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RANDOM SHUFFLES AND GROUP REPRESENTATIONS

By L. FLATTO, A. M. ODLYZKO AND D. B. WALES

AT&T Bell Laboratories, AT&T Bell Laboratories and
California Institute of Technology

This paper considers random walks on a finite group G, in which the -
probability of going from x to yx, x, y € G, depends only on y. The main
results concern the distribution of the number of steps it takes to reach a
particular element of G if one starts with the uniform distribution on G. These
results answer some random sorting questions. They are attained by applica-
tions of group representation theory.

1. Introduction. This paper was motivated by the following question raised
by some of our colleagues about random sortings. Suppose we are given a
randomly permuted deck of cards, and we keep shuffling it by choosing two cards
at random and interchanging them. What is the expected number of shuffles
until the deck is fully sorted? Does this number change appreciably if instead of
interchanging two random cards, we always interchange the top card with a card
drawn at random from the following ones? Our results answer both of these
questions. It turns out that if n denotes the number of cards, then for both
variants of the problem, the expected number of shuffles is close to n!, but that
it is larger for the second variant where we always interchange the top card with
a random card. More precisely, in the first problem the expected number of

shuffles is

(1.1) nl+2n—-2)!'+o0o((n—-2)!) as n— oo,
while in the second problem it is

(1.2) nl+(n—-1)'+o0((n—-1)!) as n— oo

We consider the shuffling problem as a special instance of random walks on
finite groups. Let G be a finite group with a measure p which induces the random
walk moving from x to yx with probability u(y) for all x, y € G. Assume that the
support @ of u, @ = {x € G: u(x) > 0}, generates G. This entails no loss of
generality, for if Q generates a proper subgroup H of G, then the random walk is
confined to a single right coset of H in G and we can instead consider the random
walk on H. We study 7, which is the number of steps the random walk takes to
reach the identity element e of G, if the starting point of the walk is uniformly
distributed on G. (We choose e for convenience; obviously the distribution of T
remains the same if e is replaced by any other element of G). We obtain a
formula, involving the irreducible representations of G, for the generating func-
tion of T (Theorem 4.1). '
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While the formulas of Theorem 4.1 are very general, they are not sufficiently
simple to yield results about the expectation and distribution of T in case of
arbitrary walks. However, these formulas simplify significantly (Theorem 4.2)
when p is constant on conjugacy classes, i.e. u(xyx~!) = u(y) for all x, y € G. The
first variant of our shuffling problem corresporids to this case. Here G is the
symmetric group S, and u((ij)) = 1/(3),1 =i <j < n, u(x) = 0 for all other
x € G. Thus p is constant on the conjugacy class of transpositions, and Theorem
4.2 applies directly.

In the second variant of the random shuffling problem, G is also S,, but now
uw((jn)) =1/(n-1),1 =j=n -1, and u(x) = 0 for all other x € G, so that u is
not constant on conjugacy classes. Still, the formulas of Theorem 4.1 can be
simplified, using results from the representation theory of the symmetric group.
What makes this possible is the fact that the set of transpositions (jn), 1 <j <
n — 1, is invariant under conjugation by elements of the symmetric group S,-;
on the n — 1 letters 1, - - -, n — 1. In general, one can hope that methods similar
to ours will work whenever u is invariant under conjugation by elements of a
large subgroup of S,,.

We shall use the formulas of Theorem 4.2 to obtain limit laws for T as
n — o, when G = S, and u is uniformly concentrated on a fixed conjugacy class
C, i.e. the p-cycles (p = 2) of C are independent of n. We show in Theorem 5.3

that in this case

n!
= n! —_—
(1.3) E(T)=n!+ |C| + 0<|C|) as n— o,

(1.4) lim, ,P(T = tn!)=¢"% t = 0.

These results extend readily to the case where u is concentrated on several
conjugacy classes, uniformly over each class. They also extend to random walks
on the alternating group A, (Theorem 5.4). Finally, they can sometimes be
extended to cases where u is not constant on conjugacy classes. For example, we
show that they hold for the second variant of the shuffling problem (Theorem
5.6). The laws (1.3), (1.4) do not hold universally. In Section 6 we give examples
of random walks on abelian groups where the limit laws for T' are quite dlfferent
from those of (1.3), (1.4).

The theory of group representations enters into our problem as follows. Let
T, x € G, be the number of steps taken by the walk starting at x to reach e. Let
f(x, z) and

fz) = I GI 2xea f(x, 2)

be respectively the generating functions of T, and T. The definition of the
random walk leads to a convolutiontequation for f(x, z) with respect to the
variable x. The theory of group representations allows us to take a “Fourier
transform” of this equation, converting as usual convolution into multiplication.
Using the “inverse Fourier transform”, we obtain formulas for f(x, z) and f(z).
Detailed knowledge of the irreducible representations of S, enables us to deduce
the limit law for T, and T from the formulas for f(x, z) and f(2).
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The idea of applying group representations to shuffling problems is mentioned
in [8, 12], where various other applications to probability and statistics are given.
Closely related to our paper are those of Good [11], and Diaconis and Shahshahani
[9]. Good [11] deals with random walks on finite Abelian groups, in which case
the irreducible representations are 1-dimensional and trivial to compute. In [9]
the representation theory of S, is used to study the rate at which the distribution
of the product of k& random transpositions on n letters tends to the uniform
distribution as k — .

Our results can be applied to some of the problems studied by Diaconis and
Shashahani [9]. In particular, as is shown in [8], they lead to a simplification of
the proof of the main result of [9]. They also enable one to study the rate of
convergence to the uniform distribution of the random walk generated by inter-
changing a random card with the top card [8].

In this paper we show that the machinery of group representations is capable
of producing very precise answers to certain questions concerning random shuf-
flings. Less precise answers to such questions can also be obtained by more
standard probabilistic methods [1, 2]. In fact, the probabilistic methods occasion-
ally apply when our techniques do not. As an example, we have not found a way
to use the formulas of Theorem 4.1 to obtain a limit law for 7" when G = S,, and
u is concentrated uniformly on the transpositions (kx, k + 1), 1 =k = n — 1,
whereas it follows from [1, 2] that T becomes exponentially distributed as
n— oo,

Random walks on groups are examples of Markov chains, the transition
probabilities given by p(x, y) = u(yx™), x, y € G. In general, one can consider
any finite irreducible chain (we use the term irreducible to mean that any state
may be reached from any other one in a finite number of steps with positive
probability) and study the expected number N of steps required to move from
one state to another averaged over all pairs of states. This problem has been
investigated extensively by Aleliunas et al. [3] and Mazo [15]. Mazo shows that
N = n/2, n being the number of states, equality holding if and only if the chain
consists of consecutive points on a circle and one moves deterministically from
one point to the next. Simple examples show that no upper bound for N exists
(see Section 7). Upper bounds are known [3, 15] in the case of a random walk on
an undirected graph G with n nodes, the walk moving from any node to all those
connected to it with equal probability. In this case

(1.5) n—1=< N=0(nd,

the lower bound being attained if and only if G is the complete graph on n nodes.
An example is given in [15] which shows that the best possible exponent is 3.

These results apply directly to random walks on finite groups. In this case
E(T) = ((n — 1)/n)N, where n = | G|. (The presence of the term (n —1)/n is
explained in Section 7.) Thus E(T') = (n —1)/2, equality holding if and only if G
is cyclic and u(g) = 1 for some generator g of G. Furthermore, we conclude from
(1.5) that if u(x) = u(x™), x € G, and p constant on its support, then E(T) =
(n —1)%/n. In Section 7, we modify Mazo’s argument to yield E(T) = O(n?) in
this case. The exponent 2 is best possible, since for simple random walk on a
cyclic group of order n, E(T) ~ n%/6 (Theorem 6.1).
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The plan of this paper is as follows. In Section 2 we give a brief review of
general results in the theory of group representations required in this paper. This
is followed in Section 3 with a description of the irreducible representations and
characters of S,,. In Section 4 we derive formulas for the generating functions of
T, and T. These are used in Section 5 to derive limit laws for 7', and T. In Section
6, we obtain limit laws for T on certain Abelian groups in order to illustrate how
different the behavior can be then as compared to the random walks considered
on S, and A,.. Finally, in Section 7, we view random walks on groups as Markov
chains to obtain bounds for E(T') in terms of | G |.

2. Representations of finite groups. We review those aspects of the
representation theory of finite groups needed in this paper. In this section we
present the general theory, and in the next one the more detailed theory of the
symmetric group. Our discussion is brief and we quote standard results without
proof. For a comprehensive treatment the reader is referred to [4, 7, 17] for the
general theory and to [4, 14] for the theory of the symmetric group. For a
somewhat slower paced presentation of the theory, see [8].

Let G be a finite group. A representation p of G is a homeomorphism from G
into the group of invertible linear maps of a finite dimensional complex vector
space V, which will be referred to as a G-module. The dimension d, of V is called
the degree of p. Without loss of generality, we can consider p(x), x € G, to be
d, X d, unitary matrices. A representation p is said to be irreducible if and only
if V has no proper subspace invariant under all p(x). The 1-dimensional irredu-
cible representation p(x) = 1, x € G, is called the identity representation and is
denoted by 1. Two representations p, p’ of G are said to be equivalent if and only
if they are of equal degree and there exists an invertible d, X d, matrix M such
that Mp(x)M™ = p’(x), x € G. If p, p’ are equivalent representations on the
G-modules V, W, then we express this fact by V= W.

The function x,(x) = Trp(x) = trace of p(x) is the character of the represen-
tation p. A character x,, is called irreducible whenever p is. If p’(x) = Mp(x) M,
then x, (x) = x,(x); i.e., equivalent representations have the same character. If
x and y are conjugate elements in G (i.e. y = axa™" for some a € G), then x,(y)
= Tr[p(a)p(x)p~"(a)] = x,(x). Thus x, is constant on conjugacy classes. We
define x,(C) = x,(x), x € C, for any conjugacy class C.

Let C be the set of conjugacy classes of G and G a complete set of inequivalent
irreducible representations of G.

THEOREM 2.1. If 8, denotes the Kronecker symbol, which equals 1 for s =t
and is 0 otherwise, then

G I1Cl=1Gl,
1 — )
(2.1) (@) g7 Zees | CIxoOX(O) = burs 0,0 €q,
cee ]- " 7 5 ! ’
(2.2) (i) 757 Zret xo(C )xp<0>=%, C,C'€EZ

Equations (ii), (iii) are the orthogonality relations for characters. Equation
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(ii) implies that inequivalent irreducible representations have distinct characters.
As a special case of (iii), let C = C’ = {e}. Then x,(e) = d,, and (iii) becomes

(2.3) Yecds=|G]|.

Let A = A(G) be the set of formal sums f = Y, f(x)x, f(x) any complex
valued function on G. For A complex and f, g € A(G) define:

A = Zxec M(x)x, f+ 8= Zsea[f(x) +2g)]x, fg=Fsec [f*g](’x)x,

where [fxg](x) = Y,ec f(xy")g(y). f*gis called the convolution of f and g and
A (G) the group algebra of G. Any representation of G extends uniquely to A (G)

by letting p(f) = Y:ec f(x)p(x). We have
p(Nf) = Np(f), o(f+ &) =p(f) +0(g), po(fe) =p(frg).

Let 7(p) = p(f), p € G. Then } is a function on G and is called the Fourier
transform of f. We have

(2.4) F*2(0) = F(0)&(p), 0 € G,

so that the Fourier transform converts convolution into multiplication. We
recover f from f by the following result.

THEOREM 2.2. (Inversion Formula)
1
|G|

Let f(x) be a class function on G, so that f is constant on conjugacy classes.
Let f(C) = f(x), x € C. In this case f simplifies to the following.

(2.5) flx) = Y,eé d,Tr[f(p)p(x7Y)], x €G.

THEOREM 2.3. If I, is the identity d, X d, matrix and f is constant on conjugacy
classes, then

(2.6) f(p) = (1/d,)[Xce x| C| F(C)x,(C)]-I,

PROOF. [(p) = Scexf(C)p(C), where p(C) = Y.cc p(x). We have
2.7 p (¥ p(C)p(y) = Yiec p(y'xy) = p(C), y EQG,

so that p(C) commutes with p(y), y € G. As p is irreducible, we conclude from
Schur’s lemma that p(C) = AcI,, I¢ a complex number. Taking traces we obtain

(2.8) Trp(C) = | C|x,(C) = A, d,,
which proves (2.6).

3. Representations of the symmetric group. Let G =S,, the symmetric
group on n letters, 1 = n < o, We describe C and G by setting up one-to-one
cofrespondences between each of these sets and the set P, of partitions of n.

The partitions of n are designated by A = (A, -+, A\), where A\; = Ao = - - -
= A\, is a sequence of positive integers with n = A\; + ... + X,. The \/’s are
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named the parts of A\, and n = | A| the weight of A\. We also use the notation
A = (192° ... n*») to mean that there are «; parts equalling j.

The partition A\ of n gives rise to the conjugacy class C, consisting of those
elements in S, with cyclic decomposition (kikz -« ka)(Ka+1 *++ Kaang) -
(Kapt...4a,+1 * = Kn), Where Ky, kg, - - -, K, is @ permutation of 1, 2, ---, n. (In
practice, one only writes down the cycles of length = 2.) The correspondence
X — C, is one-to-one from P, onto C. If A = (1©12%2 ... n*»), then ’

n!

1"1011!2“2(12! ) n“"a,,!

(3.1) |Cy| =

For example, if a; = n — 2, oy = 1, and all other «; = 0, then C, is the class of
transpositions and | C\ | = n(n —1)/2.

To obtain the correspondence P, — G, we define the Specht modules S*. We
require several concepts. The Young diagram of X is the diagram, the first row of
which contains \; squares, the second row A\, squares, etc. To illustrate, the
diagram of (5, 3, 1, 1) is given in Figure 1(i). We denote the diagram of A by [A].

The squares are coordinatized by (i, j), i indicating the row counted from top
to bottom, and j the column counted from left to right. A A-tableau ¢ is any of
the n! arrays of integers obtained by inserting 1, - - -, n into the n squares of [A].
Two tableaux ¢, and t; are called equivalent if ¢, is obtained from ¢, by permuting
elements in each row of ¢,. The set of tableaux equivalent to a given tableau ¢ is
called a A-tabloid and is designated by {t}. For any = € S, let p\(w)t be the
tableau obtained from ¢ by replacing each entry i by w(i), 1 < i < n, and let
oa(m){t} = {pa(m)t}. (The last definition can be checked to be independent of the
representative t.)

Let M” be the vector space over C spanned by the \-tabloids, and extend the
action of S, to M by linearity. M is an S,-module and contains the irreducible
submodule S* defined as follows. For any tableau ¢, let C; be the subgroup of S,
consisting of the column permutations of ¢. Let sgn 7 be 1 if 7 is even and —1 if
w is odd. Then e; = Y ,ec, (sgn 7)-pr(w){t} is called a A-polytabloid. The linear
span of all polytabloids is an irreducible S,-module. It is the Specht module
corresponding to A and is designated by S*. From now on, when speaking of p,,
we mean its restriction to S*. Then A — p, is the desired 1-1 correspondence
from P, onto G‘[13]. In the sequel, we shall write d, x», etc. for d,,, x,,, etc.

Fi1G. 1.
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As simple illustrations, let A = (n), (1"). It follows from the definition that
S™ 81" are 1-dimensional spaces spanned respectively by e;...n, €u...n= and

pmy(m) =1, pam(w) =sgnw, wE S,.

p and pay are respectively the identity and alternating representations of Sh.

Let A, be the alternating subgroup of S,. We show how the sets C, G for A,
can be obtained from the corresponding sets for S,. For any partition’ A, the
conjugate partition \’ is defined to be the one whose diagram [\’] is the transpose
of [A]. For example, if A = (5, 3, 1, 1), then \" = (4, 2, 2, 1, 1). (See Figure 1ii.)
We call a conjugacy class of S, even (odd) if all its members are even (odd)
permutations.

THEOREM 3.1. (i) The even conjugacy classes of S, remain conjugacy classes
of A, except for those whose cyclic decomposition consists of cycles of distinct odd
lengths, in which case the class decomposes into two classes of equal size. Call the
former classes undivided and the latter divided.

(ii) If X # X', then the restrictions of px, px to A, are equivalent irreducible
representations. If A = \’, then p, decomposes, when restricted to A,, into two
inequivalent irreducible representations pxi, px2 of A,. The above gives a complete
set of inequivalent irreducible representations of Ap.

[—xn(x), x odd,

(iii) xv(x) = 1 xr(x), x even.

(iv) Let A = N\’ and C an even undivided class. Let xx1, X2 be the characters of
pr1, Prz- Then

xn(C) = x22(C) = xa(C)/2.

We remark that x,,(C), j = 1, 2, can also be computed when C is a divided
class [4, page 208], but we do not require these values in this paper. The
dimensions of the Specht modules may be computed in the following way.

DEFINITION 1. A tableau ¢ is standard if and only if its entries increase along
rows and columns.

THEOREM 3.2. The e/s, t varying over standard \-tableaux, form a basts for
S*. Thus d, equals the number of standard \-tableaux.

COROLLARY 1. Let |A| =n,1=<j=<n.Then
n 2
(3.2) Sirl=na=i 43 = (]) (n=j),"

which implies

(3.3) d? < (;‘) (n — A\
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PROOF. Let A = (j, Ao, - -+, A). Then X\* = (A, -+, \,,) is a partition of
n — j with A, < j. The first row of a standard A-tableau for which |A| = n and
A1 = j can be chosen in at most (}) ways. Having chosen the first row, the
remaining part of the A-tableau can be chosen in at most d,- ways. Hence

(3.4) dy < <;.l>dx*.
By (2.3)
2 2
(3.5) P iaieniag= 43 < (;’) o d} < (;‘) (n =)

COROLLARY 2. Let 0 <a <1 be such that an is an integer. Then

4 n
(3.6) Yirl=n>an di = m(m) .

o () <[ () -

2
Z|)\|=n,)\1>an d% = 2an<j5n <7> (I’L _])' = (n - an)!4n

Proor. We have

Hence, by Corollary 1,

3.
(87) (n —an)! - nl4"

n! ~(n — an)™’

= nl4"
We state two methods for computing the irreducible characters of S,,.

DEFINITION 2. Let [A] contain s squares along its diagonal. Let a; = \; — i,
b=\ —1i,1=<1i=<s. Thea’s and b/s are called the Frobenius coordinates of A

and we write A = (§1:::5¢).

For instance, if A = (5, 3, 1, 1) then A\ = (4 3).

DEFINITION 3. A p-staircase in [\] is a collection of p squares S;, ---, S, in
[A] such that: (i). S;and Sji;, 1 <) < p — 1, are contiguous with S+ either to
the right or to the top of S;, (ii). S; is at the bottom end of its column and S, is
at the right end of its row. The sign of the staircase is +1 if it spans an odd
number of rows and —1 otherwise.

DEFINITION 4. For any [A] and any element v € G, let

n(y) = ——X:;:)-

THEOREM 3.3. (Frobenius [10]). Let v be a p-cycle, p = 2, and X = (§:::5¢).
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Let +
X i
x,-=a,~+%, yi=bi+1/2, F(x)= }?=1x i/

Then ry(v) is the coefficient of 1/x in the expansion of

(x+%) --- (x+p—%) .F(x+p)
p-IX - (IXN|=p+1)  F(x)

in descending powers of x.

(3.8)

THEOREM 3.4. (Murnaghan—-Nakayama rule [14]). Let v = (v*) - (p) be the
disjoint product of v* and a p-cycle. Then

(3.9) X (Y) = Za £ x(v®),
the summation extending over all [\*] obtained by stripping a p-staircase from [\]
and =+ being the sign of the removed staircase.

Theorems 3.3, 3.4 yield exact formulas for the irreducible characters of S,.
(See [13] for some examples.) Unfortunately, these formulas become progressively
more cumbersome as the number of cycles and their lengths increase. We shall
make use in Section 5 of the following asymptotic character formula derived by
Wasserman in his thesis [19].

THEOREM 3.5. Let v be a permutation of 1, ---, m with vz 2-cycles, v
3-cycles, etc; thus v may be considered an element of S,, for n = m. Let
A= (g, o= (ai +%)/IN], Bi=(bi+%)/|IN], 1=siss.
Then
(3.10) rn(y) = [lpz2 (i [af — (=B:)7]) + O(1/| N ])
where the constant in O(1/| N\ |) depends only on ~.
PrOOF. We reproduce the proof of [19]. Consider first the case where v is a

p-cycle. Let F(x) be defined as in Theorem 3.3. We have for | x| sufficiently
large

= s }Li —_ — & — o __SL
(3.11) log F(x) = Yix [log( 1+ x> log<1 x>] =1 oy
where

Sn = Xia [xF — (=y)").

Hence for | x | sufficiently large
Fx+p) faw .5 p\" ]l
—__F(x) = expl e [(1 + . 1 [

15w —psn[l_p<n+1)+ ]}"

= Zi-o k! l nelgntl 2x

(3.12)
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We use (3.12) to obtain the Laurent expansion of

_ 1 _1\F(x+p)
g(x)—x(x+2>---<x+p 2> Fx)

for large | x | . Define the weight of any monomial in the s,’s to be its degree when
considered as a polynomial in the x’s and y/s. The coefficient of x™" in the
expansion of g(x) is a polynomial in the s,’s and the unique monomial of highest
weight appearing in it is —ps,. Since

Isnl = X1 (xF +y7) = [Tia (i + 1" = | A7,
we conclude from Theorem 3.3 that

s, + O(| NPT Sp ( 1 >
= + O\ —
o (IN=p+ 1) |AIP IA]

n(y) = N
(3.13)
n p _._.1
=Yk [af — (=B8)7] + 0<| >\|>’

the constant in O(1/| A |) depending only on p.
Next, let ¥ = v*- (p) be the disjoint product of v* and a p-cycle (p). Suppose
(3.10) holds for v*. Then one readily checks

(3.14) re(y*) = n(y*) + 0(1/[ A1),

the constant in O(1/| A|) depending only on v* and hence only on v. By (3.9)
we have

(3.15) rn(y) = Ty £ re(v*)(dy/dy),
which, for v* = e, becomes
(3.16) rn(y) = 2 £ (dr/dy).

Any standard A\*-tableau can be extended to a standard A-tableau by a suitable
insertion of |\| —p + 1, - - -, | A| in the removed p-staircase. Hence

(3.17) Y da < ds.
We conclude from (3.14)-(3.17) that

- dx S D 1
(8.18) n(y) =n(y")Is = d, + 0<| M) = n(y*)n((p)) + O<| N l)»

and Theorem 3.5 follows by induction.

Since px(Szec x) = | C| raI, (Theorem 2.3), Theorems 3.3 and 3.4 may be used
to obtain the eigenvalues of pa(¥.ec x). We obtain next the eigenvalues of
px (TE21 (kn)).

Let [M], 1 =j < s, be the set of diagrams derived from [A] by removing one
square, with (i1, Ay), - - -, (is, A;,), i1 < - - - <ly, as the coordinates of the removed
squares. Let d; = dim SV.

THEOREM 3.6. (Branching Theorem [14]). Let S,-, be the subgroup of S,



164 FLATTO, ODLYZKO AND WALES

which fixes n. Let Vo = 0 and V;, 1 < j < s, be the span of the polytabloids e, t
varying over the standard \-tableaux with n in any of the i th, isth, - - -, i;th rows.
Then V;/V;io, =S¥, 1<j=<s.

We remark that, by Maschke’s Theorem, we may choose for each j an S,_;-
module W; such that V; = V;_; & W;. Hence we conclude from Theorem 3.6 that
S*=W,® ... ® W, where W; = SV. Thus, S* splits into a direct sum of S,_;-
invariant subspaces.

THEOREM 3.7. The eigenvalues of p, (Xizi (kn)) are \;; — i; counted with
multiplicity d;, 1<j<s.

PrROOF. Let o = Y721 (kn). Then ox = x0, x € S,_1, and so0 py(c)pr(x)
on(x)pr(e), x € S,-1. For w € S?, there exists a unique decomposition w
Y5, w; with w; € W;. Let 7;(w) = w;. Then m;p\(x) = px(x)m;, for all x € S,
and 1 < i < s, which implies

(3.19) mipr(0)-pa(x) = pr(x) -mipr(s), xE€ S, and 1=<iss.

Now pr| Wi, pn| W;, are inequivalent irreducible representations of S,-, for
i # j. Applying both sides of (3.19) to vectors in W;, we conclude from Schur’s
lemma that 7;p\(0) |w, = 0 for i # j; ie. px(s) maps each W; into itself, and
furthermore

(320) p)\(o) I w; = u,-~identity, Mj € C,

so that u; is an eigenvalue of p(¢) with multiplicity d;. Let ¢ be a standard
tableau with n in the i;th row. Then

(3.21) p(o)e. = pje, + Y aen,

‘the a,’s are complex numbers and the summation extends over all standard
y-tableaux n in either of the iith, - - -, i;_;th rows. We prove that u; = \; — i; by
evaluating the coefficients of {¢} on both sides of (3.21). The one on the right is
u;. This is so because e, contains {t} with coefficient 1 and each tabloid contained
in one of the e,’s has n appearing in the i;_;th row or higher. The left side of

(3.21) equals
(3.22) Y=l pa((kn)) {t} + Thil Treci—1e sgn 7 - pr((Rn)w){t} = 31 + Xo.

The {t}-coefficient of 3, is A;; — 1 as pA((kn)){t} = {t} if and only if & is in ;th
row, and this occurs for \; — 1 values of k. Suppose that = € [C, — {e}] and
pr((kn)w){t} = {t}. If there is an i such that = (i) # i, k, n, then (kn)« (i) = = (7).
Thus px[(kn) =] moves (i) out of the row in which it occurs in ¢, and p,((kn) ) {t}
# {t}. Hence = = (kn). As = € C,, k must be in the same column as n. We
conclude that the {t}-coefficient of ¥, equals —(i; — 1), hence the {t}-coefficient
of the left side of (3.2.1) is A — ij. -

4. Generating functions of T, and T. We derive formulas for the gen-
erating functions of T, and T. Recall that T is the random variable which gives
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the number of steps for the random walk starting at x to hit the identity e, with
T. = 0. Hence

1
T =D _I'Fl ZxEG Tx

where =, means that the two random variables have identical distribution

function.

LEMMA. Let G be a finite group and u a measure on G whose support Q
generates G. Then [I, — zj(p)] is invertible if: (i). |z| < 1 and p is any
representation, or (ii), z = 1 and p # 1 is any irreducible representation.

PrROOF. If the matrix [, — zf(p)] is not invertible then [I, — zu(p)]v =0
for some vector v # 0. Suppose the latter holds. Let || v |2 = Y%, v?, where v =
(v, - -+, Va,). As p(x) is unitary for all x € G,

(4.1) vl <|z] Zeco u@)px)vl =lz[-IvI =1Vl

Thus equality holds in (4.1). For | z| < 1 this is impossible, and [Ip — ti(p)] is
invertible in this case. If z= 1, then | v || = X.equ(x)p(x)v | is equivalent to

(4.2) p(x)v=v, x€ Q.
As Q generates G, we conclude by repeated use of (4.2) that p(x)v =v, x € G.
The irreducibility of p then implies that p = 1. Hence [, — 1 (p)] is invertible for
p#1.
THEOREM 4.1. Let
F(x, 2) = E(z™) = ¥5-0 P(Tx = n)z",
f(z) = E(z") = ¥3-0 P(T = n)z",
forx €Gand|z| <lorz=1. Letv(x) = u(x"), x €G. Then
14+ (1= 2)F e d,Trlp(x)- (I, — 20(p)]”"

(4.3) Fx 2 == 0 )y m AT, — (]
(4.4) f&) =112 Z):p¢l cll,,Tr[I,, — 20(p)I™
(45)  E(T.) = Ty 4TI, = 50 = Tpmr &,Trlo(x) - (I, = 5D,
46) E(T) = 3,1 d,TrI, — 5(p)]7.

PrROOF. The random walk moves from x to yx with probability u(y). Hence
&7) F(x) = Sye k(M EE™) = 20*F)(x),  x#e,

where we have written F (x) for F(x, z). .
Multiply both sides of (4.7) by p(x), p € G, and sum over all x # e. Since
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F(e) =1, we get
F(P) - Ip
= zpr(p) — 2W*F)(e)I, = zv(p)F (p) — 2[Xyec (W FW1L,, pEG

where we have written £ ( p) for F( 0, 2).
Suppose that |z| < 1. Replacing x by v in the lemma and using (4.8), we
obtain

(4.9) F(p) =[1 - 23, p(y)F(]-[I, — 20(p)]™.

Inverting this relation leads to

(4.8)

(410) F(z) =1 ‘zzly(;‘l(”F DI 5 4, Telp()- (I, — 26N, x €G.

In particular,

[1—2%,e@F(y)]
|G|

Equations (4.10) and (4.11) give (4.3) for | z| < 1. By continuity (4.3) also holds
at z = 1. Since

(411) 1=F(e) = .Y, d,Trll, — 26(p)]™

P(T=n)=-|%|2xeaP(Tx=n), 0<n<o,
we have
_ 1 _Fa,z)
(4.12) f(z)—|G|Z"F(x’z)_ 1G]

and (4.4) follows from (4.9) and (4.12).

Since E(T,) = (dF/dz)(x, 1), E(T) = (df/dz)(1), (4.5) and (4.6) follow by
differentiating respectively (4.3) and (4.4).

The above formulas simplify when u(x) is a class function. Assume that u is
concentrated on the k conjugacy classes C;, - - -, C, uniformly over each class.
By Theorem 2.3, i(p) = s,1, where

_ . X, (Ci
= Bt w(CIR(C), #,(C) = XeZ
p
Hence we obtain the following result.

THEOREM 4.2. Letx €G, |z| <1lorz=1. Then
1+ (1 _z) Zp#l (dpip(x))/(]- _spz)

(4.13) Flx,2) = 1+ (1 - 2) e di/(1 —s,2)
. 1
(4.14) f(2) = 1+ (1= 2) Ty dj/(1 —s,2)
(4.15) E(T:) = 3o d}/(1 =s,) = T d,X,(0)/(1 —5,),

(4.16) ~ E(T) = 3, d2/(1 —s,).
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5. Limit laws for T, and T. Let u be a measure on S, concentrated
uniformly on a conjugacy class C # {e}. We assume in the sequel that C is fixed.
By this we mean that the number of p-cycles in C, p = 2, is independent of n.
Thus elements in C move m letters and fix all others, m being the sum of the
lengths of the p-cycles, p = 2, in C. In this case (3.1) becomes

n-1 ---(n—m+1)
2%, « .. R%ay!

(5.1) ICl ==

with k the length of the longest cycle in C.

We obtain limit laws for T\ and T as n — «. The subgroup H generated by C
is normal. Hence for n = 5, H = S,, or A,, depending on whether C is odd or even.
We consider these two cases separately. T'o derive limit laws we need the estimates
for | r\(C)| = | xa(C)|/d\ given in Theorem 5.2. First, we obtain the following
trivial estimate.

THEOREM 5.1. If A # (n), (1"), C # {e}, and n = 5, then
dy—1

(5.2) In(O) =

PRrOOF. x,(C) is an integer and the sum of d, roots of unity. Hence | x»(C) |
=< d) — 1 unless the eigenvalues of p,(x), x € C, are either all +1 or all —1, i.e.
o(x) =1, x € C, or pp(x) = =I,, x € C. For n = 5 and X\ # (n), (1"), py is
faithful, and so these possibilities are ruled out as we are assuming C # {e}.

THEOREM 5.2. (i) There exists a constant 6, = 0,(C) > 0 such that

ma\x[xl, >\{] + 01
IAl

(ii) There exists a constant 0, = 0,(C) > 0 such that

(5.3) In(C)| =

(5.4) |r(C)|=1- |le02 if N#(n),(1") and C # {e}.

REMARK. Calderbank, Hanlow, and Wales [6] recently obtained another
bound for | r\(C) |, namely that for A # (n), (1"), and C # {e},

n—3
In(C)] = ——.

PRrOOF. (i) Let C have v, cycles of length p, p = 2. Let

_ (a1 - as ._a,‘+1/2 . l .
>\_<b1...bs)’ al_.|>\| ’ .Bt_bz+2, l<i=<s.
By Theorem 3.5, there is a 6; = 6,(C) > 0 such that

(5.5) II(C) = Tlpez (St [a? — (=B 7] = I#‘;—I
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Since Qi ﬁi >0 and 2f=1 (ai + Bl) = ]-’
(5.6) | X1 [a? (=87l = aa i1 ai + B Yi=1 Bi < max[ay, Bl
The bound (5.3) follows from (5.5) and (5.6).

(i) IfA;, A{ =< |A]| — 26,, then (5.3) gives

(5.7 In(C)] =1—6/IA].

If A, > | \| — 20y, then by (3.3)

(5.8) dy < [ MI/ALL S [N < | x)2,

Hence by (5.2),

59) |n(Q)] = d*d: - # if A (n), (1") and C # {e}.

Similarly (5.9) holds if \{ > | A| — 26;. Thus (5.4) follows from (5.7) and (5.9).

THEOREM 5.3. We have

In©€)l_ _ 0( n!

2 —_—
(5.10) T in=npsm,am XX(C) 1= m(O)] |C|> as n — o,

PrROOF. Let 0 <a < 1. For given n and a, with na € Z, let
L ={\X#(n), (1") and | n(C)| < a},

(5.11)
I, = {\: X\ # (n), (1") and | n(C)| > a}.
By (2-2), :
¢ C
Sitemavna XHO) I = [Boer, + Brenhh(©) 710 2
(5.12)

a n! d?
1—a|C|+EEh1—|AWH'

If A\ € I,, then by (5.3), max [A;, A{] > an/2 for n sufficiently large, say
n > N. Hence

=

Sren T
\EI, 1 _ |r)\(c)|
d? d?
5.13 = =n,\>an/2 T 1 . + =nA\>an/2 3T 1
6.13) Rzt T (@] 2Nt T 0]
d3
=2 =n an/2 T | 1 ? n > N.
ZIM A >an/2 1 - |n(C)]

ES

We conclude from Corollary 2 to Theorem 3.2 and Theorem 5.2 (ii) that for
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n>N,

C 1- C
Y at=niwm,am XX(C) L\ )Ifz(!/lC:rX( )1)

(5.14) n
< a + 2_ n02+m . ;
1—a 02 (]. - a)"‘n“" ’

where o = [an/2]/n.
. Letting first n — o and then @ — 0 in (5.14), we obtain (5.10).

THEOREM 5.4. Let C be odd and ¢(x) =1 if x € C, ¢(x) =0 if x € C. Let
x # e. Then

(5.15) E(T,) = n! + ¢(x)n!/|C| + e(n, x),

where lim,_«e(n, x) | C|/n! = 0 uniformly in x. For t = 0,

(5.16) lim P[T, = tn!] = e, uniformly in x.
!

5.17 ET—n'+—+o(n>

(5.17) (T) ICl IC

(5.18) lim, .P[T = tn!]=¢"% t=0.

PROOF. The results are derived from the formulas of Theorem 4.2 and the
estimate of Theorem 5.3. In all ensuing sums, \ varies over all partitions of n
distinct from (n). We have

d3
(5.19) 1L—=n

3
=zd§[1+“+r§+1m ]

-

= 3 d} + X duxa(€) + £ x3C) + 2 x3(0) 1 L

—n

Hence by Theorems 2.1 and 5.2,

d? n! ( n! )
(5.20) Lo =t e ol
Similarly,
3

dexfxii)=2[1+"x+rx+lr ]dxXx(x)

(6.21) =Y daa(x) + 3 xa(x)xa(C) + X x3(C)ra(x)
x*(C)ri(x)r\(C)
BTGy

Henpe, by Theorem 2.1, .

draxa(x) 2(C)rx(x)r>\(C)

(522) ¥ =2+ 0) 7o + 2 xX(On) + X 5= S

1-7')‘ |C|
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To prove (5.15), we consider separately x odd and x even. If x is odd, then by
Theorem 3.1 (iii), x2(C)r\(x) = —=x2(C)r\(x). Hence ¥ x2(C)ra(x) = —1 and we
conclude from (5.22) and Theorem 5.3 that

!
629 22 - oo 5+ o)

uniformly in x odd. Equations (4.15), (5.20) and (5.23) give (5.15) for x odd. For
x even we have

(524) E(Tx) = ICI ZcEC E(Tcx)
We conclude from (5.15) and (5.24) that
n! |G| < n! )
5.25 E(T,)=n'+— - + o0
(5.25) () ici “ e ™t \jei

uniformly in x even, where C, = {c € C: cx € C}. Let ¢; € C,. Then x = c7’c, for
some ¢, € C. Since each of the elements of C moves m letters, x moves at most
2m letters. Since ¢; and c;x have the same cyclic decomposition, the sets of
elements moved by ¢; and x must overlap. Hence one of the elements moved by
¢; can be chosen in at most 2m ways, which implies

(5.26) | Cy| < 2mZn™1.
Now (5.25) and (5.26) give (5.15) for x even.
Next we prove (5.16). Rewrite (4.13) as
14+ Y (daxax)/Q = )1 —2) +8(x, 2)(1 — 2)?
1+ Y d¥/1—=r)A—2)+gle 2)(1 — 2)°
rdyxa(x)
1-n2)1-n)’
where x € S, and | z| < 1. By Theorems 2.1 and 5.2,

d2 20,

5.2 =y 2 _ <t X <1
(5.28) | g(x, 2)| Z(l-—r,\)Z g7 x€S, and |z| <1

E(sz) =

b

(5.27)

gx,2) = =%

We conclude from (5.27) and (5.28) that

1
5.29 lim, o E(e /™) = —— ~Me~t dt, = 0.
( ) im (e ) T3 e Me7tdt, \=0

Equation (5.16) follows from the Continuity Theorem for Laplace transforms
[4]. Equations (5.17) and (5.18) may be derived in the same way as (5.15) and
(5.16). They also follow from the latter by averaging over x.

THEOREM 5.5. Let C be even and # {e}. Let x € A, and x # e. Then

(5.30) E(T,) = + O<| Cl) uniformly in x.
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!
(5.31) lim,,_.mP[Tx =t &] = e~ uniformly in x for t=0.

2
n! n! n!
(5.32) E(T)_E+2|C| +O<'IFI).
(5.33) lim,,_mP[T >t %'} =e, t=0.

Theorem 5.4 is derived from the formulas of Theorem 4.2 and Theorem 3.1
which gives the irreducible characters of A, for undivided classes. This is the
case here as the number of 1-cycles — © when n — . We omit the proof of
Theorem 5.5 which is almost identical with that of Theorem 5.4. Observe that
the result (5.30) is somewhat weaker than its counterpart (5.15) as the sum
Y %2(C)rx(x) can not be handled by the above method.

We also remark that Theorems 5.4 and 5.5 and their proofs go through with
some minor modifications in case the measure p is concentrated on a finite
number of fixed conjugacy classes, uniformly over each class. Again, we omit the

proof.
Finally, we obtain a limit theorem for T in case u is uniformly distributed on
the class of transpositions (12), .- -, (1n).

THEOREM 5.6. Asn— oo,
(5.34) E(T)=n!'+ (n—-1!+o0[(n-1)!],
(5.35) lim, .o P[T=tn!]=¢"f, 0<t<c,

PROOF. By (4.6),
E(T) = Y d} + T d\Trpx(v) + T d\Trp}(v)

(539 + 3 dTr{pd)Ix — pa )]

We have

630 v =—=5 T Gn), v = =g (0= De + ionen (o))
Hence

(5.38) Trpa(v) = xA(12), Trpi(v) = % + x(123).

From (5.36), (5.38) and Theorems 2.1, 3.7 we obtain
E(T)=n!+ (n=1)! +ol(n — 1)!]

di((\; — 3)/(n — 1))?

I— (N, = /(= D)’

where we have used the same notation as in Theorem 3.7.
We estimate the double sum of (5.39) which we refer to as 2. Let 0 < a <

(5.39)

+ Y dy 2f=1
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and divide the partitions A of n, A # (n), into A and B, with A consisting of those
X for which | (A;, — i;)/(n — 1)| < a for all j, and B of all other \. We have

| Brea | S 77— L dy Tjar Oy = i)
(5.40)

__a 2y <@ n!
1—a2derm(v)_1—an—1'

Since —(A\{ —1) < Ay—ii=A —1lforallj and Y {-; d; = d,, we also have
lZ)\EB | =n ZAGB d%
= n[2x1>a(n—l) di + 2)\;>a(n—l) di] =2n 2)\1>a(n—1) d?u

Hence by Corollary 2 of Theorem 3.2,

(5.41)

12l __a
n=-1)!'"1-a

(5.42) lim sup,_.»

Letting a — 0, we conclude
(5.43) Z=o0((n-1).

Expansion (5.34) follows from (5.39) and (5.42). To prove (5.35) we rewrite (4.4)
as
f(2) = L
Y TI+ETA -2 +g(2)(1 - 27
G4 . di{(\, = i/(n = 1)
8() =2 Lin T, = D/in = DA = O = )/n = 1) 2

and observe that

) 9
6@ =2 Xin [T\, =)/t - DP

= 0(n®.n!).
The remainder of the proof is identical with that of (5.16).

6. Other groups. In Section 5 we showed that for certain random walks
onG=S,or A, E(T) ~ |G| and lim,_.P[T > |G| t] = e~* = 0. One may
inquire to what extent these limit laws carry over to other infinite classes of
groups. We consider the simple random walk on Z¢. We show that the above
limit laws break down completely for d = 1 and partially for d = 2.

The group Z¢ is the direct product of d copies of the cyclic group of order n.
Its elements are the d-tuples x = [x;, ---, x4], each x; an integer from 0 to
d — 1, and addition of coordinates is performed modulo n. Thus | Z¢| = n The
simple random walk on Z¢ is given by the measure u(x) = 1/2d when x is any of
the 2d points [0, ---, 0, £°1, 0, ---, 0]. As Z¢ is abelian, all irreducible
representations are 1-dimensional. They are given by p(x) = n~'exp(27i j-x),
where j = [j1, -+, Jal, 3+ X =J1%1 + - -+ + jaxa, each j; an integer between 0 and
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n — 1. The number s, defined in Section 4 is given by

1 2
(6.1) S =3 3¢, cos —g—k,
and formulas (4.16) and (4.14) become
d
(6.2) E(T) = Zixo [1 = cos(2wji/n)] + --- + [1 — cos(27ja/n)]’
6.3) E@) =1+ (-2 Spo; T PN
[l—zcos ”1]+~ [l—zcos-i’]
n n
LEMMA. We have
1 72/6, d=1
(6 4) 21<]1 -jd=n 79 ;| <2 + . (7r/2)log n, d =2
J1 l[ frdt/EE+ .- +t)n?2 d>2

where dt = dt; - - - dtq, and
F={(ty, - ta): 0=ty -, ta< 1}.

ProoF. Ford =1, (6.4) is a well known identity. Let d = 2. Define
Aj={(tl,tz)!jisti5j5+1,i=1,2} for OSjl,jz and j¢0
We have

(6.5) : - sf @1
i+ 1)+ (e + 17 Ja el + 887 ji+ 3
66) {(ty, ta): t1, t2 = 0, 2 < t + t3 < n?}
C Ujjpn Aj C{(t1, ta): 81, 82 = 0,2 < 83 + t3 < 2(n + 1)3.
A simple integration exercise then gives
(6.7) Yisivip=n 1/(j1 + j3) = (x/2)log n + O(1).
The case d > 2 is treated likewise and the proof is omitted.

THEOREM 6.1. For the simple random walk on Z¢,

(6.8) E(T) ~ Y% n?, d=1,
(6.9) E(T) ~2/r n*logn, d=2,
(6.10) E(T) ~ c(d)n®, d>2,
where

w

dt
(6.11) c(d) = sz 1 — (cos 27, + -+ + cos 27ty)/d >1
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REMARK. The constant c¢(d) for d = 3 also equals the expected number of
returns to the origin of the simple random walk on the infinite d-dimensional

lattice Z¢, starting at the origin [18]. Is there a simple explanation for this fact?

PrROOF. d= 1. We have

1 2 2 . ’
(6.12) 1 cost = P + (2—1th—)2 + g(t), g(t) continuous on [0, 2x].
Hence
1 n? 1 27jy 1
13) EM =3 — =525 5+|25se=) <|n
(613) ( ) j=1 1—cos(21r]/n) 7I'2 Z] 112 [Z; lg( n) n]n
As g is continuous,
. o [27) 1 2
(6.14) lim, o /50 8l —) - — = g(t) dt.
n n o
Hence (6.8) follows from the lemma and (6.14).
d = 2: Let 0 < § < %. Using (6.8), we have
1
(6.15) E(T)=38 ZISjl,jzsén + O(nz),

2 — cos(27j,/n) — cos(27jy/n)

the constant in O depending only on 4.
For ¢ > 0, choose 0 < §, < 7 such that

(%) (t1 + t3)
2 — cos t; — cos £

-1 <e

(6.16)

if Itll, Itzl < 5, and (tl, tz) # (O, O).
Let 6 in (6.15) be 4,/27. We conclude from the lemma and (6.15) that

E(T) . __EM
@/mn log n < lim sup,—« =l+e

(6.17) 1 — ¢ < lim inf,_,« (2/m)nlog n =

Letting ¢ — 0, we get (6.9).
d>2: Let

i i+ 1 .
B,~={t=(t1, ...,td);l—stis]——,ISLSd}
n n

and

) (cos(2mjy/n) + --- + cos(2wjs/n)) .
(6.18) fult) = 1/ - d on Bj, j#0,
0 on B,
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- f fult) dt,
9

. 1 d
(6.20) lim, .f.(¢) = 1= (cos 2nts + -+ + cos 2riy)/d ae.on I°

By the dominated convergence theorem, lim,_,..(E,(T)/n%) = c(d).
Let

We have

(6.19)

cos 27ty + -+ - + cos 2wty
=1- .
f(t) p

Then [;¢f(¢) dt = 1. We conclude from the Schwarz inequality
1= ff-l/z(t) S fY(t) dt < ff‘l(t) dt - ff(t) dt = c(d).
I¢ Id I¢

THEOREM 6.2. For the simple random walk on Z2, we have
(i) (621) limpWP(TZE(T) -x)=e x20, d=2.
lim, . P(T = n2x)

(i) (6.22)
= (2/7%) Yoo exp(—27%(n + Y%)%x))/(n + %)%, x=0, d=1.

REMARK. For d = 1, the density is a theta function. Formulas similar to
(6.22) occur also in the analysis of other random walks [18].

PROOF. (i) By (4.14) and (4.16),

E(exp(-AT/ET)
1

R e A

A = 0, where

So
1-35,)(1-s,2)

(6.24) 8(2) = Xom ( lz] =1

We have

1 1 d
(6.25) |g(2)| = [max,,;q 1= ] ZP"I —s, =1- cos(2w/n) ET.

We conclude from (6.23) and (6.25) that

(6. 26) lim, .. (exp(—AT/ET)) = ﬁ —J; exp(—Ax) - exp(—x) dx, A =0,

ind (6.21) follows from the Continuity Theorem.
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(i) By (6.3),
E(exp(—\T/n?)

(6.27) [(n-1)/2] 1 B

- [ L+ 20 = exp(=A/n)) - 2 1 — exp(—A/n?cos(2xj/n) * 0(1)] '
Expanding in powers of 1/n,

1 n? . |n-1
(6.28) 1 — exp(—\/n¥cos(27j/n) ~ 2x%% + A +0W), 1=j= [ 2 ]’
the O(1) term being uniform in j. Hence
1 1
[(n-1)/2] —p2Vi-n2 1

(6.29)  Xj4 1 — exp(—\/n?cos(2xj/n) " Xn 2752 + A + 0(n).

We conclude from (6.27) and (6.29) that

lim,,_..f (exp(—A/n?)
(6.30)

A 1 ' tanhv)/2
=|:1+_22;°=1 2 .2:| = /, AZ
T N @r* + j?) «/Y/E

Now tanh (vA/2/v\/2) is the Laplace transform of
4 Yoo exp(—27%(n + %)%x)

[16, page 294, formula 8.51] and (6.22) follows from (6.30) by the Continuity
Theorem.

7. Bounds for E(T). In the previous sections we obtained very precise
asymptotic results for some special classes of groups. In this section we consider
bounds for E(T') valid for all finite groups G.

The bounds are given as functions of | G|. We use results of Mazo on random
walks on graphs [15]. Let G be a finite connected graph with nodes 1, 2, - - -, n.
The nodes are considered as states of a Markov chain with transition probabilities
pij. It is assumed that the chain is irreducible, i.e. any node can be reached from
any other one in a finite number of steps with positive probability, and all
pii = 0. Let n;; be the expected number of steps required to go from i to j, and
define '

1
(7.1) N= m =1 X fe1imi Nije

As a special case, let p;; = 0 if i and j are not connected and p;; = 1/ if i and j
are connected, Z being the number of edges leaving node i. We refer to this chain
as random routing. The following lower bound holds for N.

THEOREM 7.1. (i) N = n/2, equality holding if and only if & consists of n
nodes placed consecutively along a circle and one moves deterministically from one
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node to the next. (ii) For random routing N = n — 1, equality holding.if and only
if & is the complete graph on n nodes.

The above results have direct applications to random walks on a finite group
G. The assumptions on ¥ translate to: u(e) = 0 and Q generates G. We have
1/(n — 1) 2;‘=1;,-=,~ n; = E(T) for all j, where n = |G|, so that E(T) =

[(|G] — 1)/|G|]IN. Under these assumptions on u, Theorem 7.1 yields the
following result.

THEOREM 7.2. (i) E(T) = | G| — 1, equality holding if and only if G is cyclic
and u(g) = 1 for some generator g of G. (ii) If, in addition to the above assumption
on u, Q' = Q and u is constant on Q, then E(T) = [(| G| — 1)/| G|], equality
holding if and only if @ = G —{e}.

We remark that all the random walks considered in Sections 5 and 6 satisfy
the conditions of Theorem 7.2 (ii). The example p;s = psy = 1 — ¢, ¢ — 0, shows
that N can be made arbitrarily large for n > 2, thus ruling out an upper bound
for N. However, in case of random routing, Mazo [14] obtained the following

upper bound.

THEOREM 7.3. Let d = diameter of & 4y = max 4, ¢, = min 4. Then
(7.2) N =< (2737%/2%%) 1 + d)n.

In [15] an example is given for which N = cn® as n — o, ¢ a positive constant
independent of n. Using (7.2), we prove the following result.

COROLLARY.
(7.3) N < 6(4u/4,)%*n?
In particular, if all s are equal, then
(7.4) N = 6n®

Observe that, for random walks on finite groups satisfying the conditions of
Theorem 7.2 (ii) all 4’s are equal. Hence

(7.5) E(T) < 6|G|2

As shown in Section 6, for the simple walk on a cyclic group E(T) ~ ¥%| G|
Thus the exponent 2 in (7.5) is best possible.

ProoF oF COROLLARY. Let p, g be two nodes of & which can be linked by
d edges but no fewer. We then have d + 1 nodes p = po, p1, - - -, pa = q with p;
connected to p;+1, 0 < i <d — 1. Let r be any node of & which is connected to
some p; and let j be the smallest value of i for which this occurs. r is not connected
to p; for & > i + 2, otherwise we can replace p;, pj+1, -+, Px by D;jPrPr in the
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above chain to produce one with fewer than d edges linking p to q. It follows that
any node of ¥ is connected to a most 3 p’s. Hence in counting the nodes
connected to p;, 0 < i < d, any node of & is counted at most 3 times, so that

(7.6) (d+1)4, < 3n.
Inequalities (7.6) and (7.2) give (7.3).
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