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SELF-NORMALIZED CRAMÉR-TYPE LARGE DEVIATIONS FOR
INDEPENDENT RANDOM VARIABLES

BY BING-YI JING,1 QI-MAN SHAO2 AND QIYING WANG

HKUST, University of Oregon and NUS, and University of Sydney

Let X1,X2, . . . be independent random variables with zero means and
finite variances. It is well known that a finite exponential moment as-
sumption is necessary for a Cramér-type large deviation result for the
standardized partial sums. In this paper, we show that a Cramér-type
large deviation theorem holds for self-normalized sums only under a finite
(2 + δ)th moment, 0 < δ ≤ 1. In particular, we show P(Sn/Vn ≥ x) =
(1 − �(x))(1 + O(1)(1 + x)2+δ/d2+δ

n,δ ) for 0 ≤ x ≤ dn,δ , where dn,δ =
(
∑n

i=1 EX2
i )1/2/(

∑n
i=1 E|Xi |2+δ)1/(2+δ) and Vn = (

∑n
i=1 X2

i )1/2. Appli-
cations to the Studentized bootstrap and to the self-normalized law of the
iterated logarithm are discussed.

1. Introduction. Let X1,X2, . . . be a sequence of independent random
variables with EXi = 0 and 0 < EX2

i < ∞ for i ≥ 1. Set

Sn =
n∑

i=1

Xi, B2
n =

n∑
i=1

EX2
i , V 2

n =
n∑

i=1

X2
i .

The classical central limit theorem states that if the Lindeberg condition

1

B2
n

n∑
i=1

EX2
i I{|Xi |>εBn} → 0 for every fixed ε > 0(1.1)

is satisfied, then

sup
x

∣∣P (
Sn ≥ xBn

) − (
1 − �(x)

)∣∣ → 0 as n → ∞.

The central limit theorem is useful when x is not too large or when the error is
well estimated. There are two approaches for estimating the error of the normal
approximation. One approach is to study the absolute error in the central limit
theorem via Berry–Esseen bounds or Edgeworth expansions [see, e.g., Petrov
(1975)]. Another approach is to estimate the relative error of P (Sn ≥ xBn) to
1 − �(x). One of the typical results in this direction is the so-called Cramér
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large deviation. If X1,X2, . . . are a sequence of independent and identically
distributed (i.i.d.) random variables with zero means and the finite moment-
generating function EetX1 < ∞ for t in a neighborhood of zero, then for x ≥ 0
and x = o(n1/2)

P (Sn ≥ xBn)

1 − �(x)
= exp

{
x2λ

(
x√
n

)}[
1 + O

(
1 + x√

n

)]
,(1.2)

P (Sn ≤ −xBn)

�(−x)
= exp

{
x2λ

(−x√
n

)}[
1 + O

(
1 + x√

n

)]
,(1.3)

where λ(t) is the so-called Cramér’s series [see Petrov (1975), Chapter VIII, for
details]. In particular, if Eet|X1|1/2

< ∞ for some t > 0, then

P (Sn ≥ xBn)

1 − �(x)
→ 1,

P (Sn ≤ −xBn)

�(−x)
→ 1(1.4)

holds uniformly for x ∈ (0, o(n1/6)). Similar results are also available for
independent but not necessarily identically distributed random variables under a
finite moment-generating function condition.

It is well known that moment conditions in these classical limit theorems
are also necessary. On the other hand, limit theorems for the self-normalized
sums Sn/Vn put a totally new countenance on classical limit theorems. When
X1,X2, . . . are i.i.d. random variables, in contrast to the well-known Hartman–
Wintner law of the iterated logarithm (LIL) and its converse by Strassen (1966),
Griffin and Kuelbs (1989) obtained a self-normalized LIL for all distributions
in the domain of attraction of a normal or stable law. Shao (1997) showed that
no moment conditions are needed for a self-normalized large deviation result
P (Sn/Vn ≥ x

√
n). The tail probability of Sn/Vn is Gaussian like when X1 is

in the domain of attraction of the normal law and sub-Gaussian like when
X1 is in the domain of attraction of a stable law, which in turn enables him to
find the precise constant in Griffin and Kuelbs’ self-normalized LIL, while Giné,
Götze and Mason (1997) proved that the tails of Sn/Vn are uniformly sub-Gaussian
when the sequence is stochastically bounded. Shao (1999) established a (1.4) type
result for self-normalized sums only under a finite third-moment condition. More
precisely, he showed that if E|X1|2+δ < ∞ for 0 < δ ≤ 1, then

P (Sn ≥ xVn)

1 − �(x)
→ 1,

P (Sn ≤ −xVn)

�(−x)
→ 1(1.5)

holds uniformly for x ∈ (0, o(nδ/(2(2+δ)))). Self-normalized sums have been
studied previously in connection with weak convergence by Darling (1952),
Logan, Mallows, Rice and Shepp (1973), LePage, Woodroofe and Zinn (1981),
Csörgő and Horváth (1988), Csörgő, Haeusler and Mason (1988, 1991), Hahn,
Kuelbs and Weiner (1990), Griffin and Mason (1991), Griffin and Pruitt (1989)
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and Maller (1988, 1991). We refer to Bentkus and Götze (1996) for Berry–
Esseen inequalities, Giné, Götze and Mason (1997) for the necessary and
sufficient condition for the asymptotic normality and Shao (1998) for a survey
on recent developments in this area. Recently, several papers have focused on
the self-normalized limit theorems for independent but not necessarily identically
distributed random variables. Bentkus, Bloznelis and Götze (1996) obtained the
following Berry–Esseen bound:∣∣P (Sn/Vn ≥ x) − (

1 − �(x)
)∣∣

≤ A

(
B−2

n

n∑
i=1

EX2
i I{|Xi |>Bn} + B−3

n

n∑
i=1

E|Xi|3I{|Xi |≤Bn}
)
,

(1.6)

where A is an absolute constant. Assuming only finite third moments, Wang and
Jing (1999) derived exponential nonuniform Berry–Esseen bounds. Chistyakov
and Götze (1999) refined Wang and Jing’s results and obtained the following result,
among others: If X1,X2, . . . are symmetric independent random variables with
finite third moments, then

P (Sn/Vn ≥ x) = (
1 − �(x)

)(
1 + O(1)(1 + x)3B−3

n

n∑
i=1

E|Xi |3
)

(1.7)

for 0 ≤ x ≤ Bn/(
∑n

i=1 E|Xi|3)1/3, where O(1) is bounded by an absolute
constant.

Result (1.7) is useful because it provides not only the relative error but also a
Berry–Esseen rate of convergence. Although the assumption of symmetry allows
us to assert that

P (Sn/Vn ≥ x) = (
1 − �(x)

)(
1 + O(1)min

(
1, (1 + x)3B−3

n

n∑
i=1

E|Xi |3
))

for all x ≥ 0, it not only takes away the main difficulty in proving a self-
normalized limit theorem but also limits its potential applications. The main aim
of this paper is to establish a Cramér-type large deviation for general independent
random variables. In particular, we show that (1.7) remains valid for nonsymmetric
independent random variables. One of the main contributions of this paper is
that the exponential moment condition needed for the normalized sum can be
considerably reduced to only the finite moment condition of low order, which
significantly expands the applicability of such a large deviation result to other fields
and especially to statistics.

This paper is organized as follows. The main results are stated in Section 2.
Applications to the Studentized bootstrap and to the self-normalized LIL are given
in Sections 3 and 4, respectively. Major steps of the proof of Theorem 2.1 as well
as proofs of the corollaries of Theorem 2.1 are provided in Section 5. Section 6
presents some preliminary lemmas. Proofs of four propositions used in the main
proof are offered in Sections 7–10.
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2. Main results. Throughout the paper, we assume that X1,X2, . . . are
independent random variables with EXi = 0 and 0 < EX2

i < ∞. Further to our
earlier notation, we introduce

�n,x = (1 + x)2

B2
n

n∑
i=1

EX2
i I{|Xi |>Bn/(1+x)} + (1 + x)3

B3
n

n∑
i=1

E|Xi|3I{|Xi |≤Bn/(1+x)}

for x ≥ 0.

THEOREM 2.1. There is an absolute constant A (> 1) such that

P (Sn ≥ xVn)

1 − �(x)
= eO(1)�n,x and

P (Sn ≤ −xVn)

�(−x)
= eO(1)�n,x(2.1)

for all x ≥ 0 satisfying

x2 max
1≤i≤n

EX2
i ≤ B2

n(2.2)

and

�n,x ≤ (1 + x)2/A,(2.3)

where |O(1)| ≤ A.

Theorem 2.1 provides a very general framework. The following results are
direct consequences of the above general theorem.

THEOREM 2.2. Let {an,n ≥ 1} be a sequence of positive numbers. Assume
that

a2
n ≤ B2

n/ max
1≤i≤n

EX2
i(2.4)

and

∀ ε > 0, B−2
n

n∑
i=1

EX2
i I{|Xi |>εBn/(1+an)} → 0 as n → ∞.(2.5)

Then

ln P (Sn/Vn ≥ x)

ln(1 − �(x))
→ 1,

lnP (Sn/Vn ≤ −x)

ln �(−x)
→ 1(2.6)

holds uniformly for x ∈ (0, an).

The next corollary is a special case of Theorem 2.2 and may be of independent
interest.
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COROLLARY 2.1. Suppose that Bn ≥ c
√

n for some c > 0 and that
{X2

i , i ≥ 1} is uniformly integrable. Then, for any sequence of real numbers xn

satisfying xn → ∞ and xn = o(
√

n ),

ln P (Sn/Vn ≥ xn) ∼ −x2
n/2.(2.7)

When the Xi ’s have a finite (2 + δ)th moment for 0 < δ ≤ 1, we obtain (1.7)
without assuming any symmetric condition.

THEOREM 2.3. Let 0 < δ ≤ 1 and set

Ln,δ =
n∑

i=1

E|Xi |2+δ, dn,δ = Bn/L
1/(2+δ)
n,δ .

Then

P (Sn/Vn ≥ x)

1 − �(x)
= 1 + O(1)

(
1 + x

dn,δ

)2+δ

(2.8)

and

P (Sn/Vn ≤ −x)

�(−x)
= 1 + O(1)

(
1 + x

dn,δ

)2+δ

(2.9)

for 0 ≤ x ≤ dn,δ , where O(1) is bounded by an absolute constant. In particular,
if dn,δ → ∞ as n → ∞, we have

P (Sn ≥ xVn)

1 − �(x)
→ 1,

P (Sn ≤ −xVn)

�(−x)
→ 1(2.10)

uniformly in 0 ≤ x ≤ o(dn,δ).

By the fact that 1−�(x) ≤ 2e−x2/2/(1+x) for x ≥ 0, it follows from (2.8) that
the following exponential nonuniform Berry–Esseen bound∣∣P (Sn/Vn ≥ x) − (

1 − �(x)
)∣∣ ≤ A(1 + x)1+δe−x2/2/d2+δ

n,δ(2.11)

holds for 0 ≤ x ≤ dn,δ .
The next corollary shows that the range of uniform convergence in Theorem 2.3

can be extended to [0,O(dn,δ)] when 0 < δ < 1 under certain circumstances and
especially for i.i.d. cases.

COROLLARY 2.2. Let 0 < δ < 1. Assume that {|Xi |2+δ, i ≥ 1} is uniformly
integrable and that Bn ≥ cn1/2 for some constant c > 0. Then (2.10) holds
uniformly for x ∈ [0,O(nδ/(4+2δ))].

For i.i.d. random variables, Theorem 2.1 simply reduces to the following
corollary:
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COROLLARY 2.3. Let X1,X2, . . . be i.i.d. random variables with EXi = 0
and σ 2 = EX2

i < ∞. Then there exists an absolute constant A > 2 such that

P (Sn ≥ xVn)

1 − �(x)
= eO(1)�n,x and

P (Sn ≤ −xVn)

�(−x)
= eO(1)�n,x

for all x ≥ 0 satisfying �n,x ≤ (1 + x)2/A, where |O(1)| ≤ A and

�n,x = (1 + x)2σ−2EX2
1I{|X1|>√

nσ/(1+x)}
+ (1 + x)3σ−3n−1/2E|X1|3I{|X1|≤√

nσ/(1+x)}.

We end this section with the following remarks:

REMARK 2.1. If the Lindeberg condition (1.1) holds, then �n,x → 0 for every
fixed x. Hence, it follows from Theorem 2.1 that∣∣P (Sn ≥ xVn) − (

1 − �(x)
)∣∣ → 0 as n → ∞,

which is the central limit theorem for the self-normalized sum.

REMARK 2.2. If X1,X2, . . . are i.i.d. random variables with σ 2 = EX2
1 < ∞,

then condition (2.2) simply reduces to x ≤ √
n and (2.3) to

σ−2EX2
1I{|X1|>√

nσ/(1+x)} + (1 + x)n−1/2σ−3E|X1|3I{|X1|≤√
nσ/(1+x)} ≤ 1/A,

which in turn implies (1 + x) ≤ √
n. Hence, (2.3) implies (2.2) in the i.i.d. case.

However, (2.3) does not imply (2.2) in general. On the other hand, it could be
interesting if condition (2.2) in Theorem 2.1 or condition (2.4) in Theorem 2.2 can
be removed.

REMARK 2.3. An example given in Shao (1999) shows that in i.i.d. cases,
the condition E|X1|2+δ < ∞ for (1.5) cannot be replaced with E|X1|r < ∞ for
some r < 2 + δ. We believe that condition (2.3) in Theorem 2.1 is the best possible
condition.

REMARK 2.4. When X1,X2, . . . are i.i.d. random variables, dn,δ is simply
equal to nδ/(4+2δ)(EX2

1)
1/2/(E|X1|2+δ)1/(2+δ).

3. An application to the Studentized bootstrap. Since Efron (1979) in-
troduced the bootstrap, its properties have been studied extensively. One useful
application of the bootstrap is to the construction of the confidence intervals for
a population quantity of interest. There are many variants of the bootstrap de-
veloped for this purpose, including the percentile method, the percentile-t , the
ABC method, the iterated bootstrap. See the monographs of Hall (1992), Efron
and Tibshirani (1993) and Davison and Hinkley (1997), for instance.
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In this section, we restrict our attention to bootstrapping the Studentized
t-statistic (more commonly referred to as the “percentile-t” method) to construct
a confidence interval for a population mean. Suppose that X = {X1, . . . ,Xn} is a
random sample from some population F . Let X∗ = {X∗

1, . . . ,X∗
n} be a resample

drawn randomly with replacement from X. Write X̄ = n−1 ∑n
i=1 Xi and X̄∗ =

n−1 ∑n
i=1 X∗

i for the sample mean and resample mean, respectively. Also, write
σ̂ 2 = (n − 1)−1 ∑n

i=1(Xi − X̄)2 and σ̂ ∗2 = (n − 1)−1 ∑n
i=1(X

∗
i − X̄∗)2 for the

sample variance and resample variance, respectively. Define

Tn = √
n(X̄ − µ)/σ̂ , T ∗

n = √
n(X̄∗ − X̄)/σ̂ ∗

as the Studentized mean and its bootstrap version. Also, define their corresponding
distribution functions by

Fn(x) = P (Tn ≤ x), F̂n(x) = P ∗(T ∗
n ≤ x),

where P ∗(·) denotes the conditional probability given the sample X. Note that if
the distribution function Fn(x) were known, then a one-sided confidence interval
I1 = (−∞, X̄ − n−1/2σ̂F−1

n (α)) would have the exact coverage probability 1 − α

in the sense that P (µ ∈ I1) = 1 − α for any prescribed significance level α. The
bootstrap percentile-t confidence interval with nominal level 1 −α is defined to be
Î1 = (−∞, X̄ − n−1/2σ̂ F̂−1

n (α)).
The accuracy of the percentile-t method critically depends on how well the

bootstrap distribution function P ∗(T ∗
n ≤ x) approximates the true distribution

function P (Tn ≤ x). One of the very useful approaches in bootstrap analysis is the
Edgeworth expansion [see Singh (1981) and Hall (1988)]. Although this approach
reveals many important properties of the bootstrap, it does not give a complete
picture. It is well known that Edgeworth expansions focus only on absolute errors
and can be very inaccurate when employed to estimate tail probabilities. It is in
just those cases, however, that we usually wish to use the bootstrap to approximate
distribution functions.

In this section, we are concerned with the relative error properties of the
bootstrap. This line of work was initiated by Hall [(1990) and (1992), page
324] who showed that the bootstrap provides an accurate approximation to large
deviation probabilities for values of x as large as o(n1/3) for the standardized mean
under the assumption that the parent distribution has a finite moment-generating
function in the neighborhood of the origin and that the characteristic function
satisfies Cramér’s condition lim sup|t|→∞ |EeitX1| < 1. Jing, Feuerverger and
Robinson (1994) extended Hall’s results to the Studentized t-statistic by applying
the saddlepoint approximations for the Student’s t-statistic developed by Daniels
and Young (1991). However, the moment condition required is

E exp{tX2
1} < ∞

for some t > 0. Note that this condition is extremely strong since it requires that
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the tail probability of the underlying distribution drops to zero at least as fast as a
normal random variable.

Our next theorem shows that the bootstrap still possesses some large deviation
properties under only finite moment conditions. It is worth mentioning that Wood
(2000) also recently studied similar issues to those in this section but only for the
percentile bootstrap method.

THEOREM 3.1. If E|X1|2+δ < ∞ for some 0 < δ ≤ 1, then

P ∗(T ∗
n ≥ x)

P (Tn ≥ x)
= 1 + o(1) and

P ∗(T ∗
n ≤ −x)

P (Tn ≤ −x)
= 1 + o(1) a.s.(3.1)

holds uniformly in 0 ≤ x ≤ o(nδ/(4+2δ)).

PROOF. We shall only prove the first part of (3.1). Without loss of generality,
assume that µ = 0. Note that the distribution functions of Tn and Sn/Vn are closely
related via the following identity:

{Tn ≥ x} =
{
Sn ≥ x

(
n

n + x2 − 1

)1/2

Vn

}
.(3.2)

Applying Theorem 2.3, we see that

P (Tn ≥ x)

1 − �(x)
= 1 + o(1)(3.3)

holds uniformly in 0 ≤ x ≤ o(nδ/(2(2+δ))).
For the bootstrap distribution, we can apply Theorem 2.3 again [see (3.2) and

Remark 2.4] to obtain∣∣∣∣P ∗(T ∗
n ≥ x)

1 − �(x)
− 1

∣∣∣∣ ≤ A(1 + x)2+δ/d∗ 2+δ
n,δ(3.4)

for 0 ≤ x ≤ d∗
n,δ , where

d∗
n,δ = nδ/(4+2δ)(E∗|X∗

1 |2)1/2/(E∗|X∗
1 |2+δ)1/(2+δ)

= nδ/(4+2δ) (n−1 ∑n
i=1 X2

i )
1/2

(n−1 ∑n
i=1 |Xi |2+δ)1/(2+δ)

.

By the law of large numbers, we have

d∗
n,δ/nδ/(4+2δ) → (EX2

1)
1/2/(E|X1|2+δ)1/(2+δ) a.s. as n → ∞.(3.5)

The theorem thus follows from the relationships (3.2)–(3.5). �

Theorem 3.1 states that the bootstrap provides an accurate approximation of
large deviation probabilities for Studentized t-statistics for values of x as large
as o(nδ/(4+2δ)). In particular, if δ = 1, the region becomes 0 ≤ x ≤ o(n1/6). Note
that the region is smaller than 0 ≤ x ≤ o(n1/3) obtained in Jing, Feuerverger and
Robinson (1994) since the moment assumption is much weaker here.
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4. An application to the self-normalized law of the iterated logarithm. It
is known that the law of the iterated logarithm (LIL) is usually a direct consequence
of a moderate deviation result. Following Griffin and Kuelbs (1989) and Shao
(1997), we have the following self-normalized LIL as another direct application
of Theorem 2.1.

THEOREM 4.1. Let X1,X2, . . . be independent random variables with
EXi = 0 and 0 < EX2

i < ∞. Assume that Bn → ∞, max1≤k≤n EX2
i ≤

1
4B2

n/ log logBn for sufficiently large n and that

∀ ε > 0, B−2
n

n∑
i=1

EX2
i I{|Xi |>εBn/(log logBn)1/2} → 0 as n → ∞.(4.1)

Then

lim sup
n→∞

Sn

Vn(2 log log Bn)1/2 = 1 a.s.(4.2)

In Theorem 4.1 and the remainder of this paper, logx denotes ln max(x, e). One
can refer to Wittmann (1987) and Shao (1995) for the LIL for the standardized
sums Sn/Bn. Shao (1995) proved that if (4.1) and

∀ ε > 0,

∞∑
n=1

P
(|Xn| > εBn/(log log Bn)

1/2) < ∞(4.3)

are satisfied, then

lim sup
n→∞

Sn

Bn(2 log logBn)
1/2 = 1 a.s.(4.4)

The following example shows that the self-normalized LIL (4.2) holds but the
LIL (4.4) fails. Let X1,X2, . . . be independent random variables satisfying

P (Xn = 0) = 3

4
− 1

n(log logn)3
+ 1

4 log log n
,

P (Xn = ±2) = 1

8
− 1

8 log log n
,

P (Xn = ±n1/2 log logn) = 1

2n(log logn)3 .

Then it is easy to see that EXn = 0, EX2
n = 1 and {X2

n, n ≥ 1} are uniformly
integrable. Hence, by Theorem 4.1, (4.2) holds. On the other hand, note that

∀ ε > 0,

∞∑
n=1

P
(|Xn| > εBn(log logBn)

1/2) = ∞
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with Bn = √
n. By the Borel–Cantelli lemma, (4.4) does not hold.

PROOF OF THEOREM 4.1. We follow the proof of Theorem 5.1 in Shao
(1997). We first show that

lim sup
n→∞

Sn

Vn(2 log logBn)
1/2 ≤ 1 a.s.(4.5)

For θ > 1, let mk := mk(θ) = min{n :Bn ≥ θk}. It follows from condition (4.1)
that

Bmk
∼ θk as k → ∞.(4.6)

Let xk = (2 log log Bmk
)1/2. Then, for 0 < ε < 1/2,

P

(
max

mk≤n≤mk+1

Sn

Vn

≥ (1 + 7ε)xk

)

≤ P

(
Smk

Vmk

≥ (1 + 2ε)xk

)
+ P

(
max

mk≤n≤mk+1

Sn − Smk

Vn

≥ 5εxk

)
.

(4.7)

By Theorem 2.2, we have

P

(
Smk

Vmk

≥ (1 + 2ε)xk

)
≤ exp

(−(1 + 2ε)x2
k /2

) ≤ Ck−1−ε(4.8)

for every sufficiently large k.
We estimate the second term in the right-hand side of (4.7) below. Let η =

(θ2 − 1)1/2 and define zk = ηBmk
/xk . Set Tn = ∑n

i=mk+1 XiI{|Xi |≤zk}. So,

P

(
max

mk≤n≤mk+1

Sn − Smk

Vn

≥ 5εxk

)

≤ P

(
max

mk≤n≤mk+1
Tn ≥ 2εxkBmk

)
(4.9)

+ P
(
Vmk

≤ Bmk
/2

) + P

( mk+1∑
i=1+mk

I{|Xi |>zk} ≥ (εxk)
2

)
.

Note that
mk+1∑

i=1+mk

EX2
i I{|Xi |≤zk} ∼ (θ2 − 1)θ2k

and

max
mk≤n≤mk+1

|ETn| ≤ z−1
k

mk+1∑
i=1+mk

EX2
i ∼ z−1

k (θ2 − 1)θ2k

∼ (θ2 − 1)1/2xkBmk
≤ εxkBmk

/2
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for 1 < θ < 1 + ε2/8. By the Bernstein inequality for large k,

ln P

(
max

mk≤n≤mk+1
Tn ≥ 2εxkBmk

)

≤ − (εxkBmk
)2

2((θ2 − 1)θ2k + εxkBmk
zk)

∼ − ε2x2
k

2((θ2 − 1) + ε(θ2 − 1)1/2)

≤ −x2
k ,

(4.10)

provided that θ(> 1) is close enough to 1. By the Bernstein inequality again,

P
(
Vmk

≤ Bmk
/2

)
≤ P

(
mk∑
i=1

X2
i I{|Xi |≤zk} ≤ B2

mk
/4

)

≤ exp

(
− (3B2

mk
/4)2

2(
∑mk

i=1 EX4
i I{|Xi |≤zk} + B2

mk
z2
k)

)

≤ exp
(
− B4

mk

8B2
mk

z2
k

)
≤ exp(−x2

k )

(4.11)

for θ(> 1) close to 1. Let t := tk = ln{(εxk)
2/(

∑mk+1
i=1 z−2

k EX2
i I{|Xi |>zk})}. Then

t → ∞ by (4.1). From the Chebyshev inequality, it follows that

P

( mk+1∑
i=1+mk

I{|Xi |>zk} ≥ (εxk)
2

)

≤ e−t (εxk)
2

mk+1∏
i=1+mk

(
1 + (et − 1)P (|Xi| > zk)

)
≤ exp

(
−t (εxk)

2 + (et − 1)

mk+1∑
i=1

z−2
k EX2

i I{|Xi |>zk}
)

≤ exp

(
−(εxk)

2 ln

{
(εxk)

2

3
∑mk+1

i=1 z−2
k EX2

i I{|Xi |>zk}

})

≤ exp(−x2
k )

(4.12)

for sufficiently large k. Combining the above inequalities yields (4.5) by the Borel–
Cantelli lemma and the arbitrariness of ε.
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Next, we prove that

lim sup
n→∞

Sn

Vn(2 log logBn)
≥ 1 a.s.(4.13)

Let nk = min{m :Bm ≥ e4k logk}. Then, Bnk
∼ e4k logk . Observe that

lim sup
n→∞

Sn

Vn(2 log log Bn)1/2

≥ lim sup
k→∞

Snk

Vnk
(2 log logBnk

)1/2

≥ lim sup
k→∞

Snk
− Snk−1

Vnk
(2 log logBnk

)1/2
+ lim inf

k→∞
Snk−1

Vnk
(2 log logBnk

)1/2
(4.14)

= lim sup
k→∞

(V 2
nk

− V 2
nk−1

)1/2

Vnk

Snk
− Snk−1

(V 2
nk

− V 2
nk−1

)1/2(2 log log Bnk
)1/2

+ lim inf
k→∞

Vnk−1

Vnk

Snk−1

Vnk−1(2 log log Bnk
)1/2 .

Since {(Snk
− Snk−1)/(V

2
nk

− V 2
nk−1

)1/2, k ≥ 1} are independent, it follows from
Theorem 2.2 and the Borel–Cantelli lemma that

lim sup
n→∞

Snk
− Snk−1

(V 2
nk

− V 2
nk−1

)1/2(2 log log Bnk
)1/2

≥ 1 a.s.(4.15)

Similar to (4.11) and by the Borel–Cantelli lemma, we have

lim inf
k→∞

Vnk

Bnk

≥ 1/2 a.s.

Note that

P

(
Vnk−1 ≥ Bnk

k

)
≤ k2EV 2

nk−1

B2
nk

= k2B2
nk−1

B2
nk

≤ k−2.

Then by the Borel–Cantelli lemma again,

lim
k→∞

Vnk−1

Vnk

= 0 a.s.(4.16)

This proves (4.13) by (4.14)–(4.16). �
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5. Proof of the main results. Throughout the remainder of this paper, we
use A to denote an absolute constant, which may take different values at each
occurrence.

PROOF OF THEOREM 2.2. Noting that ∀ 0 < ε ≤ 1 and 0 ≤ x ≤ an

B−2
n

n∑
i=1

EX2
i I{|Xi |>Bn/(1+x)} + (1 + x)B−3

n

n∑
i=1

E|Xi|3I{|Xi |≤Bn/(1+x)}

= B−2
n

n∑
i=1

EX2
i I{|Xi |>Bn/(1+x)} + (1 + x)B−3

n

n∑
i=1

E|Xi|3I{|Xi |≤εBn/(1+an)}

+ (1 + x)B−3
n

n∑
i=1

E|Xi|3I{εBn/(1+an)<|Xi |≤Bn/(1+x)}

≤ B−2
n

n∑
i=1

EX2
i I{|Xi |>Bn/(1+x)} + ε(1 + x)B−2

n /(1 + an)

n∑
i=1

E|Xi|2

+ B−2
n

n∑
i=1

E|Xi |2I{εBn/(1+an)<|Xi |≤Bn/(1+x)}

≤ ε + B−2
n

n∑
i=1

E|Xi|2I{|Xi |>εBn/(1+an)},

we have by (2.5)

�n,x = o
(
(1 + x)2)

as n → ∞
uniformly for 0 ≤ x ≤ an. Now Theorem 2.2 follows from Theorem 2.1. �

PROOF OF COROLLARY 2.1. For any an satisfying an → ∞ and an = o(Bn),
the uniform integrability implies that (2.4) and (2.5) are satisfied and hence the
corollary follows. �

PROOF OF THEOREM 2.3. (2.8) and (2.9) follow from the Berry–Esseen
bound (1.6) for 0 ≤ x ≤ 8A. When x > 8A, it is easy to see that

�n,x ≤ (1 + x)2+δLn,δ/B
2+δ
n =

(
1 + x

dn,δ

)2+δ

≤ (1 + x)2/A

and that d2
n,δ maxi≤n EX2

i ≤ B2
n . Thus, conditions (2.2) and (2.3) are satisfied.

Now, the result follows from Theorem 2.1. �

PROOF OF COROLLARY 2.2. Let d > 0 and xn = d nδ/(4+2δ). It suffices to
show that

�n,xn = o(1) as n → ∞.(5.1)
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Similarly to the proof of Theorem 2.2, we have, for any 0 < ε < 1,

�n,xn ≤ (1 + xn)
2B−2

n

n∑
i=1

EX2
i I{|Xi |>Bn/(1+xn)}

+ ε1−δ(1 + xn)
2+δB−(2+δ)

n

n∑
i=1

E|Xi|2+δI{|Xi |≤εBn/(1+xn)}

+ (1 + xn)
2+δB−(2+δ)

n

n∑
i=1

E|Xi|2+δI{εBn/(1+xn)<|Xi |≤Bn/(1+xn)}

≤ (1 + xn)
2+δB−(2+δ)

n

n∑
i=1

E|Xi |2+δI{|Xi |>εBn/(1+xn)} + O(1)ε1−δ

= o(1) + O(1)ε1−δ,

since {|Xi |2+δ, i ≥ 1} is uniformly integrable. This proves (5.1) by the arbitrari-
ness of ε and hence the corollary. �

PROOF OF THEOREM 2.1. We use the same notation as before. We shall only
prove the first part in (2.1) since the second part can be easily obtained by changing
x to −x in the first part. The main idea of the proof is to reduce the problem to that
of a one-dimensional large deviation. It suffices to show that

P (Sn ≥ xVn) ≥ (
1 − �(x)

)
e−A�n,x(5.2)

and

P (Sn ≥ xVn) ≤ (
1 − �(x)

)
eA�n,x(5.3)

for all x > 0 satisfying (2.2) and (2.3).
Let

b := bx = x/Bn.(5.4)

Observe that, by the Cauchy inequality,

xVn ≤ (x2 + b2V 2
n )/(2b).

Thus, we have

P (Sn ≥ xVn) ≥ P
(
Sn ≥ (x2 + b2V 2

n )/(2b)
) = P (2bSn − b2V 2

n ≥ x2).

Therefore, the lower bound (5.2) follows from the following proposition immedi-
ately.

PROPOSITION 5.1. There exists an absolute constant A > 1 such that

P (2bSn − b2V 2
n ≥ x2) = (

1 − �(x)
)
eO(1)�n,x(5.5)

for all x > 0 satisfying (2.2) and (2.3), where |O(1)| ≤ A.
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As for the upper bound (5.3): when 0 < x ≤ 2, this bound is a direct
consequence of the Berry–Esseen bound given by (1.6). For x > 2, let

τ := τn,x = Bn/(1 + x)(5.6)

and define

X̄i = XiI{|Xi |≤τ }, S̄n =
n∑

i=1

X̄i, V̄ 2
n =

n∑
i=1

X̄2
i ,

S(i)
n = Sn − Xi, V (i)

n = (V 2
n − X2

i )
1/2, B̄2

n =
n∑

i=1

EX̄2
i .

Noting that for any s, t ∈ R1, c ≥ 0 and x ≥ 1,

x
√

c + t2 =
√

(x2 − 1)c + t2 + c + (x2 − 1)t2

≥
√

(x2 − 1)c + t2 + 2t
√

(x2 − 1)c

= t +
√

(x2 − 1)c,

we have {
s + t ≥ x

√
c + t2 } ⊂ {

s ≥ (x2 − 1)1/2√c
}
.(5.7)

Hence,

P (Sn ≥ xVn)

≤ P (S̄n ≥ xV̄n) + P

(
Sn ≥ xVn, max

1≤i≤n
|Xi | > τ

)
≤ P (S̄n ≥ xV̄n) +

n∑
i=1

P (Sn ≥ xVn, |Xi | > τ)

≤ P (S̄n ≥ xV̄n) +
n∑

i=1

P
(
S(i)

n ≥ (x2 − 1)1/2V (i)
n , |Xi | > τ

)
≤ P (S̄n ≥ xV̄n) +

n∑
i=1

P
(
S(i)

n ≥ (x2 − 1)1/2V (i)
n

)
P (|Xi | > τ).

(5.8)

By the inequality (1 + y)1/2 ≥ 1 + y/2 − y2 for any y ≥ −1, we have

P (S̄n ≥ xV̄n) = P

(
S̄n ≥ x

(
B̄2

n +
n∑

i=1

(X̄2
i − EX̄2

i )

)1/2)

≤ P

(
S̄n ≥ xB̄n

{
1 + 1

2B̄2
n

n∑
i=1

(X̄2
i − EX̄2

i )

− 1

B̄4
n

(
n∑

i=1

(X̄2
i − EX̄2

i )

)2})
:= Kn.

(5.9)
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Thus, the upper bound (5.3) follows from the next three propositions.

PROPOSITION 5.2. There is an absolute constant A such that

P
(
S(i)

n ≥ xV (i)
n

) ≤ (1 + x−1)
1√
2πx

exp(−x2/2 + A�n,x)(5.10)

for any x > 2 satisfying (2.2) and (2.3).

PROPOSITION 5.3. There exists an absolute constant A such that

Kn ≤ (
1 − �(x)

)
eA�n,x + Ae−3x2

(5.11)

for all x > 2 satisfying (2.2) and (2.3).

PROPOSITION 5.4. There exists an absolute constant A such that

Kn ≤ (
1 − �(x)

)
eA�n,x + A

(
�n,x/(1 + x)2)4/3(5.12)

for x > 2 with �n,x/(1 + x)2 ≤ 1/128.

In fact, Propositions 5.3 and 5.4 imply that

Kn ≤ (
1 − �(x)

)
eA�n,x(5.13)

for all x > 2 satisfying conditions (2.2) and (2.3). To see this, consider two cases.
If �n,x/(1 + x)2 ≤ (1 − �(x))3/128, then by (5.12)

Kn ≤ (
1 − �(x)

)
eA�n,x

(
1 + (1 + x)−2�n,x

(
�n,x/(1 + x)2)1/3/(

1 − �(x)
))

≤ (
1 − �(x)

)
eA�n,x

(
1 + �n,x/(1 + x)2)

≤ (
1 − �(x)

)
e2A�n,x .

When �n,x/(1 + x)2 > (1 − �(x))3/128, by (5.11)

Kn ≤ (
1 − �(x)

)
eA�n,x

(
1 + Ae−3x2/(

1 − �(x)
))

≤ (
1 − �(x)

)
eA�n,x

(
1 + A

(
1 − �(x)

)3)
≤ (

1 − �(x)
)
eA�n,x

(
1 + 128A�n,x/(1 + x)2)

≤ (
1 − �(x)

)
e129A�n,x

as desired.
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On the other hand, for x > 2, we can use Proposition 5.2 and the fact that
(2π)−1/2(x−1 − x−3)e−x2/2 ≤ 1 − �(x) for x > 0 to get

P
(
S(i)

n ≥ (x2 − 1)1/2V (i)
n

)
≤ (

1 + (x2 − 1)−1/2) 1√
2π(x2 − 1)1/2

exp(−x2/2 + A�n,x)

≤ A√
2πx

exp(−x2/2 + A�n,x)

≤ A√
2π

(
1

x
− 1

x3

)
exp(−x2/2 + A�n,x)

≤ A
(
1 − �(x)

)
exp(A�n,x).

(5.14)

It follows from (5.8), (5.9), (5.13) and (5.14) that

P (Sn ≥ xVn) ≤ P (S̄n ≥ xV̄n) +
n∑

i=1

P
(
S(i)

n ≥ (x2 − 1)1/2V (i)
n

)
P (|Xi| > τ)

≤ (
1 − �(x)

)
eA�n,x +

n∑
i=1

A
(
1 − �(x)

)
exp(A�n,x)P (|Xi | > τ)

≤ (
1 − �(x)

)
eA�n,x

(
1 + A

n∑
i=1

P (|Xi | > τ)

)

≤ (
1 − �(x)

)
eA�n,x

(
1 + A

n∑
i=1

τ−2EX2
i I (|Xi | > τ)

)

≤ (
1 − �(x)

)
eA�n,x (1 + A�n,x)

≤ (
1 − �(x)

)
e2A�n,x .

This completes the proof for the upper bound (5.3). �

6. Preliminary lemmas. We first provide some lemmas that will be used in
the proofs of the propositions.

LEMMA 6.1. Let X be a random variable with EX = 0 and EX2 < ∞. Then,
for any 0 < b < ∞, λ > 0 and θ > 0,

EeλbX−θ(bX)2 = 1 + (λ2/2 − θ)b2EX2 + Oλ,θ δb,(6.1)

where δb = b2EX2I{|bX|>1} + b3E|X|3I{|bX|≤1} and Oλ,θ denotes a quantity that
is bounded by a finite constant depending only on λ and θ . In (6.1), |Oλ,θ | ≤
max(λ + |λ2/2 − θ | + eλ2/(4θ), λθ + θ2/2 + (λ + θ)3eλ/6).
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This is Lemma 2.1 in Shao (1999). See the Appendix for a detailed proof.

LEMMA 6.2. Let X be a random variable with EX = 0 and EX2 < ∞.
For 0 < b < ∞, let ξ := ξb = 2bX − (bX)2. Then, for λ > 0,

Eeλξ = 1 + (2λ2 − λ)b2EX2 + Oλ,0δb,(6.2)

Eξeλξ = (4λ − 1)b2EX2 + Oλ,1δb,(6.3)

Eξ2eλξ = 4b2EX2 + Oλ,2, δb,(6.4)

E|ξ |3eλξ = Oλ,3δb,(6.5)

(Eξeλξ )2 = Oλ,4δb,(6.6)

where δb is defined as in Lemma 6.1,

|Oλ,0| ≤ max
(
2λ + |2λ2 − λ| + eλ,2.5λ2 + 4λ3eλ/3

)
,

|Oλ,1| ≤ max
(
2 + |4λ − 1| + max(eλ, e/λ),5λ + 13.5λ2eλ

)
,

|Oλ,2| ≤ max
(
4 + max

(
eλ, (e/(2λ))2),5 + 27λeλ

)
,

|Oλ,3| ≤ 27eλ,

|Oλ,4| ≤ 2 max
((

max(eλ, e/λ) + 2
)2

, (1 + 9λeλ)2)
.

In particular, when λ = 1/2, |Oλ,0| ≤ 2.65, |Oλ,1| ≤ 8.1, |Oλ,2| ≤ 28, |Oλ,3| ≤ 45,
|Oλ,4| ≤ 150, and

Eeξ/2 = eO5δb, where |O5| ≤ 5.5.(6.7)

PROOF. Proofs of (6.2)–(6.5) are similar to those in Lemma 2.2 in Shao
(1999). See the Appendix. As for (6.6), we have

|Eξeλξ |2
≤ 2

(
max(eλ, e/λ) + 2

)2
b2EX2I{|bX|>1} + 2(1 + 9λeλ)2(

b2EX2I{|bX|≤1}
)2

≤ 2
(
max(eλ, e/λ) + 2

)2
b2EX2I{|bX|>1} + 2(1 + 9λeλ)2b3E|X|3I{|bX|≤1}.

Next, we prove (6.7). Since (6.2) implies

Eeξ/2 ≤ e2.65δb,

it suffices to show that

Eeξ/2 ≥ e−5.5δb .(6.8)

When 2.65δb ≤ 0.8 by (6.2), again,

Eeξ/2 ≥ 1 − 2.65δb ≥ exp
(
2.65δb

(
ln(1 − 0.8)

)
/0.8

) ≥ e−5.4δb.
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When δb > 0.8/2.65 and if E(bX)2I{|bX|>1} > E(bX)2/11, then by the Jensen
inequality,

Eeξ/2 ≥ eEξ/2 = e−E(bX)2/2 ≥ e−5.5δb .

If E(bX)2I{|bX|>1} ≤ E(bX)2/11, by the fact that EY 2I{Y≤1} ≤ EY 2P (Y ≤ 1) for
any non-negative random variable Y , we get

Eeξ/2 ≥ Eeξ/2I{|bX|≤1} ≥ e−1.5P (|bX| ≤ 1)

≥ e−1.5(E(bX)2I{|bX|≤1}/E(bX)2) ≥ e−1.510/11

≥ e−5.5(0.8/2.65) ≥ e−5.5δb.

This proves (6.8). �

LEMMA 6.3. Let {ξi,1 ≤ i ≤ n} be a sequence of independent random
variables with Eehξi < ∞ for 0 < h < H , where H > 0. For 0 < λ < H , put

m(λ) =
n∑

i=1

Eξie
λξi/Eeλξi , σ 2(λ) =

n∑
i=1

(
Eξ2

i eλξi /Eeλξi −(Eξie
λξi/Eeλξi )2)

.

Then

P

(
n∑

i=1

ξi ≥ y

)
≥ 3

4

(
n∏

i=1

Eeλξi

)
e−λm(λ)−2λσ(λ)(6.9)

provided that

0 < λ < H and m(λ) ≥ y + 2σ(λ).(6.10)

The proof follows from Lemma 4.1 of Shao (1997) with a simple modification.
See the Appendix.

LEMMA 6.4. Let {ξi,1 ≤ i ≤ n} be a sequence of independent random
variables with Eξi = 0 and Eξ2

i < ∞. Then, for a > 0,

P

(∣∣∣∣∣
n∑

i=1

ξi

∣∣∣∣∣ ≥ a

(
4Dn +

(
n∑

i=1

ξ2
i

)1/2))
≤ 8e−a2/2,(6.11)

where Dn = (
∑n

i=1 Eξ2
i )1/2.

The proof is a special case of Lemma 3.1 in He and Shao (2000), but with some
specified constants. See the Appendix for a detailed proof.
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7. Proof of Proposition 5.1. Throughout the rest of the paper, O(1) will
denote a quantity bounded by an absolute constant.

We first consider the case of 0 < x ≤ 2. Let τ := τn,x = Bn/(1 + x) and
Yi = (2bXi − (bXi)

2)I{|Xi |≤τ } with b = x/Bn. Then,

EYi = −b2EX2
i + b2EX2

i I{|Xi |>τ } − 2bEXiI{|Xi |>τ }
= −b2EX2

i + O(1)bτ−1EX2
i I{|Xi |>τ },

EY 2
i = 4b2EX2

i − 4b2EX2
i I{|Xi |>τ } − 4b3EX3

i I{|Xi |≤τ } + b4EX4
i I{|Xi |≤τ }

= 4b2EX2
i + O(1)b2(

EX2
i I{|Xi |>τ } + τ−1E|Xi |3I{|Xi |≤τ }

)
,

E|Yi|3 = O(1)b3E|Xi|3I{|Xi |≤τ },

Var(Yi) = 4b2EX2
i + O(1)b2(

EX2
i I{|Xi |>τ } + τ−1E|Xi |3I{|Xi |≤τ }

)
− (−b2EX2

i I{|Xi |≤τ } − 2bEXiI{|Xi |>τ }
)2

= 4b2EX2
i + O(1)b2(

EX2
i I{|Xi |>τ } + τ−1E|Xi |3I{|Xi |≤τ }

)
+ O(1)

((
b2EX2

i I{|Xi |≤τ }
)2 + 4b2EX2

i I{|Xi |>τ }
)

= 4b2EX2
i + O(1)b2(

EX2
i I{|Xi |>τ } + τ−1E|Xi |3I{|Xi |≤τ }

)
.

Thus

x2 −
n∑

i=1

EYi = 2x2 + O(1)bτ−1
n∑

i=1

EX2
i I{|Xi |>τ }(7.1)

and, by (2.3),

n∑
i=1

Var(Yi) = 4x2 + O(1)b2
n∑

i=1

(
EX2

i I{|Xi |>τ } + τ−1E|Xi |3I{|Xi |≤τ }
)

= 4x2(1 + O(1)(1 + x)−2�n,x

) ≥ 3x2.

(7.2)

It is easy to see that∣∣∣∣∣P (2bSn − b2V 2
n ≥ x2) − P

(
n∑

i=1

Yi ≥ x2

)∣∣∣∣∣
≤ P

(
max

1≤i≤n
|Xi | > τ

)
≤

n∑
i=1

τ−2EX2
i I{|bXi |>τ }.

(7.3)

Let a = ∑n
i=1 E(Yi) and σ 2 = ∑n

i=1 Var(Yi). By (7.1) and (7.2), we have

(x2 − a)/σ = x + O(1)(1 + x)−2�n,x
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and hence by the Berry–Esseen inequality we have

P

(
n∑

i=1

Yi ≥ x2

)
= 1 − �

(
(x2 − a)/σ

) + O(1)σ−3
n∑

i=1

E|Yi|3

= 1 − �(x) + O(1)(1 + x)−2�n,x,

which, together with (7.3), yields

P (2bSn − b2V 2
n ≥ x2) = 1 − �(x) + O(1)(1 + x)−2�n,x = (

1 − �(x)
)
eO(1)�n,x

as desired.
We next consider the case of x > 2. It suffices to show that

P (2bSn − b2V 2
n ≥ x2) ≤ (

1 − �(x)
)
eA�n,x(7.4)

and

P (2bSn − b2V 2
n ≥ x2) ≥ (

1 − �(x)
)
e−A�n,x .(7.5)

Let ξi = 2bXi − (bXi)
2 and define

Vi(u) = Eeξi/2I{ξi≤u}/Eeξi/2.

Let η1, η2, . . . , ηn be independent random variables with ηi having the distribution
function Vi(u). Set mn = ∑n

i=1 Eηi , σn = (
∑n

i=1 Var(ηi))
1/2 and

Gn(t) = P

(∑n
i=1(ηi − Eηi)

σn

≤ t

)
, εn = x2 − mn

σn

.

It follows from Lemma 6.2 that

Eeξi/2 = eO(1)δb,i ,(7.6)

Eξie
ξi/2 = b2EX2

i + O(1)δb,i ,(7.7)

Eξ2
i eξi/2 = 4b2EX2

i + O(1)δb,i ,(7.8)

E|ξi|3eξi/2 = O(1)δb,i ,(7.9) (
Eξie

ξi/2)2 = O(1)δb,i ,(7.10)

where δb,i = b2EX2
i I{|bXi |>1} + b3E|Xi|3I{|bXi |≤1}. Noting that (2.2) implies

b2EX2
i ≤ 1 for 1 ≤ i ≤ n and that

∑n
i=1 b2EX2

i I{|bXi |>1} + b3E|Xi |3I{|bXi |≤1} ≤
�n,x , we have

mn =
n∑

i=1

Eηi =
n∑

i=1

E
(
ξie

ξi/2)/
Eeξi/2 = x2 + O(1)�n,x,(7.11)

σ 2
n =

n∑
i=1

Var(ηi) =
n∑

i=1

{
E

(
ξ2
i eξi/2)/Eeξi/2 − (Eηi)

2}
= 4x2 + O(1)�n,x ≥ x2

(7.12)
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and

vn :=
n∑

i=1

E|ηi|3 =
n∑

i=1

E
(|ξi |3eξi/2)/Eeξi/2 = O(1)�n,x,(7.13)

where the O(1)’s above are bounded by an absolute constant, say c1. The
inequality in (7.12) holds provided that A in (2.3) is greater than 4c1.

By the conjugate method [cf. (4.9) of Petrov (1965)], we have

P (2bSn − b2V 2
n ≥ x2)

= P

(
n∑

i=1

ξi ≥ x2

)

=
(

n∏
i=1

Eeξi/2

)∫ ∞
x2

e−u/2 dP

(
n∑

i=1

ηi ≤ u

)

=
(

n∏
i=1

Eeξi/2

)
e−mn/2

∫ ∞
εn

e−tσn/2 dGn(t)

≤
(

n∏
i=1

Eeξi/2

)
e−mn/2

∫ ∞
−c1�n,x/σn

e−tσn/2 dGn(t)

:=
(

n∏
i=1

Eeξi/2

)
e−mn/2{Ln,1 + Rn,,1}

:= Kn,1,

(7.14)

where

Ln,1 =
∫ ∞
−c1�n,x/σn

e−tσn/2 d�(t),

Rn,1 =
∫ ∞
−c1�n,x/σn

e−tσn/2 d
(
Gn(t) − �(t)

)
.

By (7.11) and (7.12),

−tσn/2 ≤ c1�n,x/2

for t > −c1�n,x/σn. Thus, by integration by parts, the Berry–Esseen inequality
and (7.12) and (7.13),

|Rn,1| ≤ 16(vn/σ
3
n ) exp(c1�n,x/2) ≤ c2�n,xx

−3 exp(c1�n,x/2).(7.15)
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As for Ln,1, we have

Ln,1 = exp(σ 2
n /8)√

2π

∫ ∞
−c1�n,x/σn+σn/2

e−t2/2 dt

= exp(σ 2
n /8)

(
1 − �(x)

) + exp(σ 2
n /8)√

2π

∫ x

−c1�n,x/σn+σn/2
e−t2/2 dt

≤ exp(σ 2
n /8)

(
1 − �(x)

)
+ exp(σ 2

n /8) exp
(−(σn/2 − c1�n,x/σn)

2/2
)

× |σn/2 − x − c1�n,x/σn|
≤ exp(σ 2

n /8)
(
1 − �(x)

) + c3(�n,x/x) exp(c1�n,x/2).

(7.16)

Therefore, by (7.6), (7.11), (7.15) and (7.16)

Kn,1 ≤ exp(1.5c1�n,x − x2/2)(Ln,1 + Rn,1)

≤ exp(1.5c1�n,x − x2/2)

× (
exp(x2/2 + c1�n,x)

(
1 − �(x)

)
+ c4(�n,x/x) exp(c1�n,x/2)

)
= (

1 − �(x)
)
exp(2c1�n,x)

(
1 + c4�n,x

e−x2/2

x(1 − �(x))

)
≤ (

1 − �(x)
)
exp(c5�n,x).

(7.17)

This proves (7.4).
Next we prove (7.5) by considering the following two cases.

CASE 1. Assume

�n,x ≤ x.(7.18)

Similar to (7.14), we have

P (2bSn − b2V 2
n ≥ x2) ≥

(
n∏

i=1

Eeξi/2

)
e−mn/2{Ln,2 + Rn,2} := Kn,2,(7.19)

where

Ln,2 =
∫ ∞
c1�n,x/σn

e−tσn/2 d�(t)

and

Rn,2 =
∫ ∞
c1�n,x/σn

e−tσn/2 d
(
Gn(t) − �(t)

)
.
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Following the proof of (7.15), we have

|Rn,2| ≤ c2�n,xx
−3 exp(−c1�n,x/2).(7.20)

Observe that

Ln,2 = exp(σ 2
n /8)√

2π

∫ ∞
c1�n,x/σn+σn/2

e−t2/2 dt

≥ exp(σ 2
n /8)√

2π

exp(−(c1�n,x/σn + σn/2)2/2)

1 + c1�n,x/σn + σn/2

≥ c5 exp
(−c1�n,x/2 − (c1�n,x/σn)

2/2
)/

x

≥ c6 exp(−c1�n,x/2)/x

(7.21)

by (7.18). Similarly to (7.16),

Ln,2 = exp(σ 2
n /8)

(
1 − �(x)

)
− exp(σ 2

n /8)√
2π

∫ c1�n,x/σn+σn/2

x
e−t2/2 dt

≥ exp(σ 2
n /8)

(
1 − �(x)

)
− exp(σ 2

n /8) exp(−x2/2)|σn/2 − x − c1�n,x/σn|

≥ exp(σ 2
n /8)

(
1 − �(x)

)(
1 − c3�n,x

exp(−x2/2)

x(1 − �(x))

)
≥ exp(σ 2

n /8)
(
1 − �(x)

)
(1 − 2c3�n,x).

(7.22)

It follows from (7.21) for c3�n,x > 1/4 and from (7.22) for c3�n,x ≤ 1/4 that

Ln,2 ≥ exp(x2/2 − c5�n,x)
(
1 − �(x)

)
.(7.23)

Now (7.20), (7.21) and (7.23) yield

Kn,2 ≥ exp(−1.5c1�n,x − x2/2)Ln,2(1 − |Rn,2|/Ln,2)

≥ exp(−c6�n,x)
(
1 − �(x)

)
(1 − c7�n,x/x

2)

≥ exp(−c8�n,x)
(
1 − �(x)

)(7.24)

provided �n,x ≤ x2/(2c7). This proves (7.5) under condition (7.18).

CASE 2. Assume

�n,x > x.(7.25)
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By Lemma 6.2, for any 0.5 ≤ λ ≤ 0.55,

Eeλξi = 1 + (2λ2 − λ)b2EX2
i + O(1)δb,i ,(7.26)

Eξie
ξi/2 = (4λ − 1)b2EX2

i + O(1)δb,i ,(7.27)

Eξ2
i eξi/2 = 4b2EX2

i + O(1)δb,i ,(7.28)

where |O(1)| ≤ c8 = 35 for all 0.5 ≤ λ ≤ 0.55. Let

λ = 1/2 + c9�n,x/x
2,

where c9 = 6 + 7c8. Choose A > 40c9 in (2.3) so that 0.5 ≤ λ ≤ 0.55. We now
apply Lemma 6.3 to estimate the lower bound (7.5). Let m(λ) and σ(λ) be as in
Lemma 6.3. Define

G1 = {1 ≤ i ≤ n : (4λ − 1)b2EX2
i ≥ c8δb,i}

and

G2 = {1 ≤ i ≤ n : (4λ − 1)b2EX2
i < c8δb,i}.

By (7.26)–(7.28), (7.6) and the fact that Eeλξi ≥ max(e−λb2EX2
i , (Eeξi/2)λ/2), we

have

m(λ) ≥
n∑

i=1

(4λ − 1)b2EX2
i − c8δb,i

Eeλξi

= ∑
i∈G1

(
(4λ − 1)b2EX2

i − c8δb,i

)
+ ∑

i∈G1

(
(4λ − 1)b2EX2

i − c8δb,i

)(1 − Eeλξi)

Eeλξi

+ ∑
i∈G2

(4λ − 1)b2EX2
i − c8δb,i

Eeλξi

≥ ∑
i∈G1

(
(4λ − 1)b2EX2

i − c8δb,i

)
+ ∑

i∈G2

(
(4λ − 1)b2EX2

i − 2c8δb,i

)
− ∑

i∈G1

(4λ − 1)b2EX2
i

(
(2λ2 − λ)b2EX2

i + c8δb,i

)
eλ

− ∑
i∈G2

c8δb,ie
λ

≥ (4λ − 1)x2 − (4λ − 1)(2λ2 − λ)eλx2 − 7c8�n,x

≥ (1 + c9�n,x/x2)x2 − 7c8�n,x

= x2 + (c9 − 7c8)�n,x.

(7.29)
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Similarly, we obtain from (7.26) and (7.28) that

m(λ) ≤
n∑

i=1

(4λ − 1)b2EX2
i + c8δb,i

(Eeξi/2)λ/2

≤ (4λ − 1)x2 + c10�n,x = x2 + c11�n,x

(7.30)

and

σ 2(λ) ≤
n∑

i=1

Eξ2
i eλξi

eλEξi

≤
n∑

i=1

(4b2EX2
i + c8δb,i)e

λ ≤ 8x2 + 2c8�n,x ≤ 9x2

(7.31)

for A ≥ 40c9 in (2.3). Therefore, (6.10) is satisfied by (7.29) and (7.31). Thus, by
Lemma 6.3, (7.6), (7.30), (7.31) and (7.25)

P (2bSn − b2V 2
n ≥ x2) ≥ 3

4

(
n∏

i=1

(
Eeξi/2)λ/2

)
e−λm(λ)−2λσ(λ)

≥ 3
4 exp(−x2/2 − c12�n,x − 5x)

≥ (
1 − �(x)

)
exp(−c12�n,x − 8x)

≥ (
1 − �(x)

)
exp(−c13�n,x).

(7.32)

This proves (7.5) for the case of (7.25).

8. Proof of Proposition 5.2. The proof of Proposition 5.2 follows from the
next three lemmas.

LEMMA 8.1. For x ≥ 2, we have

P (Sn ≥ xVn,V
2
n ≥ 9B2

n) ≤ 2 exp(−x2 + A�n,x).

PROOF. Let Ŝn = ∑n
i=1 XiI{bXi≤A0}, where b = x/Bn and A0 is an absolute

constant to be determined later. Observe that

P (Sn ≥ xVn,V
2
n ≥ 9B2

n)

≤ P (Ŝn ≥ xVn/2,V 2
n ≥ 9B2

n) + P

(
n∑

i=1

XiI{bXi>A0} ≥ xVn/2

)

≤ P (Ŝn ≥ 3xBn/2) + P

(
n∑

i=1

I{|bXi |>A0} ≥ x2/4

)
:= J1(n) + J2(n).

(8.1)
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Since E(bXiI{bXi≤A0}) = −E(bXiI{bXi>A0}) ≤ 0 for every i and

es ≤ 1 + s + s2/2 + max(s3,0)es/6,

we have

J1(n) = P

((
3x

2Bn

)
Ŝn ≥ 9x2

4

)

≤ exp
(
−9x2

4

)
E exp

{
3

2
bŜn

}

≤ exp
(
−9x2

4

) n∏
i=1

{
1 + 3

2
E

(
bXiI{bXi≤A0}

)
+ 9

8
E(bXi)

2 + 27e3A0/2

48
E|bXi|3I{|bXi |≤A0}

}

≤ exp
(
−9x2

4

) n∏
i=1

{
1 + 9

8
E(bXi)

2 + O(1)E|bXi |3I{|bXi |≤A0}
}

≤ exp
(
−9x2

4

)
exp

{
9

8

n∑
i=1

E(bXi)
2 + O(1)

n∑
i=1

E|bXi|3I{|bXi |≤A0}
}

= exp
(
−9x2

8

)
exp

{
O(1)

n∑
i=1

E|bXi|3I{|bXi |≤x/(1+x)}

+ O(1)

n∑
i=1

E|bXi|3I{x/(1+x)<|bXi |≤A0}
}

≤ exp
(
−9x2

8

)
exp

{
O(1)x3

B3
n

n∑
i=1

E|Xi |3I{|Xi |≤Bn/(1+x)}

+ O(1)x2

B2
n

n∑
i=1

E|Xi |2I{|Xi |>Bn/(1+x)}
}

≤ exp
(
−9x2

8
+ O(1)�n,x

)
.

(8.2)

As for J2(n), let Yi = I{|bXi |>A0}. For t > 0 we have, with the help of es ≤
1 + max(0, s)es and the Chebyshev inequality,

J2(n) = P

(
n∑

i=1

tYi ≥ tx2/4

)

≤ e−tx2/4
n∏

i=1

EetYi(8.3)
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≤ e−tx2/4
n∏

i=1

[1 + etP (|bXi| > A0)]

≤ e−tx2/4 exp

{
et

n∑
i=1

b2EX2
i /A

2
0

}

= exp(−tx2/4 + x2et/A2
0)

≤ exp(−x2)

if we choose t = 5 and A0 = 30, for instance.
The lemma is thus proved by combining (8.1)–(8.3). �

LEMMA 8.2. There is an absolute constant A such that

P (Sn ≥ xVn) ≤ (1 + x−1)
1√
2πx

exp(−x2/2 + A�n,x)(8.4)

for any x > 2 satisfying (2.2) and (2.3).

PROOF. For 0 < ε < 1/2, note that

{Sn ≥ xVn} ⊂
{
Sn ≥ 1

2

(
bV 2

n + x2 − ε2

b

)}

∪
{
Sn ≥ xVn, Sn <

1

2

(
bV 2

n + x2 − ε2

b

)}
⊂ {2bSn − b2V 2

n ≥ x2 − ε2}
∪ {Sn ≥ xVn, 2xbVn < b2V 2

n + x2 − ε2}
and

{Sn ≥ xVn, 2xbVn < b2V 2
n + x2 − ε2}

= {Sn ≥ xVn, |bVn − x| > ε}
⊂ {Sn ≥ xVn, |b2V 2

n − x2| > εx}
⊂ {Sn ≥ xVn, V 2

n ≥ 9B2
n}

∪ {Sn ≥ xVn, x2 + εx < b2V 2
n < 9x2}

∪ {Sn ≥ xVn, b2V 2
n < x2 − εx}.

Using Proposition (5.1) and the well-known inequality 1 − �(x) ≤ 1√
2π

e−x2/2,
x > 0, we get

P (2bSn − b2V 2
n ≥ x2 − ε2) ≤ 1√

2πx
exp(−x2/2 + ε2/2 + A�n,x)(8.5)
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for x ≥ 2.
Set B1 = {(s, t) : s ≥ x

√
t , x2 + εx < t < 9x2}. Then,

P (Sn ≥ xVn, x2 + εx < b2V 2
n < 9x2)

= P
(
(bSn, b

2V 2
n ) ∈ B1

)
≤ E exp

(
x−1(x2 + εx)1/2(bSn − b2V 2

n /9)

− inf
(s,t)∈B1

x−1(x2 + εx)1/2(s − t/9)

)

=
n∏

i=1

E exp
(
x−1(x2 + εx)1/2(bXi − b2X2

i /9)
)

× exp
(
−x−1(x2 + εx)1/2{x(x2 + εx)1/2 − (x2 + εx)/9}

)
≤ exp

({
x2 + εx

2x2
− (x2 + εx)1/2

9x

}
b2B2

n + O(1)

n∑
i=1

δb,i

)
[by (6.1)]

× exp
(
−x−1(x2 + εx)1/2{x(x2 + εx)1/2 − (x2 + εx)/9}

)
≤ exp

(−x2/2 − εx/4 + O(1)�n,x

)
.

Similarly, letting B2 = {(s, t) : s ≥ x
√

t,0 ≤ t < x2 − εx} yields

P (Sn ≥ xVn, V 2
n ≤ x2 − εx)

= P
(
(bSn, b

2V 2
n ) ∈ B2

)
≤ E exp

(
x−1(x2 − εx)1/2(bSn − 2b2V 2

n )

− inf
(s,t)∈B2

x−1(x2 + εx)1/2(s − 2t)

)

=
n∏

i=1

E exp
(
x−1(x2 − εx)1/2(bXi − 2b2X2

i )
)

× exp
(
−x−1(x2 − εx)1/2{x(x2 − εx)1/2 − 2(x2 − εx)}

)
≤ exp

({
x2 − εx

2x2 − 2(x2 − εx)1/2

x

}
b2B2

n + O(1)

n∑
i=1

δb,i

)
[by (6.1)]

× exp
(
−x−1(x2 − εx)1/2{x(x2 − εx)1/2 − 2(x2 − εx)}

)
≤ exp

(−x2/2 − εx/4 + O(1)�n,x

)
.
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Now letting ε = 1/x1/2, the term eε2/2 in (8.5) can be bounded by

eε2/2 = e1/(2x) ≤ 1 + 1

2x
e1/(2x) < 1 + 1

x
for x ≥ 2.

Then inequality (8.4) follows from all the above inequalities. �

LEMMA 8.3. Let B2
n,k = B2

n − EX2
k and

�(k)
n,x = (1 + x)2

B2
n,k

n∑
i=1,i �=k

EX2
i I{|Xi |>Bn,k/(1+x)}

+ (x + 1)3

B3
n,k

n∑
i=1,i �=k

E|Xi |3I{|Xi |≤Bn,k/(1+x)}.

Then

max
1≤i≤n

�(i)
n,x ≤ 8�n,x

for any x > 2 satisfying (2.2).

PROOF. It follows from (2.2) that

max
1≤i≤n

{
EX2

k

B2
n

}
≤ 1

x2
<

1

4
.

Therefore, for any 1 ≤ k ≤ n,

1

B2
n,k

= 1

B2
n

1

(1 − EX2
k/B

2
n)

<
4

3B2
n

.

As a result, we get

�(k)
n,x = (1 + x)2

B2
n,k

n∑
i=1,i �=k

EX2
i I{|Xi |>Bn,k/(1+x)}

+ (1 + x)3

B3
n,k

n∑
i=1,i �=k

E|Xi|3I{|Xi |≤Bn,k/(1+x)}

≤ 4(1 + x)2

3B2
n

n∑
i=1

EX2
i I{|Xi |>Bn,k/(1+x)}

+
(

4

3

)3/2 (1 + x)3

B3
n

n∑
i=1

E|Xi|3I{|Xi |≤Bn/(1+x)}

+ 4(1 + x)2

3B2
n

n∑
i=1

EX2
i I{Bn,k/(1+x)<|Xi |≤Bn/(1+x)}
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≤ 4(1 + x)2

3B2
n

n∑
i=1

EX2
i I{|Xi |>Bn/(1+x)}

+ 2
(

4

3

)3/2 (x + 1)3

B3
n

n∑
i=1

E|Xi |3I{|Xi |≤Bn/(1+x)}

≤ 8�n,x. �

9. Proof of Proposition 5.3. To prove (5.11), let

D2
n =

n∑
i=1

EX̄4
i , ηi = X̄2

i − EX̄2
i , b̄ := b̄n,x = x/B̄n.

We have

Kn ≤ P

(∣∣∣∣∣
n∑

i=1

ηi

∣∣∣∣∣ ≥ √
6x

(
4Dn +

(
n∑

i=1

η2
i

)1/2))

+ P

(
S̄n ≥ xB̄n

{
1 + 1

2B̄2
n

n∑
i=1

ηi − 1

B̄4
n

(
n∑

i=1

ηi

)2}
,

∣∣∣∣∣
n∑

i=1

ηi

∣∣∣∣∣ ≤ √
6x

(
4Dn +

(
n∑

i=1

η2
i

)1/2))

≤ 8e−3x2 + Kn,1

by (6.11), where

Kn,1 ≤ P

(
S̄n ≥ xB̄n

{
1 + 1

2B̄2
n

n∑
i=1

ηi − 12x2(16D2
n + ∑n

i=1 η2
i )

B̄4
n

})

≤ P

(
S̄n ≥ x2

2b̄

{
1 + B̄−2

n

n∑
i=1

X̄2
i − 24x2(16D2

n + ∑n
i=1 X̄4

i )

B̄4
n

})

= P

(
2b̄S̄n − b̄2V̄ 2

n + 24b̄4
n∑

i=1

(X̄4
i + 16EX̄4

i ) ≥ x2

)
.

Let ξ̄i = 2b̄X̄i − b̄2X̄2
i +24b̄4(X̄4

i +16EX̄4
i ). Then it is easy to see that (6.3)–(6.7)

in Lemma 6.2 remain valid for ξ̄i when λ = 1/2 with Oλ,l bounded by an absolute
constant for l = 1, . . . ,5. Hence, it follows from the proof of (7.4) that

P

(
2b̄S̄n − b̄2V̄ 2

n + 24b̄4
n∑

i=1

(X̄4
i + 16EX̄4

i ) ≥ x2

)
≤ (

1 − �(x)
)
eA�n,x .

This proves (5.11).
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10. Proof of Proposition 5.4. Let

Ũj (x) = X̄j − x

2B̄n

(X̄2
j − EX̄2

j ) + x

B̄3
n

(X̄2
j − EX̄2

j )
2,

Uj (x) = Ũj (x) − EŨj(x),

Wj,k(x) = 2x(X̄2
j − EX̄2

j )(X̄
2
k − EX̄2

k).

We can rewrite

Kn = P

(
1

B̄n

n∑
j=1

Uj(x) + 1

B̄4
n

∑
j<k

Wj,k(x) ≥ x − 1

B̄n

n∑
j=1

EŨj (x)

)
.

Set τ = Bn/(1 + x) and

� = �n,x/(1 + x)2

= B−2
n

n∑
i=1

EX2
i I{|Xi |>τ } + (1 + x)B−3

n

n∑
i=1

E|Xi |3I{|Xi |≤τ }.

Note that the condition � ≤ 1/128 yields
8
9B2

n ≤ B̄2
n ≤ B2

n,(10.1)

|EŨj (x)| ≤ 1 + x

Bn

EX2
j I{|Xj |>τ } + 3

B2
n

E|Xj |3I{|Xj |≤τ },(10.2)

|EU2
j (x) − EX̄2

j | ≤ EX2
j I{|Xj |>τ } + 14x

Bn

E|Xj |3I{|Xj |≤τ },(10.3)

E|Uj(x)|3 ≤ 64E|Xj |3I{|Xj |≤τ },(10.4)

� ≥
(

1

B2
n

EX2
j I{|Xj |>τ }

)3/2

+
(

1

B2
n

EX2
j I{|Xj |≤τ }

)3/2

(10.5)

≥ 1

2

(EX2
j

B2
n

)3/2

for every 1 ≤ j ≤ n.
Throughout the remainder of this section, we use the following notation:

gj (t, x) = EeitUj (x)/B̄n, Tn = 1

B̄n

n∑
j=1

Uj(x), �n = 1

B̄4
n

∑
1≤i<j≤n

Wi,j (x).

The proof of (5.12) is based on the following lemmas.

LEMMA 10.1. If |t| ≤ �−1/64, then for all 1 ≤ i, k ≤ n,∣∣∣∣∣ ∏
j �=i,k

gj (t, x)

∣∣∣∣∣ ≤ e−t2/8.(10.6)
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If |t| ≤ �−1/3/64, then∣∣∣∣∣
n∏

j=1

gj (t, x) − e−t2/2

∣∣∣∣∣ ≤ A�(t2 + |t|6)e−t2/2(10.7)

and ∣∣∣∣∣
n∏

j=1

gj (t, x) − e−t2/2

{
1 +

n∑
j=1

(
gj (t, x) − 1

) + t2

2

}∣∣∣∣∣
≤ A�4/3(t2 + t6)e−t2/2.

(10.8)

PROOF. By using Taylor’s expansion of eix , we have∣∣∣∣gj (t, x) − 1 + t2EU2
j (x)

2B̄2
n

∣∣∣∣ ≤ |t|3E|Uj(x)|3
6B̄3

n

.(10.9)

It can be easily shown from (10.3), (10.4) and (10.9) that

|gj (t, x)| ≤ 1 − t2

2B̄2
n

(
EX̄2

j − EX2
j I{|Xj |>τ }

)
+ (9t2 + 16|t|3)(1 + x)

B3
n

E|Xj |3I{|Xj |≤τ }.

Recalling � ≤ 1/128, we get EX̄2
i ≤ {E|Xi |3I{|Xi |≤τ }}2/3 ≤ B2

n/(16 · 41/3).
Therefore, for |t| ≤ �−1/64,∣∣∣∣∣ ∏

j �=i,k

gj (t, x)

∣∣∣∣∣
≤ exp

{
− t2

2

(
1 − 1

2B̄2
n

(EX̄2
i + EX̄2

k)

)
+ (9t2 + 16|t|3)�

}
≤ e−t2/8.

This proves (10.6).
Next we prove (10.7) and (10.8). Assume |t| ≤ �−1/3/64. By (10.9), we can

write

gj (t, x) = 1 − rj (t, x),

where

rj (t, x) = t2

2B̄2
n

EU2
j (x) + θ

|t|3
6B̄3

n

E|Uj(x)|3 and |θ | ≤ 1.
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It follows from (10.3)–(10.5) that |rj (t, x)| ≤ 1/4 and

|rj (t, x)|2 ≤ t4

B̄4
n

(
E|Uj(x)|2)2 + |t|6

18B̄6
n

(
E|Uj(x)|3)2

≤ A|t|4
B4

n

(
(EX̄2

j )
2 +

(
E|Xj |2I{|Xj |>τ }

+ 1 + x

Bn

E|Xj |3I{|Xj |≤τ }
)2)

≤ At4

B4
n

(EX2
j )

2.

(10.10)

Writing ln(1 + z) = z + θz2 for |z| < 1/2, where |θ | ≤ 1, we have for |t| ≤
�−1/3/64

ln
n∏

j=1

gj (t, x) =
n∑

j=1

ln
(
1 + (gj (t, x) − 1)

)

=
n∑

j=1

(
gj (t, x) − 1

) + θ

n∑
j=1

|rj (t, x)|2(10.11)

=
n∑

j=1

(
gj (t, x) − 1

) + O(1)

(
1

B4
n

n∑
j=1

(EX2
j )

2

)
t4,

where |O(1)| ≤ A. By (10.3), (10.4) and (10.9)∣∣∣∣∣
n∑

j=1

(
gj (t, x) − 1

) + t2

2

∣∣∣∣∣
≤ t2

2B̄2
n

n∑
j=1

|EU2
j (x) − EX̄2

j | +
|t|3
6B̄3

n

E|Uj(x)|3

≤ A(t2 + |t|3)�,

(10.12)

which, together with (10.11), yields∣∣∣∣∣ ln
n∏

j=1

gj (t, x) + t2

2

∣∣∣∣∣
≤

∣∣∣∣∣
n∑

j=1

(
gj (t, x) − 1

) + t2

2

∣∣∣∣∣ + O(1)t4

(
1

B4
n

n∑
j=1

(E|Xj |2)2

)

≤ A(t2 + |t|3)� + At4�4/3≤ A(t2 + |t|3)�

(10.13)

for |t| ≤ �−1/3/64. In terms of (10.11)–(10.13), by using |ez − 1 − z| ≤ z2

2 e|z|, we
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find that if |t| ≤ �−1/3/64, then

n∏
j=1

gj (t, x) − e−t2/2 = e−t2/2

[
exp

{
ln

n∏
j=1

gj (t, x) + t2

2

}
− 1

]

= e−t2/2

{
n∑

j=1

(
gj (t, x) − 1

) + t2

2
+ r∗(t, x)

}
,

where

|r∗(t, x)| ≤ At4�4/3 + 1

2

∣∣∣∣∣ln
n∏

j=1

gj (t, x) + t2

2

∣∣∣∣∣
2

exp

{∣∣∣∣∣ ln
n∏

j=1

gj (t, x) + t2

2

∣∣∣∣∣
}

≤ A(t4 + t6)�4/3.

This proves (10.8). (10.7) follows directly from (10.8) and (10.12). �

LEMMA 10.2. If |t| ≤ �−1/64, then

|E�ne
itTn | ≤ A�2t2e−t2/8,(10.14) ∣∣∣∣∣Eeit(Tn+�n) −

n∏
j=1

gj (t, x)

∣∣∣∣∣ ≤ A�2(|t|3/2 + t2e−t2/8)
.(10.15)

PROOF. Observe that E(Wj,l(x)|Xj) = 0 for j �= l. It follows from (10.4),
Hölder’s inequality and the independence of Uj and Ul that∣∣EWj,l(x)eit (Uj (x)+Ul(x))/B̄n

∣∣
= ∣∣EWj,l(x)

(
eitUj (x)/B̄n − 1

)(
eitUl(x)/B̄n − 1

)∣∣
≤ 2

( |t|
B̄n

)2

E
{|Wj,l(x)|Uj(x)||Ul(x)|}

≤ 2t2

B̄2
n

{
E|Wj,l(x)|3/2}2/3{

E|Uj(x)|3}1/3{
E|Ul(x)|3}1/3

≤ Axt2

B2
n

(
E|Xj |3I{|Xj |≤τ }

)(
E|Xl|3I{|Xl|≤τ }

)
.

Thus by independence of Uj(x)′s and (10.6),∣∣E�ne
itTn

∣∣ ≤ 1

B̄4
n

∑
j<l

∣∣EWj,l(x)eit (Uj (x)+Ul(x))/B̄n
∣∣ ∏
k �=j,l

|gk(t, x)|

≤ A�2t2e−t2/8.
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This proves (10.14).
As for (10.15), since |eiz − 1 − iz| ≤ 2|z|3/2 for every real z, we have∣∣Eeit(Tn+�n) − EeitTn − itE�ne

itTn
∣∣

≤ 2|t|3/2E|�n|3/2

≤ 6|t|3/2

B6
n

E

∣∣∣∣∣
n−1∑
i=1

(X̄2
i − EX̄2

i )

n∑
j=i+1

(X̄2
j − EX̄2

j )

∣∣∣∣∣
3/2

x3/2

≤ A|t|3/2

B6
n

n−1∑
i=1

n∑
j=i+1

(
E|Xi|3I{|Xi |≤τ }

)(
E|Xj |3I{|Xj |≤τ }

)
x3/2

≤ A|t|3/2�2,

(10.16)

where, in the second to last inequality, we used a moment inequality for the
U -statistics [see, e.g., Dharmadhikari, Fabian and Jogdeo (1968)].

Now (10.15) follows easily from (10.16) and (10.14). �

LEMMA 10.3. If |t| ≤ �−1/64, then for any 0 ≤ m(t) ≤ 1,∣∣Eeit(Tn+�n)
∣∣

(10.17)
≤ (1 + 2|t|)e−m(t)t2/8 + A�4/3|t|m4/3(t) + A�2|t|3/2m(t).

PROOF. We follow the randomization method used in Bentkus, Bloznelis and
Götze (1996). See Alberink (2000) as well. Let X∗

1 , . . . ,X∗
n be independent copies

of X1, . . . ,Xn and let ε1, . . . , εn be i.i.d. random variables with

P (εi = 1) = 1 − P (εi = 0) = m(t)

independent of all other random variables. Let X̄∗
j , U∗

j (x) and W ∗
j,k(x) denote the

random variables X̄j , Uj(x) and Wj,k(x) with Xj and Xk replaced by independent
copies X∗

j and X∗
k . Furthermore, we let W̃ ∗

j,k(x) = 2x(X̄2
j − EX̄2

j )(X̄
∗2
k − EX̄∗2

k )

and define

T ∗
1n = 1

B̄n

n∑
j=1

εjUj (x), T ∗
2n = 1

B̄n

n∑
j=1

(1 − εj )U
∗
j (x),

�∗
1n = 1

B̄4
n

∑
i<j

εiεjWi,j (x), �∗
2n = 1

B̄4
n

∑
i<j

εi(1 − εj )W̃
∗
i,j (x),

�∗
3n = 1

B̄4
n

∑
i<j

(1 − εi)(1 − εj )W
∗
i,j (x).

It is easy to see that [cf. Alberink (2000)]

Tn + �n
d= T ∗

1n + T ∗
2n + �∗

1n + �∗
2n + �∗

3n,(10.18)
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where d= denotes the same in distribution. It follows from (10.18), |eit − 1| ≤ |t|
and |eit − 1 − it| ≤ 2|t|3/2 that∣∣Eeit(Tn+�n)

∣∣
= ∣∣Eeit(T ∗

1n+T ∗
2n+�∗

1n+�∗
2n+�∗

3n)
∣∣

≤ ∣∣Eeit(T ∗
1n+T ∗

2n+�∗
2n+�∗

3n)
∣∣ + |t|E|�∗

1n|
≤ E

∣∣E(
eit (T ∗

1n+�∗
2n)|X∗, ε

)∣∣ + |t|E|�∗
1n|

≤ E
∣∣E(

eitT ∗
1n |X∗, ε

)∣∣ + |t|E∣∣E(
�∗

2ne
itT ∗

1n |X∗, ε
)∣∣

+ 2|t|3/2E|�∗
2n|3/2 + |t|E|�∗

1n|
:= �1(t, x) + �2(t, x) + �3(t, x) + �4(t, x),

(10.19)

where X∗ = (X∗
1, . . . ,X∗

n) and ε = (ε1, . . . , εn).
We first estimate �3(t, x) and �4(t, x). Recalling that εj ’s are i.i.d. random

variables independent of all other random variables, we get

E|�∗
2n|3/2 ≤ 8x3/2

B6
n

E

∣∣∣∣∣
n−1∑
i=1

εi(X̄
2
i − EX̄2

i )

n∑
j=i+1

(1 − εj )(X̄
∗2
j − EX̄∗2

j )

∣∣∣∣∣
3/2

≤ Ax3/2E|ε1|3/2

B6
n

n−1∑
i=1

n∑
j=i+1

(
E|Xi |3I{|Xi |≤τ }

)(
E|Xj |3I{|Xj |≤τ }

)
≤ A�2m(t).

Similarly,

E|�∗
1n| ≤ (E|�∗

1n|3/2)2/3 ≤ A�4/3m4/3(t).

These facts imply that

�3(t, x) + �4(t, x) ≤ A�4/3|t|m4/3(t) + A�2|t|3/2m(t).(10.20)

Next we estimate �1(t, x). Note that

E
∣∣E(

eitεj Uj (x)/B̄n |εj

)∣∣2
= E

{
E

(
e
itεj (Uj (x)−U∗

j (x))/B̄n |εj

)}
= Ee

itεj (Uj (x)−U∗
j (x))/B̄n,

because U∗
j (x) is an independent copy of Uj(x). Using (10.3), (10.4) and Taylor’s
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expansion of eiz yields

Ee
itεj (Uj (x)−U∗

j (x))/B̄n

≤ 1 − t2

B̄2
n

Eε2
1EU2

j (x) + |t|3
3B̄3

n

E|ε1|3E|Uj(x)|3

≤ 1 − m(t)t2

B̄2
n

(
EX̄2

j − EX2
j I{|Xj |>τ }

)
+ m(t)(18t2 + 32|t|3)(1 + x)

B3
n

E|Xj |3I{|Xj |≤τ }.

Therefore, by Hölder’s inequality,

E
∣∣E(

eitεj Uj (x)/B̄n|εj

)∣∣
≤ (

E
∣∣E(

eitεj Uj (x)/B̄n
∣∣εj

)∣∣2)1/2

≤ exp
{
−m(t)t2

2B̄2
n

(
EX̄2

j − EX2
j I{|Xj |>τ }

)
+ m(t)(9t2 + 16|t|3)(1 + x)

B3
n

E|Xj |3I{|Xj |≤τ }
}
,

(10.21)

which, together with the independence of Uj(x) and εj , implies that if |t| ≤
�−1/64, then

�1(t, x) = E
∣∣E(

eitT ∗
1n |ε)∣∣ ≤

n∏
j=1

E
∣∣E(

eitεj Uj (x)/B̄n|εj

)∣∣
≤ exp

{
−m(t)t2

2
+ m(t)(9t2 + 16|t|3)�

}
≤ e−m(t)t2/8.

(10.22)

Finally, we estimate �2(t, x). Since � ≤ 1/128, we get EX̄2
i ≤ {E|Xi|3 ×

I{|Xi |≤τ }}2/3 ≤ B2
n/(16 · 41/3). Hence, similarly to (10.22), it follows from (10.21)

that, for all 1 ≤ j ≤ n,

�1j := E
∣∣E(

eit (T ∗
1n−εj Uj (x))/B̄n|ε1, . . . , εj−1, εj+1, . . . , εn

)∣∣
≤ ∏

k �=j

E
∣∣E(

eitεkUk(x)/B̄n |εk

)∣∣
≤ exp

{
−m(t)t2

2
(1 − B̄−2

n EX̄2
j ) + m(t)(9t2 + 16|t|3)�

}
≤ e−m(t)t2/8.

(10.23)
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On the other hand, we have

�2j := E
∣∣E{

(X̄2
j − EX̄2

j )e
itεj Uj (x)/B̄n |εj

}∣∣
= E

∣∣E{
(X̄2

j − EX̄2
j )

(
eitεj Uj (x)/B̄n − 1

)|εj

}∣∣
≤ 2|t|

B̄n

EX̄2
j |Uj(x)| ≤ 3|t|

Bn

(E|X̄j |3)2/3(E|Uj(x)|3)1/3

≤ 12|t|
Bn

E|Xj |3I{|Xj |≤τ }.

(10.24)

In terms of (10.23), (10.24) and the independence of Uj(x), U∗
j (x) and εj , we get

�2(t, x) = |t|E∣∣E(
�∗

2ne
itT ∗

1n |X∗, ε
)∣∣

≤ 4|tx|
B4

n

∑
j �=k

E|X̄∗2
k − EX̄∗2

k |E∣∣E{
(X̄2

j − EX̄2
j )e

itT ∗
1n |ε}∣∣

≤ 8|tx|
B4

n

∑
j �=k

�1j�2jEX̄2
k

≤ 96�t2e−m(t)t2/8

≤ 2|t|e−m(t)t2/8.

(10.25)

Putting the above estimates (10.19), (10.20), (10.22) and (10.25) together, we have
(10.17) immediately. The proof of Lemma 10.3 is complete. �

LEMMA 10.4. Let F be a distribution function with the characteristic
function f . Then, for all y ∈ R and M > 0, it holds that

lim
z↓y

F (z) ≤ 1

2
+ V.P.

∫ M

−M
e−iyt 1

M
K

(
t

M

)
f (t) dt,(10.26)

lim
z↑y

F (z) ≥ 1

2
− V.P.

∫ M

−M
e−iyt 1

M
K

(
− t

M

)
f (t) dt,(10.27)

where

V.P.

∫ M

−M
= lim

h↓0

(∫ −h

−M
+

∫ M

h

)
,

K(s) = K1(s)/2 + iK2(s)/(2πs) and

K1(s) = 1 − |s|, K2(s) = πs(1 − |s|) cot(πs) + |s| for |s| < 1

and K(s) ≡ 0 for |s| ≥ 1.
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This lemma can be found in Prawitz (1972). The result was also used by
Bentkus, Götze and van Zwet (1997) for an Edgeworth expansion for symmetric
statistics.

LEMMA 10.5. There exists an absolute constant A such that

P

(
1

B̄n

n∑
j=1

Uj(x) + 1

B̄4
n

∑
j<k

Wj,k(x) ≥ y

)

≤ (
1 − �(y)

) + A(1 + x)�e−y2/2 + A�4/3

(10.28)

for |y| ≤ 4(1 + x).

PROOF. By using (10.27) in Lemma 10.4, we have, for any y ∈ R and
M = �−1/64,

P

(
1

B̄n

n∑
j=1

Uj(x) + 1

B̄4
n

∑
j<k

Wj,k(x) ≥ y

)
≤ 1

2
(|I | + |J − 1|),

where K1(s) and K2(s) are defined as in Lemma 10.4,

I = 1

M

∫ M

−M
e−iytK1

(
− t

M

)
Eeit(Tn+�n) dt

and

J = i

π
V.P.

∫ M

−M
e−iytK2

(
− t

M

)
Eeit(Tn+�n) dt

t
.

It suffices to show that

|I | ≤ A�e−y2/2 + A�4/3(10.29)

for y ∈ R and

|J − 1| ≤ 2
(
1 − �(y)

) + A(1 + x)e−y2/2� + A�4/3(10.30)

for |y| ≤ 4(1 + x).
Without loss of generality, we assume that � ≤ 1/(6 ·64)4. Let M1 = �−1/3/64.

Rewrite I = I1 + I2, where

I1 = 1

M

∫ M1

−M1

e−iytK1

(
− t

M

)
Eeit(Tn+�n) dt,

I2 = 1

M

∫
M1≤|t|≤M

e−iytK1

(
− t

M

)
Eeit(Tn+�n) dt.

It is easy to see that M1 ≥ 6 and 0 ≤ [36t−2 ln |t|] ≤ 1 for |t| ≥ M1. Hence, by
Lemma 10.3 with m(t) = [36t−2 ln |t|],

|I2| ≤ 1

M

∫
M1≤|t|≤M

∣∣Eeit(Tn+�n)
∣∣dt ≤ A�4/3.(10.31)
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Noting K1(s) = 1 − |s|, for |s| < 1, we obtain |I1| ≤ |I11| + |I12|, where

I11 = 1

M

∫ M1

−M1

e−iytEeit(Tn+�n) dt,

I12 = 2

M2

∫ M1

0
t
∣∣Eeit(Tn+�n)

∣∣dt.

It is obvious that |I12| ≤ 2
M2

∫ M1
0 t dt ≤ A�4/3. Note that

1√
2π

∫ ∞
−∞

e−iyt−t2/2 dt = e−y2/2.

It follows from (10.7) and (10.15) that

|I11| ≤ 1

M

∣∣∣∣ ∫ ∞
−∞

e−iyt−t2/2 dt

∣∣∣∣ + 1

M

∫
|t|>M1

e−t2/2 dt

+ 1

M

∫ M1

−M1

∣∣Eeit(Tn+�n) − e−t2/2∣∣dt

≤ A�e−y2/2 + A�2.

This proves (10.29) by the above inequalities.
To prove (10.30), let

fn(t, x) =
(

1 +
n∑

j=1

(
gj (t, x) − 1

) + t2

2

)
e−t2/2.

We may write

J = J11 + J12 + J13 + J2,

where

J11 = i

π
V.P.

∫ M1

−M1

e−iytfn(t, x)
dt

t
,

J12 = i

π
V.P.

∫ M1

−M1

e−iyt
(
Eeit(Tn+�n) − fn(t, x)

) dt

t
,

J13 = i

π
V.P.

∫ M1

−M1

e−iyt

(
K2

(
− t

M

)
− 1

)
Eeit(Tn+�n) dt

t
,

J2 = i

π
V.P.

∫
M1<|t|≤M

e−iytK2

(
− t

M

)
Eeit(Tn+�n) dt

t

and M1 = �−1/3/64. Similarly to (10.31), it follows that |J2| ≤ A�4/3. By us-
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ing (10.8), (10.15) and the fact that 1
B̄4

n

∑n
j=1(EX̄2

j )
2 ≤ �4/3, we have

|J12| ≤
∫ M1

−M1

1

|t|
∣∣Eeit(Tn+�n) − fn(t, x)

∣∣ dt

≤
∫ M1

−M1

1

|t|
∣∣∣∣∣Eeit(Tn+�n) −

n∏
j=1

gj (t, x)

∣∣∣∣∣dt

+
∫ M1

−M1

1

|t|
∣∣∣∣∣

n∏
j=1

gj (t, x) − fn(t, x)

∣∣∣∣∣ dt

≤ A�4/3.

It is easy to check that |K2(s) − 1| ≤ 4s2 for |s| ≤ 1/2 [cf., e.g., Lemma 2.1 in
Bentkus (1994)]. Hence,

|J13| ≤ A�2
∫ M1

−M1

|t|∣∣Eeit(Tn+�n)
∣∣dt

≤ A�2
∫ M1

−M1

|t|dt ≤ A�4/3.

On the other hand, simple calculation shows that

i

2π
V.P.

∫ ∞
−∞

e−iytfn(t, x)
dt

t
= −1

2
+ �(y) + Ln(y),

where

Ln(y) =
n∑

j=1

{
E�

(
y − Uj(x)

B̄n

)
− �(y)

}
− 1

2
�′′(y).

Therefore,

|J − 1| ≤ |J11 − 1| + |J12| + |J13| + |J2|
≤

∣∣∣∣ i

π
V.P.

∫ ∞
−∞

e−iytfn(t, x)
dt

t
− 1

∣∣∣∣
+ A

∫
|t|≥M1

|fn(t, x)| dt

|t| + A�4/3

≤ 2
(
1 − �(y)

) + 2|Ln(y)| + A�4/3

and (10.30) follows if we prove

Ln(y) ≤ A(1 + x)e−y2/2�(10.32)

for |y| ≤ 4(1 + x).
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By using Taylor’s expansion of �(y) and noting |Uj(x)| ≤ 9B̄n/(1 + x), we
have

Ljn(y) :=
∣∣∣∣E�

(
y − Uj(x)

B̄n

)
− �(y) − EU2

j (x)

2B̄2
n

�(2)(y)

∣∣∣∣
≤ 1

6B̄3
n

E|Uj(x)|3�′′′
(
y + θ

|Uj(x)|
B̄n

)
[where |θ | ≤ 1]

≤ A(1 + y2)e−y2/2

B3
n

E|Xj |3I{|Xj |≤τ } exp
(
y|Uj(x)|/B̄n

)
.

This estimate, together with |y| ≤ 4(1 + x) and (10.3), implies that

|Ln(y)| ≤
n∑

j=1

Ljn(y) + �′′(y)

2B̄2
n

n∑
j=1

|EU2
j (x) − EX̄2

j |

≤ A(1 + x)e−y2/2�,

as desired. �

We are now ready to prove Proposition 5.4. Let y0 = x − B̄−1
n

∑n
j=1 EŨj (x).

From (10.2), we get B̄−1
n

∑n
j=1 |EŨj (x)| ≤ 4(1 + x)�. Hence, by (10.28) with

y = y0,

Kn = P

(
1

B̄n

n∑
j=1

Uj(x) + 1

B̄4
n

∑
j<k

Wj,k(x) ≥ y0

)

≤ (
1 − �(y0)

) + A(1 + x)e−y2
0/2� + A�4/3

≤ (
1 − �(x)

) + A(1 + x)�e−x2/2+3(1+x)2� + A�4/3

≤ (
1 − �(x)

)(
1 + A�n,xe

3�n,x
) + A�4/3

≤ (
1 − �(x)

)
eA�n,x + A�4/3,

where we have used the following facts:

−y2
0 ≤ −x2 + 2x|y0 − x| ≤ −x2 + 6(1 + x)2�

|�(y0) − �(x)| ≤ |y0 − x|�′(x + θ |y0 − x|) [for some |θ | ≤ 1]
≤ A(1 + x)�e−(x−|y0−x|)2/2

≤ A(1 + x)�e−x2/2+3�n,x .

The proof of Proposition 5.4 is now complete.
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APPENDIX

PROOF OF LEMMA 6.1. Define

I1(b) = E
(
eλbX−θ(bX)2 − 1

)
I{|bX|>1},

I2(b) = E
(
eλbX−θ(bX)2 − 1

)
I{|bX|≤1}.

Noting that λ(bs) − θ(bs)2 ≤ λ2/(4θ) for s ∈ R1, we get

|I1(b)| ≤ eλ2/(4θ)P (|bX| > 1) ≤ eλ2/(4θ)b2EX2I{|bX|>1}.

From the inequality

|es − 1 − s − s2/2| ≤ |s|3 es∨0/6

for any s ∈ R1 and EX = 0, it follows that

I2(b) = E
(
λbX − θ(bX)2)

I{|bX|≤1} + 1
2E

(
λbX − θ(bX)2)2

I{|bX|≤1}

+ 1
6O(1)eλE|λbX − θ(bX)2|3I{|bX|≤1}

= −λbEXI{|bX|>1} + (λ2/2 − θ)b2EX2I{|bX|≤1} − λθb3EX3I{|bX|≤1}

+ (θ2/2)b4EX4I{|bX|≤1} + O(1)(λ + θ)3eλb3E|X|3I{|bX|≤1}

= (λ2/2 − θ)b2EX2 + O(1)(λ + |λ2/2 − θ |)b2EX2I{|bX|>1}

+ O(1)
(
λθ + θ2/2 + (λ + θ)3eλ/6

)
b3E|X|3I{|bX|≤1},

where |O(1)| ≤ 1. This proves (6.1) by the above bounds on I1(b) and I2(b). �

PROOF OF LEMMA 6.2. (6.2) is a direct consequence of (6.1). Write

Eξkeλξ = Eξkeλξ I{|bX|>1} + EξkeλξI{|bX|≤1}, k = 1,2,3.

Noting that ξ ≤ 1, |ξ |keλξ ≤ λ−k sups≤λ |s|kes = λ−k max(λkeλ, (k/e)−k) for k =
1,2,3, |es − 1 − s| ≤ 0.5s2es∨0, and |es − 1| ≤ |s|es∨0 for s ∈ R1, we have

EξeλξI{|bX|≤1}
= Eξ(1 + λξ)I{|bX|≤1} + Eξ(eλξ − 1 − λξ)I{|bX|≤1}
= −2bEXI{|bX|>1} + (4λ − 1)b2EX2I{|bX|≤1}

+ λE
(−4(bX)3 + (bX)4)

I{|bX|≤1} + 0.5O(1)λ2eλE|ξ |3I{|bX|≤1}
= (4λ − 1)b2EX2 + O(1)(2 + |1 − 4λ|)b2EX2I{|bX|>1}

+ O(1)(5λ + 13.5λ2eλ)b3E|X|3I{|bX|≤1},
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Eξ2eλξ I{|bX|≤1}
= Eξ2I{|bX|≤1} + Eξ2(eλξ − 1)I{|bX|≤1}
= 4b2EX2I{|bX|≤1} + E

(−4(bX)3 + (bX)4)
I{|bX|≤1}

+ O(1)λeλE|ξ |3I{|bX|≤1}
= 4b2EX2 + O(1)b2EX2I{|bX|>1}

+ O(1)(5 + 27λeλ)b3E|X|3I{|bX|≤1},

E|ξ |3eλξI{|bX|≤1}
= O(1)eλE|ξ |3I{|bX|≤1}
= O(1)27eλb3E|X|3I{|bX|≤1},

|Eξeλξ |
≤ max(eλ, e/λ)P (|bX| > 1) + ∣∣EξI{|bX|≤1}

∣∣ + ∣∣Eξ(eλξ − 1)I{|bX|≤1}
∣∣

≤ (
max(eλ, e/λ) + 2

)
bE|X|I{|bX|>1} + b2EX2I{|bX|≤1} + λeλEξ2I{|bX|≤1}

≤ (
max(eλ, e/λ) + 2

)
bE|X|I{|bX|>1} + (1 + 9λeλ)b2EX2I{|bX|≤1},

|Eξeλξ |2
≤ 2

(
max(eλ, e/λ) + 2

)2
b2EX2I{|bX|>1} + 2(1 + 9λeλ)2(b2EX2I{|bX|≤1}

)2

≤ 2
(
max(eλ, e/λ) + 2

)2
b2EX2I{|bX|>1} + 2(1 + 9λeλ)2b3E|X|3I{|bX|≤1}.

�

PROOF OF LEMMA 6.3. Let

Vi(u) = Eeλξi I{ξi≤u}/Eeλξi .

Consider the sequence of independent random variables {ηi,1 ≤ i ≤ n} with ηi

having the distribution function Vi(u). Denote by Fn(x) the distribution function
of the random variable (

∑n
i=1(ηi − Eηi))/(

∑n
i=1 Var(ηi))

1/2. In terms of the
conjugate method [cf. (4.9) of Petrov (1965)], we have

P

(
n∑

i=1

ξi ≥ y

)
=

(
n∏

i=1

Eeλξi

)
e−λm(λ)

∫ ∞
−(m(λ)−y)/σ(λ)

e−λσ(λ)t dFn(t).

By (6.10) and the Chebyshev inequality,∫ ∞
−(m(λ)−y)/σ(λ)

e−λσ(λ)t dFn(t)

≥
∫ 2

−2
e−λσ(λ)t dFn(t)
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≥ e−2λσ(λ)P

(∣∣∣∣∣
n∑

i=1

(ηi − Eηi)

∣∣∣∣∣ ≤ 2

(
n∑

i=1

Var(ηi)

)1/2)

≥ 3
4e−2λσ(λ).

This reduces to (6.9). �

PROOF OF LEMMA 6.4. When a ≤ 1, (6.11) is trivial. When a > 1, let
{ηi,1 ≤ i ≤ n} be an independent copy of {ξi,1 ≤ i ≤ n}. Then by the Chebyshev
inequality,

P

(∣∣∣∣∣
n∑

i=1

ηi

∣∣∣∣∣ ≤ 2Dn,

n∑
i=1

η2
i ≤ 4D2

n

)

≥ 1 − P

(∣∣∣∣∣
n∑

i=1

ηi

∣∣∣∣∣ > 2Dn

)
− P

(
n∑

i=1

η2
i > 4D2

n

)

≥ 1 − 1
4 − 1

4 = 1
2 .

Let {εi,1 ≤ i ≤ n} be a Rademacher sequence independent of {ξi,1 ≤ i ≤ n} and
{ηi,1 ≤ i ≤ n}. Noting that

{∣∣∣∣∣
n∑

i=1

ξi

∣∣∣∣∣ ≥ a

(
4Dn +

(
n∑

i=1

ξ2
i

)1/2)
,

∣∣∣∣∣
n∑

i=1

ηi

∣∣∣∣∣ ≤ 2Dn,

n∑
i=1

η2
i ≤ 4D2

n

}

⊂
{∣∣∣∣∣

n∑
i=1

(ξi − ηi)

∣∣∣∣∣ ≥ a

(
4Dn +

(
n∑

i=1

(ξi − ηi)
2

)1/2

−
(

n∑
i=1

η2
i

)1/2)
− 2Dn,

n∑
i=1

η2
i ≤ 4D2

n

}

⊂
{∣∣∣∣∣

n∑
i=1

(ξi − ηi)

∣∣∣∣∣ ≥ a

(
2Dn +

(
n∑

i=1

(ξi − ηi)
2

)1/2)
− 2Dn

}

⊂
{∣∣∣∣∣

n∑
i=1

(ξi − ηi)

∣∣∣∣∣ ≥ a

(
n∑

i=1

(ξi − ηi)
2

)1/2}

and that {ξi − ηi,1 ≤ i ≤ n} is a sequence of independent symmetric random
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variables, we have

P

(∣∣∣∣∣
n∑

i=1

ξi

∣∣∣∣∣ ≥ a

(
4Dn +

(
n∑

i=1

ξ2
i

)1/2))

= P

(∣∣∣∣∣
n∑

i=1

ξi

∣∣∣∣∣ ≥ a

(
4Dn +

(
n∑

i=1

ξ2
i

)1/2)
,

∣∣∣∣∣
n∑

i=1

ηi

∣∣∣∣∣ ≤ 2Dn,

n∑
i=1

η2
i ≤ 4D2

n

)

×
(
P

(∣∣∣∣∣
n∑

i=1

ηi

∣∣∣∣∣ ≤ 2Dn,

n∑
i=1

η2
i ≤ 4D2

n

))−1

≤ 4P

(∣∣∣∣∣
n∑

i=1

(ξi − ηi)

∣∣∣∣∣ ≥ a

(
n∑

i=1

(ξi − ηi)
2

)1/2)

= 4P

(∣∣∣∣∣
n∑

i=1

εi(ξi − ηi)

∣∣∣∣∣ ≥ a

(
n∑

i=1

(ξi − ηi)
2

)1/2)

≤ 8e−a2/2

as desired, where in the last inequality, we used the following inequality

P

(∣∣∣∣∣
n∑

i=1

εixi

∣∣∣∣∣ ≥ a

(
n∑

i=1

x2
i

)1/2)
≤ 2e−a2/2

for any real numbers xi,1 ≤ i ≤ n and a > 0; see, for example, Ledoux and
Talagrand [(1991), page 90]. �
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