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ON THE CONVERGENCE OF SCALED
RANDOM SAMPLES1

BY GEOFFREY PRITCHARD

University of Wisconsin}Madison

The scaled-sample problem asks the following question: given a distri-
� 4bution on a normed linear space E, when do there exist constants gn

� Ž j. 4n Žsuch that X rg converges as n ª ` in the Hausdorff metric givenn js1
. Ž � Ž j.4by the norm to a fixed set K ? Here X are i.i.d. with the given
.distribution. The main result presented here relates the convergence of

scaled samples to a large deviation principle for single observations,
thereby achieving a dimension-free description of the problem.

1. Introduction. The scaled-sample problem asks the following ques-
tion: given a probability measure m on a normed linear space E, when do

� Ž j. 4n Ž .there exist constants g ` such that X rg ª K a.s., or in probability ,n n js1
� Ž j.4̀ Žwhere X are i.i.d. with law m, K is a necessarily deterministic andjs1
.compact closed subset of E and the convergence is in the Hausdorff metric

won closed bounded sets induced by the norm? The Hausdorff metric is that
Ž . Ž 5 5. Ž 5 5. xgiven by h K, L s sup inf x y y k sup inf x y y .x g K y g L x g L y g K

w .The simplest examples occur with E s R and m supported on 0, ` . In this
case the scaled-sample problem is equivalent to the question of whether there

Ž n Ž j.. Ž . Ž w x.exist g such that max X rg ª 1 a.s., or in probability see 6 .n ms1 n
Ž .This is sometimes referred to as relative stability a.s., or in probability of

� n Ž j.4̀max X . Equivalent conditions can be given in terms of the distribu-js1 ns1

tion function F of m.
w xThe almost sure convergence occurs iff 8

` dF xŽ .
- ` for 0 - « - 1.H 1 y F « xŽ .1

w xThe convergence in probability occurs iff 5

`, if x - 1,1 y F txŽ .
lim s 1, if x s 1,½1 y F ttª` Ž . 0, if x ) 1.

¤ Ž . � Ž . 4 w x ŽAlso, g ; F 1 y 1rn s inf t: F t G 1 y 1rn 8 . We will everywheren
.use a ; b to mean a rb ª 1. A simple sufficient condition for the a.s.n n n n
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SCALED RANDOM SAMPLES 1491

Ž .convergence is the regular variation of yln 1 y F , that is, the condition that
for some a ) 0 we have

yln 1 y F txŽ .Ž .
aª x as t ª `, ; x ) 0.

yln 1 y F tŽ .Ž .

Ž .This condition or rather a multidimensional version of it was considered in
w x3 . It is a stronger condition than scaled-sample convergence, and we shall
consider shortly to what scaled-sample behaviour it is equivalent.

The situation when E s R d was considered by Kinoshita and Resnick
w x6 , who described the a.s. convergence of such scaled samples by a polar co-

� n 5 Ž j. 54ordinate decomposition: max X must be a.s. relatively stable, andjs1

another condition on the relative extent of the distribution in different
directions determines the shape of the limiting set K. This approach yields
quite simple necessary and sufficient conditions for scaled-sample conver-

Žgence, but it is unfortunately limited to finite-dimensional spaces. An infi-
nite-dimensional example which satisfies the hypotheses of Proposition 4.8 in
w x � 4̀6 , but whose scaled samples do not converge is as follows: let e bei is1
orthogonal unit vectors in a Hilbert space and let Z be a random vector
which takes the value e with probability 2yi. Let Y be an exponentiallyi
distributed random variable of mean 1 which is independent of Z and let

.X s YZ.
In infinite dimensions the best-known example of scaled-sample conver-

gence occurs for Gaussian measures. The limiting set is then the unit ball of
Žthe reproducing kernel Hilbert space associated with the measure see, for

w x.example, 1 .
w x 2Finally, Fisher 4 considered the scaled-sample problem for E s R and m

w .a product of two identical measures supported on 0, ` . He discovered that
Ž �Ž . p pthe limiting sets could only be balls i.e., x, y : x G 0, y G 0 and x q y F

4 w x.1 for some p g 0, ` . His results contain the essential idea of regular
scaled-sample convergence defined in the next section.

2. The main result. We use the following notation. For a subset K of a
w x Ž . Ž � 4.y1 Žvector space E, d : E ª 0, ` is given by d x s sup t G 0: tx g K orK K

.` if the sup is 0 . Also,

m
pmB K , p s x , . . . , x g E : d x F 1 for 0 - p - `,Ž . Ž . Ž .Ým 1 m K i½ 5

is1

B K , 0 s B K , p , B K , ` s K mŽ . Ž . Ž .Fm m m
p)0

Ž . Ž .and we write B K, p for B K, p .2
� 4We shall say that a family m of measures on E indexed by the« « ) 0

Ž .positive real numbers satisfies a large deviation principle LDP with good
w xrate function I: E ª 0, ` if the following hold: I is lower semicontinuous,
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� Ž . 4the ‘‘level sets’’ x: I x F a are compact ;a ) 0 and for all measurable A,
lim sup « ln m A F y inf I ,Ž .«

cl A«ª0

lim inf « ln m A G y inf I.Ž .« T«ª0 A

A family of random elements will be said to satisfy a LDP if the family of
probability laws it generates does so.

THEOREM 1. Let E be a normed linear space and use the Hausdorff metric
� Ž j.4̀on its closed subsets. Let m be a probability measure on E and let X, X js1

� Ž j.4̀ � 4̀and X all be i.i.d. with law m. Let g be a positive sequencek j, ks1 n ns1
Ž . Ž . Ž .increasing to ` and let f : 0, ` ª 0, ` be decreasing with f 1rln n s g . Letn

� 4K ; E be closed with 0 a proper subset of K.

Ž . Ž xi Let p g 0, ` . The following are equivalent:
Ž . � Ž .4a Xrf « satisfies a large deviation principle as « ª 0, with« ) 0

good rate function
p¡d x , if 0 - p - `,Ž .K~I x sŽ . 0, if p s ` and x g K ,¢̀ , if p s ` and x f K .

nŽ j. Ž j.X , . . . , XŽ .1 m
b ª B K , p a.s. for all m g N.Ž . Ž .m½ 5gn js1

nŽ j. Ž j.X , XŽ .1 2
c ª B K , pŽ . Ž .p½ 5gn js1

nŽ j. rX g n? @
1r pd ª K and ª r ;r ) 0.Ž . p½ 5g gn njs1

Ž .If p s `, the limit is 1 for all r ) 0.
Ž . �Ž Ž j. Ž j. 4n Ž .ii If X , X rg ª N, then N has the form B K, p for some1 2 n js1 p
w xp g 0, ` .

Ž . � Ž .4iii Suppose Xrf « satisfies an LDP with a rate function I which is« ) 0
Ž . Ž . Ž .‘‘good’’ has compact level sets and such that a if I x s 1, then inf I - 1U

1Ž . Ž . Ž . Ž . Ž .for all neighborhoods U of X, b ' x / 0 with I x F and c I tx F I x2
w x Ž .for x g E, t g 0, 1 . Then the equivalent conditions of i hold, for some

Ž xp g 0, ` .

Ž . w xREMARKS. ii is a dimension-free generalization of the result in 4 . It is
wequally valid for products of any finite number of copies of m. Apply a

Ž .projection onto any pair of components. If p ) 0, we can use i ; if p s 0, note
m Ž .that a set in E whose every projective onto two coordinates is B K, 0 must

Ž . xbe B K, 0 .m
The requirement that I have compact level sets is a natural one, since a

Žlimiting set K of scaled samples must always be compact. For any « ) 0, it
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will be covered by a family of balls of radius « centered at the points of some
.sufficiently large scaled sample.

Ž . Ž xThe equivalent conditions of i define, for each p g 0, ` , a class of
distributions on E which will be described as exhibiting ‘‘regular scaled-sam-
ple convergence of index p.’’

The large deviation principle is a dimension-free generalization of the
regular variation condition mentioned in the previous section. This is demon-

Ž .strated in one dimension by the next result.

PROPOSITION 2.1. With notation as in Theorem 1, suppose that E s R, m is
w . w xsupported on 0, ` , 0 - p - `, and K s 0, 1 . Then the following statements

are equivalent:

Ž . Ž .Ž .i The large deviation principle of i a above holds.
Ž . Ž . ŽŽ ..ii f given by f x s yln m x, ` is regularly varying of index p at `

¤ Ž .and g ; f ln n .n

Ž . ŽŽ Ž . .. pPROOF. First note that i is equivalent to lim « ln m af « , ` s ya« ª 0
w w .xfor all a ) 0 i.e., the LDP just for sets of the form a, ` . This implies

2.1 «f f « ª 1 as « ª 0.Ž . Ž .Ž .
Ž . Ž . Ž . Ž ¤ Ž ..We now show that 2.1 is also implied by ii . For f g ; f f ln n ; ln nn

w Ž ¤ Ž ..by regular variation of f note f f ln n differs from ln n only when f is
¤ Ž .discontinuous at f ln n ; the difference can be no more than the size of the

Ž . Ž .xdiscontinuity, which again by regular variation must be o ln n . We thus
Ž Ž .. Ž .y1 Ž .have « f f « ª 1 when « s ln n , and hence 2.1 in general.n n n

The equivalence now follows by writing

f af «Ž .Ž .
«f af « s «f f « ? . IŽ . Ž .Ž . Ž .

f f «Ž .Ž .

3. Examples.

Ž . w .EXAMPLE 1. Let p g 0, ` and s g R. Consider the distribution on 2, `
given by

yp spexp yx p ln n , for x G 2,Ž .ŽF x s P X ) x sŽ . Ž . ½ 1, for x - 2.
y1Ž . Ž .1r pŽ . sLet g s F 1rn . Calculation shows that g ; ln n ln ln n . Then byn n

ŽProposition 2.1, we see that the LDP of Theorem 1 is satisfied for any
. Ž . psuitable f with rate function I x s x . Hence this distribution exhibits

w xregular scaled-sample convergence of index p. The limiting set is 0, 1 . The
Žmember of this family with p s 2, s s 0 is closely analogous to and has the

.same scaled-sample behaviour as the one-dimensional Gaussian distribution.

w . Ž . Ž . Ž x .EXAMPLE 2. The distribution on 0, ` with F x s P X ) x s exp ye .
Here g s ln ln n is the natural choice. The function yln F is regular varyingn
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of order `, so this distribution exhibits scaled-sample convergence of order `.
w xThe limiting set is 0, 1 .

Ž w x. w .2EXAMPLE 3 Example 5.2 from 6 . The distribution on 0, ` given by
y1x ym x , ` = y , ` s e q e y 1 for x , y ) 0.. . Ž .Ž .

Ž .The LDP for single observations for this distribution has normalizer f « s
y1 Ž . Ž . Ž .« and rate function I x , x s 2 x k x y x n x for x G 0, x G 0.1 2 1 2 1 2 1 2

Ž . w .To check this, it is enough to check it only for sets of the form i a, ` =
w x Žb , b , where 0 F b - b F a and images of such sets under interchanging1 2 1 2

. Ž . w .2the coordinates , and ii a, ` , where a ) 0. For the large deviation lower
Ž .bound notice that any ball contains a difference of two sets of type i with

different values of a, hence different large deviation rates. For the upper
� Ž . 4bound notice that x: I x G c is always contained in a union U of finitely
Ž . Ž . Ž .many sets of types i and ii with inf I arbitrarily close to c. For the type iU

sets,

w xlim « ln P Xrf « g a, ` = b , bŽ . .Ž .1 2
«ª0

s lim « ln 1r ear« q eb1 r« y 1 y 1r ear« q eb2 r« y 1Ž . Ž .Ž .
«ª0

s b y 2 a2

s yI a, bŽ .2

s y inf I.
w . w xa , ` = b , b1 2

Ž .For the type ii sets,
2lim « ln P Xrf « g a, ` s yaŽ . .Ž .

«ª0

s y inf I , similarly.
w .a , `

Ž . Ž . pThis rate function has the form I x s d x with p s 1 and K the convexK
1 1�Ž . Ž . Ž . Ž .4hull of 0, 0 , , 0 , 0, , 1, 1 . By Theorem 1, the distribution exhibits2 2

regular scaled-sample convergence of index 1 to K. The normalizers are
Ž .g s f 1rln n s ln n.n

EXAMPLE 4. This example shows that convergence of scaled samples need
not be regular of any order.

Ž . Ž .Let l: 0, ` ª 0, ` be the piecewise linear, continuous, increasing func-
Ž .tion with l 0 s 0 and

s , on n , n q 1 , for all even n ,Ž .1Xl t sŽ . ½ s , on n , n q 1 , for all odd n.Ž .2

w .Here 0 - s - s . Define a distribution on 1, ` by1 2

F t s P X ) t s exp yexp l ln t for t G 1.Ž . Ž . Ž .Ž .Ž .
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First, we show that the scaled samples from this distribution converge
Ž . w xa.s. by checking the integral condition of 8 . We need that for every

Ž .« g 0, 1 ,

< X <` `dF t F tŽ . Ž .
y - `, that is, dt - `.H H

F « t F « tŽ . Ž .1 1

We have
< X < < X y1 <F t s F t ln F t l ln t tŽ . Ž . Ž . Ž .

< < y1F F t ln F t s t .Ž . Ž . 2

Ž .Also using the mean value theorem twice ,

F tŽ .
s exp exp l ln « q ln t y exp l ln tŽ . Ž .Ž . Ž .Ž .

F « tŽ .
F exp exp l ln t l ln « q ln t y l ln tŽ . Ž . Ž .Ž . Ž .Ž .
F exp exp l ln t s ln « .Ž .Ž .Ž .1

Ž .Since l t F s t we have2

< X <F tŽ . y1F exp exp l ln t s ln « q l ln t s tŽ . Ž .Ž .Ž .1 2F « tŽ .
F exp t s2 s ln « q s ln t s ty1 ,Ž .1 2 2

w .which is integrable on 1, ` for 0 - « - 1. Hence the scaled samples conver-
y1Ž .gence when they are normalized by, for example, constants g s F 1rn sn

Ž y1 ..exp l ln n .
Second, we show that the LDP does not hold; equivalently that yln F is

not regularly varying. For a, t ) 0,

yln F atŽ .
s exp l ln a q ln t y l ln tŽ . Ž .Ž .yln F tŽ .
s exp ln a lX c ,Ž . Ž .Ž .

< < XŽ .where c lies between ln t and ln t q ln a. If ln a F 1, then lim sup l ct ª`
XŽ .s s and lim inf l c s s .2 t ª` 1

� 4̀EXAMPLE 5. Let e be the usual basis vectors of l ; that is, e is ani is1 2 i
infinite vector with a 1 in the ith position and 0 in all other positions. Choose
a positive sequence r ª 0. Let N be a N-valued random variable withk
Ž .P N s i ) 0 ; i and let Y be an exponential random variable independent of

ŽN. Let m be the law of X s Yr e . Compare this example with theN N
.infinite-dimensional example of Section 1.

Ž . y1The relevant LDP for this m has f « s « and I s d , whereK

`

� 4K s te : 0 F t F r .D i i
is1
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To show the large deviation upper bound, let A be measurable and let
Ž Ž . .t s inf I. If t s `, then P Xrf « g A s 0 ;« ) 0, so this case is trivial.cl A

Otherwise, the upper bound follows from

P Xrf « g A F P d Xrf « G t s P Y G tr« s exp ytr« .Ž . Ž . Ž . Ž .Ž . Ž .Ž .K

To show the lower bound, let A be measurable and let t s inf T I. If t s `A
there is nothing to show. Otherwise, for d ) 0 arbitrary, we can find i, r, s
such that t F r - s F t q d and ur e : A for r F u F s. The lower boundi i
then follows from

w xP Xrf « g A G P Xrf « s ur e for some u g r , sŽ . Ž .Ž . Ž .i i

w xs P N s i P Yrf « g r , s .Ž . Ž .Ž .
Samples from m scaled by the normalizers g s ln n thus have limitingn

set K.

Ž .4. Proof of Theorem 1. Our first result will eventually show part iii of
Theorem 1.

Ž .PROPOSITION 4.1. Suppose the conditions of Theorem 1 iii hold. Then
�Ž Ž j. Ž j.. 4n 2 Ž .X , X rg ª N a.s. for some N ; E . Furthermore, N / B K, 0 for1 2 n ns1
any K.

� 4LEMMA 4.2. Let m be a family of probability measures on a topologi-« « ) 0
Ž .cal space S with a s-algebra containing the Borel s-algebra , satisfying a

Ž .large deviation lower bound with rate I, that is, lim inf « ln m A G« ª 0 «

� 4Tyinf I for all measurable A. Then m = m satisfies a large deviationA « « « ) 0
2 Ž . Ž . Ž . Žlower bound on S with rate J x, y s I x q I y , which is good i.e., has
.compact level sets if I is.

w xPROOF. This is the lower bound of Lemma 2.8 in 7 . Note that the space
is not required to be Polish for this lower bound. I

REMARK. The large deviation upper bound for compact sets could be
proved similarly, but the upper bound for closed sets cannot be proved
without an additional exponential tightness assumption. We can prove Propo-
sition 4.1 without this additional assumption, however.

5Ž .5 5 5 5 5PROOF OF PROPOSITION 4.1. We use the product norm x, y s x k y
in E2. For any set S, S« denotes the set of points whose distance from S is

c �Ž Ž j. Ž j.. 4nless than « , and S denotes the complement of S. Let F s X , X rg .n 1 2 n js1
Ž . Ž . Ž . �Let J x, y s I x q I y . We will show that the limiting set is N s z:

Ž . 4 « «J z F 1 . Fix « ) 0. We show that eventually F ; N and N ; F .n n
« Ž « .cF ; N eventually. Let A s N . The proof falls into two parts: firstn

showing that
X c X c« «

A : x , y : I x F 1 j x , y : I y F 1� 4 � 4Ž . Ž . Ž . Ž .Ž . Ž .
k X Xc c« «j x , y : I x F a l x , y : I y F b� 4 � 4Ž . Ž . Ž . Ž .Ž . Ž .D i i

is1

4.1Ž .
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X Ž .for some « ) 0, where each a q b ) 1, and then using 4.1 to complete thei i
proof.

Ž .To show 4.1 , first we cover the compact set
c

« r2cl N l x , y : I x F 1, I y F 1� 4Ž . Ž . Ž . Ž .Ž .
Ž . ŽŽ « r2 .c. Ž .in a similar manner. Let a, b g cl N . Then J a, b ) 1. By lower

semicontinuity of J, we have d ) 0 and l such that inf J G l ) 1.BŽa, d .=BŽb, d .
w Ž . xB x, r denotes a ball of center x, radius r. Let a s inf I and b sBŽa, d .
inf I. Then a q b ) 1. Take a X, b X such that a X - a , b X - b and a X qBŽb, d .

X Ž . Ž�Ž . Ž . X4d .c Ž�Ž . Ž . X4d .cb ) 1. Then a, b g x, y : I x F a l x, y : I y F b . By com-
pactness, then,

c
« r2cl N l x , y : I x F 1, I y F 1� 4Ž . Ž . Ž . Ž .Ž .

k c c« «i i: x , y : I x F a l x , y : I y F b ,� 4 � 4Ž . Ž . Ž . Ž .Ž . Ž .D i i
is1

4.2Ž .

where each a q b ) 1 and « ) 0.i i i
X 1Ž . Ž .Now to show 4.1 itself, choose « - « n « n ??? n « and take1 k2

Ž . Ž . �Ž . Ž .a , . . . , a , b , . . . , b as above. Suppose a, b g A, but a, b g x, y : I x1 k 1 k
4«

X Ž . �Ž . Ž . 4«
X Ž . Ž .F 1 and a, b g x, y : I y F 1 . Then ' a , b with I a F 1 and1 1 1

5Ž . Ž .5 X Ž . Ž . 5Ž .a, b y a , b - « , and also a , b with I b F 1 and a, b y1 1 2 2 2
Ž .5 X Ž . Ž . 5Ž . Ž .5 X Ž .a , b - « . Put c, d s a , b . Then a, b y c, d - « . Since a, b g2 2 1 2
Ž « .c Ž . Ž « r2 .c Ž . Ž . Ž .N , we have c, d g N as well as I c F 1 and I d F 1. By 4.2 we
have

c c« «i ic, d g x , y : I x F a l x , y : I y F b� 4 � 4Ž . Ž . Ž . Ž . Ž .Ž . Ž .i i

for some i, and so
X c X c« «

a, b g x , y : I x F a l x , y : I y F b .� 4 � 4Ž . Ž . Ž . Ž . Ž .Ž . Ž .i i

Ž . Ž .To use 4.1 , let X, Y be i.i.d. with law m. We use 4.1 to get an upper
ŽŽ . Ž . .bound on P X, Y rf d g A . We have for each i,

X c X c« «
P X , Y rf d g x , y : I x F a l x , y : I y F b� 4 � 4Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .ž /i i

X c X c« «s P Xrf d g x : I x F a P Xrf d g x : I x F b .� 4 � 4Ž . Ž . Ž . Ž .Ž . Ž .ž / ž /i i

� Ž . ŽŽ� Ž . 4«
X .c.4Let r s inf I x : x g cl x: I x F a . Note that r ) a since by thei i i i

goodness of J, the infimum will be achieved. The large deviation principle
then gives

X c«
lim sup d ln P Xrf d g x : I x F a F yr - a� 4Ž . Ž .Ž .ž /i i i

dª0

and so
X c«

P Xrf d g x : I x F a F exp ya rd� 4Ž . Ž . Ž .Ž .ž /i i
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for all sufficiently small d . Together with similar arguments for b , thisi
produces

X , Y X Xc cŽ . « «
P g x , y : I x F a l x , y : I y F b� 4 � 4Ž . Ž . Ž . Ž .Ž . Ž .i iž /f dŽ .

a q bi iF exp yž /d

for all sufficiently small d . Similarly,
X c«

P X , Y rf d g x , y : I x F 1 F exp ysrd� 4Ž . Ž . Ž . Ž . Ž .Ž .ž /
Ž .for all small enough d , where s ) 1. Using 4.1 , then, we have that for some

t ) 1,
P X , Y rf d g A F k q 2 exp ytrdŽ . Ž . Ž . Ž .Ž .

Ž .y1for all small enough d . Put d s ln n . Then for all large enough n,

P X , Y rg g A F k q 2 nytŽ . Ž .Ž .n

and so these probabilities are summable n ª `. By the Borel]Cantelli lemma,
Ž Žn. Žn.. «X , Y rg g A only finitely often, a.s. Thus F : N eventually, a.s.n n

« Ž . Ž .N : F eventually. Cover N by balls B z , «r2 , . . . , B z , «r2 with eachn 1 k
z g N. Theni

«
«P N  F F P F does not intersect each ball B z ,Ž .n n iž /ž /2

k «
F P F disjoint from B z ,Ý n iž /ž /2is1

nk X , X «Ž .1 2F P f B z ,Ý iž /ž /g 2nis1

k X , X «Ž .1 2F exp ynP g B z , .Ý iž /ž /ž /g 2nis1

Now by our assumption on I, we have inf J - 1 ; i, so choose r suchBŽ z , « r2.i

that max inf J - r - 1. By Lemma 4.2,i BŽ z , « r2.i

X , X «Ž .1 2
lim inf d ln P g B z , G y inf J ) yr ; i .iž /ž /f d 2dª0 Ž .Ž . B z , «r2i

Hence,

P X , X rf d g B z , «r2 G exp yrrd ; i , for small enough d ,Ž . Ž . Ž . Ž .Ž .1 2 i

and so

P X , X rg g B z , «r2 G nyr ; i , for large enough n.Ž . Ž .Ž .1 2 n i

We thus have
` `

« 1yrP N  F F k exp yn - `Ž .Ž .Ý Ýn
ns1 ns1

and so the result follows.
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Ž .The assertion that N / B K, 0 follows from the assumption that ' x / 0
1Ž . w Ž .with I x F since points in B K, 0 can have at most one nonzero compo-2

xnent . I

The next major step in the proof of Theorem 1 is to show that the limiting
set of scaled samples for a product of two identical measures can only be a

Ž .‘‘ball’’ B K, p . We first prove some lemmas

� Ž j. 4n � 4 ŽLEMMA 4.3. If X rg ª K, then g is slowly varying i.e.,n js1 p n
.g rg ª 1 for all r ) 0 .? r n @ n

PROOF. It is enough to show the required limit for any positive integer r.
Suppose 'n ª ` with g rg ª c, where c / 1; necessarily c ) 1. Letnrk nk k

� Ž j. 4n � Ž j. 4 r nkF s X rg and G s X rg . We see that the Hausdorff distancen n js1 k n js1k
Ž y1 .h c G , F ª 0 as k ª `. Hence G ª cK as k ª `. Choose « ) 0 suchr nk k pk

2 « Ž « .that cK  K . Then P G : K ª 0, but since G consists of r indepen-k k
Ž « . Ž « .rdent copies of F , P G : K s P F : K ª 1, a contradiction. In k nk k

Ž .REMARK. We used above the useful observation that if F ª K, then in p
Ž . Ž .; x g K and neighborhood A of x, we have P F l A / B ª 1 and iin

Ž .; x f K there is a neighborhood A of x such that P F l A / B ª 0. Wen
will slightly strengthen this point in a moment.

LEMMA 4.4. Let F ª K, as in Lemma 4.3. Then K is star-shaped.n p

Ž Ž .PROOF. Let x g K and 0 - t - 1. For « ) 0 we have P F l B x, «r2 /n
.B ª 1 as n ª `. However, for « small enough,

F l B x , «r2 / B : F l B tx , « / B ,� 4Ž . Ž .� 4n mŽn.

Ž . < < Ž .5 5 Žwhere m n is chosen so that g rg y t - «r3 x this is possible by then mŽn.
. Ž Ž . .slow variation of g . Hence P F l B tx, « / B ¢ 0 as n ª `. Since «n mŽn.

is arbitrary, tx g K. I

DEFINITION. A semicone is a subset S of E such that tS : S ;t G 1.

REMARK. Now that we know K is star-shaped, we can strengthen the
previous remark to: if x f K, there is a semicone neighborhood A of x such

Ž .that P F l A / B ª 0.n

Ž . � Ž j. 4n Ž .LEMMA 4.5. a Let X rg ª K as in Lemma 4.3. Then i ; x g Kn js1 p
Ž . Ž .and every neighborhood A of x, nP Xrg g A ª ` and ii ; x f K and everyn
Ž .semicone neighborhood A of x, nP Xrg g A ª 0.n

Ž . �Ž Ž j. Ž j. 4n 2 Ž . Ž .b Let X , X rg ª N in E . Then iii ; x, y g N and every1 2 n js1 p
Ž . Ž .pair of neighborhoods A, B of x, y, respectively, nP Xrg g A P Xrg g Bn n

Ž . Ž .ª ` and iv ; x, Y f N and every semicone neighborhoods A, B of x, y,
Ž . Ž .respectively, nP Xrg g A P Xrg g B ª 0.n n
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Ž . Ž .REMARK. The quantities in the conclusions of a and b are the expected
number of points from the scaled sample in A and A = B, respectively.

Ž . Ž .PROOF OF LEMMA 4.5 i ] iii . Use the remark following Lemma 4.4 to-
gether with the fact that if 0 F x F 1, thenn

n
1 y x ª 0 « nx ª `Ž .n n

and
n

1 y x ª 1 « nx ª 0.Ž .n n

wFor the first implication, note that if nx F M for infinitely many n, thenn
Ž .n Ž .n yMlim sup 1 y x G lim inf 1 y Mrn s e . For the second, take loga-n n n

x Ž . Ž . Ž . Ž .rithms. We show i and ii by letting x s P Xrg g A , and we show iiin n
Ž . Ž . Ž .by letting x s P Xrg g A P Xrg g B . This would also show iv if An n n

and B were not required to be semicones. I

�Ž Ž j. Ž j.. 4n Ž . Ž .LEMMA 4.6. Let X , X rg ª N. If x, y g N, then a x, b y g1 2 n js1 p
w xN for all a , b g 0, 1 .

PROOF. We show the result for b s 1. This suffices since N is star-shaped
and invariant under exchanging the two coordinates.

Let « ) 0. We have

nm g B x , «r2 m g B y , « ª `.Ž . Ž .Ž . Ž .n n

It will be enough to show

nm g B a x , « m g B y , « ¢ 0,Ž . Ž .Ž . Ž .n n

1Ž Ž .. Ž Ž ..which we will achieve by showing that m g B a x, « G m g B x, «r2 forn n2
Ž Ž .. Ž Ž ..infinitely many n. Were this not the case, 2m g B a x, « - m g B x, «r2n n

Ž .would hold for all large enough n. As in 4.4 , for all large enough n there
Ž . < < 5 5 Ž Ž ..exists m n with g rg y a - «r3 x , giving m g B x, «r2 Fn mŽn. n

Ž Ž .. Ž Ž .. Ž Ž ..m g B a x, « . These inequalities yield 2m g B a x, « - m g B a x, «mŽn. n mŽn.
for all large enough n, which quickly gives, for some n and all k,

m g B a x , « ) 2 km g B a x , « ,Ž . Ž .Ž .nž /Ž Ž Ž . ..m m ??? m n ???^ ` _
k

a contradiction since all probabilities are bounded by 1. I

Ž . Ž . �Ž .PROOF OF LEMMA 4.5 iv . Let x, y f N. By Lemma 4.6, C s sx, ty :
4s, t G 1 is disjoint from N. Define the semicone neighborhoods A , B of x, y,« «

w x w xrespectively, by A s D sB x, « and B s D tB y, « . Then F A« sG1 « t G1 « ) 0 «

= B s C. By the finite intersection property of the compact set N, some«

A = B is disjoint from N, making A = B disjoint from N«. Hence2 « 2 « « «

Ž�Ž Ž j. Ž j.. 4n . Ž .P X , X rg l A = B / B ª 0 and so Lemma 4.5 iv obtains by1 2 n js1 « «

the same argument used for the other parts of Lemma 4.5. I
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�Ž Ž j. Ž j.. 4nLEMMA 4.7. Suppose X , X rg ª N.1 2 n js1 p

Ž . Ž . Ž . Ž .a If x, x f N and y, y f N, then x, y f N.
Ž . Ž . Ž . Ž .b If x, x g N and y, y g N, then x, y g N.

w xREMARK. This is a generalization of Lemma 5 in 4 .

Ž .PROOF OF LEMMA 4.7. a By Lemma 4.5, there are semicone neighbor-
Ž .2 Žhoods A, B of x, y, respectively, such that nP Xrg g A ª 0 and nP Xrgn n

.2g B ª 0. Hence

1r22 2nP Xrg g A P Xrg g B s nP Xrg g A ? nP Xrg g B ª 0Ž . Ž . Ž . Ž .Ž .n n n n

Ž . Ž .and so x, y f N. b is similar. I

Ž . Ž .LEMMA 4.8. a Let g ` and suppose there exists p g 0, ` be such thatn
1r p Ž .2lim inf g rg ) 2 . Then there exists n ª ` such that for any r g 0, 1n n n k 0

'k g N,0

1r p w xrg F r g for r g r , 1 and k G k .? n @ n 0 0k k

Ž . 2b The same holds if the lim inf condition is replaced by lim sup g rg -n n n
21r p and the inequality in the conclusion is reversed.

Ž . Ž . Ž .PROOF. We prove a ; b is similar. Let f x s g . Then f is nonde-?expŽ x .@
Ž . Ž . 1r p Ž .creasing and lim inf f 2 x rf x ) 2 . Pick q so that lim inf f 2 x rx ª` x ª`

Ž . 1r q 1r p Ž . 1r q Ž .f x ) 2 ) 2 and pick x so that f 2 x ) 2 f x when x G x . Let0 0
Ž . Ž . y1r q Ž . Ž .g x s f x x , so g 2 x G g x for x G x . For each k g N, choose x in0 k

w .the interval ln k, 2 ln k to maximize g within that interval. Since g de-
w Ž ..creases on each interval ln j, ln j q 1 , the maximum will be attained and,

Ž .in fact, x s ln n for some integer n . For r g 0, 1 , take k g N such thatk k k 0 0
w xr ln k G x . Then if r g r , 1 and k G k , we can find a nonnegative0 0 0 0 0

m w . Ž . Ž m .integer m such that r2 x g ln k, 2 ln k . This gives g rx F g r2 x Fk k k
Ž . 1r q

rg x , which is g F r g . Ik ? n @ nk k

Ž . �Ž Ž j. Ž j.. 4nPROOF OF THEOREM 1 ii . We are to show that if X , X rg ª N,1 2 n js1 p
Ž . w xthen N s B K, p for some K ; E and p g 0, ` . In fact, K must be the

projection of N onto one copy of E.
� Ž j. 4n 2By projecting it is clear that X rg ª K. Also, N ; K . Our firstn js1 p

goal will be to show that

g 2n
lim s sup t : tx g K , for some x with x , x f N� 4Ž .

gn n

s inf t : tx f K , for some x with x , x g N .� 4Ž .

Refer to the above sup and inf as I and I , respectively. By inspection,1 2
Ž . Ž .I G I . Suppose x, x f N and tx g K. By Lemma 4.5 iv there is a semicone1 2

Ž .2 2neighborhood A of x such that nP Xrg g A ª 0. Replacing n by nn
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2 Ž .2 Ž .2 2yields n P Xrg g A ª 0, and so nP Xrg g A ª 0. However, byn n
Ž . Ž . Ž . ŽLemma 4.5 i , nP Xrg g tA ª `, that is, nP X g tg A ª `. Thus P X gn n

. Ž . Ž2 2tg A G P X g g A eventually, and so g G tg eventually since A is an n n n
. Ž .2semicone . Hence lim inf g rg G t G I . Now suppose x, x g N and tx fn n n 1

Ž . w Ž .xK. Take A such that nP Xrg g tA ª 0 using Lemma 4.5 ii . We also haven
w Ž .x Ž .2by Lemma 4.5 iii that nP Xrg g A ª `. Arguing as before we find thatn
g 2 F tg eventually. We can now writen n

g 2 g 2n n
lim inf G I G I G lim sup ,1 2g gn nn n

showing the result.
Ž .2If lim g rg s `, then considering the expression for I as an inf wen n n 2

Ž . Ž .have x, x g N « tx f K for any t ) 0 « x s 0 since K is bounded . Mak-
Ž .ing use of Lemma 4.7 gives that N s B K, 0 .

Ž .2If lim g rg s 1, then considering the expression for I as a sup wen n n 1
Ž . Ž .have d x - 1 « x, x g N. Making use of Lemma 4.7 and noting that NK

is closed gives that

N = cl x , y : d x - 1 and d y - 1 .� 4Ž . Ž . Ž .K K

Hence N s K 2.
Ž .2For the rest of the proof, then, we assume lim g rg g 1, ` . Let p gn n n

Ž . 1r p
20, ` be such that lim g rg s 2 . To complete the proof we show thatn n n

�Ž . Ž . p Ž . p 4 Ž . Ž . pN s x, y : d x q d y F 1 . First, let x, y be such that d x qK K K
Ž . p Ž . X pX pX

d y ) 1. Take s, t g 0, 1 and p ) p such that s q t ) 1, xrs f KK
and yrt f K. Choose semicone neighborhoods A, B of xrs, yrt, respectively,

Ž . Ž . Ž .with nm g A ª 0 and nm g B ª 0. By Lemma 4.8 a , take n ª `n n k

Ž? s pX

@. Ž? t pX

@.such that g n F sg and g n F tg for all k. Thenk n k nk k
X Xp ps tn m g sA g tB F n m g n A m g n BŽ . Ž . Ž . Ž .Ž . Ž .k n n k k kk k

X X X Xp p p ps s t tF n m g n A n m g n BŽ . Ž .Ž . Ž .Ž . Ž .k k k k^ ` _̂ ` _
ª 0 ª 0

Ž .and we conclude x, y f N.
Ž . Ž . p Ž . p Ž .Second, let x, y be such that d x q d y - 1. Take s, t g 0, 1 andK K

pX - p such that xrs g K, yrt g K and s pX

q t pX

- 1. Let A, B be any
Ž .semicone neighborhoods of xrs, yrt, respectively. Then nm g A ª ` andn

Ž . Ž . Ž? s pX

@.nm g B ª `. By Lemma 4.8 b , take n ª ` with g n G sg andn k k nk

Ž? t pX

@.g n G tg for all k. Thenk nk
X Xp ps tn m g sA m g tB G n m g n A m g n BŽ . Ž . Ž . Ž .Ž . Ž .k n n k k kk k

X X X Xp p p ps s t tG n m g n A n m g n BŽ . Ž .Ž . Ž .Ž . Ž .k k k k^ ` _̂ ` _
ª ` ª `

Ž .and we conclude x, y g N. Since N is closed, it follows that N contains all
Ž . Ž . p Ž . px, y with d x q d y F 1. IK K
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Ž . Ž . Ž .PROOF OF c « d IN THEOREM 1 i . Suppose 0 - p F ` and
�Ž Ž j. Ž j.. 4n Ž . ŽX , X rg ª B K, p . Choose appealing to the Hahn]Banach the-1 2 n js1 p

. Ž . w xorem a bounded linear map f: E ª R such that f K : y1, 1 and 1 g
Ž .f K . Then

nŽ j.f X rg ª f KŽ . Ž .� 4 js1n p

w Ž .since the map C ¬ f C , taking the compact subsets of E to those of R, is
xcontinuous and similarly,

nŽ j. Ž j.F X , X rg ª F B K , p ,Ž .Ž .� 4Ž .1 2 n pjs1

Ž . Ž Ž . Ž ..where F x, y s f x , f y . Letting f denote f k 0, we then haveq
nŽ j. w xf X rg ª 0, 1Ž .� 4 js1q n p

and
n 2Ž j. Ž j. w xf X , f X rg ª F B K , p l 0, ` s B 0, 1 , p .Ž . .Ž . Ž .� 4Ž . Ž .Ž .q 1 q 2 n pjs1

w xBy the result of 8 mentioned in the first section, we note that we must have
Ž . Ž . � Ž Ž . . 4 w xg ; L n , where L n s inf y: P f X F y G 1 y 1rn . By the result of 4 ,n

Ž r . Ž . 1r p Ž .we have L n rL n ª r for all r g 0, 1 , and hence for all r ) 0. Hence

g r g r L nr L nr L n? @ Ž . Ž .Ž .? n @ ? n @s ? ? ?r rg L n L n L n g? @ Ž . Ž .Ž .n n^ ` _ ^ ` _^ ` _ ^`_
1r pª 1 ª rª 1 ª 1

w � Ž .4the second limit on the right-hand side holds by Lemma 4.3, since L n is
Ž .xalso a valid normalising sequence for scaled samples of f X . Iq

Ž . Ž . Ž . � Ž j. 4nPROOF OF d « a IN THEOREM 1 i . Suppose X rg ª K and thatjs1 pn
� 4 1r p Žrthe normalizers g satisfy g rg ª r ;r ) 0. If p s `, the limit is 1n ? n @ n

. Ž .for all r. We wish to show that the large deviation principle of a holds.
It is straightforward to see that I is lower semicontinuous and that it has

Žcompact level sets. Recall that the limit set in a scaled-sample convergence is
.always compact.

Large deviation upper bound:
lim sup « ln P Xrf « g A F y inf I for measurable A.Ž .Ž .

cl A«ª0

It is enough to show this for closed A. Also, we may assume inf I ) 0A
Ž .otherwise there is nothing to prove . Take t with 0 - t - inf d . If p s `,A K

Žwe further require that t ) 1 which is possible since A is disjoint from the
.star-shaped K and d has compact level sets, so inf d is attained . ThenK A K

ty1A is closed and disjoint from K. By compactness of K we have d ) 0 such
y1 Ž d .c Ž Ž d .c. w Ž� Ž j. 4n Ž d .cthat t A : K . Now nP X g g K ª 0 since P X rg l Kn n js1

. x Ž d .c Ž/ B ª 0; see Lemma 4.5 and K is a semicone. Hence nP X g
Ž d .c. yp Ž .rg t K ª 0 for any r ) t or if p s `, we only need r ) 0 . We then? n @

see that
1 c

dexp P X g f « t K ª 0 as « ª 0Ž . Ž .Ž .ž /r«
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w ? r @ Ž Ž . Ž d .c.this is true along the sequence « s 1rln n , and note P X g f « t K isn
xa monotone function of « . Thus

1
lim sup « ln P X g f « A F y .Ž .Ž .

r«

Hence the result since r and t were arbitrary.
Large deviation lower bound:

lim inf « ln P Xrf « g A G y inf I for measurable A.Ž .Ž .
T«ª0 A

It is enough to show this for A open and nonempty.
Ž . 5 5For 0 - p - `, take x, d such that 0 / B x, 3d : A. Let u s 1 y 2dr x .

Ž . Ž .Take v, s such that 0 - ud x F v - s - d x . Take A to be the semiconeK K 1
generated by some ball centered at x with radius less than d , such that

Ž .inf d ) s this is possible since d is lower semicontinuous . Thencl A K K
1

lim sup « ln P X g f « A F y inf d pŽ .Ž .1 K
cl A1«ª0

yp Ž Ž . . Ž .so that if r ) s , then P X g f « A F exp y1rr « for all small enough1 1 1
y1 Ž« . Note also that uA y A : A. In addition, v ux g K, so nP X g1 1

y1 .g v uA ª `. This givesn 1

nP X g g r uA ª ` whenever r1r p - vy1 .Ž .2? n @ 1 2

Ž . Ž Ž . . ŽFor such r , then, exp 1rr « P X g f « uA ª ` as « ª 0 see the upper2 2 1
. Ž Ž . . Ž .bound argument , so P X g f « uA G exp y1rr « for all small enough « .1 2

Choose r , r such that sy1 - r1r p - r1r p - vy1. Then we have1 2 1 2

P X g f « A G P X g f « uA y AŽ . Ž . Ž .Ž . Ž .1 1

y1 y1
G exp y expž / ž /r « r «2 1

for all small « . From this we obtain

y1 pplim inf « ln P X g f « A G G ys G yd x .Ž . Ž .Ž . Kr«ª0 2

Since x g A was arbitrary, the result follows.
Ž .For p s `, the proof is similar. If d y ) 1 ; y g A, there is nothing toK

Ž . Ž .prove. If some y g A has d y F 1, then note that the result for Ard yK K
wimplies that for A. This is true at least if f is continuous and strictly

Ž . Ž . Ž Ž .. Ž .decreasing, since then we can write f « rd y s f e « for some e « - « .K
However, to show the result for any f we have only to show it along the

Ž .y1 x Ž .sequence « s ln n . Thus we can assume ' y g A with d y s 1. Taken K
Ž . Ž . Ž 5 5.y, d such that 0 f B y, d : A and d y s 1. Let x s y 1 q dr y andK

5 5 Ž . Ž .u s 1 y 2dr x . Take v, s such that 0 - ud x F v - 1 - s - d x . TakeK K
A to be a semicone generated by a ball with center x and radius less than d .1

Ž Ž . .Then « ln P X g f « A ª y` as « ª 0. The rest is similar to the case1
0 - p - `. Note that when we choose r , r the only requirement is r - r .1 2 1 2
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I

Ž . Ž . Ž .PROOF OF THE REMAINING PARTS OF THEOREM 1. Part i . b « c is
Ž . Ž . Ž . Ž . Ž .obvious; c « d « a has already been shown. We thus have a « b left

to prove.
Ž . Ž .If a holds, then we have the hypothesis of part iii . By Proposition 4.1 we
Ž . Ž .have b holding for m s 2, but now note that if the condition of b holds for

Ž . Ž . Ž .any particular m, then c and d follow. Hence d holds with m replaced by
Ž . Ž .m = m. We thus have a for this measure, and hence the hypothesis of iii for

it. Using Proposition 4.1, we then obtain
nŽ j. Ž j. Ž j. Ž j.X , X , X , XŽ .1 2 3 4 ª B B K , p , p s B K , p .Ž . Ž .Ž . 4½ 5gn js1

Ž .Iterating this argument gives us b when m is any power of 2; hence for all
Ž .m by projecting onto smaller product spaces .

Ž .Part ii . Is already shown.
Ž .Part iii . Apply Proposition 4.1. As we now know, the limiting set N must

Ž . Ž .be a ball B K, p ; as we noted in Proposition 4.1, it cannot be B K, 0 . I

{ }5. Some further remarks on g . The asymptotic behaviour of then
normalizers g for a distribution showing regular scaled-sample convergencen
of index p can be fairly closely described.

LEMMA 5.1. Let 0 - p F ` and let g ` be a positive sequence with then
property that g r rg ª r1r p for all r ) 0.? n @ n

Ž . X ŽŽ .1r pX.i If 0 - p - p, then g s o ln n .n
Ž . Y Ž .1r pY Ž .ii If p - p - `, then ln n s o g .n

Ž . y1PROOF. Let f x s g . Then f is regularly varying at ` of order p?expŽ x .@
Ž . Ž . Ž .slowing varying if p s ` since, if r g 0, ` , we have for any s g r, ` and

? @ r r ? @ slarge x that x F x F x and so, as x ª `,

g r f r ln x f r ln x f s ln x g x? @ Ž . ? @Ž . Ž .? ? x @ @ ? ? x @ @1r p 1r pr ¤ s F F s ª s .
g f ln x f ln x f ln x gŽ . Ž . Ž .? x @ ? x @

The result then follows by Potter’s theorem on regularly varying functions
Žw x .2 , Theorem 1.5.6 . I
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