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THE CUT-OFF PHENOMENON FOR
RANDOM REFLECTIONS1

BY URSULA POROD

University of California, Berkeley

For many random walks on ‘‘sufficiently large’’ finite groups the

so-called cut-off phenomenon occurs: roughly stated, there exists a number

k , depending on the size of the group, such that k steps are necessary0 0

and sufficient for the random walk to closely approximate uniformity. As a

first example on a continuous group, Rosenthal recently proved the occur-
Ž .rence of this cut-off phenomenon for a specific random walk on SO N .

w Ž .xHere we present and for the case of O N prove results for random walks
Ž . Ž . Ž .on O N , U N and Sp N , where the one-step distribution is a suitable

probability measure concentrated on reflections. In all three cases the
1cut-off phenomenon occurs at k s N log N.0 2

1. Introduction and statement of results. The purpose of this paper
Žis to give a precise estimate on the speed of convergence to stationarity i.e.,

.the normalized Haar measure q with respect to total variation distance
5 5 Ž .? for a specific random walk ‘‘random reflections’’ on the orthogonalTV

Ž . Ž .group O N Theorems 1.1 and 1.2 . Our results show that, in the large N
Žlimit, these random walks exhibit the so-called cut-off phenomenon see

.Remark 1.3 .

Ž .By ‘‘random reflections’’ on O N we mean the random walk whose step

distribution m is the uniform probability measure concentrated on the set RR

w Ž .of reflections the elements of O N that leave exactly one hyperplane point-
xwise fixed . Note that the set RR is a conjugacy class; hence m is the unique

conjugate-invariant probability measure on RR.

5 5 Ž .The main problem is to estimate m y q in k, N . Here m denotesTVk k

Ž .the distribution of the walk at time k i.e., the k-fold convolution power of m .

Note that in the case of random reflections, there is a parity problem. At odd
Ž .ytimes, the probability measures m , m , . . . are concentrated on O N , the1 3

Ž .connected component of O N of orthogonal matrices of determinant y1.

Similarly, at even times, m , m , . . . are concentrated on the identity compo-0 2

Ž .nent SO N . Hence we separate the cases k even and k odd and define qq

and q byy

dq [ 21 dqq SOŽN .
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and

dq [ 21 y dq .y OŽN .

Our main results follow.

Ž .THEOREM 1.1. Let m be the probability measure on O N defined above.

ŽFor any integer N G 16 and any positive real number c G c where c is some0 0
1.universal positive constant , we have the following: if k s N log N q cN is2

an even integer, then:

5 5 yc r9a m y q F 10.6e ,Ž . TVk q

5 5 yc r9b m y q F 10.6e .Ž . TVkq1 y

Ž .THEOREM 1.2. Let m be the probability measure on O N defined above.

For any integer N G 2 and any positive real number c, we have the following:
1if k s N log N y cN is an even integer, then:2

log N
y4 c5 5a m y q G 1 q 16.4e y 46.3 ,Ž . TVk q 3r5N

log N
y4 c5 5b m y q G 1 y 16.4e y 46.3 .Ž . TVky1 y 3r5N

Ž . Ž .Note that both statement b in Theorem 1.1 and statement b in Theorem
w Ž .x1.2 follow immediately from the corresponding bounds statements a for

5 5 5 5m y q . Indeed, m y 2q is weakly decreasing in k and equal toTV TVk q k

5 5 5 51 q m y q , for k even, and 1 q m y q , for k odd; henceTV TVk q k y

5 5 5 5 5 5m y q F m y q F m y q .TV TV TVkq1 y k q ky1 y

5 5Our Fourier methods for proving the upper and lower bounds for m y q TVk q

rely on previous work by Diaconis, Rosenthal and others. To prove Theorem
Ž .1.1 a , we follow closely the outline of a proof for a similar estimate found
w xin 9 .

REMARK 1.3. Together, Theorems 1.1 and 1.2 show that random reflec-

tions exhibit the cut-off phenomenon: for large N, the total variation distance

decreases abruptly from 1 to 0 as k increases. In particular, there is a critic-
1Ž . w Ž . xal number k N here k N s N log N such that, for all « ) 0,0 0 2

5 5 5 5 Žlim m y q s 0 and lim m y q s 1 simi-TV TVk ŽN .Ž1q« .N ª` q N ª` k ŽN .Ž1y« . q0 0

. w xlarly for q . For background on the cut-off phenomenon see, for example, 1 .y

To our knowledge, the only previous results in the compact Lie group case are
w xdue to Rosenthal 9 .

REMARK 1.4. Clearly, any reflection A can be written as

A s I y 2xx t for some x g S Ny 1 ,N

where I denotes the identity matrix of dimension N and S Ny1 denotes theN
N Ž t .Ž t .unit sphere in R . The product of two reflections I y 2xx I y 2yy is a



U. POROD76

rotation by twice the angle u between x and y, in the two-dimensional
N Ž .subspace of R spanned by x and y. It follows that dm s d m w m s2

Ž Ž .Ny 2 . Ž .C# dq m c sin ur2 du , where C denotes the conjugation map C: O N =N

Ž . Ž . Ž . Ž . t wSO 2 ª SO N , C A, R s A diag R , 1, . . . , 1 A and R denotes the ele-u u u

cos u ysin u Ž . xment g SO 2 . Considering only even times k, we can view thež /sin u cos u

Žrandom reflections problem also as a type of ‘‘random rotations’’ with step
. Ž . Ždistribution m on SO N for which our analysis shows that a cut-off occurs2

1 .at N log N . We will take this route in proving our results.4

w x Ž .Rosenthal 9 analyzed the random rotations problem on SO N whose
u0 Ž .step distribution m is uniform measure on the set of two-dimensional

rotations by a fixed but arbitrary angle u . He shows that, in the special case0
1of u s p , a cut-off occurs at N log N.0 4

REMARK 1.5. The speed of convergence in L can depend rather sensi-2

tively on m: consider, instead of m , the step distribution m defined by2
2Ž Ž Ž .. . Ž .dm s C# dq m 1r 2p du ; m is not even in L for k - O N steps. Thek 2

w x Žproof, which uses Heckman’s multiplicity theory, can be found in 7 Exam-
. Ž .ple 1 in Section 4 . On the other hand, the proof of Theorem 1.1 a will show

1that the L -norm of m is already close to 1 for k s N log N q cN and2 k 2

c ) c .0

Ž .REMARK 1.6. The study of our random walk on O N was motivated by an

application in cryptography. To encrypt speech over telephone lines, one

method calls for random 256 = 256 orthogonal matrices. In this connection,

Sloane and Eaton have suggested random reflections as an algorithm for
Žgenerating ‘‘almost’’ uniformly distributed random orthogonal matrices see

w x.11 . As the results of this paper show, this algorithm is not the fastest

known: Since multiplying an N = N matrix by a reflection takes on the of
2 Ž .order N operations multiplication and addition , the algorithm by which

1Ž .loosely put we choose an orthogonal matrix with probability from m andk2
1 1Ž .with probability from m where k f N log N requires on the of orderkq12 2

N 3 log N operations to produce close to uniformly distributed random orthog-
Žonal matrices. On the other hand, the so-called subgroup algorithm the best

. 3 Ž .known algorithm requires of order N operations to produce exactly uni-
Žformly distributed random orthogonal matrices for a survey of available

w x.methods, see 5 .

Random complex and quaternionic reflections. There are natural ana-
Ž .logues of random orthogonal reflections in the unitary group U N and the

Ž .symplectic group Sp n . The precise statements and proofs of our results for
w xthese groups will be published in a subsequent paper 8 .

Random complex reflections. As a natural analogue to random orthogonal
Ž .reflections, we choose the random walk on the unitary group U N whose
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Žstep distribution n is concentrated on the set of complex reflections the
� Ž iu . U Ž . w .4.union of conjugacy classes A diag e , 1, . . . , 1 A : A g U N , u g 0, 2p

Ž Ž .Ny1 .and defined by dn s C# dq m c sin ur2 du . Here C is the map C:UŽ N . N

Ž . w . Ž . Ž . Ž iu . UU N = 0, 2p ª U N , C A, u s A diag e , 1, . . . , 1 A and q denotesUŽ N .

Ž . Ž .Haar measure on U N . Compare with Remark 1.4. The result is as follows:

Random complex reflections exhibit the cut-off
1phenomenon with threshold k s N log N.0 2

REMARK 1.7. As pointed out in Remark 1.5, a ‘‘relatively small’’ change in

step distribution can influence the speed of convergence significantly. Con-
Ž Ž Ž .. .sider n defined by dn s C# dq m 1r 2p du ; n is not even in L forUŽ N . k 2

Ž 2 . Ž w x Ž . .k - O N steps see 7 , Example 2 a in Section 4 .

Ž .In joint unpublished work with Rosenthal, we have linked the cases of n
a a� 4and n through the finite sequence of measures n with dn sag �0, 1, . . . , Ny14

Ž Ž .a . aC# dq m c sin ur2 du . It turns out that n is not in L for k -UŽ N . N , a k 2

Ž 2 . Ž Ž ..N y N q 1 r 2 a q 1 steps.

Random quaternionic reflections. We further extend the notion of ‘‘ran-

dom reflections’’ to the quaternionic case. First, we define a probability
Ž . Ž .measure call it g on Sp 1 .

Ž . Ž . w .For any h g Sp 1 the eigenvalues are exp "iw , for some w g 0, 2ph h

w Ž . Ž .xwe identify Sp 1 with SU 2 . We define g to be the probability measure
Ž .2 ny2with density proportional to sin w r2 with respect to Haar measure onh

Ž .Sp 1 .

Ž .We consider the random walk on Sp n whose step distribution h is
Žconcentrated on the set of quaternionic reflections the union of conjugacy

� Ž . U Ž . Ž .4.classes A diag h, 1, . . . , 1 A : A g Sp 1 , h g Sp n and defined by dh s
Ž .C# dq m dg . The result is as follows:SpŽn.

Random quaternionic reflections exhibit the cut-
1off phenomenon with threshold k s n log n.0 2

w xSee 7 , Example 4 in Section 4, for the discussion of a different random
Ž . Ž .walk on Sp n with rather ‘‘slow’’ if any convergence in L .2

Organization. This paper is organized as follows. In Section 2 we present

basics on random walks and Fourier analysis used throughout. The necessary

background on the representation theory of compact connected Lie groups

and on the computation of the required Fourier coefficients is presented in
Ž . Ž .Section 3. We prove Theorem 1.1 a in Section 4 and Theorem 1.2 a in

Section 5.

2. Random walks and Fourier analysis. A random walk on a group G

is determined by its one-step probability distribution m. The random walk

starts at the identity and takes steps according to the measure m. Thus at

time t s 0 the distribution of the walk is the measure concentrated at the

identity: at time t s 1 it is m and at time t s k the distribution is m , thek
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k-fold convolution mwmw ??? wm of m:
m s mwm .k ky1

Ž .Our interest is the speed of convergence to stationarity Haar measure
Ž .with respect to total variation distance and L -distance for the random2

walks under consideration. We recall the definition of total variation distance.

DEFINITION 2.1. Let m and q be two Borel probability measures on a
Ž .topological space M and let BB M be the Borel sigma field of M. The total

variation distance is defined by
15 5 < < < <m y q [ sup m S y q S s m y q M ;Ž . Ž . Ž .TV 2

Ž .SgBB M

5 5notice that m y q is always between 0 and 1.TV

If m has density f with respect to q , then

15 5 < <m y q s f y 1 dq .TV H2
M

We now present some basic facts concerning Fourier transforms and the
w xupper bound lemma of Diaconis and Shahshahani 3, 4 . For background on

w xrepresentation theory see, for example, 2, 6, 12 . Let G be a compact Lie

group; r , r , r , . . . are its irreducible unitary representations and0 1 2

x , x , x , . . . are the corresponding characters.0 1 2

DEFINITION 2.2. Let n be a finite measure of G.

Ž .a The Fourier transform of n at r is defined byi

n r [ r g dn g .Ž . Ž . Ž .ˆ Hi i
G

Ž .b The Fourier coefficient of n at r is defined byi

n x [ trace n r s x g dn g .Ž . Ž . Ž . Ž .ˆ ˆ Hi i i
G

Fourier transforms convert convolution to multiplication:
$ $ $

1 2 1 2n wn r s n r n r .Ž . Ž . Ž .i i i

Ž y1 . Ž .If n is conjugate-invariant, that is, if n gSg s n S , for all measurable
Ž .sets S : G and for all g g G, a simplification occurs: n r commutes withˆ i

Ž .r g , for all g g G. By Schur’s lemma, for each irreducible representation r ,i i

Ž .i s 0, 1, 2, . . . , there exists a scalar r such that n r s r I. Clearly, r sˆi i i i

Ž Ž ..n x rd , where d denotes the dimension of the irreducible representationˆ i i i

r . Furthermore,i

k
n xŽ .ˆ ikn r s r I s IŽ .ˆk i i ž /di

and
k

n xŽ .ˆ ik1 n x s d r s d .Ž . Ž .ˆk i i i i ž /di
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THEOREM 2.3. A finite positive measure n on a compact Lie group G is
Ž Ž . .uniquely determined by its Fourier transform n r , i s 0, 1, 2, . . . .ˆ i

Žw x .This is a consequence of the Peter]Weyl theorem 2 , Chapter III .

COROLLARY 2.4. If a finite positive measure n on a compact Lie group G is
Ž Ž .conjugate-invariant, it is uniquely determined by its Fourier coefficients n x ,ˆ i

.i s 0, 1, 2, . . . .

For a given irreducible representation r of G, lets

f Ž s. , j, k s 1, 2, . . . , d ,jk s

Ž . Ž Ž s.Ž ..denote the entry functions, that is, r g s f g . The Schur orthogonalitys jk

Ž .relations assert that, with respect to the usual inner product in L G , the2

functions f Ž s. are orthogonal to each other and of norm dy1r2. That isjk s

Ž s. Ž t . y1f ? f dq s d d d d ,H jk lm st jl k m s
G

where q is normalized Haar measure on G and the bar denotes complex

conjugation. It follows that the irreducible characters x , x , x , . . . form an0 1 2

Ž .orthonormal set of functions in the Hilbert space L G :2

x x dq s d .H i j i j
G

w xThe following version of the upper bound lemma can be found in 9 .

Ž .LEMMA 2.5 Upper bound lemma . Let G be a compact Lie group, let q be

its normalized Haar measure and let n be a conjugate-invariant probability
Ž .measure on G. Set l [ n x . Thenˆi i

`
2 215 5 < <n y q F l y 1 .ÝTV i4 ž /

is0

( )3. Irreducible representations and characters of SO N . As men-

tioned in Remark 1.4, we will prove our upper and lower bound results
Ž . Ž .Theorems 1.1 and 1.2 by viewing our random reflections problem on O N

Ž .as a random walk on SO N with step distribution m . To apply Fourier2

Ž .methods, we must compute the Fourier coefficients m x for all irreducibleˆ2 i

Ž .representations r of SO N .i

In the following we cite, without proofs, basic facts from the classical
Ž .Cartan]Weyl representation theory of compact connected Lie groups. For

w xmore details and proofs, see 2, 6, 12 . We limit the background presented

here to those features of the theory necessary for the computation of the

Fourier coefficients and the dimensions of the representations.

A compact connected Lie group G possesses countably many nonisomor-

phic irreducible representations. They are all finite dimensional. For each G,
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there exists a one-to-one correspondence between the integral lattice points
q n Žin a certain region C of Euclidean space R the fundamental Weyl cham-

.ber and the irreducibles of the group. Given an irreducible r of G, the

corresponding lattice point v in Cq is the highest weight of this representa-
Žtion. The sum of the highest weight v and a fixed vector c half the sum of

.the positive roots serves as an index for the irreducible representation r. For
Ž .example, for the group SO N with N s 2n q 1 odd, the integer lattice

points in the fundamental Weyl chamber Cq, that is, the collection of highest

weights, is the set of weakly increasing nonnegative integers

v g Nn : 0 F v F v F ??? F v� 40 1 2 n

and half the sum of the positive roots is the fixed vector

1 3 2n y 1
c s , , . . . , .ž /2 2 2

Ž .We can therefore index the irreducibles of SO N with N odd by n-tuples l
1Ž .of strictly increasing half integers odd multiples of . For N s 2n even, the2

collection of highest weights is the set

n < <v g Z : v F v F ??? F v ,� 41 2 n

whereas half the sum of the positive roots is in this case the fixed vector

c s 0, 1, 2, . . . , n y 1 .Ž .

Ž .The irreducibles of SO N with N even can therefore be indexed by n-tuples
< <l of integers with l - l - ??? - l .1 2 n

Let R denote the two-dimensional rotation matrixw

cos w ysin w
R s ,w ž /sin w cos w

n, 1 Ž .let R g SO 2n q 1 denote the block diagonal matrixw , . . . , w1 n

Rn , 1 s diag R , . . . , R , 1Ž .w , . . . , w w w1 n 1 n

n Ž .and let R g SO 2n denote the block diagonal matrixw , . . . , w1 n

Rn s diag R , . . . , R .Ž .w , . . . , w w w1 n 1 n

� n, 1 w . 4 Ž .The subgroups R : w g 0, 2p , 1 F i F n of SO 2n q 1 andw , . . . , w i1 n

� n w . 4 Ž . Ž .R : w g 0, 2p , 1 F i F n of SO 2n are maximal tori of SO 2n q 1w , . . . , w i1 n

Ž . Ž .and SO 2n , respectively. Each element in SO N is conjugate to an element

in the maximal torus. Since characters are class functions, it suffices to have

a formula for the restriction of each irreducible character to the maximal

torus.

Ž .The Weyl character formula for SO N .

Ž . Ž .a N s 2n q 1. The irreducible representations of SO N can be in-
1Ž . Ž .dexed by n-tuples of half integers i.e., odd multiples of l s l , l , . . . , l1 2 n2
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1with F l - l - ??? - l . The value of the irreducible character x at an1 2 n l2

element in the maximal torus is

Ý Ý sgn s Łn « exp iÝn « l wŽ . Ž . Ž .s g S « s"1 is1 i js1 j s Ž j. jn mn , 12 x R s .Ž . Ž .l w , . . . , w 1 11 n Ł 2 i sin w " w Ł 2 i sin wŽ .Ž . Ž .1F r - sF n s r 1F r F n r2 2

Ž .Here S denotes the symmetric group, sgn s denotes the sign of then

permutation s and Ý indicates summation over all choices of « s« s"1 1m

"1, . . . , « s "1.n

Ž . Ž .b N s 2n. The irreducible representations of SO N can be indexed by
Ž . < <n-tuples of integers l s l , l , . . . , l with l - l - ??? - l . The value1 2 n 1 2 n

of the irreducible character x at an element in the maximal torus isl

Ý ÝU sgn s exp iÝn « l wŽ . Ž .s g S « s"1 js1 j s Ž j. jn mn3 x R s .Ž . Ž .l w , . . . , w 11 n Ł 2 i sin w " wŽ .Ž .1F r - sF n s r2

Here ÝU indicates summation over those choices of « s "1, . . . , « s "1 for1 n

which Ł « s 1.j j

The dimension d of an irreducible representation r is given by Weyl’sl l

dimension formula:

² :a , l
n , 14 d s lim x R sŽ . ŁŽ .l l w , . . . , w1 n ² :q a , cw ª0 agRi

1FiFn

w Ž .x q ² :similarly for SO 2n . Here R denotes the set of positive roots and ? , ?
Ž . qdenotes the usual Euclidean inner product. In the case of SO 2n q 1 , R s

� 4 � 4e " e : 1 F i - j F n j e : 1 F i F n , where e denotes the jth standardj i i i
n Ž . q� 4basis element of R . In the case of SO 2n , R e " e : 1 F i - j F n . Thej i

following proposition is an immediate consequence of the Weyl dimension

formula.

PROPOSITION 3.1. Let d denote the dimension of the irreducible represen-l

Ž . Ž .tation r of SO N corresponding to the index l s l , l , . . . , l . Then forl 1 2 n

N s 2n q 1, n G 1,

n n2
2 25 d s l l y lŽ . Ž .Ł Łl i s rž /1!3! ??? 2n y 1 !Ž . is1 1Fr-sFn

and for N s 2n, n G 2,

2ny1

2 26 d s l y l .Ž . Ž .Łl s r
0!2! ??? 2n y 2 !Ž . 1Fr-sFn

Ž .The main goal of this section is to compute the Fourier coefficients m xˆ2 l

Ž . Ž . Ž .s H x g dm g , for each index l. Recall see Remark 1.4 that m isSO ŽN . l 2 2

the probability measure concentrated on the set of two-dimensional rotations
w � n, 1 t Ž .i.e., the union of conjugacy classes AR A : A g SO 2n q 1 , w gw, 0, . . . , 0

w .4 Ž .x Ž .0, 2p , similarly for SO 2n induced from Haar measure on SO N and the
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Ž .Ny 2 w .probability measure with density proportional to sin wr2 on 0, 2p . Our

first step is to compute the character value for each irreducible character at a

two-dimensional rotation by the fixed angle w. We then integrate this func-
w .tion of w against the measure on 0, 2p . For brevity, we will from now on

Ž . Ž n, 1 . Ž n .write x w instead of x R or x R .l l w , 0, . . . , 0 l w , 0, . . . , 0

Ž .LEMMA 3.2. a For N s 2n q 1 odd and any index l,

n sin l wŽ .jjy1 Ny2
7 x w s y1 d ,Ž . Ž . Ž . ˆÝl lNy2 jNy 32 sin wr2Ž .js1

Ž .b For N s 2n even and any index l,

n exp il wŽ .jjy1 Ny2
8 x w s y1 d .Ž . Ž . Ž . ˆÝl lNy2 jNy32 sin wr2Ž .js1

Ny 2 Ž .Here d denotes the dimension of the irreducible of SO N y 2 correspond-l̂ j

ˆŽ . Ž .ing to the index l , . . . , l , . . . , l and the hat symbol means deletion .1 j n

Ž . Ž .PROOF. a N s 2n q 1. Use 2 and set w s w. Eventually we will take1

Ž .the limit w ª 0, for 2 F r F n. We can rewrite the numerator in 2 asr

n
jy1y1 exp il w y exp yil wŽ . Ž . Ž .Ý j j

js1

=

n n

sgn s « exp i « l w ,Ž .Ý Ý Ł Ýs r s Žr . rž / ž /
ss2« s"@1 sgS rs2s ny1

2FsFn

� 4where, for brevity, we have written S for the set of maps from 2, . . . , nny1

ˆ� 4 � 4onto 1, . . . , j, . . . n . We can view such a map s as a permutation of 2, . . . , n
ˆ� 4 � 4under the order preserving identification of 2, . . . , n with 1, . . . , j, . . . , n ,

Ž .and sgn s denotes the sign of this permutation. Furthermore, we can
Ž .rewrite the denominator in 2 as

w 1
2 i sin 2 i sin w " wŽ .Ł sž /2 22FsFn

=
1 wk

2 i sin w " w 2 i sin .Ž .Ł Łl kž /2 22Fk-lFn 2FkFn

Taking the quotient of these two expressions and letting w ª 0, for 2 F r F n,r

Ž .yields 7 .

Ž . Ž .b N s 2n. Use 3 and again set w s w. Using the same notational1

Ž .convention as above, we can rewrite the numerator in 3 as

n n
jy1y1 exp il w sgn s exp i « l w .Ž . Ž .Ž .Ý Ý Ý Ýj r s Žr . rž /

js1 « s"1 sgS rs2r ny1

2FrFn
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Ž .Similarly, the denominator in 3 can be written as

1D ? 2 i sin w " w ,Ž .Ž .Ł s2
2FsFn

where
1D s 2 i sin w " w .Ž .Ž .Ł l k2

2Fk-lFn

Note that the second summation in the numerator can be rewritten as

??? s U
??? q ? ???Ý Ý Ý Ýž /

« s"1 sgS « s"1 « s"1r ny1 r r

2FrFn 2FrFn 2FrFn

with ÝU denoting summation over all even numbers of sign changes and Ý?

denoting summation over all odd numbers of sign changes. Clearly,

ÝU
???« s"1, 2 F r F n Ny2r

lim s d .l̂ jDw ª0r

2FrFn

Also,

ÝU
??? yÝ? ???« s"1, 2 F r F n « s"1, 2 F r F n

r r
lim s 0.

Dw ª0r

2FrFn

This follows from the fact that

ÝU
??? yÝ? ???« s"1, 2 F r F n « s"1, 2 F r F n

r r
lim

nDŁ 2 i sin ww ª0r rs2 r
2FrFn

is the dimension of the irreducible representation of the symplectic group
ˆŽ . Ž . ŽSp n y 1 corresponding to the index l , . . . , l , . . . , l and as such is a1 j n

.positive integer . It follows that

ÝU
??? qÝ? ???« s"1, 2 F r F n « s"1, 2 F r F n Ny2r r

lim s 2 d .l̂ jDw ª0r

2FrFn

Ž .Altogether, this yields 8 . I

Ž .Ž .NOTATION. From now on, we will write a!!, for a a y 2 a y 4 ??? 2 or
Ž .Ž .a a y 2 a y 4 ??? 1, depending on whether a is even or odd, respectively.

Ž .PROPOSITION 3.3. a For N s 2n q 1 odd and any index l,

2n y 1 !! Ł l2 y l2Ž . Ž .1F r - sF n s r
9 m x s ,Ž . Ž .ˆ2 l n n0!2! ??? 2n y 2 !2 Ł lŽ . is1 i

and for N s 2n even and any index l,

0, for l with l / 0,¡ 1

~ n y 1 !Ž .10 m x sŽ . Ž .ˆ2 l 2 2l y l , for l with l s 0.Ž .Ł s r 1¢1!3! ??? 2n y 3 !Ž . 2Fr-sFn
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PROOF. We must compute

Ny 2w2p
m x s c x w sin dwŽ . Ž .ˆ H2 l N l ž /20

with

¡ N y 2 !! 1Ž .
, for N s 2n q 1 odd,

N y 3 !! 4Ž .~c sN N y 2 !! 1Ž .
, for N s 2n even.¢ N y 3 !! 2pŽ .

Ž . 2pa N s 2n q 1. Note that H sin l w dw s 2rl , for all half integers l .0 j j j

Ž . Ny2
From this and the dimension formula 5 , applied to d , we getĵ

nc 1N jy1 2 2m x s y1 l l y l .Ž . Ž .ˆ Ž .Ý Ł Ł2 l i s rn ž /1!3! ??? 2n y 3 !2 lŽ . 1FiFn 1Fr-sFnjjs1
i/j r , s/j

We rewrite the sum in this expression as

n1
jy1 2 2 2y1 l l y l ,Ž . Ž .Ý Ł Łi s rn ž /Ł l 1FiFn 1Fr-sFnis1 i js1

i/j r , s/j

which, by a familiar formula for the Vandermonde determinant, is equal to

1
2 2l y l .Ž .Ł s rnŁ l 1Fr-sFnis1 i

Ž .Simplifying constants yields 9 .

Ž . 2p Ž .b N s 2n. Clearly, H exp il w dw s 0, for l / 0, and 2p , for l s 00 j j j

Ž .recall that the l are nonnegative integers . It follows that in this casej

p
Ny2

m x s c dŽ .ˆ ˆ2 l N lNy4 12

N y 2 !! 1Ž .
2 2s l y l .Ž .Ł s rny1N y 3 !! 0!2! ??? 2n y 4 !2Ž . Ž . 2Fr-sFn

Ž .Simplifying constants yields 10 . I

4. Proof of Theorem 1.1. Here we follow the outline of the proof of
w xTheorem 2.2 in 9 .

The case N s 2n q 1 odd. Let

m xŽ .ˆ2 l
r [ .l

dl

Ž .By Lemma 2.5 and 1 it suffices to show that for any integer n G 8 and any

positive real number c G c , where c is some universal positive constant,0 0

k 2 ycr4 .5r d y 1 F 451e ,Ž .Ý l l

l
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for k s n log n q cn. Recall that the sum is over all n-tuples l of strictly
Ž . Ž .increasing positive half integers. From 5 and 9 we get

2
2n y 1 !!Ž .

r s .l n nž /2 Ł lis1 i

The following proposition is the crux of the proof of Theorem 1.1.

PROPOSITION 4.1. For n G 8 and all indices l with l F 8n,n

b qb q ??? qbkr2 1 2 nyc r9r d F 15e .Ž . Ž .l l

1Ž .Here b [ l y i y , 1 F i F n.i i 2

PROOF. We need the following two easy lemmas.

1 3w x Ž . Ž Ž . .LEMMA 4.2 9 . Let d T [ d with l s , , . . . , 2n y 3 r2, T . Thenl 2 2

d T q 1 1 2n y 2 2nŽ .
s 1 q 1 q F 3 1 q .3 3ž / ž / ž /d T T T y n q T y n qŽ . 2 2

1 3Ž . Ž Ž . .LEMMA 4.3. Let r T [ r with l s , , . . . , 2n y 3 r2, T . Then' l 2 2

r T q 1 1 1Ž .
s 1 y F exp y .ž /r T T q 1 T q 1Ž .

We now split the proof of Proposition 4.1 into two parts. In Part A we

analyze

k
d T q 1 r T q 1Ž . Ž .

r [
k

d T r TŽ . Ž .

and in Part B we prove the full statement.

Part A. From the above lemmas we have

k
d T q 1 r T q 1 2n 1Ž . Ž .

r s F 3 1 q exp y n log n q cn .Ž .3k ž /ž /T y n q T q 1d T r TŽ . Ž . 2

U 1Ž .We now set b [ T q 1 y n y and analyzen 2

2n n log n q cn
r F 3 1 q exp yU Už /b n q bn n

U1 2 b log n y cnn
F 3 q expU Už /n b n q bn n

in three cases.
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Ž . UCase a 1 F b F nrlog n F n. Thenn

n y cn
yc r2 ycr2'r F 9 exp s 9 e e F 15e

2n

provided c G 1.

Ž . UCase b nrlog n F b F 0.5n. Thenn

1 2 log n 0.5n log n ycn
r F 3 q exp expž /n n n 1.5n

log n
0 .5 ycr1 .5F 9 n e since 1 - log n , for n ) 3Ž .

n

log n
yc r1 .5 ycr1 .5s 9 e F 7e ,

0 .5n

w Ž . 0.5 xfor n G 8 since f x s log xrx is strictly decreasing for x G 8 .

Ž . U UCase c 0.5n F b F 8n. Write t for b rn. Then 0.5 F t F 8 andn n

3 2 tn log n y cn 3 2 c
trŽ1qt .r F 1 q exp s 1 q n exp yž /ž / ž /n t 1 q t n n t 1 q tŽ .

2 c c c
y1rŽ1qt . y1r9s 3 1 q n exp y F 15n exp y F 15 exp y .ž / ž / ž /ž /t 1 q t 9 9

Ž . Ž . Ž . yc r9By a , b and c , r F 15e for n G 8, k s n log n q cn.

Part B. To prove the full statement of Proposition 4.1, proceed as follows.
1 30 Ž Ž . .Start with the index l s , , . . . , 2n y 1 r2 , corresponding to the trivial2 2

representation, for which d 0 s r 0 s 1, and, step by step, increase the lastl l

number in this n-tuple by 1 until the desired l from the given indexn

Ž .l s l , l , . . . , l is reached. Clearly,1 2 n

bkr2 nyc r9r d F 15e ,Ž . Ž .˜ ˜l l

1 1 3˜Ž . Ž Ž . .where b [ l y n y and l [ , , . . . , 2n y 3 r2, l . Then repeat thisn n n2 2 2

˜Ž .procedure for the n y 1 st number in l until the desired l is reachedny1

and so on.

It is not hard to see that in each such unit increment we pick up a factor

less than or equal to 15eyc r9. Indeed, with the notation

r T [ r , d T [ d ,Ž . Ž .'i b i b

1 3 2 i y 3
where b s , , . . . , , T , l , . . . , l ,i iq1 nž /2 2 2

we have

r T q 1 1 1Ž .i
11 s 1 y F 1 yŽ .

r T T q 1 T q 1 q n y iŽ . Ž .i i i
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and

iy1 iy1d T q 1 T q 1 T q 1 y l T q 1 q lŽ .i i i s i s
s Ł Łž / ž /d T T T y l T q lŽ . ss1 ss1i i i s i s

22n l y T q 1Ž .s i
= Ł 2 2ž /l y Tssiq1 s i

iy1 iy11 T q 1 y l T q 1 q li s i s
F 1 q Ł Łž / ž / ž /T T y l T q lss1 ss1i i s i s

12Ž .

1 2 i y 2
s 1 q 1 q 3ž / ž /T T y i qi i 2

1 2n
F 1 q 1 q .3ž / ž /T T y i qi i 2

U 1Ž . Ž . Ž .Using 11 and 12 and setting b [ T q 1 y i y , the proof from Part Ai i 2

goes through with bU replaced by bU, for 1 F i - n.n i

This concludes the proof of Proposition 4.1. I

Ž yc r9.2Writing Q for 15e , we now have

17nq b b2 n 2
2 k b qb q? ? ?qb1 2 nd r F ??? Q .Ž . Ž .Ý Ý Ý Ýl l

l: l F8 n b s0 b s0 b s0n n ny1 1

Provided we take c larger than some universal constant c , the right-hand0

side of this inequality is less than or equal to

` 1
F 1 q 2QŁ iž /1 y Qis1

Ž w x .see 9 , page 415 . From this we get

2 k ycr4 .5d r y 1 F 2Q s 450 e .Ž . Ž .Ý l l

l: l F8 nn

We still need to find an upper bound of similar form for the tail sum

2 k
d r .Ž . Ž .Ý l l

l: l )8 nn

Ž .From now on we will denote the m-tuple l , . . . , l of strictly increasing1 n

positive half integers by lŽm., for 1 F m F n. Accordingly, we will use

m m2
2 2

Žm .d [ l l y lŽ .Ł Łl i s r
1!3! ??? 2m y 1 !Ž . is1 1Fr-sFm
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and
2

2m y 1 !!Ž .
Žm .r [ ,l m mž /2 Ł lis1 i

for 1 F m F n. Note that d Žn. s d and r Žn. s r . The following lemma com-l l l l

pletes the proof of Theorem 1.1.

LEMMA 4.4. We have

2 k ycr4 .5
Žm . Žm .13 d r F 1 q 451e ,Ž . Ž . Ž .Ý l l

Žm .l

for 1 F m F n and k s n log n q cn with c G c .0

PROOF. We use induction on m. For m s 1,

1
Ž1. Ž1.d s 2l , r s ,l 1 l 2l1

Ž .for l s 2 i y 1 r2, i s 1, 2, 3, . . . . Therefore,1

` 1
2 k

Ž1. Ž1.d r sŽ . Ž .Ý Ýl l 2 ky2
2 i y 1Ž .l is11

` `1 1
s 1 q F 1 qÝ Ý2 ky2 2 ky2j2 i y 1Ž .is2 js3

` 1
F 1 q dxH 2 ky2x2

1 1
s 1 q ,

2 ky32k y 3 2

which can easily be seen to be less than 1 q 451eyc r4.5, for n G 3.

Ž .Notice that in order to prove 13 for m ) 1, we need only show that

2 k ycr4 .5
Žm . Žm .d r F e .Ž . Ž .Ý l l

Žm .l : l )8 nm

Indeed,

2 k ycr4 .5
Žm . Žm .d r F 1 q 450eŽ . Ž .Ý l l

Žm .l : l F8 nm

follows from the first part of our proof:

Proposition 4.1 still holds if we replace d by d Žm . and r by r Žm ., becausel l l l

}with the obvious notation carried over from the first part}the statements

of Lemmas 4.2 and 4.3 become

dŽm. T q 1 2m 2nŽ .
F 3 1 q F 3 1 q3 3Žm. ž / ž /T y m q T y m qd TŽ . 2 2
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and

r Žm. T q 1 1Ž .
F exp y .

Žm. ž /T q 1r TŽ .

The analysis in Part A goes through with bU replaced by bU
[ T q 1 yn m

1 UŽ .m y , and similarly in Part B with b , for 1 F i - m.i2

From the definitions of d Žm . and r Žm . we also see thatl l

2
2 my1 2 my1

Žm . Žmy1. Žmy1.d F l d F l dl m l m l
2m y 1 !Ž .

and
2 22m y 1 m

Žm . Žmy1. Žmy1.r s r F r ,l l l2ž /2l lm m

for 2 F m F n.

We now have

2 km
2 k 2 k4 my2

Žm . Žm . Žmy1. Žmy1.d r F l d r .Ž . Ž . Ž . Ž .Ý Ý Ýl l m l lž /lŽm . Žmy1.ml )8 nl : l )8 n lmm

By our induction hypothesis,

2 k ycr4 .5
Žmy1. Žmy1.d r F 1 q 451e .Ž . Ž .Ý l l

Žmy1.l

Since c G c , the value 1 q 451 eyc r4.5 is smaller than some constant, say, 2.0

Then

2 km
2 k 4 my2

Žm . Žm .d r F 2 lŽ . Ž .Ý Ýl l mž /lŽm . ml )8 nl : l )8 n mm

` 1
2 kF 2n dx .H 2 ky4 nq21 x8ny 2

Since 2k y 4n q 2 G 2n log n y 4n q 2 ) 2, for n G 8,

y2 kq4 ny1
` 1 1 1

2 k 2 k2n dx s 2n 8n yH 2 ky4 nq2 ž /1 2k y 4n q 1 2x8ny 2

y2 kq4 ny11
2 k- 2n 8n yž /2
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and

2 k
Žm . Žm .d rŽ . Ž .Ý l l

Žm .l : l )8 nm

y2 kq4 ny11
2 k- 2n 8n yž /2

1
s exp log 2 q 2k log n y 2k y 4n q 1 log 8n yŽ . ž /2

1
s exp 4n y 1 log n q log 8 yŽ . ž /2n

1
y 2n log n q 2cn ? log 8 y q log 2 .Ž . ž /2n

Ž .Considering that 2.07 F log 8 y 1r2n F 2.08, for n G 8, we get

2 k w xŽm . Žm .d r F exp y0.14 n log n q 8.32n y 4cn y log n y 1Ž . Ž .Ý l l
Žm .l : l )8 nm

F eyc r4 .5 .

Since y0.14 n log n q 8.32n y 4cn y log n y 1 F ycr4.5 clearly holds for

n G 8, c G c . I0

Thus we have completed the proof of Theorem 1.1 for the case N s 2n q 1

odd.

The case N s 2n even. Most steps from the proof for the case N s 2n q 1

carry over directly to this case. In fact, the overall outline of the proof is the
Ž . Ž .same; we only need to make a few minor alterations. From 6 and 10 we get

2
m y 1 !Ž .

r s ,l nž /Ł lis2 i

for l with l s 0; otherwise r s 0. We then must prove that for all n G 81 l

and c G c ,0

k 2 ycr4 .5r d y 1 F 451e .Ž . Ž .Ý l l

l: l s01

Recall that l , . . . , l are integers with 1 F l - l - ??? - l . The index2 n 2 3 n
0 Ž . Ž .l s 0, 1, 2, . . . , n y 1 corresponds to the trivial representation of SO N

and we get, of course, r 0 s d 0 s 1. Lemmas 4.2 and 4.3 have the followingl l

analogues:

X Ž . Ž .LEMMA 4.2 . Let d T [ d with l s 0, 1, 2, . . . , n y 2, T . Thenl

d T q 1 1 2n y 3 2nŽ .
s 1 q ? 1 q F 2 ? 1 q .ž / ž / ž /d T T T y n q 2 T y n q 2Ž .
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X Ž . Ž .LEMMA 4.3 . Let r T [ r with l s 0, 1, 2, . . . , n y 2, T . Then' l

r T q 1 1 1Ž .
s 1 y F exp y .ž /r T T q 1 T q 1Ž .

U Ž . U Ž .With b [ T q 1 y n y 1 and b [ T q 1 y i y 1 for 1 F i - n, Partsn i i

A and B of the above proof clearly go through to yield the following analogue

of Proposition 4.1:

PROPOSITION 4.1
X
. For all indices l and l s 0 and l F 8n,1 n

b qb q ??? qbkr2 1 2 nyc r9r d F 15e .Ž . Ž .l l

Ž .Here b [ l y i y 1 , 1 F i F n.i i

We therefore have, as in the case N odd,

2 k ycr4 .5d r y 1 F 450 e .Ž . Ž .Ý l l

l: l s01

l F8 nn

As for the upper bound for the tail sum by eyc r4.5, we again prove by

induction on m that

2 k ycr4 .5
Žm . Žm .d r F 1 q 451 e for 1 F m F n ,Ž . Ž .Ý l l

Žm .l : l s01

where

2 my 1

2 2
Žm .d [ l y lŽ .Łl s r

0!2! ??? 2m y 2 !Ž . 1Fr-sFm

and
2

m y 1 !Ž .
Žm .r [ .l mž /Ł lis2 i

Ž . Ž1. Ž1.For the basis of the induction m s 1 we have d s 1 and r s 1, so thatl l

2 k
Ž1. Ž1.d r s 1.Ž . Ž .Ý l l

Ž1.l : l s01

Also,

2
2 my2 2 my2

Žm . Žmy1. Žmy1.d F l d F l ? d ,l m l m l
2m y 2 !Ž .

2 2m y 1 m
Žm . Žmy1. Žmy1.r s r F r ,l l l2ž /l lm m

for 2 F m F n.

The rest is completely analogous to the case N odd. We omit the details. I
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5. Proof of Theorem 1.2. Recall that

5 5 < <m y q s sup m S y q S .Ž . Ž .TVk q k q
Ž Ž ..SgBB SO N

We will construct a suitable test set S to prove our lower bound result.

Briefly, under Haar measure q , x , the character of the natural representa-q 1

Žtion, is with high probability close to 0 in fact, x is almost distributed as a1

.standard normal random variable for large N . On the other hand, we show
1that, under m with k s N log N y cN, with high probability x is stillk 12

Ž .large close to N . For a suitable positive value B, our test set S can then be
� Ž . Ž . 4chosen to be S s g g SO N : yN F x g F B . The idea of this proof is not1

new. It has been developed by Diaconis and has been applied since then by
w xvarious authors 3, 9, 10 .

By the orthonormality relations for the irreducible characters of a compact

Lie group, we have

E x s 0,Ž .q 1q

E x 2 s 1 and hence Var x s 1.Ž .Ž .q 1 q 1q q

The N-dimensional natural representation r has highest weight g s1
1 3 1Ž . Ž .0, . . . , 0, 1 and corresponds to the index l s , . . . , n y , n q , for N s2 2 2

Ž .2n q 1, and l s 0, 1, . . . , n y 2, n , for N s 2n. Thus Proposition 3.3 yields

2N y 2
E x s N ,Ž .m 12 ž /N

Ž .and by 1 , we have

kN y 2
E x s N ,Ž .m 1k ž /N

Ž .for both N even and N odd. We also need a similar expression for Var xm 1k

Ž 2 . w Ž .x2 2s E x y E x . Note that x is the character of the tensor productm 1 m 1 1k k

Ž .representation r m r . In order to be able to use 1 for the computation of1 1

Ž 2 .E x , we first need to decompose r m r into its irreducible subrepresen-m 1 1 1k

Ž w x .tations. We need the following two lemmas see, e.g., 2 , Chapter VI .

LEMMA 5.1. Let x denote the character of the irreducible representationg

corresponding to highest weight l. Then

x x s x q n x ,Ýg v gqv n n

n

where the sum is over n - g q v with respect to the usual ordering of weights

and the coefficients n are all in N .n 0

LEMMA 5.2. Let x denote the character of the irreducible representationg

² :corresponding to highest weight g . Let a be a simple root. If g , a and
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² : ² : nv, a are both not zero, where g , a [ Ý g a , then g q v y a is ajs1 j j

highest weight,

x x s x q x q others,g v gqv gqvya

and x occurs with multiplicity 1.gqvya

Lemma 5.1 tells us that r m r contains exactly one copy of the irre-1 1

Ž .ducible representation of highest weight g q g s 0, 0, . . . , 0, 2 . This irre-
Ž .ducible representation of SO N , call it r , corresponds to the index l s2

1 3 3 3Ž . Ž ., , . . . , n y , n q , for N s 2n q 1, and l s 0, 1, 2, . . . , n y 2, n q 1 ,2 2 2 2

Ž Ž .. Žfor N s 2n, and is of dimension d s N N q 1 r2 y 1 use Proposition2

.3.1 . Using Proposition 3.3, we compute

2N N q 1 4Ž .
E x s y 1 1 y .Ž .m 22 ž /2 N q 2

Ž . Ž .Next, note that the simple root a s 0, . . . , 0, y1, 1 for N even and N odd

clearly fulfills the conditions of Lemma 5.2. It follows that r m r contains1 1

Ž .exactly one copy of the irreducible representation of SO N of highest weight
Ž .l s 0, . . . , 0, 1, 1 . We call this representation r . It corresponds to the index3

1 5 1 1Ž .l s , . . . , n y , n y , n q , for N s 2n q 1 odd, and to the index l s2 2 2 2

Ž .0, 1, . . . , n y 3, n y 1, n , for N s 2 N even, and is of dimension d s3

Ž Ž ..N N y 1 r2. Using Proposition 3.3 we compute

2N N y 1 4Ž .
E x s 1 y .Ž .m 32 ž /2 N

Ž 2 .Finally, from the fact that E x s 1 and by the orthonormality of theq 1q

irreducible characters, we see that r m r contains exactly one copy of the1 1

trivial representation r .0

We have established the decomposition

r m r s r [ r [ r1 1 0 2 3

into irreducibles, and hence

x 2 s 1 q x q x .1 2 3

Therefore,

E x 2 s 1 q E x q E x .Ž . Ž .Ž .m 1 m 2 m 3k k k

Ž .Altogether, we get for Var x ,m 1k

k2N y N 4
Var x s 1 q 1 yŽ .m 1k ž /2 N

k 2 k2N q N 4 2
2q y 1 1 y y N 1 y .ž / ž /2 N q 2 N
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1PROPOSITION 5.3. For N G 8 and even integer k s N log N y cN, where2

c ) 0:

Ž . Ž . 2 ca E x G 0.7e .m 1k

Ž . Ž . Ž . 4 cŽ 3r5.b Var x F 1 q 17r3 e log NrN .m 1k

1kŽ . Ž . Ž .PROOF. a Recall E x s N 1 y 2rN . With k s N log N y cN wem 1 2k

have

k Nr2 log N ycN
N 1 y 2rN s N 1 y 2rN 1 y 2rNŽ . Ž . Ž .

Nr2 log N2
2 cG N 1 y e ,ž /N

for N G 2, since 0 F 1 y x F eyx , for x F 1. However,

2 2 22 23 2 2 1
log 1 y s y y y y ??? G y y

2 3 2ž / ž /N N N 1 y 2rN2 N 3N N

and so

Nr2 log N2 2 1
N 1 y s N exp log 1 y ? N log Nž / ž /ž /N N 2

G Ny1rŽNy2. .

Ž . y1rŽ xy2.The function f x s x is an increasing function for, say, x G 8.
y1rŽNy2. Ž . 2 cTherefore, N G 0.7 for N G 8 and E x G 0.7e .m 1k

Ž .b We have

k2N y N 4
Var x s 1 q 1 yŽ .m 1k ž /ž /2 N

k 2 k2N q N 4 2
2q y 1 1 y y N 1 yž / ž /ž /2 N q 2 N

k 2 k4 2
2F 1 q N 1 y y 1 yž / ž /N q 2 N

k kN 4 4
q 1 y y 1 yž / ž /2 N q 2 N

Ž .k Ž Ž ..kbecause 1 y 4rN F 1 y 4r N q 2 .

Ž .2Furthermore, 1 y 2rN ) 1 y 4rN and therefore

k kN 4 4
2Var x F 1 q N q 1 y y 1 y .Ž .m 1k ž / ž / ž /2 N q 2 N
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wŽ Ž ..k Ž .k xThe term 1 y 4r N q 2 y 1 y 4rN can be bounded from above by

the use of the mean value theorem:

k k4 4
1 y y 1 yž / ž /N q 2 N

ky14 4 4
F k 1 y 1 y y 1 yž / ž / ž /N q 2 N q 2 N

k4 N q 2 8
s k 1 yž /N q 2 N y 2 N N q 2Ž .

1 4k 8
F N log N exp yž /2 N q 2 N y 2 NŽ .

N N 1
y2 NrŽNq2.s 4 log NN exp 4c ?ž /N q 2 N y 2 N

16 1
y2 NrŽNq2.F log NN exp 4cŽ .

3 N

16 log N
F exp 4c ,Ž . 13r53 N

w Ž . Ž Ž ..for N G 8. The function f x s exp y2 xr x q 2 is decreasing. Therefore
Ž Ž .. Ž . Ž Ž Ž .. .exp y 2 Nr Nq2 F exp y 8r5 , for N G 8, and exp y 2 Nr Nq2 log N s

y2 NrŽNq2. y8r5 xN F N , for N G 8.

Altogether, we have

N 16 1 17 log N
2 4 c 4 cVar x F 1 q N q e log N F 1 q e ,Ž .m 1 13r5 3r5k ž /2 3 3N N

and Proposition 5.3 is proved. I

We can now complete the proof of Theorem 1.2. By Chebyshev’s inequality,

P x ) 0.35e2 c F 8.2ey4 cŽ .q 1q

and

1 q 17r3 e4 c log N rN 3r5 log NŽ . Ž .Ž .
2 c y4 cP x F 0.35e F F 8.2e q 46.3 ,Ž .m 1 2 3r5k 4 c N0.35 eŽ .

so

2 c 2 c5 5 < <m y q G m S y q S s P x F 0.35e y P x F 0.35eŽ . Ž . Ž . Ž .TVk q k q q 1 m 1q k

2 c 2 cs 1 y P x ) 0.35e y P x F 0.35eŽ . Ž .q 1 m 1q k

log N
y4 cG 1 y 16.4e y 46.3 . I

3r5N
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