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We study the sample ACVF and ACF of a general stationary sequence
under a weak mixing condition and in the case that the marginal distribu-
tions are regularly varying. This includes linear and bilinear processes
with regularly varying noise and ARCH processes, their squares and
absolute values. We show that the distributional limits of the sample ACF
can be random, provided that the variance of the marginal distribution is
infinite and the process is nonlinear. This is in contrast to infinite vari-
ance linear processes. If the process has a finite second but infinite fourth
moment, then the sample ACF is consistent with scaling rates that grow
at a slower rate than the standard yn . Consequently, asymptotic confi-
dence bands are wider than those constructed in the classical theory. We
demonstrate the theory in full detail for an ARCH(1) process.

1. Introduction. The motivation for this paper comes from an empirical
observation which has been made in the econometrics and applied financial
time series literature for a long time: log-returns of various series of share
prices, stock indices, exchange rates and interest rates are believed to be
heavy-tailed in the sense that their fourth moments can be infinite. A second
observation is that such time series appear to have a complicated dependence
structure that cannot be adequately modeled with a linear process. Depar-
tures from linearity can often be detected by examination of the sample
autocorrelation function, (ACFs) of a time series, their absolute values and
squares. For log-returns, the sample ACF of the original series vanishes at
almost all lags (with possible significant values at the first two or three lags)
while the sample ACF of the absolute values and squares are usually
nonzero, and decay to zero slowly. Since this behavior is not consistent with
that expected from a linear process, a variety of nonlinear models has been
proposed for such data. The ARCH (autoregressive conditionally het-
eroscedastic) process and its extensions and generalizations form one of the
more popular and extensively studied classes of nonlinear time series models,
which exhibit many of the properties described above. In this paper, we will
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use the ARCH(1) process to illustrate our limit results for the sample ACF
and sample autocovariance function (ACVF) of a stationary time series.

It is the aim of this paper to give a general theory for the sample ACF and
sample ACVF of a stationary sequence (X,), . ;. Two assumptions are made:
there exist a mixing condition weaker than strong mixing and a regular
variation condition on the finite-dimensional distributions of the process.
Under these assumptions, the point process theory in Davis and Hsing [8] is
extended to the case of multivariate stationary processes (X,). In particular,
the weak convergence of the point processes N, = L}_;¢,.1x, for appropriate
normalizing constants a, is established. This result is then applied to the
stationary process constituted by the random vectors a, '(X,,..., X,, ). As a
next step, weak convergence of (IV,) is used to obtain the weak convergence of
the point processes based on the products a,?(X?, X, X,, 1, X, X, s )-
Finally, the points a, %X, X, ., of the lagged process are summed up, and so
the joint convergence of the sample autocovariances and autocorrelations at
different lags is established.

Our main results on the asymptotic behavior of the sample ACVF and ACF
in the infinite second and fourth moment cases are contained in Theorem 3.5.
The limits of the suitably normalized sample ACVF and ACF are expressed
in terms of the limiting point processes. Limit distributions are ratios of
infinite variance stable vectors or functions of such vectors. Hence tabulation
of the quantiles from the limit distributions is difficult. In the case of infinite
variance X,, the limits of the sample ACF are in general random. This is in
contrast to the asymptotic theory for the sample autocorrelations of a linear
process as treated in [11] and [12] (see [4], Section 13.3). In this case, the
sample ACF estimates the “model ACF” with scaling that is larger than Vn .
Even though the model ACF does not exist in the infinite variance case, it can
be defined, at least for linear processes, through the filter coefficients. Specif-
ically, the model ACF is defined as the ACF of a Gaussian linear process with
the same coefficients as (X,).

The phenomenon of random limits of the ACF was observed earlier in the
context of infinite variance bilinear processes (see [13] and [30]), and our
Theorem 3.5 confirms that deterministic limits are more the exception than
the rule for the sample ACF of a nonlinear stationary sequence. Theorem 3.5
also treats the finite variance but infinite fourth moment case. In this
situation and providing the process is ergodic, the sample ACF estimates the
ACF consistently, but the limit results show that the asymptotic rate is
slower than vVn . (For a linear process with finite variance and infinite fourth
moment, the sample ACF is still asymptotically normal with scaling n'/2.)
Therefore the values of the sample ACF of an infinite fourth moment station-
ary process have to be treated with enormous care; the confidence bands in
this case are wider than the classical plus or minus 20/ Vn -bounds. This is,
on the one hand, caused by the infinite variance limit distribution and, on the
other hand, by the slow rate of convergence, which is slower the closer one
comes to an infinite second moment.

Bearing these facts in mind, we apply the general theory to the simple
model of a stationary ARCH(1) for illustrative purposes. This process is
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known to have regularly varying marginals (see [23] and [18]). The impor-
tance of ARCH processes for financial modelling has been mentioned before
and will be explained in more detail in Section 4 where we also give the
general theory for the sample ACVF and ACF of an ARCH(1) process, its
absolute values and squares.

The principal objective of this paper is to develop general methodology for
deriving distributional convergence of the sample ACF and ACVF for heavy-
tailed stationary sequences. We restrict ourselves to qualitative results. In
future work we intend to identify the limit distributions, thus making the
results directly applicable for estimation and testing purposes. From the
method of proof it will become more transparent that the proposed technique
allows for very general classes of stationary processes. This includes linear
and multilinear processes, as well as multivariate processes, which can be
written as the solution to certain stochastic recurrence equations. This will be
the content of a forthcoming paper.

It is worth remarking that the asymptotic behavior of the sample ACF for
some linear processes, such as multivariate and periodic moving averages,
may be similar to that obtained for nonlinear processes. For example, in a
multivariate moving average process driven by noise that is regularly vary-
ing, the sample cross-correlation function has a random limit if the process
has an infinite variance [10]. On the other hand, if the variance is finite but
the fourth moment is infinite, then the asymptotic scaling of the sample
cross-correlation function has the same form as specified in the Theorem 3.5
[9]. Analogous behavior for the sample ACF of periodic moving averages was
established in [1].

The paper is organized as follows. In Section 2 we sketch the necessary
point process theory. In most parts it is analogous to the corresponding
results in [8]; we only indicate the changes required for the results to go
through in the multivariate setting. In Section 3 we give the limit theory for
the sample ACVF and ACF of a stationary sequence. Section 4 is entirely
devoted to the ARCH model, where the theory of the previous sections is
demonstrated. In the Appendix we prove some useful facts (e.g., strong
mixing and joint regular variation) about the ARCH(1) process.

2. Some point process theory. We consider a strictly stationary se-
quence (X,), . ; of random row vectors with values in R”. For simplicity, we
write X = X, = (X,,..., X,).

The regular variation condition. Assume that the distribution of X is
jointly regularly varying with index o > 0. This means that there exists a
sequence of constants x, and a random vector ® € S™ ! a.s., where S™ !
denotes the unit sphere in R™ with respect to the norm |- |, such that

(2.1) nP(X| > tx,,X/IX|€ ) >, t"“P(6-), >0

where —_, denotes vague convergence on S™ 1,
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This is the same as
P(IX[> tx,X/[X] € )
P(IX] > x)

>, tP(Be-), t>0

as x — o (cf. [32] and [14]). For our application, it is natural to take || to be
the max-norm in R™, that is,
x| =[(xq,...,%,)|= max |x]
i=1,..., m
Note that regular variation of X in R™ implies regular variation of |X|. For
further information on multivariate regular variation we refer to [2]. Vague
convergence of measures is treated in detail in [22].

Preliminaries on point processes. We follow the point process theory in
[22]. The state space of the point processes considered is R™ \ {0}, where
@ =R U {c} U {—}. Write & for the collection of bounded Borel sets in
R™ \ {0}. (“Bounded” here means bounded away from the origin.) Let .7 be
the collection of bounded nonnegative continuous functions on R™ \ {0} with
bounded support and let .7, be the collection of bounded nonnegative step
functions on R™ \ {0} with bounded support.

Write .# for the collection of Radon counting measures on R™ \ {0} with
null measure o. This means u €. \ {0} if and only if u is of the form
Yi_in;&., where n; € {1,2,...}, the points x; are distinct and V7_, x| < .
Let .#Z, C.# be the collection of measures u such that u({x: [x|>y}) > 0.
Note that .z, =.# \ {o}.

The mixing condition. Let (a,) be a sequence of positive numbers such
that

(2.2) nP(X|>a,) — 1, n — o,

In particular, one can choose a, as the (1 — n~!)-quantile of |X|. Since |X] is
regularly varying, a, = n*/ “L(n) for some slowly varying function L(x).

We say that the condition #/(a,) holds for (X,) if there exists a sequence of
positive integers (r,) such that r, - «, &, =[n/r,] » © as n - © and

n "n kn
(2.3) Eexp{—g:lf(xt/an)} - (Eexp{—t§1f(Xt/an)}) -0,
n—>oVfes.

The convergence in (2.3) is not required to be uniform in f. This is indeed a
very weak condition and is implied by many known mixing conditions, in
particular the strong mixing condition. The condition #(a,) is similar in
spirit to condition A used in extreme value theory; see, for example, [25].
However, these conditions are not directly comparable since A is defined in
terms of probabilities of events in restricted classes of o-fields, whereas
#(a,) is specified in terms of Laplace transforms of point processes. Lemma
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2.4.2 in [25] shows that A and #(a,) are close indeed. Condition (a,) is
independent of the particular choice of (a,): if both (a,) and (a),) obey (2.2),
then #(a,) holds if and only if #(a/,) does. The mixing condition «(a,) was
introduced in [8] for the case of real-valued stationary sequences.

A corresponding statement can be made for the weak convergence of the
sequence of point processes

n
Nn= ngt/an’ n=1,2,....
t=1

Define

=

3

N, -

i=1

with Nrmi, i=1,...,k,, iid distributed as N',mo = X1}216x,/a,- By virtue of
(2.3), a Laplace transform argument shows that condition .#(a,) implies that
(N,) converges weakly if and only if (IV,) does, and they have the same limit.

This is an important ingredient in the proof of Lemma 2.1.

Main results on point process convergence. In what follows, we give a
series of results which were proved in [8] in the particular case m = 1. We
formulate them here since they are the theoretical basis for the following
sections; their proofs are analogous to the one-dimensional case and are
omitted except when essential modifications due to the multivariate nature of
the process are required. We commence with the analogues to Lemmas 2.1
and 2.2 in [8].

LEmMMA 2.1. Suppose that (X,) obeys conditions (a,) and (2.1). The
relation N, —, N # o holds if and only if there exists a nonnull measure A on
My with [(1 — exp{—u(BPMdp) < = for all B € #, such that

J@—e*Hr(dp) = [(1—e*)Ndu), [,
where A, =k, (P o an}o) and pf = [fdu. The point process N is infinitely
divisible with Laplace transform exp{—[(1 — exp{—ufHMdw)}, N has no
fixed atoms and the support of P o N1 and that of A are both contained in

My. Moreover, the canonical measure A of N has the scaling property A(-) =
ocNo 1), o> 0.

Define

(2.4) %7={,u et p({x:1x|>1}) =0 and p({x:xeS™'}) >0},



2054 R. A. DAVIS AND T. MIKOSCH

and let @(.#) be the Borel o-field of .Z. For u = Y7_,n;e, €.4,, let X,
max;|x,|. Define a mapping on .#;, by T: u = (x,, u(x, -)), that i is,

(25) Tl( Z n’i‘("x,) = (max |X | Z n;&, i/ max x|
=1

i=1

It is a bicontinuous bijection with range R, X.#, where R, = (0, »).
The following result is the multivariate analogue of Theorem 2.3 in [8].

THEOREM 2.2. Assume that (X,) obeys the mixing condition «/(a,) and the
regular variation condition (2.1). If N, -, N # o, then N is infinitely divisi-
ble with canonical measure A on #, and Tl(N ) =, Ty(N). The limiting
process T{(N) has canonical measure A°T;' = v X @Q, where Q is a probabil-
ity measure on (A4, B(4)),

v(dy) = yay * g (y)dy and
y = A{ p: n({x: x| > 1}) > 0}) € (0,1].

In this case, the Laplace transform of N is
26) exp~ [ [ (1 exp( = [Fom)utao) | |@mn(an | res

REMARK 2.3. Notice that
y=AM{ m: n({x:1x] > 1}) > 0}) = —In P(N({x: x| > 1}) = 0)
is the extremal index of (IX,]); see [24].

The following result is the analogue to Corollary 2.4 in [8]. It follows from a
comparison of the Laplace transforms of the two point processes involved.

COROLLARY 2.4 (Cluster representation). Let N be the limiting point pro-
cess in Theorem 2.2. Then N is identical in law to the point process

(27) Z Z SPiQij’

i=1j=1
where ¥7_1ep is a Poisson process on R, with intensity measure v, indepen-
dent of the sequence of iid point processes Y;_ 18q,,» i > 1, with joint distribu-
tion Q on (M, B(M)).

REMARK 2.5. Representation (2.7) shows nicely the structure of the points
of the limiting point process: P; describes the radial part of the points and Q;;
the spherical part. Their independence is a consequence of the factorization of
the limiting measure in the multivariate regular variation condition (2.1).

Now we provide a useful sufficient condition for the weak convergence of
the point processes N, toward N. It is needed later in the proof of Theo-
rem 2.8.
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THEOREM 2.6. Assume that (X,) obeys o/(a,) and (2.1), and the following
two conditions hold for every y > 0:

(28) knP( V|Xt|>any) —)yy‘“:y(y’oc)’
t=1
(2.9) P( Z EX,/ VX, € V X, >yan) -, @,
t=1 t=1

where —, denotes weak convergence and vy is given in Theorem 2.2. Then
N, -, N.

REMARK 2.7. In the case m = 1, conditions (2.8) and (2.9) are known to be
necessary and sufficient for N, —, N; see [8], Theorem 2.5.

Proor. Recall the definition of the measures A, from Lemma 2.1 and of
A, from the beginning of this section. For y > 0 fixed, define the (conditional)

probability measures P, , on .Z,
A (-Ny)
P () =—7_5

()

P(Zgglaxt/a" €, Vi, IX,]> any)
P(Viz, X, > a,y)

rﬂ
=P( ngt/an €

t=1 t=1

Fix f €. and suppose that its support is contained in {x: |x| > y} for some

y =y;> 0. Recall the definition of the mapping T', from (2.5). Then for any

z>0,

(Zgiv’?xt/ v, € 5 Ving Xyl >a,(y v Z))
P(Vir, X, > a,y)

p
(Pn,yonl)((z,oo) X ) =

By (2.8) and (2.9), the right-hand side converges weakly to

R()v((y Vz),°)/v(y,»).
It follows that

L, rn(,7) X @
P T, 2 (7, %)

n,y

n[R{+><//¢’7,

w

and since T; ' is continuous, we have

(v X Q) T)(-N4,)
v(y,%°) '

Pn,y(') “w
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Defining A = (v X @)~ T}, the latter relation can be rewritten as

Since [ € &,

f//’“an,y(dM) *f//’“fpy(du)-

y

Since the support of f is contained in {x: |x| > y}, we have

[ =e N (dp) = [(1—e)A(dp),

and the result now follows from Lemma 2.1. O
The following result is the analogue to Theorem 2.7 in [8].

THEOREM 2.8. Assume that (X,) is a stationary sequence of random
vectors for which all finite-dimensional distributions are jointly regularly
varying with index «a > 0. To be specific, let (0_,,...,0,) be the (2k + 1)m-
dimensional random row vector with values in the unit sphere S®*+*Y™ =1 that
appears in the definition of joint regular variation of (X_,,...,X,), k> 0.
[ Note: the defining property (2.1) has to be applied to this 2k + 1)m-
dimensional setting. In particular, |-| has to be interpreted as the max-norm
in RE**Dm] - Assume that condition «/(a,) holds for (X,) and that

(2.10) ,}im limsupP| V IX,I>a,yIX,l>a,y| =0, y > 0.
7% now k<ltl<r,
Then the limit
k
(2.11) v = ISLH}CE |e%k)|a _ ‘V1|01('k)|a E|9§)k)|a
J= +

exists. If y=0, then N, -, o; if y> 0, then N, -, N # o, where, using
the representation AoT ! = v X Q described in Theorem 2.2, v(dy) =
vya y " ldy, and Q is the weak limit of

/E

k
J=1 + |t|<k

For the proof of Theorem 2.8, the analogues of Lemmas 2.8 and 2.9 in [8]

have to be modified for the multivariate setting. This is a consequence of the

fact that these results only make use of the absolute values of the quantities

X,. Applying these two lemmas, one can follow the lines of the proof of

Theorem 2.7 in [8] to derive Theorem 2.8. The crucial difference to the

E

k
k k
106°1" =V I6} >|‘*)

Jj=1 +

as k — © which exists.
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one-dimensional case as treated in [8] is the definition of the sets A in
Lemma 2.8:

A= {M en: n({x: 6, <Ixl<1,x/Ix|€B})>t;,i= 1,...,l},

for some [ > 1,¢ >1,0<b, <1, Borel sets B, € S™ !, i =1,...,L In the
multivariate setting, the collection of sets A determines the measure @
on /.

REMARK 2.9. In the above theory, || was the max-norm in finite-dimen-
sional Euclidean space. It is the natural norm to consider for our applications.
However, the choice of the norm is not essential for the above theory. Indeed,
the max-norm |- | can be replaced by any other norm in the regular variation
and mixing conditions. Then Theorems 2.2 and 2.6 remain valid without any
changes, and in Theorem 2.8 the regular variation condition on Y, =
X_,,...,X,), k>0, has to be in terms of the norm in R®**V™ which is
consistent with the norm used in the definition (2.1) of regular variation for
the marginal distribution X.

The point process theory of this section can also be extended to an
infinite-dimensional setting. For example, if (X,) is a stationary sequence of
random elements assuming values in a separable locally compact Banach
space (B, |- ), then the point process theory in [22] is still applicable. In this
case, B \ {0} is the state space and is a subset of a Polish space. The mixing
and regular variation conditions on (X,) remain the same if one interprets |- |
as the norm in B, and S™ ! has to be replaced by the unit sphere S in B.
Again, Theorems 2.2 and 2.6 remain valid without any changes. However, the
definition of regular variation of Y, in Theorem 2.8 needs to be modified:
interpret Y, as an element of B>**! endowed with the norm ||| = V*_ _, |x,|.
With this norm, one can define regular variation in B2**! in the same way as
in (2.1), and all the steps in the proof of Theorem 2.8 remain valid without
any changes. As a consequence, a great part of the results in [8], Sections 3
and 4, on partial sum convergence and large deviation probabilities remains
valid for stationary B-valued sequences (X,) with marginal distribution in
the domain of attraction of an «a-stable law in B, a < 2. Clearly, every step in
the proof of those results has to be checked carefully; for example, |- | has to
be interpreted as the norm in B, characteristic functions are characteristic
functionals, expectations have to be interpreted in the Bochner sense, care
has to be taken when moment inequalities are applied, and so on. We omit
further details.

3. Limit theory for the sample ACF of a stationary process. We
start this section with an elementary but powerful result on point process
convergence, where the points of the processes are products of random
variables. It will turn out to be the basis for the results on weak convergence
of sample autocovariances for various stationary processes.
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ProposITION 3.1. Let (X,) be a strictly stationary sequence such that
X, =(X,,...,X,.,,) satisfies (2.1) for some m > 0 and

n ®© o
Nn = Z 8Xt/an ~d N = Z Z EPLQUJ
t=1 i=1j=1

where the points Q;; = (QY,..., Q") and P, are defined in Corollary 2.4
(with m + 1). Then

A

N" = (N"yh)h=0 ,,,,, mo ( Z gaaniXHh)
(3.1) =1

,,,,,

N (W) nn | T L emaan

i=1j=1  h=0,..,m
The components of Nn and N are considered as point processes on R \ {0}.
This means that points are not included in the point processes if X, X,,, = 0

or QYR = 0.

REMARK 3.2. From the proof below it is immediate that Proposition 3.1
can be extended to point processes of cross products of two different station-
ary sequences (X,) and (Y,), say. For example, if the sequence of random
vectors (X,,..., X,.,.,Y;,...,Y,, ) satisfies #(a,) and (2.1), then the vector
of point processes

n
Z Ca2X,Y,.y,
t=1

converges in distribution, and the structure of the limit is similar to the one
in (3.1). This limit result can be exploited to obtain joint convergence of the
sample cross-covariances and sample cross-correlations of the X- and Y-
processes. One can follow the pattern of proof given below in the case of
sample autocovariances and autocorrelations of the process (X,). In the same
way, one can also derive the limit theory for the sample cross-covariances and
cross-correlations for an arbitrary number of stationary sequences.

h=0,..., m

ProoF. We show marginal convergence of Z\Afn’h to N,, the joint conver-

gence being a straightforward extension of the argument. For A = 0,..., m,
define

Ty:x=(x4,...,%,) € R 1N {0} - x,x,.
Then N, n=N,° T-1 and N, = NoT:' with the null points excluded from
N, ; and N;, as mentioned in the formulation of the proposition. Let I,,..., I,

be bounded intervals in R \ {0} (i.e., bounded away from the origin). As such,
they are elements of a DC-ring in the sense of [22], page 11. By Theorem 4.2
in the same reference, it suffices to show convergence of the finite-dimen-
sional distributions, that is,

(3.2) (Nn,h(ll)"“7Nn,h(Ik)) —d (Nh(II)""’Nh(Ik))'
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However, the sets Th 1(1 ) are also bounded away from zero in R™*1 N\ {0},
and they are N- cont1nu1ty sets, that is, N(aT}; '(I)) = 0 a.s. This follows
from the fact that N does not have fixed atoms; compare Lemma 2.1 in
combination with Theorem 2.2 and Corollary 2.4. Now (3.2) follows from
Lemma 4.4 in [22]. This completes the proof. O

The convergence of the sample autocorrelations can be derived from the
following result, which is a generalization of Theorem 3.1 in [8] to the

multivariate case.

PROPOSITION 8.3. Let (Z,) be a strictly stationary sequence of random
vectors in R™ \ {0} and (b,) be a sequence of positive numbers such that

n <] <]
)y Szg’”/bn) Y X Ep,@ )
t=1 i=1j=1 he

where (P;) are the points of a Poisson process on R, , independent of the iid
point processes L;_ 18q,, i > 1, on R™ \ {0}. Also assume that nP(Z/b, € -)

-, 7(-) for some measure 7 on R™ \ {0} which is the Lévy measure of an

a-stable random vector, a € (0, 2), with values in R™. Let
S, =0, S, =Z2,+ - +Z,, n>1,
and for any Borel set B in R, set
S,B = (S}L’L)(B))h:1
where

SU(B) =b,' Y ZMI,(1ZM)/b,), n=>1.
t=1

1) If « €(0,1), then

bn_lsn -4 8= Z ZPiQiJ"

i=1j=1
and S has an a-stable distribution.
Gi) If « €[1,2) and for all 6 > 0,
(3.3) hm lim sup P(1S{"(0, y] — ES{’(0, y1I > b,8) =

h=1,...,m, then
bn_l(sn - Esn(07 1]) —d S,

where S is the distributional limit of

o o

Z g QLJ (¥, Oc]('PQh)l) f

i=1j x:y<lx,l<1

th(dx))

as y — 0, which exists and has an a-stable distribution.
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REMARK 3.4. As in the univariate case, S, can be centered by ES,
provided that « > 1 (see Remark 3.1 in [8]). In this case, it follows from the
vague convergence that b, '(ES, — ES,(0,1D) = ([ 1<, %,7(dX))y_1 -

ProOOF. The proposition is the multivariate analogue to Theorem 3.1 in
[8]. If « € (0, 1), one can follow the lines of its proof. If o € [1, 2), a multivari-
ate characteristic function argument replaces the argument on pages 897 and
898 to show that (S, — ES, (0, 1]) converges in distribution. To characterize
the limit as a-stable, it suffices to show that every linear combination is
a-stable (cf. [31], Theorem 2.1.5(c)). This follows by the argument on page 898
in [8]. O

Combining Propositions 3.1 and 3.3, we can derive the asymptotic limit
behavior of the sample autocovariances and autocorrelations of a stationary
sequence (X,). Construct from this process the strictly stationary m-dimen-
sional processes (X,(m)) = (X,,..., X,, ), m > 0. Define the sample auto-
covariance function

n—nh
Yn,X(h) =n"! Z XtXt+h, h >0,
t=1

and the corresponding sample autocorrelation function

Po, x(h) =% x(R) /%, x(0), h=L1

We also write

vx(h) = EX, X, and p(h) = yx(h)/vx(0), h >0,

for the autocovariances and autocorrelations, respectively, of the sequence
(X,) if these quantities exist. Mean-corrected versions of both the sample and
model ACVF can also be considered (see Remark 3.6).

THEOREM 3.5. Assume that (X,) is a strictly stationary sequence of ran-
dom variables and that for some fixed m > 0, (X,(m)) satisfies the regular
variation condition (2.1) (with m + 1) and N, = X} ,ex ,, 24 N =
Xi1X;_18pq,,, where the points Q,; = (Q,...,Q"") and P; are as defined
in Corollary 2.4.

@) If a €(0,2), then
(na;27n,x(h))h=o ,,,,,
(pn,X(h))h=1 ..... m 2dVi/Vo) o1, im>

where

V,= Y LPRYQY, h=0,..,m.
i=1j=1



ACF OF HEAVY-TAILED PROCESSES 2061

The vector (V,,..., V. ) is jointly a/2-stable in R™" 1,
G) If a €(2,4) and for h =0,..., m,

n—h
(3.4) lim limsupvar(a,j2 XXX, Iixx h<a2€}) =0,
€>0 o 1 tArrnl < ay
then
(3.5) (na;z(yn’x(h) - Vx(h)))h=o ,,,,, m 2aVidnzo, mo

where (V,,..., V) is the distributional limit of
L PEQUQPL. (PSR — [ xoth(dx)) ,
= h=0 m

1j=1 e h

13

where
B., ={xeR™ e <|xox,l},

and 7 is the measure as defined in Proposition 3.3 for Z, = (X,,..., X, ).
Moreover,

(3.6) (na,?(p,, x(h) — px(h)),_,

ProoF. Part (i) is immediate from Propositions 3.1 and 3.3(G) and the
continuous mapping theorem. The convergence of v, x in part (ii) is a direct
consequence of Proposition 3.3(ii) and Remark 3.4. To prove (3.6), note that
from (3.5),

w—a Y2 OV, = px(B)Vo) e -

.....

Yo,x(h) = vx(h) + OP(n_la?z)-

Since n"'a? — 0, we obtain, after applying a Taylor series expansion to the
function f(x,y) =x/y,

P, x(h) = px(h) + (v, x(h) = vx(h))/vx(0)
~ (%, x(0) = vx(0))yx(h)/vz(0) + OP(nflai)'

The conclusion (3.6) is now immediate from (3.5), the continuous mapping
theorem and an application of Slutsky’s theorem. O

REMARK 3.6. The limit distributions of both vy, x(A) and p, x(h) in (3.5)
and (3.6) of Theorem 3.5 are a/2-stable. The case @ = 2 can also be included
but it leads to some tedious considerations of the centering constants and is
therefore omitted. One can also consider the mean-corrected versions of the
sample ACVF and ACF; the same arguments as above show that the limit
theory does not change.

REMARK 3.7. If a € (0,2), the sample autocorrelations have a constant
limit if and only if V), = p,V,, for some constants p,. The quantities p, play a
role similar to the autocorrelations, as a measure of dependence in the
sequence (X,). If a € (2,4), the sample autocorrelations p, x(%) are clearly
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consistent estimates of the autocorrelations py(h), but with rate na,? =
n'~2/°I(n) for some slowly varying L. This implies that the asymptotic
confidence bands are wider than in the case EX* < , where n'/2? is the rate
implied by the CLT. An improvement of this rate is possible only if V), =
px(M)V.

4. The sample ACVF and ACF of an ARCH(1) process. In this
section we consider the ARCH(1) process defined through the recursions,

(4.1) X, =(B+AX2,)""Z, te7,(Z)idN(0,1),

where 8 and A are positive parameters. We follow the theory in [17], Section
84. If » €(0,2e%), where E = 0.5772... is Euler’s constant, then 2e¢% =
3.5620..., and there exists a stationary solution (X,) to (4.1) with marginal
distribution satisfying

a B
Y

(4.2) X2 1ﬁ (AZ}).

“MS

It follows from work by Kesten [23] and Goldie [18] that
(4.3) P(X>x)~c,x ¢, X — ®,

where a = a()) is the unique solution to the equation E(AZ?2)“/? =1, In
[18] the exact value of ¢, is determined.

We observe in particular that EX* = « if A2 > 1/3 and EX? = «if A > 1.
ARCH processes and their various generalizations are examples of stochastic
volatility models. As such they are often considered as models for financial
log-returns and for exchange rates. There is empirical evidence that log-re-
turns may have infinite fourth moments; see, for example, [17], [19] and [26].
See Figure 2 for an illustration with exchange rate data. This is also
confirmed by empirical work performed by the Olsen and Associates Research
Group (Zurich) for the foreign exchange rate and interbank market of cash
interest rates; see, for example, [7], [20], [28]. Moreover, in the case EX? < ,
the ARCH(1) process has vanishing autocorrelations at all nonzero lags. This
is in accordance with many log-differenced return series whose sample auto-

TABLE 1
Values of « = a()) for A € (0,2eF)

A 01 03 03125 04 05 05773 06 07 08 09 1.0

al 2648 836 8.00 6.09 4.74 4.00 382 3.17 268 230 2.00
A | 1.5700 2.0 2.5 30 35
a| 1.00 062 034 015 0.014
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correlations vanish at almost all lags, with the possible exception of the first
lag, but this one is also rather small. See [33] for an empirical study of this
phenomenon, which is based on a large variety of financial time series. A
further claim is that log-returns have the property of long memory or
long-range dependence; see, for example, [5] and [6]. This is partly based on
the empirical fact that the absolute values and the squares of those time
series may have sample autocorrelations different from zero, even at large
lags, and that the ACF decays to zero quite slowly. See Figures 1 and 3-5 for
an illustration with real-life and simulated data.

For these reasons [infinite fourth moment of X,, sample ACF of the X, not
significantly different from 0, and the sample ACF’s of (| X,]) and (X?) decay
slowly], it is of interest to study the sample autocovariances and autocorrela-
tions of those processes in order to identify what, if anything, these quantities
estimate. For example, if EX* = «, the ergodic theorem does not apply for
the partial sums of the X;! and X2X? ,, and therefore it is not a priori clear
what the sample ACF of the X? estimates. Similar remarks apply if EX? =
and one considers the sample ACF of (X,) or (|X,). There is empirical
evidence from simulated squared ARCH data showing that the sample auto-
correlations do not converge (in probability or a.s.) to a constant, that is,
different simulated sample paths from the same model yield completely
different values of the sample autocorrelations, even if the sample size is
huge. See Figure 4 for an illustration. In what follows we give a rigorous
asymptotic theory for the sample autocovariances and autocorrelations of an
ARCH(1) process, which explains this phenomenon.

Before embarking on a derivation of the asymptotic theory of the sample
ACF of an ARCH process, we first establish the fundamental convergence
result for the point processes based on the lagged process.

THEOREM 4.1. Let (X,) be the ARCH(1) process defined by (4.1), and for
fixedm > 0 set X, =(X,,...,X,.,,) Let (a,) be a sequence of constants such
that (2.2) holds. Then the conditions of Theorem 2.8 are met, and hence

n 00 0
Nn = Z 8X,/an —d N = Z Z ‘9PiQij’
t=1 i=1j=1

where (P;) and (Q,;;) are defined in the statement of the theorem.

ProoF. The joint regular variation of all finite-dimensional distributions
follows from Lemma A.1. In addition, the process is strongly mixing (see
Lemma A.3) so that the mixing condition /(a,) is also met. Next, we verify
that (2.10) holds and that y as defined in (2.11) is positive. The latter follows
an argument along the lines given for Lemma A.1. For ¢ > 0, we have

t t t
X7 = X§ l_[l()th) +(B/0) X T1(AZ7) = X351, 1 + 1, 5,
J= =

j=1m=J
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Fic. 2.  Empirical evidence that the exchange rate log-returns do not come from a distribution
with finite fourth moment. Left: the ratio of maximum M,(4) and sum S,(4) for the fourth power
of the data. If EX* < o, M,(4)/S,(4) > 0 a.s. Right: the Hill plot of the tail index a based on
the assumption that P(X > x) = x~*L(x) for some slowly varying L and asymptotic confidence
bands. The estimate is based on m (horizontal axis) upper order statistics of a sample of 1,082
data. See [17], Chapter 6, for more background information on tail estimation.

and hence
P(X}?>alylXs > aly)

4.4
(4.4) <P(X3I,,>aly/21X§ >aly) + P(I,,>aly/2|X§ > aly).

Choose 6 € (0, a/2). Then, using Markov’s inequality and Karamata’s theo-
rem, the lim sup,, _, ., of the first term on the right of (4.4) is bounded above by

lim sup EI? (2/y)°a; PE(1X,/** Lz 2)) /P(X3 > a2y) < Cb*,
where, by the choice of 8, b = E(AZ?)? < 1 and C is a constant independent
of t. As for the second term in (4.4), we have

I o= (B/A) X

j=1

t
Jj=

J
I[T(Az2)1Y as,
m=1



o @
o =
s
=
L~
= I |
ek | 1 g
< | %
<w
- o
3
- e i|[-|'~;“-|ll“”-'-.!.-'.]"llll'.llll'-"l”1ll

o 100 200 300 400 500 0 10 20 30 40 50
t h
@ @
o <
3 o
o o
[rag g
) ) H
= I‘H'”"Hflll'lH||l||"“| 2 I'|]I|Il‘l|'I""|'“H‘IHHl"'|||II||'I'|'
[} 10 20 30 40 50 0 10 20 30 40 50
h n

Fic. 3. Top: 500 realizations of the ARCH(1) process X, = (0.001 + 0.6X,_,)'/2Z, (left) and the sample ACF of
the data (right). Bottom: the sample ACF of the absolute values of the data (left) and the sample ACF of the
squared data (right).

99038

HOSOMIN L ANV SIAVA 'V 4



ACF OF HEAVY-TAILED PROCESSES 2067
Y =, X{ [see (4.2)] and since I, , is independent of X,
P(I,,>aly/21X§>a2y) <P(Y>aly/2)=0(n"").

Combining these two bounds for the terms in (4.4), it follows that

lim limsupP( V X,[>a,y|IX,>a,y

k— o

n—® k<|tl<r,

r,+m

lim limsup2(m + 1) ), P(X?>a2y®|X§ > aZy?)

N t=k

IA

><P(X2 >ary®)/P(IX,l > a,y)

I/\

hm (const) Z b
1=k

=0.

This completes the verification of (2.10). O

REMARK 4.2. In the special case when m = 0 in Theorem 4.2, we obtain

n
_Z SXl/a

o0 o0
=X X €pP,Q,;
101

i=1

which is an extension of Theorem 2.1 in [15] on the convergence of the
time-normalized point process of exceedances. In this case the extremal index
of (X?) can be calculated as follows. For %k > 0 fixed, define Y = (1,
N2Z o NV Z e Zy, ). Applying Lemma A.1Gi) with 2 =0 and
m = 2k and using the independence of Y,,, with (Y,/Y,,,, j=k +2,...,
2k + 1), we find that

o) — V|e<k>| ) /Ewsku“
+

2k+1
—E |Yk+1|“(1— V m/YkHI“)
j=k+2 +

E

/E|Yk+1|“

2k+1
=FKE|1 - \/ |13/Yk+ﬂa)
j=k+2 +
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where A; = [1/_,|A"/?Z,|. The last expectation can be rewritten as
[P
1

J

E
-1 —a—1
lAj <y )ay dy,
which converges to

7=fwP VA <y ay “ ldy,
1 j=1

as k — «. This expression agrees with the value of the extremal index of the
squared process given in equation (2.2) of [15].

A. Sample ACVF and ACF of X,. We derive the limiting behavior of
Y. x(h) and p, x(h) for three cases: (1) a € (0,2), (2) a € (2,4) and (3)
a € (4,%). In the first case, the variance of X is infinite and p, x(&) has a
random limit without any normalization. For a € (2,4), the process has a
finite variance but infinite fourth moment and

na,’, x(h) =4 S,,

where S, has an «/2-stable distribution. Finally, if « > 4, then the process
has a finite fourth moment and n'/ 2pn7 x(h) is asymptotically normal.

A(1). CASE «a € (0,2). Since the point process result of Theorem 4.2 holds,
a direct application of Theorem 3.5(1) yields

(narf2(7’n,x(h)))h=o

.....

and
(pn,X(h))h=1 ..... m 2d(Vi/Vo)nz1,.  im>

where V), is defined in the theorem.

A(2). CASE « € (2,4). First, note that by the symmetry of the distribution
of Z,, the random variables for 2 > 0

XtXt+hI{|X,X and XsXs+hI{\XsXs+h|saze}

2
t+hl < an€}

have mean 0 and are uncorrelated for s # ¢. Using this property in conjunc-
tion with the regular variation of X,X, [with tail index «/2; cf. Lemma
A.1G1)], we have
n—h
var| a,? 21 X, Xt+hI(|XtXHh\ < aZe)
t=

=(n- h)ar:4EX(J2XiLZI{\XOXh\Sa,ZLs)

~ na,‘a(4 — a) '(a2e)’ P(1X,X,| > aZe)

— const e27¢/2

-0 ase— 0,

as n - o,
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where the asymptotic relation follows from Karamata’s theorem. Thus, condi-
tion (3.4) of Theorem 3.5 is met for A = 1,...,m and since yx(h) = 0 for
h > 1, we conclude

(narz2(yn,X(h)))h=1 ..... m _)d(Vh)hzl ..... m?

where V), is defined in the theorem. In addition, an application of the ergodic
theorem yields vy, x(0) —=p yx(0) so that
(n’a;zpn,X(h))hzl 24 Vx (0)(Vh)h 1,...

,,,,,

A(3). CASE o € (4,»). Since the stationary multivariate time series
(X2, X,X,,1,---,X,X,,,) has a finite (2 + §)th moment (6> 0) and is
strongly mixing with a geometric rate (Lemma A.3), it follows from standard
limit theorems for strongly mixing sequences (see, for example, Theorem
18.5.3 of Ibragimov and Linnik [21]) that

(nl/z(yn,X(h) - ’Yx(h)))hzo =24 (G roo, . m»

where the limit vector has a multivariate normal distribution with mean
zero. Applying the argument used to establish (3.6), we conclude that

(n2(Pu, x(P))) o1, m —a Y (O)(Gh)pon,

Notice that the sequences of scaling constants which ensure nondegenerate
convergence of p, x(h) for the various cases are of the form

.....

1, if « € (0,2),
const n”1/2% if a € (2,4),
const n'/2, if @ € (4,).

This is in contrast to the linear process case with regularly varying noise
variables, where the scaling increases with decreasing «; compare [11, 12].

B. Sample ACVF and ACF of X?. The sample ACVF and ACF based on
the squares of the process are defined by

n—h
Vn,XZ(h) =n"t Z thXt2+h7 h >0,
t=1

and
Pn. x2(h) = v, x2(h) /% x(0), h =0,

respectively. Like the situation considered above for vy, x and p, x, there are
three intervals of a that give rise to vastly different limit behavior of Yo, x2
and p, yx:. These regions are determined by the existence or nonexistence of
the second and fourth moments of X2.
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Fic. 4. Two paths of the sample ACF of the squares of 500 different realizations of the ARCH(1)
process X, = (0.001 + 0.7X,_,)Y/2Z,. These simulations illustrate that the sample ACF do not
converge to constants.

B(1). CasE a € (0,4). It is easy to see that the point process convergence
in Theorem 4.2 remains valid for the squared process, that is,

n

(45) Nn = Z galjz(th ,,,,, X22+m) —d N = Z Z SPiZQij’
t=1 i=1j=1

where Q~§j‘) = (@), h=0,...,m. Since (X?,..., X2 ) is jointly regularly
varying with tail index «/2, it follows from Theorem 3.5(i) that

(na;4(yn,XZ(h)))h=O,...,m _>d(Vh)h=0,...,m’
and

(Pn,Xz(h))h:1 ..... m 2dVi/Vo) o1, mo

where

V- T X PAQUN(@Y).  h=0,..m.

i=1j=1
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B(2). CASE «a € (4,8). Due to the difficulty of verifying condition (3.4)
directly, we establish convergence in distribution of the sample ACVF di-
rectly from the point process convergence in (4.5). We only establish joint
convergence of (v, x2(0),7, x2(1)), since the extension to arbitrary lags is a
straightforward generalization. Now using the representation X/ , = (8 +
AX2)?ZE, |, write

-4

n
t

M=

a

(X4, ~ BX*)

1

= a774 Z (B + /\th)Z(Zfﬂ - 3)I(|Xt\gans)
t=1

+a,t Y (B+AX2) (ZE = 3) x> ae
t=1

(4.6)

+ 3a;* an (B+ AX2) —E(B+ /\XZ)Z)
t=1

=1+ 1II + III.

Since the summands comprising I are uncorrelated, we have, by Karamata’s
theorem,

VaI‘(I) = na;s Var(( ﬂ + /\){02 )Z(Z% — 3)1{‘X0|5a"5))

< const na, *EX°®I x _ ane)

4.7
(4.7) ~ const na, *(a,€)*P(IX] > a,¢)

— const e3¢

-0 ase—0.
As for IT, let x, = (x(?,..., x{™) € R™*! \ {0} and define the mappings

asn —> x

Ty 2 M — R
by

o0 o 9

Ty, . > n’igxi) =X ni(x§0)) Ljops o
i=1 i=1
o0 el 9

Tl € Z nLSXi) = Z n'l(x5 ) I(|x50)‘>5}’
i=1 i=1

_ 0y (h—1
Ty | 2 nisxi) = 2 n;x0x" VL o, h > 2.
' i

Since the set {x € R2 \ {0}: |x,l > €} is bounded, the convergence in (4.5)
implies
Il = T, N, — 3X2T, N, + 0p(1)

(4.8)
—, T, .N — 3\2T, N = S(e,).
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Note that ES(e,») = 0. Using (4.7) and the argument given in [8], pages 897
and 898, S(e, ) —, V{, say, as € = 0.
Turning to III, it is easy to see that

I = 3a;* Y A(X}, — EX*) + 0p(1),
t=1

so that from (4.6)—(4.8), we have

(XA, — EX*) >, (1 - 3A2) Vg =V,

=

(4.9) a,*

t=1

As for v, x2(1), we proceed as above and write

-4
n
t

a

M=

(thXt2+ 1~ VXZ(l))

1

= a;4 Z Xt2( B+ )\th)(zt2+1 - 1)1{\Xt\sane}
t=1

XtZ( B + )\Xt2)(Zt2+1 - 1)I(\Xt|> a,¢€)

+a,* f
t=1
+a,t f‘, (Xf(ﬁ + )\Xf) - ’yxz(l)).
=1

Since yy:(1) = BEX? + AEX*, it follows from (4.9) and the argument given
above that
na, (v, x2(1) = vx2(1)) =4 Vi + AV, =V,

where V* is the distributional limit of T, N — AT} N as € — 0. In general,
(na, (%, x2(h) = vx2(h))) 4o

.....

where
Vo=VE(1—38X2) ", V,=VF+AV, ,h>1,
and (V,...,V¥) is the distributional limit of (T, N — 3A*T, .N,(T},,, N

— AT, .N),_y... ) as € — 0. Moreover, the Taylor series argument used

,,,,,

earlier gives
(na;4(pn,X2(h) - sz(h)))h:I m —a Y2 (0) (Vi = px2(h)Vo)hot, -

B(3). CASE a € (8,%). The sample ACVF and ACF are asymptotically
normal in this case. The proof is identical to that described in part A(3) above.

.....

C. Sample ACVF and ACF of |X,| The asymptotic behavior of the
sample ACVF and ACF based on the absolute values of the process is similar
to the situation considered in part A. The proofs of the « < (0,2) and
a € (4,x) cases are identical to those given for parts A(1) and A(3), respec-
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Fia. 5. Two paths of the sample ACF of the absolute values of 500 different realizations of the
ARCH(1) process X, = (0.001 + X,_,)Y/%Z,. These simulations illustrate that the sample ACF do
not converge to constants.

tively, while the proof in the « € (2,4) case follows the argument given for
part B(2). The relevant point process convergence for dealing with the abso-
lute values is now

n 00 o0
(410) N, = X eoqx i Za V= X X pgeoi... e
t=1 i-1j-1
where (P,) and Q,; = (@, ..., @{"") are specified in Theorem 4.2.

ij o
C(1). CASE a €(0,2). We have, from a direct application of Theorem
3.5(1), that
(na;‘l’yn,le(h))h:o’__.’m _)d(Vh)h:O,...,m

and
m _>d(Vh/V0)h=1,.4.,m’

.....
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where

V= ¥ X PIQUQM),  h=0,..,m.
i=1j=1

C(2). CASE a € (2,4). As in the case considered for part B(2), we only
provide a proof of the joint convergence of (v, x/(0),v, x(1). Using the
argument given in B(2) for the sample fourth moment, we have

a,? ) (X} - EX?)

t=1

S a2 Y (B AKE)(ZE, — 1) +a;? ¥ A(XE - EX?) + op(1).

n
t=1 t=1

It then follows that

M=

n
t

(4.11) a2y (X2 -EX?) >, (1-)) Vi =V,

1

where Vi is the distributional limit of 7}, N — T, .N as € — 0 and the
mappings T, ., and T, . are defined in part B(2).
For the lag one covariances, we begin with the decomposition,

a;2 Z (|XtXt+ = E|X1X2|)
t=1

- a;Z Z |Xt|(B + AXt2)1/2(|ZH_1| _ 77—1) + a;Zﬂ_—l Z I\I/Z(Xt2 _ EXZ)
t=1 t=1

fartnl Y AV2(f(X,) - Bf(X))
=1
=1+ II + III,

where f(x) = |x|(( B + Ax?)/2 — A1/2| x]). Using the bound 0 < f(x) < BV2|x|,
we note that f2(x) < Bx? < BV(x), where V(x) = 1 + |x|® with & € (2, a).
Applying the result of Remark A.4, we obtain

var(Ill) = a,* il ilcov(f(Xs)7f(Xt))

n
< na,*2p(const) Y a”
h=0

- 0,

as n — «, since na,* = O(n'~*/*) = o(1).
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Next we consider the term I. We first show

a;z Z |Xt|( B+ )\Xt2)1/2(|zt+1| - 77_1)1{\Xt\>ane}
t=1

(4.12) =a,” LIX, X, 1 lLx,s 0,9
t=1
- T 1/\1/2 Z (\Xl|>a €} + OP(l)
a,” YIX X, o0, — 7 N2, Z x> a0
(4.13) =1 -

~, S.N — = \/*T, N,

where S,: .# — R is the mapping S, (£7_,n,5,) = Li_1n,lx@xP| L 0,5 o

lim lim supvar| a, Z (B +AX? )1/2

-0 5o

(4.14)

X(1Zyol = 7 ) ix <0 | = 05
and
(4.15) SN = 7 W/2T, N =, Vi,

as € = 0. The expectation of the absolute value of the difference between the
term on the left and the sum of the first two terms on the right of (4.12) is
bounded above by 7 '8'/*na,’E|X|I ., ) which converges to zero by
Karamata’s theorem. This proves (4.12). The limit in (4.13) is immediate from
the point process result in (4.10). The summands in the expression for (4.14)
are uncorrelated so that the result holds by an application of Karamata’s
theorem; compare (4.7). The convergence in (4.15) can be established using
(4.14) and the argument given in [8], pages 897 and 898. Combining
(4.11)-(4.15), we conclude that I —, V*. It now follows that

(narZZ('Yn,\X\(O) - 'le‘(O)), na;2(3’n,\X|(1) - V\X\(l)))
-4 (VO,Vl* + 7771)\1/2V0)

and
nar:2(pn,|X\(1) - P\X|(1)) 4 fol\(o)(vl* + 7 WPV — p\X\(l)VO)'

C(3) CaSE a € (4,%). As in Case A@3), n'*(y, x(h) — v x(h);,_,
and n"*(p, x(h) = px (A} _;, ., are asymptotically normal.

.....
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APPENDIX

In what follows, we collect some of the properties of an ARCH(1) process;
see (4.1). We use the notation introduced in the previous sections.

Regular variation of the ARCH process.

LEmMMA A.1. Let (X,) be a stationary ARCH(1) process with tail index «;
see (4.3).

() Define fori =1,2,X%" = (IX,',1X,,,I") for some h > 0 and

XM (m) = (Xgi’h),...,X(ti;’,',‘f , m = 0.

Then the random vectors X{"")(m) are regularly varying with index a/i; that
is, there exists a sequence (x,) of positive numbers such that
X9 m)

nP|IX@PD(m)| = sx,, ————— € -
| t ( )| n |X(tz,h)(m)|

(A1) | | | |
R EIY(L,h)(m)|a/l]_(Y(l,h)(m)./IY(z,h)(m)D
’ EIY(i’h)(m)|“/‘ )
where
Y (m)

= (1,122 - Z217%), ., (122 - Z2172, A hzE e 22 L)1),
(i) Define X\ = (X,, X, ,) for some h > 0 and
XM(m) = (XM,..., X" ), m=>0.

Then the random vectors X\"(m) are regularly varying with index «; that is,
there exists a sequence (x,) of positive numbers such that

X{"(m)
n» |Xgh)(m)| e
L EX®(m)[*L(Y P (m) /IYP(m))
S E|Y(h)(m)|a ’

nP||IX"M(m)| > sx

where

Y(h)(m) = ((1,)\h/2Z1 Zh),.”’(,\m/ZZ1 Zm,)\("”h)/zZl Zm+h))~

ProoF. (i) For notational simplicity we restrict ourselves to the case
h =1, 1 =2, that is,

Xt(m) = XE‘QJ)(m) = ((th’Xt2+1)7""(Xt2+m’Xt2+m+1))'
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The case i = 1 follows in the same way. Iterating the defining equation (4.1),
one obtains

X,(m) =Xt2((1’/\Zt2+1)a---’(/\mzt2+1 e 2}

t+m> ’\m+1Zt2+1 Zt2+m+1)) + R,
= XY, + R,,

where the remainder R, has a tail which does not contribute asymptotically
to the tail of X,(m). Hence it suffices to show that X2Y = X?Y, is regularly
varying. Fix a Borel set A c S?"~!. Choose x, such that P(X?% > «x, ) ~
nt /EIYI“/ 2 A result of [3] (see also [29]) says that if ¢ is a nonnegative
random variable with a regularly varying tail of index & > 0 and if 7 is
another nonnegative random variable independent of ¢ and with Eln|“ < o«
for some « > @, then

P(né>x) ~ En°P(¢> x), X —> o,

An application of the latter result with &£ =X? a=a/2, n=Y|ly, yca
yields the desired relation (A.1).

(i1) This part follows from the regular variation of the absolute values and
by the observation that (X,) = (| X,|r,) where the sequence (r,) is independent
of (| X,]). Alternatively, one can follow the lines of the proof above. O

Strong mixing of the ARCH.

LemMMA A.2. Let (X,) be a stationary ARCH(1) process; see (4.1). Then
(X,) is strongly mixing with geometric rate; that is, there exist constants
K> 0 and a € (0,1) such that

sup |IP(ANB) —P(A)P(B)| < Ka*.
Aco(X,,5s<0),Beo(X,,s>k)

Proor. We follow the theory for Markov chains in [27]. The case A < 1
can also be derived from [16]. Observe that X, = (g + AX,_,)/?Z, is a
Markov chain with state space R and transition probabilities P(x,-). The
latter correspond to an N(0, 8 + Ax?) distribution. By Theorem 16.1.5 in [27],
it suffices to show that the chain is V-uniformly ergodic. For this one has to
check the geometric drift condition (V4) in [27], page 367: there exist an
extended real-valued function V: R — [1, ], a measurable set C, constants
B> 0, b < » such that

(A.2) fV(y)P(x,dy) <(1-B)V(x) +bl;(x), x€R

First we show that for any M > 0, the set C = [—M, M ] is petite in the sense
of [27], page 121; there exists a non-trivial measure v on the Borel sets % of
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R such that P(x, B) > v(B) for all x € C and B €%.For all x € C,

P(x,B) = (27(B + AxQ))_l/Z/ e~ 057" /(B Az gy
B
BI/Z
> T

where ®,(B) denotes the N(0, B) distribution. Hence C is petite. Now choose
V(x) =1+ |x|° for some & > 0. We check (A.2) directly. We first note that
since the function A,(u) = E(AZ?)"/? is convex and satisfies /,(0) = h,(a) =
1; see [17], Lemma 8.4.6, we have &,(x) < 1 for u < a. Now for 8§ < «

JV)P(xdy) =1+ [ 1yI°P(x, dy)

=1+ (B+ Ax2)5/2E|Z|3
=1+ (BA 1 +x2)" Elrz22

It follows that there exist 8 € (0,1) and M large such that the right-hand
side is bounded above by (1 — 8)V(x) for |x| > M. Choosing b =1+ (8 +
AM?2)?/2E|Z|° and C = [—M, M1, (A.2) now follows. O

The following is a consequence of Lemma A.2, the fact that (X)) is a
Markov chain and that strong mixing is a property of the underlying o-fields.

LEmMA A.3. For a stationary ARCH(1) process (X,) and every m > 0, the
sequence of random vectors X, =(X,,...,X,.,) is strongly mixing with
geometric rate. Moreover, for every measurable function f, the stationary
sequence (f(X,)) is strongly mixing with geometric rate.

REMARK 5.4. A particular consequence of Lemma 5.3 is that

sup lecov( f(X,), &(X,))| < const a”,
f.g

for some a < 1 and measurable functions f and g with |f(x) < 1 + |x|° and
lg(x) <1+ |x|° for any & € (0, a/2). These covariances are well defined;
[27], page 388. The latter condition allows one to apply standard results on
the CLT for strongly mixing sequence; see, for example, [21], Chapter 18.
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