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INVARIANT MEASURES AND EVOLUTION EQUATIONS
FOR MARKOV PROCESSES CHARACTERIZED
VIA MARTINGALE PROBLEMS

By ABHAY G. BHATT! AND RAJEEVA L. KARANDIKAR

Indian Statistical Institute

We extend Echeverria’s criterion for invariant measures for a Markov
process characterized via martingale problems to the case where the state
space of the Markov process is a complete separable metric space. Essen-
tially, the only additional conditions required are a separability condition
on the operator occurring in the martingale problem and the well-posed-
ness of the martingale problem in the class of progressively measurable
solutions (as opposed to well-posedness in the class of r.c.Ll. solutions, i.e.
solutions with paths that are right continuous and have left limits, in the
locally compact case). Uniqueness of the solution to the (measure valued)
evolution equation for the distribution of the Markov process (as well as a
perturbed equation) is also proved when the test functions are taken from
the domain of the operator of the martingale problem.

1. Introduction. Suppose A is the generator of a Markov process. Then
a probability measure w is an invariant measure for the Markov process if

(1.1) J(Afydp =0V fe domain A.

Also, for an initial distribution u,, if u, is the law of the process at time ¢,
then (u,), ., is the unique solution to the measure valued evolution equation

(12)  [fdv,= [fdu,+ fot(fAfdvs) ds ¥V fe domain A.

However, typically, domain A is difficult to describe even for, say, finite
dimensional diffusions arising as solutions to Itd stochastic differential equa-
tions.

On the other hand, if one starts with an operator A and if the martingale
problem for A is well-posed, then under suitable conditions, it gives rise to a
Markov process. Echeverria (1982) showed that when the state space is a
locally compact metric space, then under suitable conditions on A, (1.1) still
implies that u is invariant. From this, one can deduce that (1.2) admits a
unique solution as well. The advantage here is that one can choose domain A
suitably. '

Received June 1991; revised June 1992.

!Supported by National Board for Higher Mathematics, Bombay, India.

AMS 1991 subject classifications. Primary 60J25; secondary 60J35, 60G05, 60G44.

Key words and phrases. Markov process, Martingale problem, invariant measure, evolution
equation.

2246

j
y
Institute of Mathematical Statistics is collaborating with JSTOR to digitize, preserve, and extend access to éﬁs%?’)

8

e

The Annals of Probability. STOR ®

WWw.jstor.org



INVARIANT MEASURES AND EVOLUTION EQUATIONS 2247

In this article, we look at these questions when A is an operator on C,(E),
where E is a complete, separable metric space. We are able to prove that (1.1)
implies that w is an invariant measure, assuming that: (i) domain A is an
algebra that separates points and vanishes nowhere; (ii) a separability condi-
tion holds (Hypothesis I), and (iii) every progressively measurable solution to
the martingale problem for A admits an r.c.Ll. modification. It may be noted
that in the compact case, (i) is assumed, and (ii) and (iii) are consequences of
compactness of E and (i). It is proved that for Hilbert space valued diffusions
as in Yor (1974), these conditions are satisfied. The presentation here closely
follows that in Ethier and Kurtz (1986). We first prove existence of a station-
ary solution to the (A, u) martingale problem if (1.1) holds and then deduce its
consequences when the martingale problem is well-posed.

Under the assumptions mentioned above, we also prove that the evolution
equation (1.2) admits a unique solution. Uniqueness of solutions to a per-
turbed form of the evolution equation is also proved.

In Section 5, we consider time dependent operators (A,) which give rise to a
time inhomogeneous Markov process. Uniqueness of solutions to the evolution
equation for this process [see (5.5)] and its perturbed form is deduced from the
time homogeneous case.

It may be noted that the uniqueness of the solution to (5.5) is used to prove
uniqueness of the solution to the Boltzman equation in the spatially homoge-
neous noncutoff case [see Horowitz and Karandikar (1990)].

In the last section we apply the results on uniqueness of solutions to the
perturbed evolution equation to nonlinear filtering theory.

2. Preliminaries. Throughout this article, (E, d) will denote a complete
separable metric space, B(E) will denote the space of real-valued bounded
measurable functions on E, C,(E) will denote the space of bounded continu-
ous real-valued functions on E, #(E) will denote the Borel o-field on E,
H(E) will denote the space of probability measures on (E, #(E)), .#(E) will
denote the space of finite positive measures on (E, Z(E)), D([0,x), E) will
denote the set of all r.c.1l. functions from [0, ) into E and Iz will denote the
indicator function of the set B. For g € B(E), ||gll will denote its sup norm.

For f,, f in B(E), we say that f, -, f (where bp stands for bounded
pointwise) if || f,ll <M and f,(x) = f(x) for all x € E. A class of functions
% < B(E) is said to be bp-closed if f, € %, f, -, [ implies f€ %. For
7 < B(E), bp-closure (7)) is defined to be the smallest class of functions in
B(E) which contains 7 and is bp-closed. It may be noted that bp-closure is not
closure in any topology.

For a measurable process (X(¢)), defined on:some probability space
Q, 7, P),

FE=0(X(s):s<t),

*F K = U(X(s), fosf(X(u))du:sst, feCy(E)|.

It can be shown that %% and *&* differ only by P-null sets.
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In this article, A will stand for an operator on C,(E) with domain Z(A).
A measurable process X(¢) adapted to (%) is said to be a solution to the
martingale problem for (A, u) with respect to (%)) if for all f € 2(A),

MI(1) = F(X(1) = ['AF(X(5)) ds

is a (#,)-martingale and P o Xg! = u. When &, =*%,%, the o-fields are dropped
from the statement.

The martingale problem for (A, u) is said to be well-posed if there exists a
solution X and for any two solutions X, X, the finite dimensional distribu-
tions of X, X are the same.

Let (8(2)) denote the coordinate mappings on D([0, ), E). A measure P on
D((0, »), E) is said to be a solution to the martingale problem for (A, u) if,
under P, the coordinate process (8(¢)) is a solution to the martingale problem
for (A, w).

The D([0, »), E)-martingale problem for (A, 1) is said to be well-posed if
there is a unique measure P, on D([0,%), E), which is a solution to the
martingale problem for (A, ,LL).

When the martingale problem for (A, ) is well-posed, the solution X is a
Markov, process, that is,

E[ f(X(2))| %] = E[f(X(1)lo(X(s))]

for all s <t, f€ C,(E). See Ethier and Kurtz (1986), page 184. Under some
conditions it can be shown that this Markov process admits a transition
function P(s, x, B). The next result gives one such set of conditions.

TueoreM 2.1. Suppose the D((0,x), E)-martingale problem for (A,3,) is
well-posed for each x € E. Let P, denote the solution. Suppose further that A
satisfies the following separability condition:

Hyporuesis 1. There exists a countable subset {g,} < D(A) such that

bp-closure({(g,, Agy): & = 1}) 2 {(g, Ag): g € Z(A)}.
Then

() x — PC) is measurable for all Borel sets C in D((0, %), E ).
(ii) For all w € P(E), the D(0,), E)-martingale problem for (A,u) is
well-posed, with the solution P, given by

(2.1) P,(B) = [ P.(B)u(dx).

» (iii) Under P,, 6(t) is a Markov process with transition probability function
P given by

(2.2) P(s,, B) = P,(6, € B).
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Proor. (i) is essentially Theorem IV.4.6 in Ethier and Kurtz (1986). See
Remark 2.1 in Horowitz and Karandikar (1990). For part (ii), it is easy to see
that P, defined by (2.1) is a solution to the martingale problem for (A, u). To
see that the martingale problem is well-posed, note that in view of Hypothesis
I, (X(#)) is a solution to the martingale problem for (A, u) if and only if

&u(X(2)) — ['Agy(X(s)) ds

is a martingale for £ > 1. If @ is a solution to the D([0,»), E) martingale
problem for (A, u) and @, is the regular conditional probability of @ given
6(0), it can be shown that @, is a solution to the martingale problem for A for
Q-a.e. w [see Theorem 6.1.3 in Stroock and Varadhan (1978)]. Hence

Q,=P 6(0, w)*
Thus it follows that @(C) = [P(C)du(x) = P(C). Part (iii) follows easily,
adapting arguments in the result cited above. O

REMARK 2.1. When A satisfies the conditions of the preceding theorem, we
associate the following Markov semigroup (7)) with A:

(2.3) T,f(x) = [f(y)P(¢,%,dy)
for f € B(E), where P(-, -, -) is given by (2.2).
We will require the following lemma in the next section.

LemMmA 2.2. Let {g,} € C,(E) be a countable subset that separates points in
E and vanishes nowhere. Let U,, U be E-valued random variables defined on
(Qy, Fy, Py) such that PyoU; ' = PyoU"! for all n. Suppose g,(U,) — g,(U)
in probability as n — o ¥ k. Then U, — U in probability as n — o.

Proor. Note that g,(U,)g,(U) — g,(U)g,(U) in probability V j, k. Let
Dy ={h: EXE - R; h(xy,%5)
= g;(%1)8x(%3) V x, %, for some j > 1,k > 1}

and let % be the algebra generated by 9,,. Since {g,} separates points in E, %
separates points in E X E. Also for h € %,

h(U,,U) - h(U,U) in probability.
Also (U, U) is relatively compact by hypothesis. Let £ > 0, 6 > 0 be arbitrary
but fixed. Choose a compact subset K; of E X E with

P{(U,, UY€K} 21-56 Van.

Now the metric d restricted to K, which we continue to denote by d, is
continuous and %' = %Ik, is an algebra that separates points and vanishes
nowhere. Hence by the Stone—Weierstrass theorem %’ is dense in C(K,) in
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the uniform topology. Choose h, € %' such that ||k, —d| — 0 as k — .
Then remembering that d(U, U) = 0, we have
Py{d(U,,U) > ¢} < Po{d(U,,U) > ¢, (U,,U) € K;} + Po{(U,,U) & K;}
< P{d(U,,U) = hy(U,,U)l > ¢/3,(U,,U) € K}

+ Pyflhi(U,, U) = hy(U, V)| > ¢/3, (U, U) € Ky}

+ Po{ld(U,U) — h(U,U)l >¢/3,(U,,U) € K;} + 8.
Choosing k such that ||k, — dll < &/3, we get
Po{d(U,,U) > ¢} < Po{lh(U,,U) — hy(U,U)l > /3, (U,,U) € K;} + 8.
Taking limsup over n, we conclude limsup Py(d(U,,U) > ¢) < §. Hence
U, — U in probability as n — «. O

The next result is a key step in the proof of our main result. This is a
generalization of the Riesz representation theorem.

THEOREM 2.3. Let E be a complete separable metric space and let A be a
positive linear functional on C,(E X E) with Al = 1. Suppose that there exist
(countably additive) probability measures puy, wy on E such that

A(Fy) = [£(x) dui(),

A(G?) = [2(y) dpa(y)

for f, g € C,(E), where Fi(x,y) = f(x), G&(x,y) = g(y).
Then there exists a countably additive probability measure v on E X E such
that

(2.4) AF)= [ Fav.

Proor. First, note that there exists a unique finitely additive measure » on
the Borel field of E X E satisfying (2.4). [See Parthasarathy (1967), Theorem
I1.5.7.] Fix € > 0. Since E is a complete separable metric space, we can choose
K, a compact subset of E with u,(K)> 1 —¢,i=1,2. Then

v((KX K)) <v(K°XE) +v(E X K°)

= MI(KC) + #2(KC)~ < 28.

Let .
’ K=KXxKcEXE

and {F,} c C,(E X E) be decreasing to zero. Then ||F,, || <[ F;|l. For 6 > 0, let
B?, be defined by B}, = {F,, > 8}. Then B}, is a decreasing sequence of closed
sets and B2, N K is compact in E X E. Since N%,_{B), N K} = &, 3 m, such
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that B2 N K = & whenever m > m,. Hence for m > m,, we have

AF,, = fExEFm dv

<[ Iypy<oFndv+ [ IgF,dv
EXE EXE

<8 + 2||Flle.
Since this holds for all § and ¢, we get,
AF, >0 asm — o,

Hence by Daniell’s theorem [see Neveu (1965), Proposition I1.7.1] there exists
a unique o-additive probability measure, again denoted by v, defined on the
Borel o-field of E X E, satisfying (2.4). O

3. A criterion for invariant measures of a Markov process. The
following is the main result of this article. This is an extension of Theorem
IV.9.17 in Ethier and Kurtz (1986).

THEOREM 3.1. Let D(A) be an algebra that separates points and vanishes
nowhere. Suppose A satisfies Hypothesis 1 and that for all v € P(E), there
exists a solution to the D([0,x))-martingale problem for (A, ). Suppose that
u € H(E) satisfies

- (3.1) fEAfd,u -0 Vfe9(A).

Then on some probability space, there exists a (&,)-progressively measurable
process X such that X is a stationary process and that X is a solution to the
(A, w)-martingale problem w.r.t. (Z,).

Proor. For n > 1define A, on Z(I — n"'A) by
A f=n[(I-n"a)7" - 1]f.

Note that since the martingale problem for (A, §,) admits a solution for all
x € E, A is dissipative [see Ethier and Kurtz (1986), page 178] and hence A,
is well defined. Also for f € 2(A), f, = (I — n™'A)f satisfy

(3.2) A f,=AF Vn;, |f,—fl->0 asn—o.
Note that for all g € D(A,), we have

(3.3) fEAnng - o0.

We divide the rest of the proof into steps.
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Step 1. Construction of stationary solution to the martingale problem
for A,:
Fix n. Let M < C,(E X E) be the linear space of functions of the form

(3.4 Fx,3) = L AE0) +£0),

fireoes frns & € CE); 81,...8,, € R —n"'A); m = 1. Define A on M by
(85)  AF=[ T [f(x)I~n74) Tgi(x) +g(x)|u(dx)
i=1

for F as in (3.4). Then Al = 1. Using (3.1) and proceeding exactly as in
Theorem 9.17 of Ethier and Kurtz (1986), we get that [AF| < ||F|V Fe M
and AF > 0 whenever F > 0. Using the Hahn-Banach theorem we extend A
to a bounded, positive linear functional on C,(E X E). From the construction
it is clear that

(3.6) A(Fy) = [ f(x) du(x),

(8.7) A(G#) = fE g(y) du(y),

where Fi(x,y) = f(x) and G&(x,y) = g(y). Using Theorem 2.3, we get a
probability measure v on E X E satisfying

(3.8) AF=( Fdv VFeM.
EXE

Since E is a complete separable metric space, there exists a transition proba-
bility function [see e.g., Ethier and Kurtz (1986), Appendix] n: E X #(E) —
[0, 1] satisfying
v(B; X B,) = /;3 n(x, By)u(dx) VB, B, € #(E).
Note that (3.6) and (3.7) give
(39) [ n(x,B)u(dx) =v(EXB)=u(B) VBe B(E).
E
Now, (3.5) and (3.8) imply that for all f € C,(E), g € Z(I — n™'A)
[ f(x)g()v(dx,dy) = [ f(x)(I - n"'A) " g(x)u(dx).
EXE E .
Hence we have
(8:10) [gIn(x.dy) = (I-n"8)"g(x)  was.
for all g € 2(I — n™'A).

Let Y(0),Y(1),...,Y(k),... be an E-valued Markov chain with initial
distribution u and transition function 7. Equation (8.9) implies that (Y(k)) is
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stationary and (3.10) gives that
k-1
(3.11) g(Y(k)) — X n"'A,g(Y(i))
i=0
is a o(Y(1),..., Y(k))-martingale for all g € Z(I — n"'A).
Let V be a Poisson process with parameter n, which is independent of Y.
Define

X,(£) = Y(V(t)).

Then X, is a stationary Markov process with initial distribution w. Equation
(3.11) implies that

8(X,(1)) — [[A,8(X,(5)) ds

is a martingale for all g € 2(A,). Thus X, is a stationary solution to the
martingale problem for A, . This completes Step 1.

Step 2. Convergence of finite dimensional distributions of (a subsequence
of) X,,:
For fe 9(A), let f, be as in (3.2). Define

£x(2) = F( X,(2)),

Then &, and ¢, satisfy the conditions of Theorem II1.9.4 of Ethier and Kurtz
(1986), and since D(A) is an algebra, the same theorem applies and we get
" relative compactness of (f;°X,, fo° X,,..., f;°X,) in D(0,»),R’), for
fl’ f2""’ f E-@(A) 1> 1
Let 9, = {g,};_1 be the countable subset of Hypothesis I. Let lig,ll = a,
and E = I15_,[—a,,a,). Since 2(A) separates points and vanishes nowhere,
so does 9. It now follows that (g(X,(-)), g8:(X, (), ..., gx(X,(-)),...) is
relatively compact in D(0,»), E). Thus we get a subsequence, Whlch
we relabel as X,, such that (g(X,(-), g(X,(-),..., gu(X,(-),...) con-
verges weakly to a D(0, ), E) valued random variable, say, Z(-) =
(Z(), ..., Z,("),...), that is,

(3.12) (8(X())s - 8(Xn()),...) 2, Z(*) asn — o,
Define g: E — E by
(3.13) g(x) = (8u(%),..., gu(%),...).

Then g is a one to one, continuous function. This implies that g(E ) is a Borel
subset of E. Also g‘1 defined on g(E) is measurable. [See Parthasarathy
(1967), Corollary 1.3.3]. We extend the definition of g‘1 to all of E by setting

g (2)=cforze¢ g(E), where e is a fixed point in E. We now use a Skorohod
representatlon to get a probability space (), %, P) and D([0,), E) valued
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random variables £, and Z defined on it satisfying

(3.14) Z(£,)=2(&(X,)) Vn,
(3.15) L(Z) =2L(2),
(3.16) E -7 as.asn > o,
Now,
Z(g(X,(1)) = =4 Vn,t
Hence
(3.17) L)) =/ Vn,t
which implies £ (¢) € g(E) a.s. Then defining
(3.18) X.(2) =g (L)),

it follows that X, is a measurable process. Since (X,(¢)) is a_stationary
process, it follows that (@) is a stationary process and hence (Z@t) isa E
valued r.c.11. stationary process. Hence (Z(t)) does not have any fixed points of
discontinuity, that is, P(Z(t) =Z(t —)) = 1V ¢. Thus £, (t) — Z(¢) a.s. for all
t. Since £(£,(¢)) = fi for all n, it follows that A(Z(t)) = ji. Hence

P(Z(t)eg(E))=1 V¢
and defining
(3.19) X(t) =g Y(Z()),

we get a stationary (Z,)-progressively measurable process X, where 4, = ZZ.
Further,

(8.20) g(X.()) - g(X(2)) as.Ve

This and Lemma 2.2 imply that X (¢) converges to X(t)asn >win Ein P
probability for each ¢. This completes Step 2.

To complete the proof, we will show that X is a solution to the martingale
problem for (A, u) w.r.t. (). Recall that we have already proved that Xisa
stationary process and is (f ) progressively measurable. Note that (X, (¢)) has
the same finite dimensional distributions as (X,(¢)), and hence X, is a
solution to the martingale problem for A,, that is, for all g € 2(A)),

(3.21) (X.(1)) fA (X,(s))ds
is a P martingale. Now for g € C,(E),
(3.22) g(X,(¢)) - g(X(¢)) "in P probability

as n — «. This holds for all ¢£. An application of the dominated convergence
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theorem gives for g € C,(E),
Elg(X,(s)) —&(X(s)) >0 asn o,

and hence using Fubini’s theorem we get
[E/t|g(Xn(s)) —g(X(é))lds -0 asn— o,
0
As a consequence, we have
t ~ t ~
3.23 X d X d
(3.23) [8(Xu(5)) ds ~ [ g(X(s)) ds

in P probability for all ¢.
Fix f€ 9, and let f, be given by (3.2). From (3.21) it follows that for
0<t, <ty< ++ <t,.1, b, €CYUE),

]| A(Eatn) = (at)) = [~ 47 (%u00) s FLma(Eot00)| =0
and recalling that ||, — fll = 0 as n — », we get
| F(Eutne) = Fu00) = [ (Eu057) 5] F Rt~

as n — «. Now (3.22), (3.23) and the dominated convergence theorem give

| AR ) = ) = [~ a1 s [ mat )| -0

- Since %X and %2 = 4, differ only by null sets, it now follows that (X(¢)) is a
solution to the martingale problem for (A, u) with respect to (&,), completing
the proof. O

It should be noted that the stationary solution constructed above may not
have r.c.L.l. paths. Thus even when the D([0, »)) martingale problem for (A, v)
is well-posed for all v € H(E), in addition to the conditions in Theorem 3.1, it
does not follow that w is a stationary initial distribution for the Markov
process associated with ‘A. This can be deduced if we assume that every
solution to the (A, u)-martingale problem admits an r.c.Ll. modification. This
is our next result.

THEOREM 3.2. Let D(A) be an algebra that separates points and vanishes
nowhere. Suppose A satisfies Hypothesis 1. Suppose that the D([0,x))-
martingale problem for (A,$,). is well-posed for all x € E. Let (T,) be the
semigroup associated with the A-martingale problem in Theorem 2.1.

Further suppose that:

HypotHuesis II.  Every progressively measurable solution to the martingale
problem for (A, u) admits an r.c.l.l. modification.
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If u € P(E) satisfies
fEAfd/.L -0 VYfe9(A),
then w is an invariant measure for the semigroup (T,).

Proor. Let X be the stationary solution constructed in Theorem 3.1. In
view of Hypothesis II, we can assume that X is r.cll. If @ is the law of X,
then it follows that @ is a solution to the D([0, ), E)-martingale problem for
(A, 1) and that @ 2(8(¢))~! = u for all £ Using (2.2) and (2.3) it now follows
that

f(T(t)f)dM =ffdu
E E
for all ¢ and hence that u is an invariant measure for 7'(¢). O

ReEMARK 3.1. When E is a compact metric space, Hypothesis II always
holds and when E is a locally compact metric space and A is an operator on
C(E) (continuous functions vanishing at infinity), then also Hypothesis II
holds if A is conservative, that is, (1,0) is in the bp-closure of {(f, Af):
f € 2(A)} [see, e.g., Ethier and Kurtz (1986), page 179). Note that when A is
a second order differential operator on R™ with bounded coefficients, it is
conservative and hence Hypothesis II is satisfied. It may be noted that
Echeverria proved this result without assuming that A is conservative in the
locally compact case.

ReMARK 3.2. Let E = H, a real, separable Hilbert space. Let A be the
operator corresponding to a diffusion as in Yor (1974). More precisely, fix a
complete orthonormal system {¢,} in H and let P, be the orthogonal projec-
tion onto the linear span of {¢,,...$,}. Let Z(A) ={f- P,: fe CHR™)} and

[ACFPOI(h) =3 5 (0" (h)biso™(h)d;) iy Pulh)

i,j=1
v X (6(),00) fie Pu(R),

where f;=(3/9x,)f and f;; =(3/dx;)f;. Here o; H — £5)(H, H) and b:
H —» H are measurable functlons Zy(H, H) being the space of
Hilbert—Schmidt operators with norm || - [lo. It is assumed that [|6(h)I < C,
and [lo(h)llz < C,. If (X(2)) is a progressively measurable process that is a
solution to the martingale problem for (A, u), then it can be shown that
(Xi(#)) == (X(¢), ¢,) admits an r.cll. modification, say (Xi(#)). This step is
similar to the locally compact case referred to in Remark 8.1. X* is then an It6
process in the sense of Stroock—Varadhan and the r.c.L1. version X¢ is indeed
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continuous a.s. [see Stroock and Varadhan (1979), page 111]. Let

M) = Ri(2) - X'(0) = [[(b(X(5)), 8,) ds.
Then it follows that M? is a continuous martingale and

(M MY, = [!(o*(X(5)) 1, 0% (X(8)) ;) ds.

Now
Esup| 3 Mi(t)¢,| = Esup » (Mi(t))*
t<T|j=m t<T j=m
(3.24) < 4F f (MI(T))?
j=m
- 4F f [OT(a*(X(s))¢,.,a*(X(s))¢j)ds.
Jj=m
Since
E il [OT(U*(X(S))@,a*(X(s))¢j)ds = ilfoTlla*(X(s))llgds
Jj= Jj=

< TC,,

it follows that the R.H.S. in (3.24) goes to zero. Thus ¥7_; M /(t)¢; converges
uniformly in [0, T'] a.s. to, say, (M(#)), and hence (M(¢)) is continuous. It is
- easy to see that

M(t) = X(t) — X(0) - fotb(X(s)) ds as.

Hence, defining X(¢) := M(¢) + X(0) + [¢b(X(s))ds, one gets that X is a
continuous modification of X. Thus Hypothesis II is satisfied.

4. Evolution equation for Markov processes: uniqueness. We con-
sider the measure valued equation

(4.1) fEfdvt = [Efdv + fot(fEAfdvs)ds, fe 2(4),

where {1}, ., , € P(E) satisfy for every Borel set U in .E:
(4.2) ¢t = v,(U) is measurable.

Note that if X is a solution to the martingale problem for (A, v), then
w, = Z(X(®)) is a solution to (4.1). We will now show uniqueness under the
conditions of Theorem 3.2. We require the following imbedding of the martin-
gale problem for A on a compact space E. This imbedding was implicit in the
proof of the main theorem.
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As in Section 3, let {g,} € 2(A) be the countable set such that the bp-closure
of {(g), Ag,)} contains {(f, Af): fe 2(A)} and let lig,ll=a,. Let k=
[M5-,1-a,, a,land g: E > E be defined by

(4.3) g(x) = (gl(gc),...,gk(x),...).
Define an operator 27 as follows. Let % be the algebra generated by

{ur e C(E): up((21s---r 28 ---)) = 2}
and

(1) euu, - uy)(2) = | TAEER 7 EDI(), 2 =8,
0, otherwise.

Note that
uk(g(x)) =g(x) and Muk(g(x)) = Ag,(x).
Let (X(#)) be a progressively measurable solution to the martingale problem
for A and let
Z(t) =g(X(2)) Vi¢=0.

(Z(t)) is a g(E) valued progressively measurable process. Also for u € % with
u(g(x)) = g(x), we have that

[E[(u(Z(tm» —u(Z(ty ) ~ [ u(2(s) d)':n @(Z(m)]

(4.5) o
- [E[(g(X(tm)) (X (o) - [ ag(xCo) a5 T hl(X(tl))}

=0,
VO<t <ty< -+ <t,, e B(E), h;, = h,° g. Hence Z is a solution to the
martingale problem for &7.

Similarly it can be seen that if Z is a progressively measurable solution to
the martingale problem for &/ with

(4.6) P(Z(t)cg(E))=1 Vt=0,
then
X(t) =g '(Z(1)

defines a progressively measurable solution to the martingale problem for A.

The advantage of going to the martingale problem for 27 is that compact-
ness of E and denseness of .% implies that any measurable solution to the
martingale problem for & admits an r.c.Ll. version. The preceding discussion
implies that if the D([0, «))-martingale problem for (4, 8,) is well-posed for all
x € E and if every progressively measurable solution to the martingale prob-
lem for (A, ) admits an r.c.Ll. modification, then the law of any solution Z to
the martingale problem for (&7, u) satisfying (4.6) is uniquely determined.
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Let us note here that g is not a homeomorphism in general. However, if
{g,} separates points and closed sets, then g is a homeomorphism and then E
is a compactification of E, similar to the one point compactification of a locally
compact space.

Let E,=E X{-1,1}, A > 0, v € #(E) and B be the operator on Cb(E )
with domam 2(B) Whlch is the linear span of

{fifz: fre 2(A), f, € C({-1,1})}

and
(A7) B folw,0) = (@) AFi(x) + A Fol =) [ fr dv = F(3) ).

THEOREM 4.1. Suppose that the operator A on C,(E) satisfies the condi-
tions of Theorem 3.2. If {v,},. o € P(E) and {u,}; . o € P(E) satisfy (4.1) and
(4.2), then v, = p, forallt > 0.

Proor. By definition of B, it is clear that Z(B) is an algebra that
separates points in E, and that B satisfies Hypothesis I.

Existence of D([0,«), E,) valued solutions to the martingale problem for
(B, w), for every u € P(E,), follows from Proposition IV.10.2 of Ethier and
Kurtz (1986). We will prove that the martingale problem for (B, w) is well-posed
(in the class of progressively measurable solutions). Once this is proved, it
would follow that the D([0, «))-martingale problem for (B, n) is well-posed and
that every measurable solution to the martingale problem admits a r.c.l.l.
modification.

Let (Y, V) be a measurable solution to the martingale problem for (B, w).

- Let
(4.8) Z(t) = g(Y()) Vi=>0
and Z be an operator defined on
(4.9) D(B) = {ufy:uc %, f€C({-1,1})}
by

(4.10) Buf,(z,v) = fo(v)Lu(z) + )\( fz(—v)fEudﬁ - f2(v)u(z)),

where

(4.11) 5(T) = v(g7(T N g(E))). -

Then arguing as in (4.5), it follows that (Z, V') is a solution to the martingale

problem for &. Since Z(%) is an algebra that separates points in g(E) X

{—1,1}, it is a measure determining set. Further, since g(E ) x{-1,1}is a
compact, separable space, (Z,V) has a r.c.ll. modification, say (Z, V), in
g(E ) X {—1,1}. [See, e.g., Theorem IV.3.6 of Ethier and Kurtz (1986).]
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Now arguments as in Theorem IV.10.3 in Ethier and Kurtz (1986) imply
that the law of (Z,V) is determined by the law of the r.c.l.l. solution to the
martingale problem for & satisfying (4.6), which in turn is determined by
{P,}, the solution to the martingale problem for A and v. Thus, the law of Z
and hence that of Y is determined by {P,} and ». It is easy to see that the law
of V depends only on A. This shows that the martingale problem for B is
well-posed. Thus B satisfies all the conditions of Theorem 3.2.

The rest of the argument is the same as that in the locally compact case,
given in the proof of Proposition IV.9.19 in Ethier and Kurtz (1986). O

We now consider the question of uniqueness for solutions to an evolution
equation for perturbations of the operator A.

Let A € C,(E). If (X(#)) is a solution to the D([0, ), E)-martingale problem
for (A,v), then v(B) = E(Ig(X(¢))exp{— [{A(X(s))ds}) is a solution to the
equation

t
(4.12) fEfdvt= jEfdu + fo(fE(Af—)\(~)f)dvs)ds, fe 2(4).
The next result gives conditions under which {v,}, . , is the only solution.

THEOREM 4.2. Suppose A satisfies the conditions of Theorem 3.2 and that
the constant function 1 belongs to 2(A) with Al = 0. If {n,},. o € #(E) and
(v} 0 C A(E) satisfy (4.2) and (4.12), then p, = v, forall t > 0.

Proor. Let a = inf, _ 5 A(x). Then if {v,},, , satisfy (4.12), then v, = v,e*
satisfy

(4.13) fEfdu;= fEfdv+ jot(jE(Af—A(-)fmf)dv;)ds, fe 9(A)

and conversely if {}},, , C #(E) satisfy (4.13), then v, = v,e ™ satisfy (4.12).
Hence it suffices to prove uniqueness when A > 0.

Without loss of generality we can assume that 1 € 9(A) with Al = 0. Let
A be a discrete point outside E and

(4.14) E*=E U (A).

Extend A to E2 by defining

(4.15) A(A) =0.

Define operators A% and C on C,(E*) by

(4.16) D(AY) = {f € Cy(E*): flz € 2(A))

and for f € 9(A%),
ASf(x) =A((f(x) —f(4))) VaxeE,

(4.17)
ALF(A) = 0.
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For fe C,(E®), x € E*,

(4.18) Cf(x) = A(x)(f(A) = f(x)).

We will first show that the martingale problem for A% + C is well-posed. Let
i € P(E*) be defined by U) =w(ENU) for U Borel in E*. Existence of a
solution to the D([0, ), E)-martingale problem for (A* + C, i) follows from
Theorem IV.10.2 in Ethier and Kurtz (1986).

Note that since the martingale problem for A is well-posed, so is the
martingale problem for A*. Existence of a D([0,x), E*) solution for the
martingale problem for (A%, 7) for any 7= € P(E?) follows easily. Let {T*(¢)}
be the associated semigroup.

Let X be a measurable solution to the martingale problem for A* + C.
Since I, € 2(A* + C) and (A* + C)I, = —AI; = —X, we get that

(4.19) M(¢) = I( X(2)) + fotX(X(s)) ds

is a martingale. Nonnegativity of A implies that I,(X(#)) is a supermartingale.
The filtration may not be right continuous. Hence to get an r.c.l.1. modification
of I;(X(t)) we proceed as follows.

Using (I;(X(#)))? = I;(X(2)), a simple calculation gives that

t~
(M(®)* = [X(X(s)) ds
is a martingale. [See, e.g., Ethier and Kurtz (1986), Exercise I1.29.] Similarly
2 t~
(M(2) - M())* = [A(X(u))du, t=s

is a martingale. This implies that the map ¢ — M(¢) is continuous in probabil-
ity. Hence ¢t — I;(X(¢)) is continuous in probability and thus has an r.c.l.l.
modification, say (N(¢)). N can be taken to be {0, 1}-valued. Further N is a
positive supermartingale. Let

(4.20) 7 = inf{¢ > 0: N(¢) = 0}.

Then N(u) =0 for u > 7 a.s. [see, e.g., Ethier and Kurtz (1986), page 62).
Thus N(t) = I, ., and

(4.21) Ig(X(t)) =1,., as.
Hence using (4.19) and integration by parts we get that

(4.22) Iss exp{ fo A X(s)) ds}

is a martingale. Let {g,);_, be the countable set satisfying Hypothesis I with
llg:ll = a,. We will continue to denote by the same symbol g, the extension of
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g, with g,(A) = a, + 1. Then {g,);_, separates points in E*. Let
= ﬁl[_ak —1la, +1]

and g: E* > E be defined by

(4.23) g(x) = (&(x).. .., &(x),.).

Define, for z $_,g(EA), g '(2) =e for some fixed point e in E%. Let
A € B(E) be defined by A = A g~*. Then

(4.24) A(g(x)) =A(x) VzxeE“

Define the operator & as in (4.4) with A replaced by A* in the definition.
Now, on 2(.7) define the operator ¢ by

(4.25) Cu(z) = Lu(z) + A(2)(u(g(8)) - u(2)).

Note that Z(t) = g(X(¢)) is a solution to the martingale problem for ¢. Let Z
be the r.c.ll. modification of Z. Arguing as in (4.5) and using (4.22), we get
that

t A A
(4.26) I(T>t}exp{f A(Z(s)) ds}
is a nonnegative mean one martingale.

Fix T > 0. Define @ on D([0,), E) by
QO(1) € Ty, 6(1,) € T,0)

o TT1(200) -y o0 [ 74(205)) |

forall0 <¢; < -+ » < T and all choices of Borel sets I,...,I,. Here 6
is the coordinate process on D([0, »), ). Equation (4.27) defines a probablllty
measure on D([0, ), E), since Z is an r.c.l.l. process. Since X is a solution to
the martingale problem for A% + C, we get, for f € Z(A* + C) with f(A) =
that

(4.27)

FX@) = [((Af(X(5)) = A(X(9)) F(X(5))) ds

is a martingale and hence using integration by parts, we get that

f( X(t))exp{fotx( X(s)) ds} - fotAf( X(s))exp{fosx(X(u)) du} ds
is a martingale. Since f(A) = 0, using (4.21), we get that

f(X(t))I(wt}efél'){j:)t(X(s)) ds}
_j:Af(X(S))I(T>S} exp{fos)\(X(u)) du} ds
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is a martingale. Or, arguing as in (4.5), for u € 2(¥),

u(Z(t))I(T>t) exp{j:)t(ZA(s)) ds}
(4.28)

_/()tMu(Z(s))I(T>-s) exp{f:/{(ZA(r)) dr} ds

is a martingale. Hence for 0 <¢, < -+ <t, ., <T, hy,..., h, € C(E),

£ (0tc) = (006 = [ (o) ds) FT o)

- [EP[(u(ZA(th))I(TNmH) exp{‘/:"‘”X(ZA(r)) dr}

(4.29) X .
—u(Z(tm))I(T>tm)exp{/;)"')\(Z(r))dr}

" u(Z(8)) sy exp{/os)t(z‘(r)) dr}) dsklrfllhk(ZA(tk))]

m

=0.
It follows that under @, 6 is a solution to the martingale problem for &7
satisfying

(4.30) Q(o(t) eg(E*) =1 Vit

Hence, X'(¢) = g‘l(e(t)) is a solution to the martingale problem for A*. This
step is similar to the arguments given at the beginning of this section. Thus we
get for u € B(E):

E(u(0(2))] = E®[u-g(X'(t))]
= EQ[[T2(¢)(u  8)](X(0))]
= EP[[T2(¢)(u ~ £)](X(0))].
This can be rephrased as
(4.31) [EP[u(z“(t))exp{fO’)t(z‘(r))dr}l(m,] = EP[T2(¢)(u > g)(X(0))]
for all 0 < ¢ < T. Similarly, if for s > 0, fixed, we define @ on D([0, ), E) by
- Q(6(ty)) €Ty, 0(2,) €T,,)

(4.32) EII I (2(s + ) s e, ex0{ S mA(2(r)) dr )]
B P(r>s)

forall 0 <t, < -+ <t, <T, for all choices of Borel sets I',...,T,,, then @
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is a solution to the martingale problem for & and we get

EP[u(Z(t))exp{f (Z(r))dr} {,>t)}

= EP[[T4(t - s)(u °§)](X(s))]

forall s <t <s+ T. Since T > 0 was arbitrary, (4.31) and (4.33) hold for all
t >0 and ¢ > s, respectively. Let f € B(E%) with f(A)=0and u :=fo g -1
Then note that u(g(x)) = f(x) for all x € E2. Then using u(Z(t)) = 0if 7 < ¢,
we get

EP[u(Z())] - E7[T4(2) F(X(0)]
- EP{u(Z(t))(l - exp{f (Z(r))dr} (m))]

= Ep[u(Z(t))(l - eXp{f (Z(r))d"}) (m)]

(4.33)

(4.34) _[EPrftu(z"(t)),’{(Z(s))exp{j:,{(Z(r))dr}I(,M) ds]
- —F? f[EP[ (Z(t)) exp{[ (Z(r))dr} (T>n|«7z] (2(s))ds ]
- €7 fo TA(t - s)f(X(s))i(Z‘(s))ds],

" EP[ F(X(2))] — EP[T*(¢) f(X(0))]

w55 - -8 [T - ) FXENAX()) 5]

= fot[EP[CTA(t — 5) f(X(s))] ds.
Hence iterating, we get
EP[£(X(2)] = EP[T4(t) f(X(0))]
+/:[EP[TA(S)CTA(t — 5) f(X(0))] ds

+f0tfostEP[CTA(s = r)CT*(¢ = 8)) f(X(r))] drds

and so on. Thus the distribution of X(¢) is determined by C, {T(s)},., and
X(0). Hence the distribution of X(¢) is determined for every ¢ > 0. But this
implies that the finite dimensional distributions of X are determined. [See,
e.g., Theorem IV.4.2 in Ethier and Kurtz (1986).] Hence we have well-posed-
ness of the martingale problem for A% + C.
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It now follows that A* + C satisfies all the conditions of Theorem 3.2.
Hence, applying Theorem 4.1 for the operator A* + C, we get uniqueness of
solutions to the measure valued equation

(4.36) /;EAfdpt = fEAfdﬁ + [()‘([EA(AA + C)fdps) ds.

Let {v,} be a solution to (4.12) [satisfying (4.2)]. Since 1 € 2(A) with
Al = 0, we get

v(E) = v(E) - [O’A dv, ds

and hence v,(E) < 1. Set #(U) =v(UNE) + A - v,(ENI,;(A) for U Borel
in E2. Then it can be checked that 7, is a solution to (4.36). Thus, uniqueness
of solutions to (4.36) implies the required uniqueness of solutions to (4.12). O

5. Evolution equation for time inhomogeneous Markov processes.
The results of Section 4 can easily be extended to the case where the operator
A depends on time. We define the time dependent martingale problem as
follows.

Let (E, d) be a complete, separable metric space. For ¢ > 0, let A, be linear
operators on C,(E) with a common domain 9 c C,(E). L

A measurable process X defined on some probability space ({2, &, P) is said
to be a solution to the martingale problem for (A4,),,, with respect to a
filtration (£)), . , if for any f € 2,

(51) F(X(8) = [[A,F(X(s)) ds

is a (#,)-martingale.

For yu € #(E), we say that the martingale problem for ((A,), 1) is well-posed
if, whenever, X and Y are two solutions to the martingale problem for (A,),
defined, respectively, on ({2, &, P) and (T', &, @) with respect to some filtra-
tions and satisfying P o X(0)™! = @ - Y(0)~! = u, we have

P(X(t)eU)=Q(Y(¢)eU) V¥Y¢>0; VU, BorelinE.

Most of the results on martingale problems can be extended to the time

dependent case by considering the space-time process

(5.2) XO(t) = (¢, X(t)).

Let E° =[0,) X E. We state the following theorem. For its proof see, for
example, Ethier and Kurtz (1986), page 221.

THEOREM 5.1. Let 9’ C C,(E®) consist of functions of the form

k
(5.3) g(t,x) = ;hi(t)fi(x) hi€ Cy([0,)), fi € 2.
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Define an operator A° on C,(E°®) with domain 2’ by
k a
(5.4) A%g(t,x) = X fi(x) 2o hi(t) + hi() A, fi(%) |-
i=1
Then X is a solution to the martingale problem for (A,) if and only if X° is a
solution to the martingale problem for A°.

We have the following version of Theorem 4.1 in the time inhomogeneous
case. This can be deduced from Theorem 4.1. See, for example, Horowitz and
Karandikar (1990), where this is done for the locally compact case.

THEOREM 5.2. Suppose that the operator A° defined by (5.4) with domain
2' satisfies the conditions of Theorem 3.2. If {v,},. o C P(E) and {u,.o C
P (E) satisfy (4.2) and the equation

¢
(5.5) fEfdv, = [Efdv + fo(/EAsfdvs) ds, fe9,
then v, = u, forallt > 0.
Now we consider the time dependent version of Theorem 4.2.

THEOREM 5.3. Suppose that the operator A° defined by (5.4) with domain
2' satisfies the conditions of Theorem 4.2. Let (s,x) — A(x) be a bounded
continuous function on ([0,T] X E). If {v,},,, C#(E) and {u,},., C #(E)
satisfy (4.2) and the equation

(5.6) /Efdu, - /Efdv + /Ot(fE(Asf+ A()F)dv,|ds, fe 9,
then v, = u, forallt > 0.

Proor. Define E* as in (4.14), A, € C,(E*) and operators A% and C, for
each ¢ > 0 by (4.15)-(4.18), using A, and A, in place of A and A, respectively.
On 2’ define operators C° and A° as in (5.4). We can verify that A° satisfies
the conditions of Theorem 4.2. The result now follows from Theorem 4.2. O

6. Application to filtering theory. In this section, we will give an
application of the results in the previous section to filtering theory. We recall
here briefly the white noise model of filtering.

Suppose that the signal process (i.e., the process of interest) (X(z)) is a
Markov process and that (X(#)) is not directly observable. Instead, one can
observe a function A ,(X(¢)) of the signal corrupted by additive noise (e,)-
‘assumed to be white noise. In other words the observation process y, is

(6.1) ye=h(X(t)) +e,

where &#, is a separable Hilbert space, h:[0,7] X E > #, is a measurable
function such that [7llA (X(s)I ds < o and (e,) is #, valued white noise.
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The norm in &#; is denoted by | - [l; and the inner product by (-, - );. In the
framework of countably additive probability theory, white noise (e,) does not
exist as a process and to formalize this model one has to proceed differently.
[See Kallianpur and Karandikar (1988), Appendix and references therein.]
However on a finitely additive probability space, one can construct white
noise (e,) and then the model (6.1) can be given a formal meaning. The sample
space for (e,) and (y,) is L*(0, T'], »#,). The quantity of interest in the filtering
theory is the conditional distribution F,(y) of (X(¢)) given (y,: 0 <s < ¢):

F(y)(B) = E[I5(X(2))ly,: 0 < ¢]

for B Borel in E. We now state a result from Kallianpur and Karandikar

[(1988), page 363-366]. For the meaning of conditional expectation in this

setup and related matters, we refer the reader to Chapter 6 in the reference

cited above. This result is also given in Kallianpur and Karandikar (1985).
Let ¢2(x) = (h (x),y,); — 1/2||h (x)ll;. Then

F(y)(B) = T(y)(B) - [L(y)(E)] 7,
where

(62) L)(B) - B In( X(t)esp( [fex(X(s)) d .

T',(y) is called the unnormalized conditional distribution of (X(¢)) given (y,:
0 < s <t). We can now deduce the following result from Theorem 5.3.

THEOREM 6.1. Suppose that the signal process (X(t)) is the unique solution
~ to the martingale problem for ((A,),v) where (A,) is as in Section 5. Suppose
that the operator A° defined by (5.5) with domain 2’ satisfies the conditions of
Theorem 4.2.

Also suppose that h is a continuous function with ||h.()lly < C for some
constant C. Then for all y € C([0,T'], 7#,) the unnormalized conditional distri-
bution T(y) is the unique solution to the equation

(63) (&) =(ew + [ "A,g+clg,Ty(y)ds, ge2.

We can equivalently state the above conclusion as: T(y) is the unique
solution to the equation

<f(t")’rt(y)>=<f(0")’V> )
+[X(AF)(8,) + () F(s,). T () ds,
fe 9.

(6.4)

It may be noted that in Kallianpur and' Karandikar (1988), I',(y) has been
characterized as the unique solution to (6.4), with A° replaced by the genera-
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tor L of the Markov process (¢, X(¢)) and 2’ replaced by the domain 2, of L.
In that case, & is not required to be bounded.

Though Theorem 6.1 requires k& to be bounded, for y € C([0,T], %)), it
yields T,(y) as the unique solution to (6.3) or equivalently (6.4). This is a
significant improvement, since Z;. can be very large and we have no control
over it, whereas we can choose 2’ and in most cases we can choose it to be
much smaller. When the signal process is an infinite dimensional diffusion (as
in Remark 3.2), 9 can be taken to consist of cylinder functions, that is,
functions depending upon finitely many coordinates, but 2, will contain
functions which are not cylinder functions.

Even though Theorem 6.1 gives a characterization of T(y) for y e
C(0,T], #)), it is enough because it is known that y — I(y) is Lipschitz
continuous [see Kallianpur and Karandikar (1988), page 479] and C([0, T'], #7)
is dense in L2([0, T'], #)).
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