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ASYMPTOTIC BEHAVIOR OF BAYES ESTIMATES
UNDER POSSIBLY INCORRECT MODELS'

By OLAF BUNKE AND XAVIER MILHAUD

Humboldt University and Université Paul Sabatier

We prove that the posterior distribution in a possibly incorrect para-
metric model a.s. concentrates in a strong sense on the set of pseudotrue
parameters determined by the true distribution. As a consequence, we
obtain in the case of a unique pseudotrue parameter the strong consis-
tency of pseudo-Bayes estimators w.r.t. general loss functions.

Further, we present a simple example based on normal distributions
and having two different pseudotrue parameters, where pseudo-Bayes
estimators have an essentially different asymptotic behavior than the
pseudomaximum likelihood estimator. While the MLE is strongly consis-
tent, the sequence of posterior means is strongly inconsistent and a.s.
almost all its accumulation points are not pseudotrue. Finally, we give
conditions under which a pseudo-Bayes estimator for a unique pseudotrue
parameter has an asymptotic normal distribution.

1. Introduction. The frequentist asymptotic properties of Bayes estima-
tors and of posterior distributions are well known and have been investigated
under the assumption of a correct parametric model; see, for example, Bickel
and Yahav (1969), Ibragimov and Has’'minskii (1981), Strasser (1991) or
Lehmann (1983). The properties are analogous to those of the MLE and it is
also known that there is a higher order asymptotical equivalence between
Bayes estimators and MLE [see Strasser (1981)].

The asymptotic behavior of MLE in the case of a possibly incorrect para-
metric model given by densities p, (6 € ©) has also been investigated in
several papers [see Huber (1967), Pfanzagl (1969) or Gourieroux and Mont-
fort (1993)]. In particular it is shown that the MLE converges a.s. to the
subset O of the parameter set ® on which the Kullback-Leibler divergence
(K-L divergence) of the true distribution G against the distributions given by
Dy is minimal. The points of ®; are so-called pseudotrue parameters.

There are a few papers on Bayes estimators in this case. Berk (1966, 1970)
showed that under regularity conditions, a.s. the posterior distribution con-
centrates weakly on O for increasing sample sizes n. Hanousek and Jurec-
kova (1996) derived sufficient conditions for the consistency and asymptotic
normality of the Bayes estimators of a one-dimensional parameter when
there is a unique pseudotrue value. On the other hand, Diaconis and Freed-
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618 O. BUNKE AND X. MILHAUD

man (1986a,b) provide an example where O, consists of two points, Bayes
estimators are inconsistent and posterior distributions asymptotically a.s.
weakly concentrate on ©.

In our paper we investigate problems for which there is yet no satisfactory
treatment.

1. Prove a stronger convergence of the posterior distribution than the a.s.
weak concentration on 0.

2. Obtain in the case of a k-dimensional unique pseudotrue parameter a
strong consistency of Bayes estimators w.r.t. general loss functions.

3. Have a deeper insight into the possibly fluctuating behavior of Bayes
estimates and of the posterior distribution in the case of inconsistency, at
least for some special case, for example, determining the accumulation
points of the sequence of posterior distributions or of Bayes estimators.

4. Provide sufficient general conditions for the asymptotic normality of Bayes
estimators and convenient pivotal statistics needed for confidence regions.

In Theorem 2.1, under regularity conditions, we show that the posterior
distribution a.s. concentrates on O in a strong sense. This leads to Theorem
2.2, which states the consistency of the Bayes estimators derived from a
general loss function, when the pseudotrue value is unique. As an illustration
of these results we treat, by our method, the example of a location-scale
Cauchy model left open by Berk (1970). Berk (1966) and Diaconis and
Freedman (1986a,b) were the first to provide examples of inconsistent asymp-
totical behavior of the posterior distribution. Section 3 presents a simpler
example with normal distributions in which O, consist of two points, where
we can see that the MLE tends a.s. to the set O, while Bayes estimators
fluctuate around the convex hull of ®,. The points in the interior of this hull
are not pseudotrue but they are a.s. accumulation points of sequences of
Bayes estimates. In Section 4, we state sufficient conditions for the asymp-
totic normality of Bayes estimators in a possibly incorrect model. In particu-
lar, the pseudotrue parameter is assumed to be unique. A corresponding
asymptotically normal pivot statistic is presented.

To be more specific, we assume the observations X(w),..., X,(w) to be
realizations of i.i.d. random vectors X,: (Q,.%) - (R*, #"), each having the
distribution G. We assume G and P,, for all 9 € O, to be probability
distributions (p.d.s) on %" having densities g and p, w.r.t. a nonnegative
o-finite measure u on .%*. Corresponding to the possibly incorrect model

(1.1) X, ~ Py, 4e0, i=1,...,n,
we define a pseudotrue parameter J; as a value minimizing the divergence
(1.2) K(9) =Elog[g(X;)/py(X))],

over 0. The expectation E is w.r.t. the true distribution G.

ExamMpPLE 1. The location model is given by
(13)  g(x) =h(x— ), py(x) =f(x— D), V<R,
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where h, f are positive symmetric functions on R! and 9, is the true location
parameter. We see that, with obvious integrability conditions on A and f,
assuming log p,(x) to be a strictly concave function of ¥ (for all fixed
x € RY), the divergence (1.2) has a unique minimum at 9 = 9, so that the
pseudotrue parameter is just the location parameter. The example of Diaco-
nis and Freedman (1986) with two pseudotrue parameters different from 6,
is a model (1.3) with a special bimodal density g and a Cauchy density p,.

ExamMpPLE 2. The exponential model is given by
po(x) = exp[¥'t(x) — a(9)], 9N 6O cRY,

where O is the natural parameter space. It is easy to see that the divergence
(1.2) is minimized by the uniquely determined value 9, with

Jt(%) Py (%) du(x) = Et(X) = [t(x) dG(x)

so that the pseudotrue parameter is just the true observation mean if the
mean-value parametrization [see Lehman (1983)] is used.

We assume O to be a Borel set in R? and denote by .%, the class of Borel
sets in ®. A nonnegative measure ¢ on %, is called a prior distribution,
which is called improper if it is not finite. We denote by E, the integral
(expectation) w.r.t. £ and by E, . , the integral w.r.t. to the posterior distri-
bution P, under (1.1), which is defined by

n, & o

(14) P, (9 = | [ TTp.(X(0) de(r)|  TTnu(X(0)) d(0),

assuming that a.s. the above integral is finite for some n =n, € N. An
estimator 9, is called a pseudo-Bayes estimator w.r.t a loss function L:
® X ©® — [0, ) if for almost all v € Q and J(w) = I, (X(w),..., X (0)),

(1.5) E, . ,L(d(0),9)= minE, . ,L(¢,9).

2. Consistency. In the following we state some relatively weak regular-
ity conditions which will be needed for proving convergence properties of the
posterior distribution:

Al: O is a closed (possibly unbounded) convex set in R? with a nonempty
interior, the density py(x) is bounded over ® X R* and its carrier
{x € R*|py(x) > 0} is the same for all & € ©.

A2: For all 4 € © there is a sphere S[9, 7] of center 4 and radius n =
7n(9¥) > 0 with

(2.1) E sup{|log[ g(X) /p,(X)]|; t € S[9,n]} < =.
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A3: For all fixed x € R*, the density py(x) has a continuous derivative p,(x)
w.r.t. O and there are positive constants c, b, with

22 [llps(0)] ()]

for all 9 € O, where || || denotes a norm in R¢.
A4: For some positive constant b, the affinity

(2.3) o(9) = [[py(x)g(x)]"” n(dx)
has the behavior

(2.4) o(9) <clol’, veo.

Ab5: There are positive constants b,, b; so that for all $ € ® and r > 0 it
holds that

(2.5) E(S[9,r]) <cr®2(1+ (191l +r)™).

Moreover, £(S[6,r]) > 0 for all »r > 0 and 6 € 0.
A6: Let L: ® X ® > R* be a measurable loss function with L(3,9) =0
(9 € ), ¢y, ¢y, 5, by, bs be positive constants with

(2.6) (cillt = O11°) Aey < L(2,9) < cyllt — I
for all ¢, 9 € O.

4(d+1) b
py(x)p(dx) <e(L+101°)

REMARK 1. Assumptions A1-A4 are fulfilled by most of the standard
parametric models, provided that the true distribution G has some regularity
properties. For instance, if G has a positive density w.r.t. the Lebesgue
measure and has a finite second-order moment and the distributions P, =
N(p, 0?) are normal, the assumptions are fulfilled, as can be checked easily
using the parameter 6 = (u,log o2) € © = R2.

REMARK 2. Assumptions A2 and A3 imply that for all 9 € ® and a > 0
there is a n = (93, a) with

(2.7) Esup{log[g(X)/p(X)]lt € S[¥,n]} < Elog[g(X)/py(X)] + «,
(2.8) Einf{logg(X)/p,(X)]It € S[9,7]) > E log[ g(X) /p,(X)] - a.

The following theorem shows that the posterior a.s. concentrates on the set
O of all pseudotrue parameters in a relatively strong sense.

THEOREM 2.1. Under assumptions A1-A5 the K-L divergence K(0) reaches
its global minimum over © on a compact set O. It holds for all p > 0 that

(2.9) lim E di(0) =0 a.s.

n,§,

where
de(0) = min{llo — ¢l t € O4}.
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Proor. By A2 and A3, K is finite and continuous on ©. Assumption A4,
the well-known inequality between the affinity and the divergence, entails
(2.10) lim K(6) = lim — 2log p(0) = +°.

lloll— = 16]]— o
Therefore K reaches its global minimum on a bounded set 0. As O is closed
and K is continuous, the set 0, is compact.

Without loss of generality we suppose 0 € Q.

We introduce the notation

(2.11) I(DEeA) =I,(9) = {é: g;i:
(2.12) 2,(0) = T1p(X) /8(X),

(2.13) K, = K(0).

Given ¢, 8,1 > 0 we consider three parts of ®
02={0<€0l|d;(0) > &, 0]l < 5},
S; = {06 0lloll > 5},
S, = (6 0llol < n},

where § is chosen large enough to have p(6) small enough on 02 [see (A.11)
in Appendix A.1]. The following inequality obviously holds:

E, . .(d8(0)) = E[dE(0)Z,(0)/E,Z,(0)]

(2.14)

<e”’+[(A, +B,)/C,],
where
(2.15) A, = E[lI0II”I(6 € ©2)Z,(0)],
(2.16) B, = E.[llel”I(llol > 8)Z,(6)],
(2.17) C,=E.J[I(l6ll <n)Z,(6)].

Using S, we assure that the denominator of the posterior distribution (1.6) is
not too small, proving for some a > 0,

(2.18) lim exp(n(K, + [ «/2]))C, = © a.s.(Lemma A.2).
On 0? the tools of our proof are developed in analogy to a proof of Pfanzagl

(1969) for the consistency of minimum contrast estimators under a compact
parameter space and we show for conveniently chosen &,

(2.19) lim exp(n(K, + 2a))A, =0 a.s.(Lemma A.3).

On S§ we adapt the method of Ibragimov and Has'minskii [(1981) pages
42-45, referred to henceforth as I-H], and get

(2.20) lim exp(n(K, + «))B, =0 a.s. (Lemma A.8).
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Indeed for (2.20), up to now, we do not know a proof relying directly on K-L
divergence.
These convergences together with (2.14) lead to proposition (2.9). O

REMARK 3. An obvious consequence of (2.9) is on one hand the a.s. weak
concentration of the posterior on O,
(2.21) limP, , (U)=1

n— o

for all open sets U containing 0. Such a result has been obtained by Berk
(1966) under a different set of somewhat weaker, more implicit assumptions.
On the other hand a.s. the accumulation points P (w.r.t. weak convergence) of
the sequence {P, ; ,},c v of posterior distributions are p.d’s P with carrier
O;. When the pseudotrue parameter 6; is unique, we obviously have the
weak convergence

P

n,&, o

= §

0g?

where §, is the Dirac measure at point ¢.

REMARK 4. 1t is easy to see from the reasoning in the proof of Theorem 2.1

that a posterior mode én (at which the posterior density is maximal over @) is
strongly consistent in the sense

(2.22) limd,(6,) =0 as.
S

For the special case of the Lebesgue measure ¢ on ® = R¢ as the prior, a
posterior mode is a pseudo-MLE. We obtain the strong consistency (2.22) of a
MLE 6, for possibly nonunique pseudotrue parameters. The posterior mode
may be interpreted as minimum contrast or M-estimator and the rich litera-
ture for such estimators gives conditions for its strong consistency. For
example, the results of Huber (1967) hold for possibly nonunique pseudotrue
parameters under weaker assumptions than those of Theorem 2.1.

REMARK 5. In the one-dimensional case and for a unique pseudotrue
parameter §; a further consequence of Theorem 2.1 [or of (2.21)] is the strong
consistency of the posterior median 6,, which is pseudo-Bayes w.r.t. the loss
[t — 6l.

In Theorem 2.2 we show that pseudo-Bayes estimators are strongly consis-
tent under assumptions Al to A6.

THEOREM 2.2. If the pseudotrue parameter Oq is unique, it holds under
the assumptions Al to A6 that for all pseudo-Bayes estimators ¥, w.r.t. a loss
function L,

(2.23) lim 9, = 9, a.s.

n— o
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Proor. Because of A.6 and (1.5) we have a.s.

E, ;. ,L(,(0),9)<E, , ,L(9,)

(2.24)

<c;E, , 9 — 9.

n,§, o

With (2.9) we then obtain for almost all w € Q,
(2.25) UmE,, ,L(d,(v),?d) = limE, , ,L(9,9) = L(¥,9) = 0.

Now assume that for such an o there were an ¢ € (0, c) where

(2.26) c= [c{lcz]l/b4
and a subsequence {n;} so that
(2.27) I8, (w) = Ol > e, i=1,2....

This would lead to a contradiction to (2.25) using (2.9):
lim supE, wL(éni( w), 19)

i—>w

> 1imsupEni’§’m{(clllq§ni( w) — 19||b4) A 02}

i1 —>®
(2.28) > limsupE, . {(ci[& = 19— 9%l]") Ac,)
1> ®
= ¢, limsupE, , ,[e— 10— 9"
i—®
b
> ¢ limsup | & — (B, , 19 - ﬁGIIb4)1/b4] oot > 0.

i—>x

Consequently, limnﬁwllﬁn(a}) — 9;ll = 0 must hold for almost all w € Q. O

ExamPLE 3. Berk (1970) ends his paper by leaving as an open problem the
behavior of the posterior probability in a possibly incorrect location-scale
Cauchy model:

-1

(x— )’ )
|| , 6=(uo)eERXR".

0_2

om|l+

(2.29) py(x) =

We show below that our results work in this special case. Let us assume the
true distribution G of the sample to be absolutely continuous, with a positive,
bounded density g (sup{lg(x)l|x € R'} < ), such that for some positive
constants 0 < @ < 1, § > 0 the bound flxlagl’“(x) dx <  holds.

The following parametrization,

(2.30) s = 1
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leads to the new parameter ¢ = (u,s) and to the parameter space RZ.
Condition Al is fulfilled. As g is bounded, some calculus with the Cauchy
density show that assumption A2 is fulfilled. A3 is obviously satisfied.

For the proof of condition A4 we set 6* = inf(§/4, a/16) and

(231) r(0) =1ul”o(0) = (1o 2[1 + (x = w)’/o] " Va(x) dx.

In Lemma A.9 we prove that
Co /1%  foro>1,

r(6) < {001/4, for o < 1.

Here C is a positive constant not depending on u and o. Then it is easy to
prove that A4 holds.

Summarizing, we have seen that all assumptions of Theorem 2.1 concern-
ing the parametric model are fulfilled, so that we have the asymptotic
behavior of the posterior given by (2.9). Moreover, if the true density is
symmetric and strictly unimodal, the pseudoparameter 6, is uniquely deter-
mined. Therefore the Bayes estimators w.r.t. convenient loss functions and a
prior satisfying assumptions A5 and A6 are strongly consistent for 6, =

( 2 7eD) UG)'

3. Consistency of MLE versus inconsistency of Bayes estimators.
In this section we want to show by an example that pseudo-MLE and
pseudo-Bayes estimators are not always asymptotically equivalent, the MLE
being strongly consistent, while the Bayes estimator is not. In this example,
the Bayes estimates fluctuate a.s. around an interval; only the end points of it
are pseudotrue parameters, but a.s. the interval is the set of accumulation
points of the sequence of Bayes estimates {6,},  y-

We assume a normal model

(3.1) P,=N(0,v(0)), v(0)=a+0b0%

in which the variance v depends on the mean 6. We assume a true distribu-
tion G = N(0, 0 ?) and

(3.2) 0<a<o? b>a/(c?—a).

The prior distribution ¢ is assumed to fulfill A5. We obtain the K-L diver-
gence

(33) K(0) +Elog g(X) + Hog(2m) + 1(0),

where

(3.4) £(0) =logv(0) + (a2 + 62)/v(0).

Simple calculus shows that f is minimal at 6 = y and 0 = — vy, where
(3.5) y=b2(bo%—ba —a) > 0.

Therefore we have 0, = {y, —v}.
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Because assumptions A1-A5 as in Theorem 2.1 are fulfilled for our exam-
ple, it holds that a.s for all p > 0,

(36) lim B, ., (min{10 = y},10 = (=9)})" = 0.

Moreover we are able to prove (see Appendix A.3) the following stronger
asymptotic properties for the posterior.

1. For almost all o the set of accumulation points (in the sense of weak
convergence) of the sequence {P, . ,},cy of posterior distributions is the
set of all the mixtures

(3.7) = A8, + (1 — \)8_ re[0,1].

Yo

This is also true for the “strong” convergence P, — P of probability

measures defined by the simultaneous validity of weak convergence P, = P
and the convergence of all absolute moments of order p > 0,

(3.8) 32130/|9|P dP,(0) = [l61” dP(6).

2. We introduce for all p > 0 the “distances”
(39) d(n§w7 y) ngwe_y|p

between the posterior and the Dirac measure at y. Obviously (3.9) is the
infimum of Ey |6 — 7| w.r.t. all joint distributions W of (0, 7) with the
marginal distributions P, . , and §,. This defines the Mallows distances
of order p; see Bickel and Freedman (1981). These distances and the
distances d,(P, ; ,,8_,) will be small, each approximately with proba-

bility 1; that is, for all sufficiently small & > 0 holds that

0y P (E5) <o) = lim Pl{oldy (B o) <))

1

5.

A consequence of (1) is the inconsistency of the posterior mean én =
E, . ,(8), because the sequence {f,},. y will a.s. have all points in the
interval [ -y, —y] as accumulation points. On the other hand, a consequence
of (2) (see also Appendix A.3) is also that the posterior mean 0 will be
weakly consistent (p — lim, ., d(6,) = 0) and that the distribution of 6,
(without standardization) tends weakly to the mixture w, .

Furthermore, as discussed in Remark 4 (Section 2), the posterior mode 0
and the maximum likelihood estimator 6, = 6, (as its special case for the

uniform prior £(8) = const.) are strongly consistent in the sense of

(3.11) limd,(6,) =0 as.

n— o

It is interesting that, as we show in Appendix A.3, the distribution of én
converges weakly to the mixture u, ,.
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4. Asymptotic normality of pseudo-Bayes estimators.

4.1. Assumptions. In the following, we state further conditions for the
asymptotic normality of a pseudo-Bayes estimator, which complement the
conditions for consistency.

A7: The pseudotrue value 6 is unique and belongs to the interior ®™** of ©.
A8: The function I(x,d) = log[ py(x)/g(x)] has for fixed x € R* continu-
ous derivatives of second-order w.r.t. ¢ in the interior ®™" of @,

2

d
(4.1) U(x,0) = %l(x,ﬁ), "(x,9) = I(x,9).

99?2

Moreover, there is a positive function C on R* and a positive integer b,
with EC(X) < <,

(4.2) (%, 9) = U (2, 0)ll < C(x)[1 + [911° + Il ]1lo — ¢l
(4.3) 17 (x, 9)l < C(x)[1 +191%7],  o,tc0™,

where || - || denotes the Euclidian norm on R, or the analogous norm on
the set of d X d matrices.
A9: We assume the integrals

(4.4) I(9) =El'(x,)[l'(x,9)]",
(4.5) M(®) = —El'(x,9) = — [I'(x, ) dG(x)

to exist and to be positive definite matrices in a neighborhood of ¢ = 3.
A10: The loss function L has in ®™* continuous partial derivatives

ai+j

(4.6) LOD(D,t) =

L0, =12

Moreover we assume with ¢, b; > 0 and for i, j = 1,2,
(4.7) ILED(, )l < e(1 + 191°7 + 11el°7),  9,t e O™,

A11: The prior measure ¢ has a density f w.r.t. the Lebesgue measure on
R?, which is continuous on R and fulfills for b4 > 0,

(4.8) 0 <f(9) <c(1+I8l*), dveo.
4.2. Asymptotic normality.

THEOREM 4.1. Under assumptions A1-A11, a pseudo-Bayes estimator 9 is
asymptotically normal:

(4.9) Fn (8- 95)) > N(0,A) asn -,
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where

(4.10) A=Ly'LiM I M YLy 'Ly,

(4.11) I, = I(9;), M=M(d,),

(4.12) Ll = L(l’l)('l?G, 0G)’ L2 = L(Q’O)(ﬂG, ﬁG)'

Proor. In the following we give a sketch of the proof, which is presented
in detail in Appendix A.4. We assume w.l.o.g. that J; = 0.

The Bayes estimator minimizes the posterior loss [see (1.7)]. In Lemma
A.10, the expansion of the posterior loss gives us an asymptotic equivalent
term L,'L,n'/?A(Z,) + G, of the Bayes estimator [G, is defined in (A.59)].
By a truncation and a dilatation argument applied on Z,, we replace Z, by
the process Z* [see (A.67)] lying in the space # of the continuous functions
on R¢ with zero limit at infinity. In Lemma A.11 we show that we can
replace n'/?A(Z,) by A(Z*) up to residual o,(1). The sequence of processes
(Z¥), < converges in distribution in & to the exponential of a Gaussian
process Y (Lemmas A.12, A.13, A.14).

Finally, we show that (A(Z¥)), .\, thus (A(Z))), < n, converges in distribu-
tion to A(Y) and that G, vanishes in probability when n — . The distri-
bution of L, 'L ,n'/?A(Y)is N(0,A). O

REMARK 6. Extending Remark 1, we see that, for example, the normal
model fulfills the assumptions of Theorem 4.1 if the true distribution G has
the properties stated in Remark 1. Therefore we obtain the asymptotic
normality of a Bayes estimator (e.g., a posterior mean) even if the model is
incorrect. The results in the literature (see, e.g., I-H) state the asymptotic
normality under the assumption of a correct model. The asymptotic covari-
ance matrix A in (4.9) will in general be different from that under the
correctness assumption.

If asymptotically valid statements such as the accuracy of é or asymptoti-
cal confidence regions for the pseudotrue parameter 6, are wanted, the
asymptotic covariance matrix for a pseudo-Bayes estimator 0 that is given in
(4.10) and depends on the unknown distribution G must be estlmated consis-
tently.

Because of assumptions A8 and A10, the functions I, M and (for fixed
w € 0),

o 12 T
L(0) =1 o(0) = 7 LU(X(0), O (X(0), 0)
and

. . 1
M,(0) =M, ,(6) = —— _;l"(Xi(w),@)
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are continuous on ©O. Moreover by A8 and A9 and the strong law of large
numbers, we have for some bounded neighborhood U of 6,

(4.13) lim sup|l,(6) —I(6)=0 a.s.

n—o® gey

Theorem 2.2 gives lim, . 6, = 6, a.s. Then the estimator I =1(6,) is
strongly convergent to I;. Analogously the estimators M= Zl/:fn((én), ﬁl =

L&Y, 6,) and L, = L*>°(9,, 6,) are strongly consistent for M, L, and L,,

respectively.
As a consequence of Theorem 4.1, we obtain a standard pivot T, :=
Vn A=12(6, — ), where
A A A A A n AT
A=L;' LM M (L5 L)
From the pivot T, we may derive asymptotic confidence regions and a test of
a simple hypothesis on 6, in the familiar way.

THEOREM 4.2. Under assumptions A1-All follows
APPENDIX
A.1. Proof of Theorem 2.1.

LEMMA A.1. For all € > 0 it holds that
K, = inf(K(0)I0 €0, dg(0) > &} > K, == K(0).
Proor. The inequality (2.10), the compactness of O, and the continuity of
K entail Lemma A.1. O

Now we choose

(A1) a=(K,—K,)/4 forafixed ¢> 0.
LEMMA A.2. There is a n > 0 with

lim exp(n(K, + [/2]))C, == a.s.

Proor. With the notations of assumption A8 and setting /,(6) = I(X;, 9),
we have

>
II

1 n
2= —inf] ¥ L0191 <
(A2) o

Y

1 n
—— X sup{log[g(X;)/py (X)] 191l < m}.
i=1
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Taking ¥ = 0 and n = 7(0, a/4) in (2.8) and applying the strong law of large
numbers on the right-hand side of (A.2) yields
(A.3) liminfA, > —K, — a/4 a.s.

Then Fatou’s lemma gives

liminfexp(n(K, + [ «/2]))C,
(A4) "7
> Eg[I(IIﬁII < n)liminfexp(n(K, + [ a/2] + /\n))] =0 a.s. 0O
We set diam (0,) = max{||6 — 6']|10, 0’ € Og).

LEMMA A.3. For each 8§ > & + diam(0) it holds that
lim exp(n(K, + 2a))A, =0 a.s.
PrROOF. For each 9 € 02 = {3 € O|ds(¥) > &, 19l < 8}, (2.8) provides a
sphere S(%, 1) (n = n(¥, o)) with
(A.5) Esup{l,(t)lt € S[9,n]} < —K(9) + «a.

The set ® may be covered by a finite number of such spheres, say S(19;, ;)
(j=1,...,1). With the notation

(A.6) A = sup{l(t)lt € S[9;,m;] N B2},
the strong law of large numbers, (A.5) and (A.1) give for all j =1,...,1,

1 n
(A7) lim — ) \; < —K(%) + a< —K;, — 3a as.

noe g

This and the inequality

1 n 1 n
(A.8) L, = —sup{ Y L(9)o e @)f} < —sup ) Ay
n i=1 noj oi-1
lead to
(A.9) limsup{, < —K, — 3a as.
Therefore,

limsupexp(n(K, + 2a))A,

n— o

< limsup £(S[0, 8])6%xp(n(K, + 2a + {,)) =0 as. O

n— o

(A.10)

Let 6, = d /% — 1; next we choose & such that 6 > (¢ + diam(®,)) v 2Vd
and

sup{ 0(9)|9 € O: 9] = 8.} <c(8,) ™"

(A.11)
< 2 Prexp(—2d,(K, + 2a)).



630 O. BUNKE AND X. MILHAUD

We introduce the notation d; = d + 1 and
(A12) V(1) = [z, (e )] W =,
(A.13) 0, = {Wnl9 0, 9> 3,}.

The proof of (2.20) is now performed in successive steps and can be roughly
described as follows.

Changing variable 6 into ¢/ Vn, we adapt the setting of I-H (pages
42-45). Our goal is to control the trajectories of the likelihood on @, . First we
majorize the expectation of W, (¢) using the affinity lemma (A.4). The true
distribution does not belong to the parametric family and therefore we have
to modify the method of I-H to majorize the continuity modulus of the
stochastic process W, (¢) (Lemmas A.4 through A.6). From Lemmas A.4 and
A.6, we derive an upper bound for the likelihood trajectories on the pave-
ments of ©,. Then a reasoning based on the Borel-Cantelli lemma leads
finally to the desired convergence (2.20).

LEMMA A4. Foreach q > 0, there is an n, > 0 such that, forn > n, and
t €0,, it holds that

(A14)  E(V,(t)) = E[W,(¢)]" < exp(—2nd,(K, + a))ltl ™.
Proor. Because of assumption A4 and (A.11), we have for ¢ € 0,

(A.15) E[W,()]" < [o(t/Vn)]" < e [lell/vm] "

Taking logarithms, we see that for n large enough, say n > n, the right-hand
side of (A.15) is smaller than that of (A.14) if n > n . O

Let us set

(A.16) A(t,h) = EIW,(t + k) — W, (t)|4.

LEMMA A.5.  For each q > O there are constants r and m, > n, such that
forn>m,, |l < Vd,tand t + h in 0,, it holds that

(A.17) A(t, k) < rllrl* exp(—nd,( Ky + a))lel 9%

Proor. Let ¢,t + h € O, and & be as in Lemma A.5 and fixed. We set

(A.18) S,(u) =n""2 3 Ut ),
i=1

where

(A.19) t, .= (t+uh)/Vn,

(A.20) Li(0) = log(pi(?)/2(X;)), lé(ﬂ)=a—ili(ﬁ)-
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Then we have

d;

(A.21) A(t, h) = E‘flsn(u)Wn(t + uh) du
0
and the by Holder inequality and the Fubini theorem,

A(t, k) < / (EIS,(w)|"V,V2(t + uh)V,1/2(t + uh) du
(A.22) < fol (ElS,24V,) " EV,}* du
< f()l{ElSn(u)|4d1Vn2(t +uh)) BV, (¢ + uh)}? du.
The first expectation may be written for fixed u € [0, 1] as the integral
(A.23) EIS,I*"V,2 = [IS,(u)[*"¢,(dx)

w.r.t. the probability distribution ¢, over (R*)" given by

(A24) () = T1p, (x)u(de,).

Then S,(u) is a sum of n terms that are independent under the p.d. ¢,.
Therefore the inequality

(A.25) ( b Ibil) <n P YIS, s=>1,
i=1

i-1
the inequality of Burkholder [see Hall and Heyde (1980), page 23] and (2.2)

give, with positive constants i,

EIS, (u)|*""V2(¢t + uh)

< wnhn”ln-%l(f[ X, I
i=1

2d,

o

(A.26)
< PlIRI [, DI P, (1) m(day)
< AR (1 + D, )1%).

For the second expectation EV, (¢ + uh), we apply Lemma A.4 replacing its g
by 2qd, + (b, + 1)/2. Recall that we have |4l < Vd and n~'/2||¢]| > 1. If we
choose n large enough (say n > m,) such that the following inequalities

n=ng, n=nyg s+ and 1+ ||tn’u||b°) <||¢]|®*! for all £ € ®, hold, then
we get the conclusion of the lemma. O
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From Lemma A.5 we derive an estimate of the continuity modulus of W,.
Let t* € Z¢ be a vector with integer components. We set

M. ={0ltf <0, <tr+1,j=1,...,d},
c(Il,+)

min{max{lejl lj= 1,...,d}|0 IS Ht*}.

The set C(%) consists of the “pavements” IT,. such that ¢(IT,«) = % is called a
k-covering. Its cardinality is

(A.27) #C(k) = (2(k + 1)) — (2(k))" < 2%d(k — 1)*7"

For all 6 in a pavement II,- of a k-covering, it holds that £ < [|0]| < (& + 1Vd .
Hence Theorem 11.1 of Ledoux and Talagrand (1991) may be applied on such
a pavement using (in their denotation) ¢ =|-llq,, T = I+, d(s,¢) = Is —
tllexp(—n(K, + a))k~? and we obtain the following lemma.

LemMA A.6. Under the previous conditions for each q > 0, for n > m,,
|kl < Vd and for any pavement 11,. of a k-covering C(k) it holds that

(A.28) Eo, (k) < cyexp(—n(K, — a))k 9hY %,
where
w0y o(h) = sup{IW,(t + h) — Wy(t)lIt,t +h €11,. N O,},
ey = 8(1+Vd)""d,.

With the above lemmas we are now able to get a maximal inequality for
the process W, on 0,. We set

Fk = U Ht* N @n,

, n

(A.29) I, C(k)
Wi, = sup{W,(0)l0 €T, ,}.

LEMMA A.7. Under the previous conditions, given (y € (0, 1)), we have
(A30) P(Wg,>7v) <cyy D exp(—n(K,+ a))k 9(k+1)* "
with ¢/, = (2¢ + c?d/?91)24d.
Proor. Let us fix a pavement I1,. € C(k) and y(0 < y < 1) and we set
p(n,t*) = P(sup{W,(6)l6 € 1. N O,} > v).
We consider a net v consisting of the points 7, of 0,

T, =t*+ ks, s=1(81,---,54), s;=0,...,k, j=1,...,d.
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Then it holds that

(A.31) p(n,t*) <P|sup{W,(0)I6 € v} > %) +P(wk,n(‘/g/k) > Y

2
=p; T Ps.

For m > m, the inequality p, <
equality with Lemma A.4 lead to

P(W,(6) > y/2) and the Markov in-

6ev

(A.32) 1< (2/y)" exp(—2nd (K, + a))k~9(k — 1)°.
Again the Markov inequality and Lemma A.6 give
(A.33) Py < (2/7)cq exp(—n(K, + o)) k~0(Vd /&),

These inequalities yield

(A.34) p(n,t*) <p, +py, < m(n,k,v),

(A35) w(n,k,y) = (2% + 2c,d"/24)y 4 exp(—n(K, + )k~ 9(k — 1)°.
Obviously, we have P(Wj', > y) < Xy, ccuyp(n,t*). The previous upper
bound for p(n,#*) and the cardinality of C(%k) (see A.27) lead to the conclu-
sion of the lemma. O

Finally, we are able to prove Lemma A.8.

LEMMA A.8. Under the assumptions of Theorem 2.1 we have

lim exp(n(K, + «))B, =0 a.s.

Proor. Let vy,(d¢) be the probability measure induced by £(d6) and the
transformation ¢ = Vn 6. We have B, < ¥, . 5, w0k, » With

by, = n /2 [ILIPW2A()I(t €T, ) (dt).

Obviously it holds that

(A.36) by . <n P2((k + 1)WA) (Wi, “u,(T, ,).
With assumption A5 we have the rough upper bounds
(A.37) (L, ) <c(k+ 1)4 07 tp=02/2

and

(A.38) by, < ¢ (k+ 1) n (Wi )2,

with the same constants ¢,c*,r; =p +d + b; —1,and r, = (p + b,)/2.
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Noting that

Y (k+1) %< (8,Vn)

k>6,n

we have the sequence of inclusions
{exp(n(K0 + a))B, > (8, \/5)71}

c U {exp(n(KO + a))bk,n > (k+ 1)72}
k>8,n

c U {Wk*,n> Yk,n}a
k>68,yn

(A.39)

with v, , = exp(=(n/2d, XK, + a))(k + 1)~ G )/ dipra/dy,
Using the inequality (A.7), for all ¢ > 0 and n > m,, an obvious calcula-
tion leads to

P(Wk 0> Yen) SDPpn= cdyk exp( n(K, + a))k 9k + 1)2(d 1
=cexp(—n/2(Ky+ a))n""2k"(k — 1)2+r1+2(d n

It is easy to see that the double series X, ,P, , is convergent, if g is
sufficiently large. Therefore by the Borel-Cantelli theorem, for almost
all w, there is only a finite set of pairs (n?, k) for which the 1nequahty
exp(n(K + a)b, ,(w) = (k; + 1)7% holds. Then for n > n(w) = sup, n;
we have exp(n(K, i a))b,, n(w) < (k + 1)"2 for all k. Hence for almost all
w and for n > n(w) we have exp(n(K, + a))B,(w) < (5,)7!, thus proving
the lemma. O

A.2. Proof for Example 3 of Section 2. The density of the Cauchy
distribution with location and scale parameters w and o is o 'A((x — w)/0)
where A(x) = 7 (1 + x2)~ 1. We introduce the function

* X —
(A.40) r(0) = fl wl? 071/2h1/2(—'u)g1/2(x) dx,
o

where 6 = (u, o), and 6* < inf{§/4, a/16). We prove Lemma A.9.

LEMMA A.9. Under the assumptions of Example 3, Section 2, we have the
following:

() r(0) < Co /16 for o> 1;

Gi) r(0) < Ca'/* for o < 1.

Proor. As we have §* < 1, we majorize r(0) replacing in (A.44) | ul®® by
luw— x> + |x|>". Next for all positive constants p,q (p~! + g ! = 1) using
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the Holder inequality, we obtain r(6) < r; + r, where

f( | — x| )a*php/z(u) dx )I/P(fgqﬂ(x) dx)l/q’

— *
o 1/2+1/p+s -
o o o

r{=

w—x\ dx 1/p . 1/q
ry crl/%l/p(fhpﬂ( )—) (f|x|5 ng/z(x)dx) :
g g
Let us set for 0> 1, ¢ =2 — a/2 and for 0 <1, ¢ = 4. Then a tedious
calculation leads to the following majorizations of r; and ry:
r,re < Co /16 if ¢> 1,

r,re <Co* if o< 1. O
A.3. Proof for the example of Section 3.

PrOPERTY 1. We remark, that under (3.1) the posterior density p, ,
(w.r.t. &) fulfills for all 6, n,

(A41) pn,f,(u(a) =pn,§,w(_0)exp[sn7(9)]’
where

S, (w) = ~_i1Xi(w)’ T(0) =26/v(0).

Obviously 7(6) is negative for 8 < 0 and positive for 6 > 0, vanishes for § = 0
and for # —» © or —, while it has maximum at 6 =c = ya/b and its
minimum at 6 = —c.

With the notation

0, = {0 € R d,(0) < &}, O =(y—¢e,y+ &),

0, =(-y—&,-v+te)
we obtain from (3.6) for almost all w € Q) and all sufficiently small & > 0,
(A42) TP, (0,) = lim [P, (8]) +P, . .(0])] =1
For almost all w the set of the accumulation points of the sequence {S, ()}, <
is R =R U {—x} U {+x} [see Chung (1976), page 272, Exercise 5,). In other

words, there exists a set O* c (), P(Q*) = 1, such that for all w € Q* and
s € R, we can find a sequence (n ;) = n(j, w, ), j € N) with (3.6), (A.42) and

(A.43) li}nSnm( w) =s.

Let 7, = min{r(6)|6 € O} and 7, = max{r(0)|0 € ®)}. Assume as fixed a
o € O*. Then for each ¢ > 0 there is a subsequence {n} of{n(j)} such that the
convergence
pw, S, & = hm Pni, &, m( ®1~+)
1> ®

(A.44) ) . ) .
< 11msupE§[I(0 € 0] )pni(—a)]max{ss o6}
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holds [see (A.41)] and therefore because of (A.42) we have

(A.45) Pus, o < (1= p, , . Jmax{exp(z,s),exp(7,s)}.

An analogous reasoning leads to

(A.46) o.s.e > (1= p, , ,)min{exp(z,s), exp(7,s)}.

As (A.45), (A.46) hold for all sufficiently small £ > 0, we have

(A.47) Po.s = li_r)r(l)pw’s"g =e"[1 + %] -

Especially for s = +« and s = —« we have p, ;=1 and p, , = 0, respec-
tively.

From (A.42) and (A.47) follows the weak convergence of the sequence

(P };c v to the mixture p, defined by (3.7). For all p > 0 the inequality

n;, ¢,0

supE, . lI0l” < 2”_1[(sup{||9|| |6 G})p + supEni’g’de(O)p < o

i>i, i>i,

holds for sufficiently large i, and we obtain from P, , , = u, ,

LmE, . 61" = [l6]” du, (6).

Therefore we have also the strong convergence P, . , — Mo, -

Thus we have shown that for almost all w and each mixture p_ with
@ € [0, 1] there is a subsequence {n,} for which Pnl_’ ¢, » converges weakly and
in all its abolute moments of order p > 0 to u,,.

PROPERTY 2. Let £ and & be positive and sufficiently small. Then
S, < —H:=1"log[le/(1-¢)] <0
has the consequence
Puo=Pu e (07) = E{I(0 € 0] )p, ; ,(—0)exp(S,7(0))}
<(1=p,,)e/(1 - ¢)
< ¢. We obtain

lim inf P(p,, < &) > lim inf P(S, < —H)

and therefore p, ,

A48 e "

(A-48) = lim inf ®(—H/vVn) = }.
Analogously, it follows that

(A.49) lim inf P(p,,>1— ¢) > lim inf P(S, > H) = 1.

(A.48) and (A.49) together yield, for all £ > 0, the property
(A.50) lim P(p,, <¢) = im P(p,,>1—-¢) = 3.
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The a.s. validity of (A.42) for sufficiently small ¢ has the consequence that
(A.50) is also fulfilled for

oo =Py e, 0((0,%)) = Doy + Py ¢ (050 (0,%))

in place of p,, -
For the conditional posterior distributions P}

¢ o =P(|6 €(0,2) and
= P(+|6 € (—=, 0]), we have

Pn_§m
E, de(g)P — andp(PI:—f ws y) +(1-m,)d, ( € w,é_y),
dp( n§w>d)=77nwdp( n,é w? T)+(1 nw)d( nfw’ér) T

Because of

Y, — Y-

dy(P) e ws8-y) 2 llvlII”,  dy(Prg ., 8,) = lIvll

(3.6) and (A.50) together with the above two equations imply (3.10) for all
g, p > 0, that is, Property 2.

Now we will see how the limit proeprty (A.50) influences the behavior of
the posterior mean 0 = (6). We have

(A1) G, =p,,

nfm

(plo€0®))+q,  E (6locO) +r,,

nfw n,¢é,

where ¢ is a sufficiently small positive number and

qn,w:= n,f,w(®;)> rn=En,§,w{01(06®§)}'

Theorem 2.1 has the consequence

(A52) lim|r,|< lim [E, , ,d¢(0) +1yIP, ; (0] =0 as.
With (A.51) and

0, 2p,,(y—¢&) + (1 =p,,)(—y— &) +r,
we obtain from (A.50) and (A.52) that for sufficiently small &,
lim inf P(f, € ©3,) = lim P(p,, > 1 - £(2y) ') = 3.
But we have analogously
lim inf P(f, € 6;,) = 3.

Therefore lim, _, ., and it follows for all

open sets U C R,

inf is there just a convergence lim

n— o

lim P(6, € U) = py,5(U).

From this we obtain the weak convergence @, = u,,, of the distribution @,

of 6, to the mixture u, /2 and the weak consistency p — lim dg(6,) =0 of 6,.
The distribution P, of the posterior mode 6, also converges weakly to p, .

n
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This is seen in the following way:

From the convergence lim, . P(f, € ®,) =1 for &> 0, which follows
from Remark 4, Section 2, and because of (A.41), we obtain
lim P(ﬁe 0)) > lim P( sup p, . o(9) > sup pn,g,w(ﬁ)) >3
n—® n—® de@f Y0,
and analogously lim, ., P(f € ©;) > i. Therefore we obtain for sufficiently
small ¢ the convergences
lim P(§, € ©,) = lim P(6, € ©,) = 3,

n— o n— oo

thus proving P, = pu, 5.

A.4. Proof of Theorem 4.1. We assume w.lo.g., that J; = 0.

The Bayes estimator minimizes the posterior loss. We perform an expan-
sion of the posterior loss to get a simple expression which is asymptotically
equivalent to the Bayes estimator. In the next lemma we give an equivalent
term of the Bayes estimator.

LEMMA A.10. Under assumptions A1-Al1l, the following expression holds:

(A53) Vn 6, = Ly'LiVn A(Z,) + G, + 0p(1),
where G, is defined in (A.59) and with
(A.54) A(w) =ftw(t)dt/fw(gt)dt.

Proor. Let r(0) be the posterior loss [see (1.7)]. Then
(A55) 7”(’[9) = EnL(ﬂ7_t) = En,f,w[L(i}’I)] = fL(ﬁ7 t) dPn,f,w(t)'

Because of (2.9), assumption A10 gives the a.s. differentiability of r in a
neighborhood of ¥ = 0. The differentiation may be interchanged with the
expectation. As 4 = 9, minimizes r(9) with a Taylor expansion for r(-) we
obtain, for some n, and n > n, almost surely,

0=1vnr'(d) =VnE,L"O(9,t)
(A.56) 1 A .
= B, \n L"0(0,¢) + E, [ L®O(ud, t) duvn 9.

0

A further expansion gives us

(A.57) 0=vVnL%2(0,0) +F, +G, + (H, + K,)Vn 9
with the reduction
(A.58) F, = L%Y0,0)E Vnt=L"Y(0,0)Vn A[Z,],

(A59) G, = \/ﬁEnflL“’”(o,uzf)[zf,_t] du,
0
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with

(1,2) J Tra,1)

LY2(0,7)[¢t,t] = %t L*Y(0,0)tl-,,

2,1) ~ 7 J Trd,1) “\ 7

L*Y(r,7)[t, ] = %t L&D(6,7)Eo-,.
(A.60)
(A.61) H, = ['L*"(ub,0) du,

0
__ 1,1 2,1 A A

(A.62) K, ._Enfofoﬂ (wd,vt)[Vn §,t] dudv.

The first term in (A.57) vanishes (L*%(0,0) = 0) because of assumption A7.
By the dominated convergence theorem we have, from assumption A10 and
Theorem 2.2,

(A.63) lim H, = L*%(0,0) a.s.

n— o

Moreover we have, because of assumptions A10, (2.9) and Theorem 2.2,
(A64) K, < c[(1+19,1°)E, el + E, el [Vllél = o,(1).

The lemma follows now from (A.57), (A.63) and (A.64).
By the way, let us note that analogously to (A.64) we have

(A.65) IG, Il < cVn B, (I£l1” + 11211°7%). O

Let us recall that 6; = 0. We denote by A the smallest eigenvalue of the
matrix M in assumption A9. We choose ¢ > 0 such that the sphere S[0,2¢]
is included in ® and

(A.66) EC(X)[1+ (2¢)"]e < A/16.

First we replace the process Z, by a more tractable process Z¥, with
realizations in the space % of the continuous functions on R¢ vanishing at
infinity. Then Z* is defined by

Zi(t, w) = Z3 (1)
= Z,(t,){a(t,) () [ Z,(0)f(0)] '}, teR?,

with the scale transformation ¢, == n"1/%¢, t € RY,

(A.67)

1, for ||lull < &,
(A.68) a(u) ={2(1 —llul)/2e, fore<|ull<2e¢,
0, for ||ull > 2e.

LEMMA A.11. Let h: R? — R* be a function and q > 0 with
(A.69) IAll, = sup [1 + 112171 IR(2)ll < o=

teR?
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Further let [ see (1.4) and (A.67)]
(A70)  E,h(t) = [h(t)dP, . (dt),

(A7) Ei(h(1)) = [h(t) P}, ()= h(t)Z:':(t)dt/ [zt dr.
where P, . stands for the random probability measure o —> P, . . Then it
holds that [ see (A.54)]
(A72) (i) Efh(t) = E,h(Vat) + o,(1),
(ii) A(Zy) = A(Z,) —op(1).

Proor. We introduce the notation

N, = E,h(vn 9) Z,(0)"*
XZ, () [ja(¥) +[1-jl[1 —a(®)]], i,j=0,1.

Then we may write
(A74) Enh(‘/;.t) = [N00+N01]71[N10+N11]

. ) e )
= [N'Noo + 1] [ Ng'Ny + Noy'Ny, |,

because of N,; > 0. We will now see that a.s. N;;'N,, and N,;'N,, tend to
zero for n — . Choosing &, a, 17 as in the proof of Theorem 2.1, we get

INg 1Nl < IRl [ EATION < 1] Z,(9)] -
XE[I[II9] < e](1 + [1919n9/?) Z,(9)]

and the limits (2.18), (2.19), (2.20) allow choosing a positive %, so that a.s. for
all n € N,

(A.75)

(A.76) INg!Nyoll < ke "%/2n9/2,
This and a similar reasoning for N;,'N,,, prove the desired convergences
(A.77) lim N,;'N,, = 0, lim Ny'!Ny,, =0 a.s.

From (A.74) and (A.77) and substituting Vn 9 by ¢, we finally arrive at
(A.78) E,(Vnt) = Nyy'Ny, + 0,(1) = E}h(t) + 0,(1).
For the conclusion (ii), we have only to remark that A(Z*) = E*(¢) and

VnA(Z,) = E,(Ynt). O

Next, the following lemmas show that (Z*),_ converge in distribution to
the exponential function of a Gaussian process. Lemma A.12 deals with the
finite-dimensional distributions of Z}. In Lemmas A.13 and A.14 we show
that Z* is tight [see Dacunha-Castelle and Duflo (1983)]. The following
lemmas will be proven under assumptions A1-A11.
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LEMMA A.12. The finite-dimensional p.d.’s of Z} converge to those of
Y = exp[¢TI?U — 5¢TMt],

where U is a standard normal random vector in R¢.

PrROOF. Let t € R? be fixed, n'/2 > ||t||/& and let us set ¢, = n~'/%¢. Then
we may write

log Z7:(¢) — log[a(t,)f(t,)/f(0)]

(A.79) =log Z,(t,) — log Z,(0)

1 1
s 1 4T _
=¢ _\/ES” 5 [M - R,(¢,)]t,
where logla(¢,)f(t,)/f(0)] = o(D),

t

Y I(X,0), St = Y I(X0),
=1

i=1

(A.80) S -

(A81) R,(t,):

1 " 1 1 14 14
(;Sn(O) + M) + 2[0 (1= u)—[S;(ut,) = $;(0)] du.
Using (4.2),

R.(2,) < p.(2,)

(A.82) 1
=|=8u(0) + M

1 n
+ — X C(X)(1+lig,[1°)li, -
i=1
By assumption A8, the application of a central limit theorem yields
1
A.83 2 —=8 ) > AIV?*U} = N(0,1,).
Next, by application of the law of large numbers we have

(A.84) R, (t,) =o,(1) forallfixedt € ®, ¢, =n"'"?t

Then the lemma is a direct consequence of (A.79), through (A.83) and (A.84).
O

Now we will give an exponential bound
Ae
(A.85) m,(t) = c, exp|a,lltll — letll
for the random functions Z; and Y.

LEMMA A.13. Let A be the smallest eigenvalue of the matrix M. For all
a > 0 there exist positive ¢, a, such that for all n large enough (say, n > n,)

it holds that
(A86)  P(Zi(t) <m,(t),Y(t) <m,(t) fortcR) =21~ a.
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PROOF. Z*(¢) vanishes outside 0, = {t € 0| ||t < 2evn ). From (A.79) we
get

(A.87) Z,Y(0)Z,(¢,) = exp[tlS, — 3tT(M — R,(¢,))t],

and from (A.82) we have sup, R, (¢,) < p,(2¢).
Using the notation

(A.88) Ccr={lIS,ll<Vnb,}, CZ:={R,(2¢)<1r/2},

the application of the CLT gives positive constants b, and a n! with
(A.89) P(CH)>1- 5 forall n=nl.
Because of (A.66) and the SLLN, there is an n, > nl with
(A.90) P(C})>1- < foralln>n,.
For w € C} N C? we have

(A.91) Z;10)Z,(t,)(w) < exp[balltll - %Iltllz}, te o,

and moreover, for n > n_,

2a
A.92 P(C!nC2)>1- —.
(A.92) (cincy) 5
On the other hand, we have
(A.93) sup a(t,)f(t,) <k,= sup f(¢),
te®,neN It < 2e€

and as Z*(t) vanishes for ||t > &/n and n > n_, we obtain, if ® € C! N C2,
A
(A.94) Zi(t,w) <k, exp[balltll - Z||1:||2} for all £ € @.

From the definition of Y follows obviously the existence of constants ¢, > %,
and a, > b, such that for all n € N,

o
>1-—.

A
(A95)  P|Y(t) <m,(t) =c, exp[aalltH - letll2 3

This together with (A.92) and (A.91) proves the lemma. O
Next we will study the equicontinuity of the trajectories of Z*.

LEMMA A.14. For each a > 0 there is a set H, C & of equicontinuous
functions with:

(1) P(Z}eH,)>1—-a foralln>=n,.
(i1) The sequence of the processess (Z), . n is tight in Z.
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Proor. From the previous lemma it is sufficient to prove that for all
T > 0 the sequence (Z}), .y is tight in the set #(0,T) of the continuous
functions on the closed sphere S(0,T). Obviously the sequence of functions
{a(t,)f(¢t,); n € N} are equicontinuous on R?. The product of two sequences of
equibounded and equicontinuous functions is a sequence of equicontinuous
functions. Then a(t,)b(t,) vanishes outside ®, = {¢t € 0|t < 2e/n}. With
the notations of the previous lemma, we have only to prove that the deriva-
tives

d 1
(A.96)  J,(t) = E{Zn(o)flzn(tn)} = Zn(O)flzn(tn)ﬁS’(tn)t

are bounded for n > n,, t €0,, o € Cy N CZ.
A Taylor expansion yields

1

—S +(M+ R, (t,))t

St ( a(2,)) }

On C} N C? and for n > n,, t € O, the bracket is majorized by

(A97) Ju(1) = Zn(O)IZn(tn)[

A
9o = b, + (||M|| + E)Iltll [see (A.88)]
and Z '(0)Z,(t,) by
A
qi(t) = exp[balltll - ZHtHQ}.
Then setting g, = sup, qi(t)qg(t), we get

(A.98) P( sup I, ()l < qa) >P(C,NnC)=1-2a/3.

te®,

Conclusion (i) is proved. Conclusion (ii) is a consequence of (i) and of the fact
that Z¥(0) = 1. O

Final reasoning in the proof of Theorem 4.1. Recall that & is the set of
the continuous real functions on R<. Because of Lemma A.12, the majoriza-
tion of Z} and Y in Lemma A.13 and Lemma A.14 for all functions & € @
satisfying (A.69), we have the convergence in distribution

(A.99) (/h(t)Z;“(t) dt, [Z3(¢) dt) -, ([h(t)Y(t) dt, [Y(t) dt)

and [Y(¢)dt # 0 a.s. Setting h(¢) = ¢, we get A(Z*) - ;A(Y). The distribu-
tion of A(Y) is Gaussian N(0, M 'I;M~1). On the other hand, from (A.65)
and Lemma A.11 we have

IG, Il < ¢(n Y 2EF|IL® + n= T D2EH|t]|°7) + 0p(1).

Then setting A(¢) = |Iz]|* or [l£]°""? in (A.71), we can see with (A.65) and
(A.99) that G, = 0,(1). Then (A.53) proves the theorem.
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