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Given N points distributed at random on |9, 1), let p, be the size of the
smallest interval that contains n points. Previous work finds Pr (p. < p),
for n > N/2, and for n £ N/2, p = 1/L, L an integer. This paper finds the
distribution of pa, for all n, N, and p.

1. Introduction. Let x;, < x, < .- < x,, be the ordered values of N inde-
pendent random variables from the uniform distribution on [0, 1). For any
2<n< N, let

Pa = Mgy (X — X}
The statistic p, measures the length of the smallest interval that contains n points.
Let P(n; N, p) denote the distribution function of p,.

Let n, be the largest number of points clustered within an interval of length
p- Rothman [7], [8] has shown that rejection of the hypothesis of randomness
for large values of n, is a Uniformly Most Powerful test against alternatives sug-
gestive of clustermg. Newell [6], Naus [5], and Ederer, Myers, and Mantel [2]
describe various applications of the statistic n,. Newell [6] relates the distribu-
tions of the statistics n, and p,;

P(n; N, p) =Pr(p, < p) =Pr(n, 2 n)

and derives asymptotic expressions for a generalization of this probability.

The distribution of p,, the smallest gap, and of p,, the sample range are well
known. Naus [3] derives explicit expressions for P(n; N, p) for p = 4, and for
p < %, n > N/2; Naus [4] derives a formula for P(n; N, 1/L), L an integer. The
next section derives a general formula for P(n; N, p) for all n, N, and rational p.

2. A general formula for P(n; N, r/L). We view the unit line divided into L
disjoint intervals (cells) each of length 1/L. Denote the cell occupancy numbers
as n, n, ---,n,. Let

J(a, b) = n;

‘l"'d 19

and let
(2.1) V.(N,r)={(ny, ---,n)|n; =0,i=1,.-.,L;J{1,L) =N
and J(i,i+r—1)<n, for i< L —r+41}.
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THEOREM. Given r and L are positive integers with greatest common denominator
of one, 0 < r/L < 1, and given n and N are integers, 2 < n < N, then
(2.2) Pr(n,zn) =P N,r/L) =1 — N'L¥ 3, ., [li., det D*,
where D* is a square matrix with elements,
Dty =1/[(b—ayn—Jk+1+(@—Dr,k—14+@b—-1Dr]!, for a<b,
=1/[(b —ayn + Jtk + (b — Dr, k 4+ (a — D], for a=zb,
subject to the convention that 1/x! = 0, for x < 0. The dimension of the matrix D*
ise, + 1, where
e, =[L/r]—1, if kr>L—r,
= [L/r], if kr<L—r,
where [ x] denotes the greatest integer in x.
Proor. Let y, be the number of points in [y, y 4+ p), and let,
A={max,J@a,a+r—1)=na<s L —r+ 1}
and
B, = A n{sup,y,=n, (i —1)/L <y <ilL}.
For general r and L, there are (L — r)B;’s to consider, and we group these into
r sets, ¢(1), - - -, ¢(r), where
(2.3) c(k) ={i|li = k(modr),i £ L —r},
and let e, be the number of integers in ¢(k). Let E, denote the event
E, = Micew B
Then, for {n;} in A4°,
24 Pr(n, < n|{n}) = Pr (N5 B |{n}) = Pr (N, Ei|{n}) -
Conditional on {n}, the events E, are mutually independent. To see this, let
y:(t) denote the number of points in the interval [(i — 1)/L, (i — 1)/L + r). Con-
ditional on {n}, the points in cell i are distributed uniformly over that interval,
and independent of points in cell j. The quantities y,(¢) and y,(¢), for i + j, are

conditionally independent. The event E, is equivalent to the event g,(k) < n,
where,

g,(k) = max {y,, (i — /L =y <i[L,iec(k)}
2.5) = MaX;.,q, SUP,sy. [J(k + ir — r, k + ir — 1)
+ Verir(®) = Vir-n-(0] -

Since the statistics ¢,(i), ¢,(j) depend on disjoint sets of y,(#)’s, the events E;, E;
are conditionally independent. Thus,

(2.6) Pr(n, < n|{n}) = IIi=1 Pr (Ei|{n}) -
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Naus [4] notes that for the case r = 1, Pr (/! B;|{n;}) can be interpreted as
an L-candidate ballot probability, and applies a result of Barton and Mallows
([1] page 243) to find this probability. The same result applies here to Pr (E, | {n,}):

(2.7) Pr (B, |{n}) = det D* [T{" (mr i) -

To complete the proof, note that the joint distribution of the n; is multinomial,
and that,

(2.8) Pr(n,zn)=1—N!'L¥ Z,,L(N',) Pr (n, < n|{nP/n}! - n!.

Substitute the right-hand side of (2.7) into (2.6), and the resulting expression
for Pr (n, < n|{n;}) into (2.8) to find (2.2).
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