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A Blackwell e-optimal strategy in a Markov Decision Process is
a strategy that is e-optimal for every discount factor sufficiently close to 1.
We prove the existence of Blackwell e-optimal strategies in finite Markov
Decision Processes with partial observation.

1. Introduction. A well-known result by Blackwell [3] states that, in any
Markov Decision Process (MDP hereafter) with finitely many states and finitely
many actions, there is a pure stationary strategy that is optimal, for every discount
factor close enough to one. This strong optimality property is now referred to as
Blackwell optimality.

In this paper we study finite MDPs with partial observations (p.o. hereafter);
that is, finite MDPs in which at the end of every stage, the decision maker receives
a signal that depends randomly on the current state and on the action that has
been chosen, but he observes neither the state nor his daily payoff (see, e.g.,
[2] and the references in [7]). MDPs with p.o. arise naturally in many contexts,
such as models of machine replacement and quality control problems (see [12]
and the references therein for this and additional applications), telecommunication
networks (see [1] and the references therein), and intra-seasonal decisions of
fishing vessel operators [9].

Here we address the problem of existence of Blackwell optimal strategies for
a finite MDP with p.o. We prove that, in any such MDP and for every ¢, there
is a strategy that is Blackwell ¢-optimal; that is, e-optimal for every discount
factor close enough to one. The strategy we construct is moreover g-optimal in
the n-stage MDP, for every n large enough. We also provide an example where
there is no Blackwell zero-optimal strategy.

The standard approach to an MDP with p.o. is to convert it into an auxiliary
MDP with full observation and Borel state space. The conditional distribution over
the state space 2 given the available information (sequence of past signals and past
actions) plays the role of the state variable in the auxiliary MDP. This approach has
been developed for instance in [14], [15] and [17]. An alternative state variable is
defined in [5]. One then looks for optimal stationary strategies (strategies such
that the action chosen in any given stage is only a function of the belief held on
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the underlying state in £2). A commonly used criterion is the long-run average cost
criterion; see, for example, [4] and [6].

If the sets of actions and signals are finite, then the conditional distribution at
every stage can take only finitely many values. In particular, the auxiliary MDP
with full observation is defined over a countable state space. If, in addition, there
are no signals, then the transitions in the auxiliary MDP are deterministic. Lehrer
and Sorin [10] provided an example of an MDP with countable state space, finitely
many actions and deterministic transitions where the limit of the discounted values
(as the discount factor goes to 1) and the limit of the n-stage process (as n goes
to oo) exist, differ, and differ from the value under the long-run average cost
criterion. It follows that in their example there is no Blackwell e-optimal strategy
for any ¢ > O sufficiently small. It is well known that if the state space is countable
and the limit of the discounted values as well as the limit of the n-stage process
exist and are equal, there need not be a Blackwell optimal strategy (Example 7.1.3
in [16]). Moreover, even if a Blackwell ¢-optimal strategy exists, it need not be
stationary (Example 7.1.5 in [16]).

To guarantee the existence of optimal strategies in MDPs with Borel state
space one has to impose further assumptions on the transitions. These assumptions
usually have the flavor of an irreducibility condition. For MDPs that arise from
an MDP with p.o., these conditions may be difficult to interpret in terms of the
underlying data; see, for instance, [2], page 329, [13], page 415 or [16], page 158.

In the present paper we do not follow this approach but rather use the structure
on the auxiliary MDP that is derived from the underlying MDP. Specifically, using
a sequence of optimal strategies in the n-stage MDP, and using the compactness of
the state space of the auxiliary MDP and the continuity of the payoff on this space,
we construct a Blackwell e-optimal strategy.

In Section 2, we present the model and the main results. In Section 3, we show
on an example that the result is in some respect tight. In Section 6, we construct
a Blackwell e-optimal strategy. This strategy is neither pure nor stationary. In
the case of degenerate observation (the decision maker receives no information
whatsoever), we construct a pure, stationary Blackwell e-optimal strategy. Part of
this proof serves as an introduction for the general case. It is therefore presented in
Section 5. Section 4 contains a number of preliminary results that are used in both
proofs.

2. The model and the main results. Given a set M, we denote by A(M) the
set of probability distributions over M, and we identify M with the set of extreme
points of A(M).

A Markov decision process with partial observation is given by: (i) a state
space €2, (ii) an action set A, (iii) a signal set S, (iv) a transition rule g : 2 x A —
A(S x ), (v) a payoff function r : 2 x A — R and (vi) a probability distribution
x1 € A(RQ).
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We assume that 2, A and S are finite sets. Extensions to more general cases are
discussed below. Without loss of generality, we assume that 0 < r(w, a) <1 for
every (w,a) € Q2 x A.

The description of the model [i.e., (i)—(vi)] is known to the decision maker.

An initial state @ is drawn according to x;. At every stage n the decision maker
chooses an action a, € A, and a pair (s, w,+1) € S x Q of a signal and a new state
is drawn according to g (wy, a,). The decision maker is informed of the signal s,
but not of the new state w1 or the payoff r (w,, ay).

Thus, the information available to the decision maker at stage n is the finite
sequence ay, S, 2, 82, - - -, Ap—1, Sp—1 and a (behavioral ) strategy for the decision
maker is a function that assigns for every such sequence a probability distribution
over A(A). We set H, = (A x S)"~!, and we denote respectively by H = ,>1 Hy
and Hoo = (A x © x S)N the set of finite histories and infinite plays. We denote
by #, the algebra of cylinder sets over H, induced by H,,.

Each strategy o, together with the initial distribution x1, induces a probability
distribution Py, , over (Huo, #Hxo), Where Hoo = o (H,,n > 1). Expectations
under Py, , are denoted by E,, ,. All norms in the paper are supremum norms,
unless otherwise specified.

We let

Yn(x1,0) = Exl,a[(r(wla ap) + -+ +r(wy, an))/n]
denote the expected average payoff in the first n stages.
We denote by v, (x1) = sup,, ¥, (x1, o) the value of the n-stage problem.
For every A € (0, 1) and every strategy o we define the A-discounted payoff as

o0
Va(x1,0) =Ey o |:(1 —A) Z A" (o, am)i|
m=1
and the discounted value by
v (x1) =sup yu(x1,0).
o

DEFINITION 1. An MDP with p.o. is said to have a value (w.r.t. a given initial
distribution x;) if both limits lim,_ oo v,(x1) and limy_; vy (x1) exist and are
equal.

If the MDP has a value, we denote it by v(x;) = lim,_ o vs(x1) =
lim; .1 v; (x1).

DEFINITION 2. For a given initial distribution x; and ¢ > 0, a strategy o
is (Blackwell) e-optimal (w.r.t. x1) if there exist a positive integer Ng € N, and
Ao € (0, 1) such that:

(1) Yu(X1,0) = vp(x1) — &, Vn= N
and
(2) ya(x1,0) = vp(xy) —eé, Ve o, D).
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Our first main result is that the value always exists, as well as g-optimal
strategies.

THEOREM 1. If Q, A and S are finite, then the MDP with p.o. has a value
v(x1) w.r.t. every initial distribution x; € A(Q). Moreover, for every ¢ > 0 and
every x1 € A(), there is a (Blackwell ) e-optimal strategy w.r.t. xi.

In the case where |S| = 1, that is, the decision maker receives no informative
signal, we get a stronger result.

To state this result we need additional notions. For n > 1, we denote by y, the
conditional distribution of w, given #,: for each w € Q, y,[w] is the posterior
probability in stage n that the process is at state @ given the information available
to the decision maker (we do not assume here that |S| = 1). Thus, y; = x1. Observe
that the value y,(h,) € A(R2) of y, after a given history %, may be computed
without knowledge of the strategy. y, is therefore a function H, — A(L2) or,
equivalently, a random variable (Ho, #,,) = A(S2). Clearly, the distribution of y,
is influenced by the strategy that is followed.

A pure strategy is a strategy o : H — A(A), such that o (h) € A foreachh € H.
A strategy is stationary if o (h,) depends only on y, (h,), the posterior probability
at stage n.

Our second result is that if |S| = 1, the e-optimal strategies can be chosen to be
pure and stationary.

THEOREM 2. [f2and A are finite, and |S| = 1, then for every ¢ > 0 and every
X1 € A(R) there exists a pure stationary (Blackwell ) e-optimal strategy w.r.t. xi.

COMMENT 1. We claim here that to prove Theorems 1 and 2, it is enough to
prove for all x; € A(2) that v(x;) = lim,_, 5 v, (x1) exists and (1) holds. Since 2
is finite [so that A(€2) is compact], Proposition 1 below implies that (v,(x1))
converges to v(xp) uniformly in x; € A(2). It follows by [10] that limy_, 1 vy (x1)
exists and is equal to lim,_, 5 v, (x1). Moreover, by Eq. (1) of [10], it follows that
liminf, 1 yy(x1, 0) = liminf,,_, o ¥, (x1, o). Hence (2) holds as well.

COMMENT 2. A probability distribution over pure strategies is called a mixed
strategy. An MDP with p.o. can be described as a single player game in extensive
form with perfect recall, so that Kuhn’s theorem [8] applies. In particular, for every
behavioral strategy o there exists a mixed strategy 7 such that ¢ and 7 induce
the same probability distribution over Hy; that is, the probability distribution
over Hy, obtained by first choosing a pure strategy f according to 7, and then
following f, coincides with Py, .

By Theorem 1 an e-optimal strategy exists for every ¢ > 0. Nevertheless, it is
not clear that a pure e-optimal strategy exists as well. Indeed, by Kuhn’s theorem,
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for every fixed n > 1 there exists a strategy f, in the support of 7, such that
Vn(x1, fu) = Yu(x1,0). However, it is not clear at all that f;, can be chosen
independently of n.

An implication of Kuhn’s theorem is that if there is no pure zero-optimal
strategy then there is no behavioral zero-optimal strategy. Indeed, fix a behavioral
strategy o, and let = be the equivalent mixed strategy. Since no pure strategy f
is zero-optimal, for every fixed pure strategy f there are infinitely many n’s such
that y,,(x1, f) < v, (x1). It follows that y,,(x1, o) < v, (x1) for infinitely many n’s
as well.

OPEN PROBLEMS. There are several natural questions that arise. First, does
there exist a single strategy that is Blackwell e-optimal for every ¢ > 0? Second,
do pure stationary Blackwell e-optimal strategies exist in general?

It is also desirable to understand the evolution of the posterior distribution under
g-optimal strategies. Simple examples show that even in the case of no signals the
sequence of posterior distributions need not be stationary, eventually stationary,
or converge to some limit. We do not know whether there exists an e-optimal
strategy such that this sequence is asymptotically periodic. This point is related to
the turnpike property that is studied in various economic models (see [11] and the
references therein).

3. An example. Define an MDP with no signals as follows. Set Q = {x, w},
and A = {a', a*}. The transition rule g is given by

qg(x|*x,a)=1 foreacha € A,
glw,a)=1,  qlw.d) =3
The payoff function r is given by
r(*,a1)=1, r(*,a2)=0 and r(w,a)=0 forae A.

We identify a probability distribution over 2 with the probability assigned to w.
The MDP starts from state w, so that x; = 1. Since there are no signals, the
probability y, that the process is in state w at stage » is determined by past actions,
and a pure strategy may be identified with a sequence (a,), <N of actions.

State = is absorbing. Therefore, a, = al implies that w,y] = w,, hence
Yn+1 = Yn, while a,, = a? implies that y,,+1 = y, /2.

The value of this MDP is equal to one. Indeed, given ¢ > 0, let o be the
(stationary) strategy that plays a® in the first N = | —log, &) + 2 stages, and
plays a! afterwards. Given o, one has yN+1 < €. Therefore, Ey, o[r(wp, ay)] =
1 — yy+1 > 1 — ¢ for each n > N. In particular, liminf,_, v, (x1,0) =
liminf, 1 vy (x1,0) > 1 —¢. Since v,(x1) < 1, and vy (x1) < 1, the value is indeed
equal to 1. In particular, lim) 1 v; (x1) = lim, 00 Uy (x1) = 1.
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We now claim that in this example there is no zero-optimal strategy. It suffices
to prove that there is no pure zero-optimal strategy. Let o = (a,),eN be a pure
strategy. We distinguish three (nonexclusive) cases.

Case 1. There exists N € N, such that a,, = a! for everyn > N.

In that case, the sequence (y,) is constant from stage N on. Therefore,
limy,— 0 Y (x1,0) = limy 1 y5.(x1,0) =1 — yy < 1. In particular, y,(x1,0) <
vy (x1) for A close to one, and therefore o is not zero-optimal.

Case 2. There exists N € N, such that a,, = a2 for everyn > N.

In that case, E, [r(w,,, a,)] = 0 for each n > N. Therefore, lim, — o0 v, (x1,0) =
lim) 1 y5(x1, 0) =0, and therefore o is not zero-optimal.

Case 3. There exists ng € N, such that a,, = a' and pot1 = a?. Denote by t
the strategy obtained from o by permutation of a,, and a,,+. Observe that

E:[r(wn, an)] = Es[r(wp, ay)] for each n € N\{no, no + 1},
E‘L’ [r (wn()’ an())] = EO’ [r(a)n()—i—l ) an()-H)] = 0,
E‘E [r (w}’l(H‘l ’ an()—i-l)] > EO’ [r(a)n()’ an())]‘

Therefore, y, (x1,7) > ya(x1,0) for A close to one. In particular, o is not zero-
optimal for A close to one.

A natural question arises. Does there exist a strategy that is ¢-optimal for each
& > 0?7 We claim that in this example there is such a (nonstationary) pure strategy.
Indeed, let 0 = (a,),eN be a pure stationary strategy. Since y, 41 = y, whenever
a, = a', the stationarity of o implies that a, | = a' as soon as a, = a'. This
implies that the sequence (a,) is eventually constant, that is, it must be that either
case 1 or case 2 above holds. In both cases, o fails to be e-optimal, provided ¢ is
small enough.

Let now o = (a,) be any sequence such that the subset N?={neN,a, =a?
of N is infinite and has density zero. Since N 2 is infinite, the sequence (V)
converges to zero under o . Therefore,

3) lim  E;[r(wy,a,)]=1.
n—o00,n¢N?2
Since N? has density zero, (3) yields lim,_, o0 Y (x1, 0) = limy_, 1 v (x1,0) = 1.

As an anonymous referee mentioned, there is also a stationary nonpure strategy
that is e-optimal for every & > 0: if 1/(n 4+ 1) < y, < 1/n play a® with probabi-
lity 1/n.

4. Preliminaries. The purpose of this section is to introduce several general
results. The first result is standard. It asserts that, given N € N, there exists a pure
optimal strategy in the N -stage MDP such that the action played at stage n depends
only on n and y,.

LEMMA 1. For each N > 1, there exists a pure strategy on such that
yn (x1,0N8) = vn(x1) and oy (hy) is only a function of n and y,(h,).
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The lemma follows from standard dynamic programming arguments, hence its
proof is omitted.

Whenever in the sequel we refer to optimal strategies in the n-stage problem,
we mean a pure strategy that satisfies the condition in Lemma 1.

Given m < n, we denote by

Vm,n(xl,a):Exl,a[ (r(wm,am)+"'+r(wn7an))i|

n—m+1
the expected average payoff from stage m up to stage n. Thus, y,(x1,0) =
Yin(x1,0).

PROPOSITION 1. Let x, x" € A(2). For every strategy o and every m < n,

|Vm,n(x7 0) - Vm,n(x/a U)l =< ||.X _x/”l,

where || - ||1 is the Li-norm.

PROOF. Letn > 1 and h, € H, be given. Observe that, for every x € A(R2)
and for every strategy o, one has

Pio(hn=hy) =) x(@)Pyohy=hy).
we

In particular, E; 5 [r(sy.an)] = Y peq X (@)Ey o [r(sy.a,)]. Since 0 < r <1, the
result follows. [

PROPOSITION 2. Let a strategy o, € € (0, 1) and n € N be given, and set
(4)  N=inf{k €N, s.t. Y (x1,0) > yu(x1,0) — & for every k <m <n}.
Then N <1+ (1 — &)n. Moreover,

(5 YN.m(X1,0) > yu(x1,0) —e  forevery N <m <n.

Given ¢ > 0 and o, let N,, = N, (e, 0) denote the integer associated with n
in (4). Note that liminf,,_, .o (n — N,;) = 4-00. Proposition 2 has the same flavor as
Proposition 2 in [10].

PROOF OF PROPOSITION 2. Clearly, N < n. Note that if N > 1 then
YN—-1(x1,0) < yu(x1,0) —&.

We first show that N < 1 4+ (1 — ¢)n. Indeed, otherwise, N > 1, hence
YN-1(x1,0) < Yu(x1,0) — €. Since 0 <r <1,

N —1 n—N+1
YN-1(x1,0) + Y, < Yu(x1,0) —e+e=y,(x1,0),

yﬂ(xla U) S
n

a contradiction.

Next we show that (5) holds. Fix an integer m suchthat N <m <n.If N =1,
by the definition of N we get Yy, (X1,0) = Ym(x1,0) > Yp(x1,0) —e. If N > 1,
YN—1(X1,0) < ¥ (x1,0) — &, while y,,(x1,0) > v,(x1,0) — ¢. It follows that
YN (X1,0) > yp(x1,0) —e. 0
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5. The case of “no signals.” This section is devoted to the proof of
Theorem 2. Thus, we assume that no signal is available. The initial distribution x
is fixed throughout the section.

In this case, a pure strategy is reduced to a sequence of actions: the action that
is played at each stage. Moreover, if ¢ is pure, the posterior distribution at stage n
depends deterministically on o. We write y, (o) for the posterior distribution at
stage n:

yn(0)[w] = le,cr (wp = w).

If o = (a1, ay,...) € AN is a strategy, we define for every positive integer m € N
the truncated strategy ¢ = (a;, dm+1, - - .) and the prefix "o = (ay, ..., an).

Define w = limsup,,_, . v, (x1), and fix ¢ € (0, 1). Let (n;);cN be an increasing
subsequence such that lim;_, o vy, (x1) = w and |v,, (x1) — w| < ¢ for every
i € N. Let 0; be a pure optimal strategy in the n;-stage problem (that satisfies
the condition of Lemma 1). Thus, y;, (x1, 0;) = vy, (x1).

Given i € N, we let N; <1+ (1 — ¢)n; be the integer obtained by applying
Proposition 2 to o;, ¢ and n;.

For notational simplicity, we set y; = yu,(0;). Since 2 is finite, A(L2) is
compact, hence there exists y € A(£2) and a subsequence of {y;}, still denoted
by {y;}, such that |y; — y|| < &/2, for each i € N. In particular, ||y; — y1|| < ¢ for
every i € N.

For each i € N define m; as: follow o7 up to Ny, switch to aiNi
Formally,

at stage Nj.

Ti(n) = o1(n), forl <nm<N;—1,
i) = o;i(N; +n — Ny), for Ny <n.

Set m; = N1 +n; — N,. Note that liminf;_, .o m; = +o00.
PROPOSITION 3. Leti € N be sufficiently large so that (N1 — 1) /e <m;. Ifm
satisfies (Ny — 1)/e <m <m; then
Ym (X1, ) = w — 4e.
Proposition 3 asserts that each m; gives high payoff in all m-stage problems,

provided m is sufficiently large (but smaller than m;). Moreover, the lower bound
on m is independent of i.

PROOF OF PROPOSITION 3. Fix an integer m such that (N; —1)/e <m < m;.
By construction, yy, (7r;) = y1, hence

Ni—1 m—N;+1
Ym (X1, ;) = YN —1(x1, ) + TVNI,m(xl, )
M- m—Ni+1

N
= YN —1(x1, 7)) + ———— VN1 1, ;).
m m
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By the assumption on m, (im — N1 + 1)/m > 1 — ¢. Since ||y; — yi|| < &, we get
by Proposition 1, and since payoffs are nonnegative,

Y 1, 70) = (1= &) (Vmeny 11 G 1) — €) = (1 — &) (YN m—ny 48 (X1, 07) — €).

Since m — Ni + N; > N;, Proposition 2 implies that yn, n—n,+n; (X1,0i) >
Vp; — € > w — 2¢. One then has

Ym(x1, 7)) > (1 —&)(w — 3¢) > w — 4e,

as desired. 0

PROPOSITION 4. In the case |S| = 1, the MDP with p.o. has a value v(x1)
w.r.t. every initial distribution x| € A(2).

PROOF. Since A is finite, by a diagonal extraction argument there exists a pure
strategy 7 such that every prefix of & is a prefix of infinitely many 7;’s: for
each m, "m = "m; for infinitely many i. In particular, for every m > Nj/e,
VYm(x1, ) > w — 4e. It follows that v,,(x1) > w — 4e. Since ¢ > 0 is arbitrary,
one has w =1lim,_, », v, (x1) and 7 is a 4e-optimal strategy. [

PROOF OF THEOREM 2. Letnw = (aj,as,...) be a pure g-optimal strategy;
that is, there exists ng € N such that y,,(x1,7) > w — ¢ for every n > ng. Let
yn = Yn () be the posterior distribution at stage n.

Case 1. There exist n; € N and d € N such that a, = a,,+4 and y, = y, 44 for
every n > nj.

Since 7 is e-optimal, it follows that the expected average payoff along the
period is at least w — ¢:

Ynyn+d—1(X1,T) > w — €.

We call a pure strategy 7’ eventually stationary if there exists n, € N such that
for every n,m > nj,

V() = ym(T) = ap = ap,.

We now show by induction over the length d of the period of (a,) that there exists
a pure eventually stationary e-optimal strategy 7’.

If d =1 then 7 is eventually stationary. If d > 1 and for every i, j that
satisfy n; <i < j <n; +d we have y; # y; then 7 is eventually station-
ary as well. So assume that d > 1 and that y; = y; for some i, j that satisfy
ni<i<j<ni+dIfy j_1(x;,7)>w — ¢, the strategy 7" = (a1, az, ..., an,,
Apy41s s @indigls .-y Aj—1,0i,0i41,...,dj_1,...) is 2¢-optimal and eventu-
ally periodic, with period j — i < d. If, on the other hand, y; ;_1(x1,7) <
w — ¢, the strategy 7’ = (aj, az, . . Oy Quygls o ey Qi 1, Aj, Ay ey Ay bd—1s
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Qpys Qpytls -+ s @i—1,0j,Aj41, ..., dp+d—1, --.) 18 €-optimal and eventually peri-
odic, with period d — (j — i) < d. In both cases, the induction hypothesis shows
that the claim holds.

Thus, we assume w.l.o.g. that 7 is eventually stationary. In particular, there are
no >np and d € N such that y, 4 = y, for every n > n», and y,, = y,,, implies that
a, = a,, foreveryn,m >np.LetY ={y,,n=1,...,ny+d — 1} be the set of all
posterior distributions in the first np 4+ d — 1 stages. Consider the directed graph
whose vertices are the elements in Y, and which contains the edge (y, y)) € Y x Y
if and only if (y,y") = (yn, Yns1) for some n € {1,...,ny +d — 1}. Thus we
connect with an edge any two consecutive elements in the finite sequence (yn)zgd.

Clearly there is a path from y; to any y € Y. Let y1 = yi;, yip, ..., Yi, be
a shortest path that connects y; to the set {y,,, Yn,+1, - - s Yn,+d—1}. In particular,
Yij # Vi forevery 1 < j < j’ <k. Assume w.l.o.g. that y;, = yy,. Define

U
T = (ail 5 ai27 ) aik—la anza an2+1’ ) anz-i—d—la anza an2+1’ ) anz-i—d—la . ’)'

By construction, y,(7”) = yj;, () for each n <k, yr(n") = y,(7), and the
sequence (y,(7”)),>x coincides with the periodic sequence (yp,(7),...,
Ynotd—1(T)s Y, (), ..., Yny4d—1(1), ...). Each of the posteriors y,(7"), n <
k + d appears only once, hence 7 is stationary. Since ¥y, ny+d—1(x1,7) > w — ¢,
we have y, (x1, 7”") > w — 2¢ for every n > k(n, +d)/s.

Case 2. There are two integers 0 < ny < n such that y,, = y,,, and
an,nz—l(xl, 77:) = w —E&.
Define the strategy 7’/ = (a1, a2, ..., dnys Gny41s -« oy o1, Anys e ooy Apy—1s - - ).

Then 7/ is 2¢-optimal, and (y,(r’)) is eventually periodic. We can then apply
Case 1 to 7'.

Case 3. There is some y € A(2) that appears infinitely often in the sequence
(yn)neN-

Since for every n sufficiently large, y, (x1, 7) > w — ¢, it follows that there exist
ny < ny such that y,, = y,, =y and y;, n,—1(x1,7) > w — &. Apply now Case 2.

Case 4. None of the above holds.

Since Case 3 does not hold, every y € A(2) that appears in the sequence
(¥n)neN, does so only finitely many times. Since Case 2 does not hold, the expected
average payoff between two appearances of any y € A(£2) in (y,) is below w — €.

Define a sequence (ix)xenN as follows:

i1 =max{n >1, y, =y}
and
(6) ikr1 =max{n > 1, y, = yi,+1}-

In words, i; is the last occurrence of the initial distribution, i is the last occurrence
of the distribution at stage i; + 1, and so on. Since y;, appears only finitely many
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times in the sequence (y,), the maximum in (6) is finite. Clearly i1 > ix. Note
that y;,,, = yi,+1, for each k.

Define now a strategy =’ = (a;,, ai,, i, - . .). Since Yigs1 = Yig+1, it follows by
induction that

i1 = )’(ail y Ainyevesy aik)a
where y(a;,, ai,, ..., a;) is the posterior probability held after playing actions
a;,, Qi,, . . ., a;; . It also follows that no element in the sequence (y;, ) appears twice.

In particular, the strategy 7’ is stationary.
Recall that y, (x1, m) > w — ¢ for every n > ng. We now argue that for every
ko > no, vk, (x1, ") > w — €. Set n = iy, and iy = 0. Note that

ko
n:Z(ik—ik_l)zko-i- Z (ix —ix—1 — D).
k=1 k<kolig>ix—1+1
Clearly,
nyn(x1, ) = koyr, (x1, ') + Z (k1 — ik — DVt ig —1(x1, ).

0<k<kolif41>ixg+1

Since Case 2 does not hold, y;,+1,i,,—1(x1, ) <w — & whenever ixy1 > ix + 1.
Since n > ko > no, yn(x1,7) > w — ¢. It follows that y,(x1,7") > w — ¢, as
desired. [

COMMENT 3. The fact that the action set A is finite was used in the diagonal
extraction argument in the proof of Proposition 4. However, the proof can be
extended to compact metric action spaces provided the functions a — r(w, a) and
a+— q(w, a) are continuous in a, for each w € Q.

To see why the diagonal extraction argument works in that case, take for every
n € N a finite subset A,, C A such that for each a € A there is some a,(a) € A,
with

(7) sup|r(w,a) —r(w,ap(@)l <& and supllg(w,a) —q(w,an (@)l <&/2".

Define for every i € N the strategy ni’ by n'i/(n) =a,(m;(n)). By (7), |ya(x1, ;) —
Yn(x1,7/)| < 2¢. Since for each fixed n, {r/(n)};eN is finite, one can apply the
diagonal extraction argument to {7/};eN, and get a strategy 7" such that every

prefix of 7 is a prefix of infinitely many JTi/ ’s. Then 7] is 3g-optimal.

6. The general case. This section is devoted to the proof of Theorem 1. At
first we follow the same path as in the proof of Theorem 2. However, since now the
signal set is not degenerate, the posterior distribution at stage N; depends on the
signals the decision maker received. Hence, before the process starts, the decision
maker who follows some strategy has a probability distribution over the possible
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posteriors he may have at stage N;. We are thus forced to work with the space
A(A(S2)), which is no longer finite dimensional. The proof will be amended to
deal with this difficulty.

Fix & > 0 once and for all. Denote w = limsup,,_, ., v,(x1), and let (n;) be an
increasing subsequence such that lim;_, oo vy, (x1) = w and |w — vy, (x1)| < € for
every i € N.

For each i € N, let 0; be a pure optimal strategy in the n;-stage problem (that
satisfies the condition of Lemma 1), and let N; <1 4 (1 — ¢)n; be the integer
obtained by applying Proposition 2 to o;, € and n;.

Recall that yy, is the posterior distribution over €2 at stage N;, given the history
up to that stage. Since A and S are finite, yy, may take only finitely many values.

We denote by p; the distribution of yy, when the strategy o; is followed: p; has
finite support supp(p;) and

pily1 =Py, 0, N, =) for each y € A(Q2).

COMMENT 4. A natural idea is to repeat the proof of the previous section, by
using p; instead of y;, that is, by dealing with the auxiliary state space A(A(£2)).
Observe that A(A(£2)) is no longer finite-dimensional but is compact in the
w*-topology, which is a metric topology. Let d be a corresponding metric. The
proof of the previous section would go through if one was able to prove the
following Lipschitz property:

for every p, p' € A(A(Q)), o andn €N, 1Ya(p,0) — v (P’ o) <d(p, P,

where y,,(p, o) denotes the expectation of y,(x, o) under p. However, it is not
clear that this condition holds. We therefore choose a different route, which
involves a discretization of A(£2), and uses the Lipschitz condition expressed in
Lemma 1.

Let T be a fixed finite partition of A(€2) into sets of diameter smaller than e.
By Lemma 1, given T € T, x,x’ € T, a strategy o and n € N, one has

(8) [Yn(x,0) = yu(x', 0)] <.
Given p € A(A(2)) with finite support, we denote by p the probability induced
by pon T:

plTI= >  plx] VTeT.
xesupp(p)NT

Since 7 is a finite partition, there is a subsequence of (p;);en that converges to
a limit p. We still denote this subsequence by (p;)ieN. We assume, moreover, that
the support of p; is independent of i, and that, foreveryi € N, || p; — p 1< &/2,
where ||lx||1 = >} _; lxx| for x € R". In particular, || p; — p1ll1 < ¢ foreveryi € N.
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In the case of no signals, we defined a strategy 7; as: follow o7 up to stage Ny,
then switch to the sequence of actions prescribed by o; after stage N;. There is
a small difficulty to proceed in a similar way here. The action that o; plays in
stage N; depends on yy,. However, the possible distributions at stage N1 need not
be the same as the possible distributions at stage N;. Thus, one needs to define
a map that associates to the frue distribution yy, held at stage Ny a fictitious value
for yu,. The solution is simply to select a fictitious distribution x according to the
conditional distribution p;[-|T (yn,)], where, given y € A(R2), T (y) is the element
of T that contains y.

In other words, 7r; follows o up to stage N;. Denote by T the element of 7~ that
contains yy,. Choose now y’ € T by p;[-|T], the conditional distribution under o;
at stage N;. In particular, y’ is a feasible posterior under o; at stage N;, and so there
is some history % of length N; such that y’ = yy, (h). From stage N; and on, m;
follows o; (h)—it replaces the actual history up to stage N; by a fictitious history
of length N;.

To formalize this idea we need additional notation. For each x € A(Q2), we
define the strategy O'iNi [x] induced by o; after stage N;, given the distribution x, as

follows. For each history (a}, s}, ..., qa,,,s;,), we set
N;j r ’ IN /A / /
Jl [x](alasl7"',am7sm)_Jl(al’sl7"'7aNi—17sNi—17a17s1,"’,am7sm),
where (ay, s1,...,an, -1, SN;—1) is any sequence in Hy; such that
yN; (@i, S1, ..., an;—1, SN;—1) = X.

Since o;(h,) is a function of n and y,(h,), this is independent of the particular
sequence (ai, S1, ..., an,—1,Sn;—1). (If no such sequence exists, the definition of

ol.N" [x] is irrelevant.)
We now define, for every i € N, a strategy 7r; as follows:

e Follow o1 up to stage N| — 1.
e If p;[T(yn,)] =0, continue in an arbitrary way.
e Otherwise, choose y’ according to p;[-|T (yn,)], and continue with O'iNi 1.

Observe that the definition of m; involves choosing at stage N a pure strategy
at random, so that m; is a mixed strategy. By Kuhn’s theorem [8] we may view it
as a behavioral strategy.

PROPOSITION 5. For any m such that (N1 — 1)/e <m < N; +n; — N;, one
has

Vi (X1, ;) > w — Se.
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PROOF. By the definition of m; (by convention, p;[x | T] = 0 as soon as
pilT]1=0),

Ym (X1, ;) > YN,—1(x1,01)

m—N;+1
+7
m

> PP X T O Ym—ny+1 (v, 07 [x]),

YEA(Q) xeT (y)
with equality if p;[T(y)] > O for every y € A(2) such that pi[y] > 0. Since
payoffs are nonnegative, and by the assumption on m,
YL = A —8) > Y piyIpix I T ) m—n+1 (v, 0 [x]).
YEA(Q) xeT (y)

If x, y € A(Q2) belong to the same element of 7, one has by (8)

V=1 (7.0, (1) = Y1 (. 0 [x])| <e.
Therefore,
©) Y, = (U —8) 3 AIUTTY. il Ty 41 (x, 0 [x]) — &
TeT xeT
Since ||pi — p1lli <e,

3 AT, pilx| Ty 11 (x, 07 [x])

TeT xeT
N;
(10) > Y pilxlym-n41(x.0; [x]) —¢
XeA(RQ)
= VYN, m—N,+N; (X1, 07) — €.

By (9), (10) and (5) we get

Ym(xX1, ) = (1 = &)YN; m—N,+N,; (X1, 07) — 2¢
> (1 —¢&)(vy, (x1) — &) —2¢
> (1 —¢&)(w—2¢)—2e>w—Se. U

The last step is to construct from the sequence (7;);eN, using a diagonal
extraction argument, a strategy m that is Se-optimal. In this step we use the
representation of m; as a behavioral strategy. Let n > 1 be given. Since H, is
finite, there exists a sequence (i,(j))jeN such that lim;_, 7;,(;)(h) exists for
every h € H,. We denote by m (k) the limit. Without loss of generality, we may
assume that (i,41(j)); is a subsequence of (i, (j)); for each n. Clearly, for each
n €N,

Ya(x1, ) = lim y,(x1, 7, (j))-
]—)OO
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By Proposition 5, y, (x1, m) > w — 5S¢, forevery n > (N1 — 1) /e. Hence Theorem 1
is proved. [

We conclude by discussing several extensions.

COMMENT 5. The extension to a compact set of actions also holds in the
general case, under the same conditions as in the case of no signals, as discussed
above.

COMMENT 6. The extension to MDP with finite 2, A and a countable set of
signals § is straightforward. Indeed, given ¢ > 0, there exist finite subsets S of S
such that, given any strategy o and any initial distribution x; € A(£2),

P, (s, ¢ S, for some n) <e/2".

The proof then essentially reduces to the case of a finite set of signals.

COMMENT 7. The extension to MDP with finite A and countable 2 does not
hold, even when S is a singleton. Indeed, there are examples, see [10] for instance,
of an MDP with finite A, countable 2 and deterministic transitions, that have no
value. For such MDP, the sequence of past actions enables the decision maker to
recover the current state of the MDP. Hence the assumption of partial observation
is irrelevant.

COMMENT 8. Our proof works in the case of MDPs with a compact metric
space €2, and finite action set A and signal set S, as long as (8) holds.
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