such that d ª ` and let x denote the map from R to Rn n

Ž . w < < x Ž . w < < xdefined by x x s xI x F d q d sgn x I x ) d , x g R. Define func-n n n n
tions k and kX from R2 = R2 to R byn n

1 u y v u y v yu y v1 1 2 2 2 2
k u , v s k k q kŽ .n ž / ž / ž /ž /2 a b b a an n n n n
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and
1 u y v u y v yu y v1 1 2 2 2 2X X Xk u , v s k k y k ,Ž .n 2 ž / ž / ž /ž /b a a2 a b n n nn n

Ž . 2 Ž . 2u s u , u g R , v s v , v g R . For q g R and j s 1, . . . , n, set1 2 1 2

Y q s X , X y q XŽ . Ž .j jy1 j jy1

and

1rn Ýn kX Y q , Y qŽ . Ž . Ž .Ž .is1 n j i
l̂ q s yx X .Ž . Ž .n , j n jy1 nc q 1rn Ý k Y q , Y qŽ . Ž . Ž .Ž .n is1 n j i

Finally, set

n ˆ1rn Ý l qŽ . Ž .js1 n , j
Ẑ q s q q , q g R.Ž .n n 2̂1rn Ý l qŽ . Ž .js1 n , j

Ž .THEOREM 4.2. Suppose F and G are symmetric and F satisfies 3.1 .
� 4 � 4 � 4 � 4Assume that the sequences a , b , c , d , in addition, satisfyn n n n

4.3 n1yaa4 b2c2 ª ` for some a ) 0,Ž . n n n

4.4 a G b d .Ž . n n n

'� 4 Ž .Then for every sequence u in Q such that n u y u is bounded,n n

n1ˆ'4.5 n Z u y u y l u s o 1 .Ž . Ž . Ž . Ž .Ž . Ýn n j u'n W uŽ . js1

ˆ ˆ ˆ'� 4 � Ž .4Consequently, if u is a discrete n -consistent estimate of u , then Z u isn n n
LAM-adaptive for u .

PROOF. For q g R, let

n1rn Ý l qŽ . Ž .js1 n , j
Z q s q q ,Ž .n n 21rn Ý l qŽ . Ž .js1 n , j

where

x X H kX Y q , v p v dvŽ . Ž .Ž . Ž .n jy1 n j q
l q s y , j s 1, . . . , n ,Ž .n , j c q H k Y q , v p v dvŽ . Ž .Ž .n n j q

Ž .and p is as in 3.2 .q '� 4 Ž .Now fix a sequence u in Q such that n u y u is bounded. It suffices ton n
prove the following two statements:

'4.6 n Z u y Z u s o 1 ,Ž . Ž . Ž . Ž .Ž .n n n n u n

ˆ'4.7 n Z u y Z u s o 1 .Ž . Ž . Ž . Ž .Ž .n n n n u n



H. L. KOUL AND A. SCHICK1038

y1r2 n Ž . Ž . n 2Ž . Ž .As n Ý l u and 1rn Ý l u are bounded in P -probability, 4.6js1 j n js1 j n u n
Ž .and 4.7 follow from the following four statements:

n1
4.8 D s l u y l u s o 1 ,Ž . Ž . Ž . Ž .Ý ž /n , 1 n , j n j n u n'n js1

n1 2
4.9 D s l u y l u s o 1 ,Ž . Ž . Ž . Ž .Ý ž /n , 2 n , j n j n u nn js1

n1
ˆ4.10 D s l u y l u s o 1 ,Ž . Ž . Ž . Ž .Ý ž /n , 3 n , j n n , j n u n'n js1

n1 2ˆ4.11 D s l u y l u s o 1 .Ž . Ž . Ž . Ž .Ý ž /n , 4 n , j n n , j n u nn js1

ˆ ˆXŽ . Ž .Let Y s Y u and Y s Y , . . . , Y . Define maps k and k fromn, j j n n n, 1 n, n n n
R2 = R2 n into R as follows:

n1
k̂ u , y , . . . , y s k u , y ,Ž . Ž .Ýn 1 n n jn js1

n1
X X 2k̂ u , y , . . . , y s k u , y , u , y , . . . , y g R .Ž . Ž .Ýn 1 n n j 1 nn js1

XULet K denote the logistic distribution function. Define maps k , k and kn n n
from R2 to R by

Uk u s q u y b v p u y b v , u dK v ,Ž . Ž . Ž . Ž .Hn u 1 n 1 1 n 1 2 1n

k u s q u y b v p u y b v , u y a v dK v dK v ,Ž . Ž . Ž . Ž . Ž .HHn u 1 n 1 1 n 1 2 n 2 1 2n

X Xk u s q u y b v p u y b v , u y a v dK v dK vŽ . Ž . Ž . Ž . Ž .HHn u 1 n 1 1 n 1 2 n 2 1 2n

Ž . 2for u s u , u g R . Verify that1 2

X X 2k u s k u , y p y dy and k u s k u , y p y dy, u g R .Ž . Ž . Ž . Ž . Ž . Ž .H Hn n u n n un n

Ž .The following facts, proved in the Appendix, are used to establish 4.8 and
Ž .4.9 :

2
Uy2 '4.12 J s b k x , x y p x , x dx dx ª 0,Ž . Ž . Ž .'HHn , 1 n n 1 2 u 1 2 1 2ž /n

2
XX q x p x , xŽ . Ž .'k x , xŽ . u 1 1 2nn 1 224.13 J s x y dx dx ª 0,Ž . HHn , 2 1 1 2p x , x� 0' Ž .'k x , xŽ . 1 2n 1 2



ESTIMATION IN RCAR MODEL 1039

2
Uy2 2 ' '4.14 J s a 1 q x k x , x y k x , x dx dx ª 0.Ž . Ž . Ž .Ž .HHn , 3 n 1 n 1 2 n 1 2 1 2ž /

Now set

X X Xˆk u k u k u , yŽ . Ž . Ž .n n nˆR u s , L u s , L u , y sŽ . Ž . Ž .n n n ˆk u c q k uŽ . Ž . c q k u , yŽ .n n n n n

for u g R2 and y g R2 n. Verify that, for j s 1, . . . , n,

ˆ ˆl u s yx X L Y , Y and l u s yx X L Y .Ž . Ž .Ž . Ž . Ž . Ž .n , j n n jy1 n n , j n n , j n n jy1 n n , j

ˆWe shall now summarize various properties of R , L and L needed inn n n
Ž . Ž .proofs of 4.8 ] 4.11 . The logistic kernel satisfies

X Y4.15 k x F 1r4, k x F k x , k x F k x , x g R.Ž . Ž . Ž . Ž . Ž . Ž .
Ž . 2From this and 4.4 one obtains the following properties. For each u g R ,

y g R2 n and t g R,

1 ­ 1
L.1 L u F R u F and L u F , i s 1, 2;Ž . Ž . Ž . Ž .n n na ­ u a bn i n n

1ˆL.2 L u , y F ;Ž . Ž .n an

­ 1ˆL.3 L u , y F , i s 1, 2;Ž . Ž .n­ u a bi n n

­ 1ˆL.4 L u , y F , i s 1, . . . , 2n;Ž . Ž .n 2 2­ y na b ci n n n

1ˆ ˆL.5 L u , y q te y L u , y F , i s 1, . . . , 2n ,Ž . Ž . Ž .n i n 2na b cn n n

where e , . . . , e denotes the standard basis in R2 n. Note also that1 2 n

ˆ ˆL.6 L u , yu s yL u and L u , yu , y s yL u , yŽ . Ž . Ž . Ž . Ž .Ž . Ž .n 1 2 n n 1 2 n

Ž . 2 2 nfor u s u , u g R and y g R .1 2

Ž . Ž . Ž .PROOF OF 4.8 AND 4.9 . Using L.6 , one obtains that

<E l u y l u X s 0, j s 1, . . . , n.Ž . Ž .ž /u n , j n j n jy1n

Ž . Ž .Thus 4.8 and 4.9 will follow if we show that

2
I s E l u y l uŽ . Ž .Ž .n u n , 1 n 1 nn

2
s x x L x , x y x L x , x p x , x dx dx ª 0.Ž . Ž . Ž . Ž .Ž .HH n 1 n 1 2 1 1 2 u 1 2 1 2n
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Ž .However, we can bound I by 5 I q I q I q I q I , wheren n, 1 n, 2 n, 3 n, 4 n, 5

2 2I s x x y x L x , x p x , x dx dx ,Ž . Ž . Ž .Ž .HHn , 1 n 1 1 1 2 u 1 2 1 2n

2
XX q x p x , xŽ . Ž .'k x , xŽ . u 1 1 2nn 1 22I s x x y dx dx ,Ž .HHn , 2 n 1 1 2p x , x� 0' Ž .'k x , xŽ . 1 2n 1 2

2
U2 2 ' 'I s x x R x , x k x , x y k x , x dx dxŽ . Ž . Ž . Ž .HHn , 3 n 1 n 1 2 n 1 2 n 1 2 1 2ž /

2
U2 2 'I s x x R x , x k x , x y p x , x dx dxŽ . Ž . Ž . Ž .'HHn , 4 n 1 n 1 2 n 1 2 u 1 2 1 2ž /n

and
22I s x x L x , x y R x , x p x , x dx dxŽ . Ž . Ž . Ž .Ž .HHn , 5 n 1 n 1 2 n 1 2 u 1 2 1 2n

2cn 2 2s x x R x , x p x , x dx dx .Ž . Ž . Ž .HH n 1 n 1 2 u 1 2 1 2nž /c q k x , xŽ .n n 1 2

Ž .It follows from 3.3 and Lemma 3.4 that I ª 0. Bound I by J ton, 1 n, 2 n, 2
Ž . Ž .conclude I ª 0, by 4.13 . Use L.1 to bound I by J . Thus I ª 0 byn, 2 n, 3 n, 3 n, 3

Ž . < Ž . Ž . < y1 y1 y1 Ž .4.14 . As x x R x , x F d a and d a F b by 4.4 , I F J .n 1 n 1 2 n n n n n n, 4 n, 1
Ž .Hence, by 4.12 , I ª 0. Using Lemma 3.4 and the fact I q ??? qI ª 0,n, 4 n, 1 n, 4

one obtains

2cn 2 2I s x L x , x p x , x dx dx q o 1 .Ž . Ž . Ž .HHn , 5 1 1 2 u 1 2 1 2ž /c q k x , xŽ .n n 1 2

Ž . Ž .By 4.12 , 4.14 and Lemma 3.4, k ª p in measure. Thus, I ª 0 by then u n, 5
Lebesgue dominated convergence theorem. This proves that I ª 0 andn

Ž . Ž .obtains 4.8 and 4.9 . I

Ž . Ž .PROOF OF 4.10 AND 4.11 . Without loss of generality, assume that the
Ž .underlying probability space V, AA, P is rich enough so that there existun

ˆ ˆ� 4 � 4 �Ž . 4independent sequences X : j g Z , Y : j g Z and « , Z : j g Z ofn, j n, j n, j n, j
ˆindependent and identically distributed random vectors such that X hasn, 1

ˆ Ž .the same distribution as X , Y has the same distribution as Y , « , Z1 n, 1 n, 1 n, 1 n, 1
has distribution F = G and

j`

X s « q « u q ZŽ .Ý Łj n , j n , jya n n , n
nsjq1yaas1
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almost surely P . From this one also obtains the P -a.s. representationu un n

jyiy1 j

X s « q « u q ZŽ .Ý Łj n , j n , jya n n , n
nsjq1yaas1

4.16Ž .
j

qX u q Z , i - j.Ž .Łi n n , n
nsiq1

Define now

jyiy1 j j

ˆX s « q « u q Z q X u q Z ,Ž . Ž .Ý Ł Łj , i n , j n , jya n n , n n , i n n , n
nsjq1ya nsiq1as1

i - j.

Then X has the same distribution as X , and X is independent of X andj, i j j, i r
of X for s - r F i - j. The proof below exploits this independence.r , s

� 4 ar2Now let m be a sequence of positive integers such that m ; n ,n n
Ž . 2 2 2 2where a is as in 4.3 , and let r s u q s . As u ª u , r ª u q s , whichn n G n n G
Ž . Ž .is less than 1 by 1.2 . Therefore, by 4.3 ,

nr m n m2
n n

4.17 ª 0 and ª 0.Ž . 4 4 2 4 2 2a b c na b cn n n n n n

Let

YU s Y U , . . . , Y U , where Y U s X , X y u X .Ž . Ž .n n , 1 n , n n , j jy1, jym j , jym n jy1, jymn n n

� 4 U Ž . UFor a subset A of 1, . . . , n , let Y A denote the vector obtained from Y byn n
U ˆ U UŽ . �replacing Y by Y for each i g A. Abbreviate Y A by Y if A s a:n, i n, i n n, j

< < 4 U � < <a s 1, . . . , n, a y j - m and by Y if A s a: a s 1, . . . , n, a y j - m ,n n, j, i n
< < 4a y i - m .n

Observe that

n n1 1
2D s D Y , Y and D s D Y , Y ,Ž . Ž .Ý Ýn , 3 n n , j n n , 4 n n , j n' nn js1 js1

where D is the map from R2 = R2 n to R defined byn

2 2 nˆD u , y s x u L u , y y L u , u s u , u g R , y g R .Ž . Ž . Ž . Ž . Ž .Ž .n n 1 n n 1 2

Ž .To prove 4.10 it suffices to verify the following two statements:

n1
U U4.18 T s D Y , Y y D Y , Y s o 1 ,Ž . Ž .Ž . Ž .Ž .Ýn , 1 n n , j n n n , j n , j u n'n js1

2n1
U U4.19 T s E D Y , Y ª 0.Ž . Ž .Ýn , 2 u n n , j n , jn ž /'n js1
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By the construction of X ,j, i

2 jyi 2E X y X F 2 r E X , j ) i .Ž . Ž .u j j , i n u 0n n

Therefore,
n1 2 m n< <S s X y X s O rŽ .Ýn , 1 jy1, jym jy1 u nn nn js1

and
n

2U m n5 5Y y Y s O nr .Ž .Ý n , j n , j u nn
js1

Ž .Utilizing L.1 one obtains
n n m n2 nr2 n2U U5 5S s L Y y L Y F Y y Y s O ,Ž . Ž .Ý Ýž /n , 2 n n , j n n , j n , j n , j u2 2 2 2n ž /a b a bn n n njs1 js1

Ž . Ž .and utilizing L.3 ] L.5 one verifies
n 2

U Uˆ ˆS s L Y , Y y L Y , YŽ . Ž .Ý ž /n , 3 n n , j n n n , j n , j
js1

n n 26 6 12mn2 2U U5 5 5 5F Y y Y q Y y Y qÝ Ýn , j n , j n , j n , j2 2 4 4 2 4 2 2a b a b c na b cn n n n n n n njs1 js1

nr m n m2
n ns O q .u 4 4 2 4 2 2n ž /a b c na b cn n n n n n

Ž . Ž .Using L.1 and L.2 one obtains
n12n 3

2 2T F S q X S q S .Ž .Ýn , 1 n , 1 jy1, jym n , 2 n , 32 nnan js1

Ž . Ž .In view of the above bounds, 4.18 follows from 4.17 .
U U < <Since Y and Y are independent for i y j G m , one obtains with then, i n, j n

UŽ . Ž . Ž . Ž .aid of 4.15 and the identity E k u, Y s E k u, Y s k u thatu n n, 1 u n n, 1 nn n

2UˆE k u , Y y k uŽ . Ž .Ž .u n n nn

1
U Us E k u , Y y k u k u , Y y k uŽ . Ž . Ž .Ž . Ž .Ý ž /u n n , j n n n , i n2 nn < <iyj -m n

2m 2nF E k u , Y y k uŽ . Ž .Ž .u n n , 1 nnn
2m mn n2F E k u , Y F k uŽ . Ž .u n n , 1 nnn na bn n

and, similarly,
2m m2 2n nX X XU Uˆ ˆE k u , Y y k u F E k u , Y F k u .Ž . Ž . Ž . Ž .Ž . Ž .u n n n u n n , 1 n3n nn na bn n
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The same arguments give

2
Uk̂ u , Y y k uŽ . mŽ .ž /n n , j n n

E Fun na bk uŽ . n nn

and
2X XUk̂ u , Y y k uŽ . mŽ .ž /n n , j n n

E F .u 3n na bk uŽ . n nn

This shows that

2
UˆE L u , Y y L uŽ .Ž .ž /u n n , j nn

2X XU Uˆ ˆk u y k u , Y k u , Y y k uŽ . Ž .Ž . Ž .n n n , j n n , j nUˆs E L u , Y qŽ .u n n , jn ž /c q k u c q k uŽ . Ž .n n n n

2 m 2m 4mn n nF q s .2 3 3na ba c na b c na b cn nn n n n n n n n

Therefore, by the independence of Y U and YU ,n, j n, j

4mnU U U2 2 24.20 E D Y , Y s E D u , Y p u du F E XŽ . Ž .Ž . Ž .Hu n n , j n , j u n n , j u u 03n n n nna b cn n n

and

1 8m2
nU U U U 24.21 E D Y , Y D Y , Y F E X .Ž . Ž .Ž .Ý u n n , j n , j n n , i n , i u 03n nn na b cn n n< <iyj -m n

ŽŽ . . ŽŽ . . Ž . Ž .As D s, yt , y s yD s, t , y and p s, yt s p s, t we haven n

D s, t , y p s, t dt s 0.Ž . Ž .Ž .H n

< < U Ž U U U .If i y j G m , then Y and Y , Y , Y are independent and hencen n, j n, j n, j, i n, i

E D Y U , YU D Y U , YU s 0 andŽ . Ž .u n n , j n , j n n , i n , j , in

E D Y U , YU D Y U , YU s 0.Ž . Ž .u n n , j n , j , i n n , i n , j , in

< < Ž .Thus for i y j G m , we find with the help of L.5 ,n

U U U UE D Y , Y D Y , YŽ .Ž .u n n , j n , j n n , i n , in

U U U U U U U Us E D Y , Y yD Y , Y D Y , Y yD Y , YŽ .Ž . Ž . Ž .Ž . Ž .u n n , j n , j n n , j n , j , i n n , i n , i n n , i n , j , in

2 22m 4mn n 2F E X X F E X .u jy1, jym iy1, iym u 02 2 4 2 2n n n nž /na b c n a b cn n n n n n
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Consequently,

1 4m2
nU U U U 24.22 E D Y , Y D Y , Y F E X .Ž . Ž .Ž .Ý u n n , j n , j n n , i n , i u 04 2 2n nn na b cn n n< <iyj Gm n

Ž . Ž . Ž . Ž .Combine 4.21 and 4.22 with 4.17 to obtain 4.19 .
Ž . Ž . Ž .We are left to verify 4.11 . In view of 4.20 and 4.17 , it suffices to show

that

n1 2U UT s D Y , Y y D Y , Y s o 1 .Ž .Ž . Ž .Ž .Ýn , 3 n n , j n n n , j n , j u nn js1

However, this follows from the bound

2 n3d 2ny2T F 12 a S q X S q SŽ .Ž .Ýn , 3 n n , 1 jy1, jym n , 2 n , 3nn js1

and the above calculations. I

APPENDIX

This Appendix provides the proofs of Lemmas 3.4 and 3.5 and the state-
Ž . Ž .ments 4.12 ] 4.14 . To do this we review some facts about L -convergence2

Ž .and discuss uniform L -differentiability. Let S, SS , r be a measure space2
and let h , h , h , . . . be measurable functions from S to R.0 1 2

DEFINITION A.1. We say h converges to h in r-measure on sets of finiten 0
r , fin

Ž� < < 4 .measure and write h ª h if r h y h ) a l B ª 0 for every a ) 0n 0 n 0
Ž .and every B g SS with r B - `.

The notion of convergence in measure on sets of finite measure is helpful in
Ž .proving convergence in L r as is evidenced in the following lemma which2

can be deduced from Theorems 4.8.6 and 4.8.11 in Fabian and Hannan
wŽ . x1985 , pages 199]201 .

r , fin
LEMMA A.2. Suppose h , h , h , . . . are r-square integrable and h ª h .0 1 2 n 0

Then the following statements are equivalent:

Ž . Ž .2i H h y h dr ª 0.n 0
Ž . 2 2ii H h dr ª H h dr.n 0
Ž . � 4iii The sequence h is uniformly r-square integrable.n

As a consequence we obtain the following result which will be used
repeatedly in the sequel. Let l denote the Lebesgue measure on R.
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LEMMA A.3. Let r , r , . . . be measurable functions from S to R, let0 1
Ž . Ž .z , z , . . . be elements of L l , let j , j , . . . be elements of L r and let0 1 2 0 1 2

Ž .w , w , . . . be the elements of L l = r defined by0 1 2

w x , s s z x y r s j s , x g R, s g S.Ž . Ž . Ž .Ž .n n n n

r , fin
Ž . Ž .Suppose that r is s-finite, j ª j in L r , z ª z in L l and r ª r .n 0 2 n 0 2 n 0

Ž .Then w ª w in L l = r .n 0 2

PROOF. Define a map D from R to R by

2
D t s z x y t y z x dl x , t g R.Ž . Ž . Ž . Ž .Ž .H 0 0

Then D is bounded by 2Hz 2 dl and is uniformly continuous; see Theorem 9.50
Ž .in Rudin 1974 for the latter. The desired result follows from this Lemma A.2

and the bound

21 w y w d l = rŽ . Ž .H n 03

2 22 2 2F z yz dl j drq z dl j yj drq D( r yr j dr .Ž . Ž . Ž .H H H H Hn 0 n 0 n 0 n 0 0

I

� 4LEMMA A.4. Assume the path h ¬ F , z is regular. Then for everyh h

< <q g Q , H q y q dl ª 0 as d ª 0.0 q , d q , 0

Ž . Ž .PROOF. Fix q g Q . For d s t, h g D , define a map r from 0, 1 to R0 0 d

by

r u s q q t q Gy1 u , u g 0, 1 ,Ž . Ž . Ž .d h

1 < Ž . < � 4 < < Ž .and set b s H r u du, b s max b , b and t s H x q x dx.d 0 d d d 0 d q , d

Fix a positive integer k. We shall show that

kA.1 lim q y q dl F 2kt b .Ž . H q , d q , 0 0 0
dª0

The desired result follows from this as b - 1. Let0

jky1 k

g y , s s f y y y r u y s r uŽ . Ž . Ž .Ý Ł ŁH Hd h j d i d i
ky1 k ž /Ž .R 0, 1 is1 is1js1

ky1 k

= f y dy du .Ž .Ł Łh i i i
is1 is1

Then one verifies

`

q y s g y , s q s ds for l-almost all y g R.Ž . Ž . Ž .Hq , d d q , d
y`
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< <Using this one finds that H q y q dl F A q B , whereq , d q , 0 d d

` `

A s g y , s y g y , s dy q s dsŽ . Ž . Ž .H Hd d 0 q , d
y` y`

< <F k f y f dlH h

ky1
1iy1 ky1X< <q f dl s i b q k b t r u y r u duŽ . Ž .Ž . Ž .ÝH HF d d d d 0ž / 0is1

and
` `

B s g y , s q s y q s ds dyŽ . Ž . Ž .Ž .H Hd 0 q , d q , 0
y` y`

` `

F g y , s y g y , 0 q s q q s ds dyŽ . Ž . Ž . Ž .Ž .H H 0 0 q , d q , 0
y` y`

< X < kF f dl t q t b .Ž .H d 0 0

Ž .Taking limits shows that A.1 holds. I

Ž .PROOF OF LEMMA 3.4. Fix q g Q . It follows from 1.4 and the0
Ž . Ž . Ž 2 . Ž .properties R.1 and R.3 of a regular path that H 1 q x q x dx ªq , d

l, fin2Ž . Ž .H 1 q x q x dx as d ª 0, and from Lemma A.4 that q ª q asq , 0 q , d q , 0n

d ª 0. Consequently, by Lemma A.2,n

2
21 q x q x y q x dx as d ª 0.' 'Ž . Ž . Ž .H ž /q , d q , 0

The desired result follows from this, the compactness of Q and the fact that0
q s q for s in a neighborhood of 0. Iqqs, Ž t, h . q , Ž sqt, h .

Let G be a compact metric space and let D be a subset of R m which
contains 0 and has 0 as accumulation point.

� 4DEFINITION A.5. Let F s f : g g G, d g D be a family of elements ofg , d
˙ ˙ mŽ . � 4 Ž .L r and let F s f : g g G be a family of elements of L r . Then we say2 g 2

˙F is r-smooth for F if:

Ž . Ž .i The map g ¬ f is L r -continuous.g , 0 2
˙ mŽ . Ž .ii The map g ¬ f is L r -continuous.g 2

˙Ž . Ž .iii The map d ¬ f has L r -derivative f at 0 uniformly in g g G,g , d 2 g

that is,

2 2T˙ 5 5sup f y f y d f dr s o d .Ž .H ž /g , d g , 0 g
ggG
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Ž . �PROPOSITION A.6. Let Y, YY , n be a s-finite measure space. Let w :d

4 � 4d g D be a class of l-densities, let h : g g G, d g D be a class of elementsg , d

Ž . � 4of L n and let r : g g G, d g D be a class of measurable functions from Y2 g , d

to R. Let

f x , y s w x y r y h y , x g R, y g Y .Ž . Ž . Ž .' Ž .g , d d g , d g , d

� 4Suppose that the following conditions hold for a class r : g g G of measur-ġ

able functions from Y to R m:

Ž . Ž .a.1 The density w has finite Fisher information J w for location.0 0
2m T 2Ž . Ž . Ž . Ž5 5 .a.2 For some z in L l , H w y w y d z dl s o d .' '0 2 d 0 0

˙Ž . � 4 � 4a.3 The class h : g g G, d g D is n-smooth for h : g g G .g , d g

Ž . �Ž . 4 � 4a.4 The class r y r h : g g G, d g D is n-smooth for r h : g g G .˙g , d g , 0 g , 0 g g , 0
n , fin

Ž .a.5 For every g g G, r ª r as g ª g and d ª 0.˜ ˜g , d g , 0˜

˙� 4 � 4Then the class f : g g G, d g D is l = n-smooth for f : g g G , whereg , d g

wX
0

ḟ x , y s z x y r y y r y x y r y h yŽ . Ž . Ž . Ž . Ž .˙Ž . Ž .g 0 g , 0 g g , 0 g , 0ž /2 w' 0

˙q w x y r y h yŽ . Ž .' Ž .0 g , 0 g

for x g R and y g Y.

Ž . Ž .PROOF. Using a.3 ] a.5 and Lemma A.3 one verifies the continuity of the
˙maps g ¬ f and g ¬ f . Letg , 0 g

˙t x , y s w x y r y h y ,Ž . Ž . Ž .' Ž .g , d d g , d g

z x , y s z x y r y h y ,Ž . Ž . Ž .Ž .g , d 0 g , d g , 0

wX
1 0 Tj x , y s r y h y x y vd r y dv.Ž . Ž . Ž . Ž .˙ ˙H ž /g , d g g , 0 g2 w'0 0

Ž . Ž .It follows from a.3 ] a.5 and Lemma A.3 that

A.2 t ª t , z ª z , j ª jŽ . g , d g , 0 g , d g , 0 g , d g , 0˜ ˜ ˜

mŽ . Ž . Ž .in L l = n as g , d ª g , 0 . As w has finite Fisher information, w is'˜2 0 0
Xabsolutely continuous with derivative w r2 w . This show that'0 0

Xw1 0
w x y s y w x s ys x y st dt , x , s g R.' 'Ž . Ž . Ž .H0 0 2 w'0 0
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Using this and the translation invariance of the Lebesgue measure, one
derives the bound

2
1 T˙f y f y d f d l = nŽ .H ž /g , d g , 0 g6

2 2 2T ˙ 5 5 5 5F h y h y d h dn q d t y t d l = nŽ .H Hž /g , d g , 0 g g , d g , 0

2 2 2T 2 5 5 5 5q w y w yd z dl h dn q d z y z d l =nŽ .' 'H H Hž /d 0 0 g , 0 g , d g , 0

2 2 2T 5 5 5 5q J w r y r y d r h dn q d j y j d l = n .Ž . Ž .˙H Hž /0 g , d g , 0 g g g , d g , 0

Ž . Ž . Ž . Ž .This, A.2 and a.2 ] a.4 establish the property iii . I

Ž .The next result is a uniform version of a special case of Pitman’s 1979
result on the preservation of Hellinger differentiability under transforma-
tions.

Ž . Ž .PROPOSITION A.7. Let X, XX , m and Y, YY , n be s-finite measure spaces.
˙� 4 � 4 �Let F s f : g g G d g D be m = n-smooth for f : g g G . Then C s c :g , d g g , d

˙4 � 4g g G, d g D is m-smooth for c : g g G , whereg

2c x s Hf x , y dn y andŽ . Ž . Ž .'g , d g , d

˙Hf x , y f x , y dn yŽ . Ž . Ž .g g , 0
ċ x sŽ .g c xŽ .g , 0

A.3Ž .

for x g X.

PROOF. For each g g G and d g D, define a linear operator A fromg , d

Ž . Ž . Ž .L m = n to L m as follows. For h g L m = n let A h denote the2 2 2 g , d

Ž .element of L m defined by2

H h x , y f x , y q f x , y dn yŽ . Ž . Ž . Ž .Ž .g , d g , 0
A h x s , x g X .Ž .g , d c x q c xŽ . Ž .g , d g , 0

Ž .Now fix g g G and h g L m = n . An application of the Cauchy]Schwarz˜ 2
inequality shows that

2 2A.4 A h x F h x , y dn y , x g X .Ž . Ž . Ž . Ž .Ž . Hg , d

� 4Therefore the class A h: g g G, d g D is uniformly m-square-integrable. Itg , d

Ž . Ž . Ž . Ž .follows from i and iii that the map g , d ¬ f is L m = n -continuousg , d 2
Ž . Ž . 2 Ž .at g , 0 . This implies that the maps g , d ¬ c and g , d ¬˜ g , d

Ž . Ž . Ž . Ž . Ž .H h ?, y f ?, y dn y are L m -continuous at g , 0 . From this one con-˜g , d 1
m , fin

Ž . Ž .cludes that A h ª A h as g , d ª g , 0 . Therefore, Lemma A.2 yields˜g , d g , 0˜
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Ž . Ž . Ž .that the map g , d ¬ A h is L m -continuous at g , 0 . Easy calculations˜g , d 2
T˙ T˙show that for every g g G and d g D, d c s A d f andg g , 0 g

c 2 y c 2
g , d g , 0T T T T˙ ˙ ˙ ˙c y c y d c s y A d f q A d f y A d fg , d g g g , d g g , d g g , 0 gc q cg , d g , 0

˙ T˙ T˙s A f y f y df q A d f y A d f .ž /g , d g , d g , 0 g g , d g g , 0 g

The desired result follows now from the properties of the operators A andg , d
˙the m = n-smoothness of F for F. I

Ž .PROOF OF LEMMA 3.5. For q g Q and d s t, h g D , define maps0 0

1˙c x s q x p x and c x s q x s x' 'Ž . Ž . Ž . Ž . Ž . Ž .˙q , d q 1 q , d q q 1 q2

Ž . 2 Ž .for x s x , x g R . Verify that these maps satisfy A.3 with G s Q ,1 2 0
Ž .D s D , n s U, the uniform distribution on 0, 1 ,0

y1f x , y s f x y q q t q G y x q xŽ . Ž . Ž .' Ž .ž /q , d h 2 h 1 q 1

and

˙ Ž .f x , yq

f X

y1 Ž .yx x y x q y x G yŽ .1 2 1 1'f
1 Ž .s q x' Xq 12 f

y1 y1Ž . Ž . Ž .z x y x q y x G y y x j y x y x q y x G y� 0Ž . Ž .2 1 1 1 2 1 1'f

Ž . 2 Ž . Ž . Ž .for x s x , x g R , y g 0, 1 , where j and z are as in R.2 and R.3 . It1 2
˙� 4 � 4suffices to show that c : q g Q , d g D is l = l smooth for c : q g Q .q , d 0 0 q 0

� 4By Proposition A.7 this follows if we verify that f : q g Q , d g Dq , d 0 0
˙� 4is l = l = U smooth for f : q g Q . However, this follows from Proposi-q 0

Ž .tion A.6 applied with Y s R = 0, 1 , n s l = U, G s Q , D s D , w s f ,0 0 d h
y1Ž . Ž . Ž Ž .. Ž .h y s q y and r y s y q q t q G y for d s t, h g D and' Ž .q , d q 1 q , d 1 h 2

Ž . Ž . Ž .y s y , y g Y. Note that the assumptions a.1 ] a.5 are verified with1 2
ḣ s 0,q

101z s and r y s y , y g Y ,Ž .˙0 g 12 ž /z j yž /Ž .2

Ž . Ž .relying on Lemma 3.4, R.2 and R.3 . I

In the remainder of this Appendix we shall derive additional corollaries to
Propositions A.6 and A.7. Corollaries A.10]A.12 will imply the required

Ž . Ž .statements 4.12 ] 4.14 .
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REMARK A.8. Let q g Q. Then the density q can be chosen to satisfyq

q x s f x y q q z w q w dw dG zŽ . Ž . Ž . Ž .Ž .HHq q

for all x g R. It is easy to check that this choice is absolutely continuous with
a.e.-derivative qX given byq

qX x s f X x y q q z w q w dw dG z , x g R.Ž . Ž . Ž . Ž .Ž .HHq q

Ž .The argument used to derive 3.3 yields now that q has finite Fisherq

Ž . Ž .information J q F J f .q

Ž . 2Now let, for q g Q, b g R and x s x , x g R ,1 2

Xq x y b xŽ .q 1 2
x x s q x y b x and x x s yx .'Ž . Ž . Ž .˙b , q q 1 2 b , q 2 2 q x y b x' Ž .q 1 2

Recall that K denotes the logistic distribution function.

COROLLARY A.9. Let G be a compact subset of R = Q and let l# be the
Ž . Ž 2 . Ž .measure defined by dl# t s 1 q t dl t . Then the following hold:

Ž . Ž . Ž .i The map b, q ¬ x is L l# = K continuous.b, q 2
Ž . � Ž . 4 �ii The class x : b, q g G, d g R is l = K-smooth for x :˙bqd , q b , q

Ž . 4b, q g G .

PROOF. The first statement follows from Lemmas A.3 and 3.4. To obtain
the second statement, set

f x , y s f x y b q d x y q q y y q y' 'Ž . Ž . Ž . Ž .Ž .g , d 1 2 2 1 q 1

and
Xf x y b x y q q y yŽ .Ž .1 2 2 1

ḟ x , y s yx q y'Ž . Ž .g 2 q 1
2 f x y b x y g q y y' Ž .Ž .1 2 2 1

Ž . 2 Ž . 2 Ž .for x s x , x g R , y s y , y g R , g s b, q g G and d g R. Then1 2 1 2

x x s f 2 x , y dn y andŽ . Ž . Ž .Hbqd , q g , d

˙Hf x , y f x , y dn yŽ . Ž . Ž .g g , 0
x x s ,Ž .ḃqd , q x xŽ .b , q

� 4where n s l = G. It follows from Proposition A.6 that f : g g G, d g R isg , d
˙� 4l = K = l = G smooth for f : g g G . Now apply Proposition A.7 with n sg

K = l = G to obtain the desired result. I
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For a , b g R and q g Q, define functions g and gX bya , b , q a , b , q

g x , xŽ .a , b , q 1 2

s f x y a u y w x y b v q x y b v dK u dK v dG w ,Ž . Ž . Ž . Ž . Ž .Ž .HHH 2 1 q 1

gX x , xŽ .a , b , q 1 2

s f X x y a u y w x y b v q x y b v dK u dK v dG wŽ . Ž . Ž . Ž . Ž .Ž .HHH 2 1 q 1

X Ž . XŽ . Ž .for x , x g R. Then g s p , g x , x s p x , x q x ,1 2 0, 0, u u 0, 0, u 1 2 1 2 u 1n n n n
Ug s k and g s k . The following results are now easy conse-a , b , u n 0, b , u nn n n n n

quences of Propositions A.7 and A.8 and of Corollary A.11.

� 4COROLLARY A.10. The class C s c s g : g g G, d g R is l = l-'g , d 0, d , g

˙� 4smooth for c s 0: g g G for every compact subset G of Q. Consequently,g

Ž .4.12 holds.

Ž .COROLLARY A.11. For a , b, q g R = R = Q and d g R, let

c x , x s g x , x y d xŽ . Ž .'Ža , b , q . , d 1 2 d , b , q 1 2 1

and
yx gX x , xŽ .1 a , b , q 1 2

ċ x , x s ,Ž .Ža , b , q . 1 2 2 g x , xŽ .' a , b , q 1 2

� 4where x , x g R. Then the class C s c : g g G, d g R is l = l smooth for1 2 g , d
˙ ˙� 4C s c : g g G for every compact subset G of R = R = Q. Consequently,g

Ž .4.13 holds.

Ž .COROLLARY A.12. For b, q g R = Q and d g R, let

2c x , x s 1 q x g x , x , x , x g R.Ž . Ž .'Ž .Ž b , q . , d 1 2 1 d , b , q 1 2 1 2

˙� 4 � 4Then the class C s c : g g G, d g R is l = l-smooth for c s 0: g g Gg , d g

Ž .for every compact subset G of R = Q. Consequently, 4.14 holds.
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