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In this paper we consider i-irreducible Markov processes evolving
in discrete or continuous time on a general state space. We develop a
Liapounov function criterion that permits one to obtain explicit bounds on
the solution to the Poisson equation and, in particular, obtain conditions
under which the solution is square integrable.

These results are applied to obtain sufficient conditions that guarantee
the validity of a functional central limit theorem for the Markov process.
As a second consequence of the bounds obtained, a perturbation theory for
Markov processes is developed which gives conditions under which both
the solution to the Poisson equation and the invariant probability for the
process are continuous functions of its transition kernel. The techniques
are illustrated with applications to queueing theory and autoregressive
processes.

1. Introduction. In this paper we develop a “Foster’s criterion,” or
“Liapounov function,” approach to obtaining finite-valued solutions g to the
Poisson equation, which in discrete time may be written as

(D g=8-Pg,

where g is a given real-valued function on the state space, g = g — 7(g), and
7 is an invariant probability. In the special case where g = 0, solutions to
the Poisson equation are precisely harmonic functions. In general, if g; and
85 are two solutions to the Poisson equation, then the difference g, — g, is
harmonic.

For continuous-time processes, the Poisson equation becomes

(2) g=-8,

where 7 is the extended generator of the Markov process @, formally defined
in (11) and (12) below.

The Poisson equation and the general potential theory of positive kernels
are developed in the seminal work of Neveu [28], Revuz [32] and Constanti-
nescu and Cornea [7]. The reader is referred to Nummelin [30] for some of the
most current results on the Poisson equation, to whom we owe much.
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The solution g to the Poisson equation (1) is fundamental to the analysis
of the additive functional

n—1
3) S, = Z 8(Py), Sp=0,
k=0

and it is equally valuable in studying the analogous additive functional in
continuous time. The principal observation that underlies the analysis of S,
is that the behavior of such an additive functional is closely related to that of
a certain martingale. Specifically, let

4) M, =g®,)+S,, nez,.

We note that since g solves (1),

M, = 6(x)+ Y [£(®,) — P4 (dy )]
k=1

= 8(x) + X_[8(Pr) — E(8(Dp) | F3-1)];
k=1
where 7, = o(®y, ..., P,). Hence, under suitable integrability conditions on

g, the adapted process M = {(M,,, %,): n > 1} is a square integrable martin-
gale.

It is evident that the asymptotic behavior of (S,,: n > 0) will typically mimic
that of the martingale M. In particular, laws of large numbers, central limit
theorems and laws of the iterated logarithm can often be derived for (S,: n >
0) by applying appropriate martingale theorems. This approach is taken in
Maigret [17] and Duflo [10] to obtain a functional central limit theorem (FCLT)
for Markov chains. In a related work, Kurtz [15] considers chains arising in
models found in polymer chemistry. Bhattacharaya [5] considers the Poisson
equation in continuous time to derive an FCLT and functional law of the
iterated logarithm for ergodic Markov processes.

Using a more classical approach based on the existence of atoms for a split
chain, Meyn and Tweedie [23] derive a central limit theorem and law of the
iterated logorithm for geometrically ergodic chains. The Liapounov function
approach of [23] is similar to that of the present paper, but the results reported
here require far milder assumptions than geometric ergodicity.

In order to successfully apply the Poisson equation to obtain an FCLT for
a given chain, one must basically show that the martingale difference se-
quence A, = g(d,) — (PS)(P,_;) is appropriately square integrable. The
Liapounov function criterion developed in this paper permits one to verify
that the solution g € L?(), where 7 is the (unique) invariant measure of ®.
This guarantees that the martingale differences are well behaved, so that the
above-mentioned FCLT’s apply.

Before proceeding, we note that the solution g is often unique in a certain
sense. The reader is referred to Shwartz and Makowski [36] for further results
in a discrete-time—discrete-space setting.
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PROPOSITION 1.1. Suppose that ® is an ergodic Markov chain with unique
invariant probability m, with discrete- or continuous-time parameter, and sup-
pose that g and g, are two solutions to the Poisson equation with =(|g|+|8.]) <
0o. Then, for some constant c, g(x) =c+ &.(x) for a.e. x € X [7].

PROOF. The proofs are similar, so we will consider only the continuous-
time case. We have already remarked that A := g — g, is harmonic.

We apply the ergodic theorem for Markov chains: to do so, we consider the
skeleton chain ®, and the function H = fol P*h ds. From the Poisson equation
we have that P'h = & for all ¢. From the ergodic theorem

[ "Phdt=n" nf(PkH)(x) = w(h)
0 k=0

a.e. [7] (cf. [11]). Hence h = w(h) a.e. [w]. O

2. Discrete-time processes. In this paper we consider a Markov process
® ={P,;: t € T} where T =R, or Z_, evolving on a locally compact separa-
ble metric space X, whose Borel o-algebra shall be denoted by #(X). We use
P, and E, to denote probabilities and expectations conditional on ®, having
distribution u, and P, and E, when u is concentrated at x. In the discrete-
time setting the conditions on the state space can be relaxed somewhat, but
it is convenient here to have the same set of assumptions for continuous- and
discrete-time processes.

In this section we will develop our main results for discrete-time processes.
In Section 3 we show how the results may be extended to the continuous-time
case.

A set a € #7(X) is called an atom if transitions from distinct points in «
are identical: P(x, -) = P(y, -), x, y € a. When an atom exists, a solution to
the Poisson equation (1) can easily be found. Define the function g by

) 4(x) = Ex[ 5 g(%)} S (I.P)E
k=0 k=0

when this is well defined. When ® is positive Harris [25] and 7(a) > 0, we
have

Toe—1

[ ] X le @] = [ m(anE,| T ls@l| = (s

Hence, when 7(|g|) < oo, the expression (5) is well defined on a, and in fact
g is defined and finite a.e. [77]. It follows from the second equality in (5) that
g solves the Poisson equation (1).

Even when an atom does not exist, by considering a split chain one can
construct an atom & on the split state space. Define then the kernel G, , for
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functions f and states x by
®) Gunlir. 1) =5 3 £0)|
k=0

Then the function g(x) = G; ,(x, g) solves the Poisson equation and is finite
a.e. if 7(|g|) < oo (see [29] and [30]).

The split chain is defined through a generalization of atoms known as petite
sets. Let a be a probability distribution on Z_, and let K, denote the Markov
transition function K, = Y32 a(i)P'. A set C C X is called v,-petite, where
v, is a nontrivial measure on #(X), if, for the distribution ¢ on Z_,

K, (x, A)>v,(A), xeC, AecBX).

The distribution «a is called the sampling distribution for the petite set C. If
the particular measure v, is unimportant, the prefix will be omitted so that
C is simply called petite.

Much of the development to follow is concerned with verifying a recurrence
condition for a Markov chain known as f-regularity. Let f > 1 be a real-valued
function on X, and suppose that, for some finite-valued function V| and any
B € #7(X), there exists ¢(B) < oo such that

Tp—1
(7) Ex|: > f(CIDk)] < Vy(x) + c(B), x eX.
k=0

Then the chain is called f-regular (with bounding function V). This definition
is apparently stronger than similar notions of f-regularity given in [29] or [25],
but we will find that all of these definitions are essentially equivalent.

This condition may be verified by establishing a drift property for the chain
toward a single petite set.

For a function f: X — [1, 00), a petite set C € #(X), a constant
b < oo and a function V: X — [0, 00),

(8) PV (x) < V(x)— f(x)+blo(x), x €X.
The power of (8) largely comes from the following result.

THEOREM 2.1 (Comparison theorem). Suppose that the bound
PV (x) < V(x) — f(x) + s(x), x eX,

is satisfied. Then, for each x € X, N € Z, and any stopping time 7, we have

N N
2 Edf(Pp)] = V(x) + 3 Efs(Pp)],
k=0 k=0

E[zl )| = Ve + E[Z1 s(@y)].

k=0 k=0
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PrOOF. By Dynkin’s formula (cf. [23]) and the bound on PV, we have

0 < E,[V(®,)] < V(x) + Ex[ S (51 1(® 1) — [Fo1(P@r 1) A N])}
=1

where " = min(7, n, min(k: V(®;,) > n)). Hence, by adding the finite term

e S @) A N]

k=1

to each side, we get

n

£ Z1@s )4 N =B X s )] <E] T sy

k=1 k=1 k=1

n

Letting n — oo and then N — oo gives the result by the monotone convergence
theorem. O

We now characterize f-regularity using (8).

THEOREM 2.2. If (8) holds, then

(i) the Markov chain ® is positive Harris recurrent with invariant proba-
bility
(1) 7(f) < oo
(iii) for any B € %7 (X) there exists c¢(B) < oo such that

Tp—1

> (PLp)'f () =B X F@0)] < V() + (B,
k=0 k=0
so that ® is f-regular with bounding function V.

PROOF. Results (i) and (ii) follow easily from (iii) and the structure of 7 in
terms of mean occupancy times: see Theorem 10.0.1 of [25].

To prove (iii), suppose that (8) holds. By Theorem 2.1, the strong Markov
property and the bound

]lC(x) = l/ja(B)_lKa(xa B)>

which follows from the fact that C is ¢ ,-petite for some ¢,, we have, for any
B e #7(X), x € X,

Ex[@zl fn)| = v+ bEx[TBZ1 Le(@y)|

k=0 k=0

T—1
< V(x)+bEx[ S u(B) K, (@, B)}
k=0
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00 Tp—1 )
— V(@) + bl (B L | ¥ P B)|

=0 k=0

00 T—1
= V(@) bUa(B) D | 3 1a@)]

1=0 k=0

< V(x)+bir(B) ' Y iay.
i=0
Since we can choose a so that m, = Y ia; < oo, result (iii) follows with
¢(B) = b, (B) 'm,. O

We may now present our main result which gives a specific bound on the
fundamental kernel Z := (I — P + I1)~!, where the kernel II is defined as
II(x, -) = =(-). For any function g on X, the function g:= Zg is a solution to
the Poisson equation whenever the inverse is well defined.

Let A > 1 be a finite-valued function on X, and let L}’ denote the vector
space of all measurable functions g on X such that |g(x)|/k(x) is bounded in
x. This vector space is a Banach space with the associated norm

x
= sup 515

xeX

We now give uniform bounds on solutions to the Poisson equation whenever
a solution to (8) exists.

THEOREM 2.3. Suppose that ® is f-regular, so that (8) holds with V every-
where finite, { > 1 and C petite. Then the fundamental kernel Z is a bounded
linear transformation from L7 to L;® with h = V +1. That is, for some ¢, < 00
and any |g| < f, the Poisson equation (1) admits a solution g satisfying the
bound || < co(V +1).

PROOF. First consider the strongly aperiodic case. We can assume without
loss of generality that the function V is bounded on the set S used in the
definition of strong aperiodicity (for details, see [25], page 118).

For any function /& on X we can define a “split” function also denoted & on
the split state space X which is identical to 4 on the two copies X, and X; of
X. Similarly, we let A C X denote the “split set” A = A, U A;.

Since V is bounded on S, it is straightforward to check that when (8) holds
we have the following bound for the split chain:

PV (x;) < V(x;) — f(x;) +dLoyg(x;), x; € X,

where d is a finite constant and C is the petite set used in (8).
Hence we can apply Theorem 2.2(iii) to the split chain to find that, for some
constant c,

~

T4—1
E[ 3 f(cbk)] < V(x;)+ec, x; € X.
k=0
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We then have the desired solution to the Poisson equation: for any |g| < f,
we let g(x) = G, ,(x, g), which is defined in (6). Then g solves the Poisson
equation with g(x) < ¢(V(x) + 1), for a possibly larger constant c.
In the general case it is convenient to consider the K, -chain, which is
always strongly aperiodic when ® is ¢-irreducible. We ﬁrst show that the
o -chain satisfies a version of (8) with the same function f and a scaled
Versmn of the function V used in the theorem. We will on two occasions apply
the identity

9) K, =¢K, P+(1-9)l,
whose derivation is straightforward. Hence, by (8) for the kernel P,
K, V<eK,(V-f+bleg)+(1-¢)V.

Since f < (1—¢&) 'K o, > it follows that with V equal to a suitable constant
multiple of V we have, for some &/,

Ka,Va = Vs - f+b/Ka<]]-C'

Since C is petite for ® and hence also for the K, -chain, the set C,

{x: K, (x, C) > 1/n} is petite for the K, -chain for all n. Note that C C C
for n sufﬁmently large. Scaling V, as necessary, we may choose n and b, so
large that

KtLVs = Vs - f+bs]lc .

Thus the K, -chain is f-regular. By strong aperiodicity there exists a constant
c, < 00 such that, for any |g| < f, we have a solution g, to the Poisson equation
Kagég = és - E

satisfying |8.| < V +c,.
To complete the proof, let

& &
A:ZiK 9 = — G _7.
=7 Ki8e=7,(8:-8)

Writing (9) in the form
1
* PK, =

1—¢ ¢ 1—¢

-1,

Qg

we have, by applying both sides to g,
Pg=s'g-g,=¢'6-(s'-1g-g=5-32,
so that the Poisson equation is satisfied. O

An important special case occurs when V is a constant multiple of f. In
this case (8) may be written as

(10) PV <AV +blg,
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where A < 1. Aperiodic chains for which (10) hold are called V-uniformly
ergodic in [25]. When V is bounded from above and below, the inequality (10)
is equivalent to uniform ergodicity as it is usually defined (see [32], [29] and
[25D).

By Theorem 2.3 we see that when (10) holds the fundamental kernel Z =
(I — P+ 11)7! is a bounded linear transformation from L% to itself. This
provides another important consequence of V-uniform ergodicity which is es-
pecially valuable in analyzing perturbations of the chain. We will return to
this after we consider the continuous-time case.

3. Continuous-time processes. We now show how the discrete-time re-
sults developed thus far may be “lifted” through the resolvent chain to obtain
analogous results for continuous-time stochastic processes. We assume that
® is a Borel right process (cf. Sharpe [35]) so that, in particular, ® has the
strong Markov property. We also assume that the escape time for the process
is infinite. The reader is refered to [26] and [27] for the relevant theory of
Harris recurrence in continuous time.

For a measurable set A we let

ra=inf{t=0: b, €A}, mu=[ L{® A}dr.
0

The kernel K, is defined exactly as in discrete time, where now «a is a proba-
bility on R . When « is an exponential distribution with unit mean, we let R
denote the kernel K ,: this is the usual resolvent for the process.

We denote by D(bg? ) the set of all functions V: X x R, — R for which there
exists a measurable function U: X — R such that, for each x € X, ¢ > 0,

(11) PV (x) = V(x) +/Ot P*U (x)ds,

t
(12) fo Pi\U|(x)ds < oo.

We write .o/ V := U and call o7 the extended generator of the process ®. The
function U is essentially unique (see Davis [8], page 32, for a discussion).

Davis [8] requires only a local martingale property in his definition of the
extended generator. If this weaker condition holds, then the results below are
still valid, although some additional steps are required in the proofs. This
more complicated situation may be treated as in [27].

We say that a function A: X — R is in the domain of R if R(x, |h|) is finite
for all x € X. From the definition (11) it is immediate that we have the identity

(13) Ro/h=(R—1)h

for any A in the domain of R. The following result, which together with (13)
states that R and .o/ commute, is central to obtaining solutions to the Poisson
equation. For a proof see Down, Meyn and Tweedie [9].
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LEMMA 3.1. The extended generator satisfies the following identity for any
h in the domain of R:

(14) ZRh = (R—I)h.

Equation (14) is a continuous-time analog of (9), which may be written as

£
1-—¢

and the identity (14) will be applied exactly as in the proof of Theorem 2.3 to
obtain a solution to the Poisson equation in this continuous-time context.

The following Foster—Liapounov drift condition is taken from [27]. It is en-
tirely analogous to (8), and will yield analogous results.

(P-1I)

K, =K, — 1,

For a function f: X — [1, c0), a petite set C € #(X), a constant
b < 0o and a function V: X — [0, c0),

(15) AV (x) < —f(x)+blo(x), xeX

THEOREM 3.2. Suppose that ® is -irreducible and that (15) holds with V
everywhere finite, f > 1 and C petite. Then ® is positive Harris recurrent with
7(f) < oo. For some ¢y < oo and any |g| < f, the Poisson equation (2) admits
a solution g satisfying the bound |g| < co(V + 1).

PrROOF. From (13) and the bound (15),
(16) RV <V -Rf+bR1,.

Since C is petite, the set C,, = {x: Rl (x) > 1/n} is also petite for any n.
Hence, as in the proof of Theorem 2.3, we see that, for a constant multiple V,
of V and some n, b’ sufficiently large,

RVy<Vy—Rf+0b1 .
Applying Theorem 2.2(iii), we obtain the bound, for any B € 7 (X),

S (RIGY'R < Vo + o(B),
k=0

and, adding f to both sides, we obtain

oo

S (RIg)Ef < Vo+ f +c(B).
k=0

Hence the R-chain is f-regular with bounding function V, 4+ f, and conse-
quently 7(f) < oo.

From f-regularity of the resolvent chain, we may apply the discrete-time
result, Theorem 2.3, to conclude that, for some ¢; < oo and any g < f, there
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exists a function g; satisfying the bound |g;| < ¢;(V + f + 1) such that
81— Rg =38
We now let § = Rg;, and apply (16) to obtain the bound
18l = R[g1| =ci(V+V +b+1) <c(V+1),

where ¢, = ¢;(3 + b). Applying (14), we have that the Poisson equation is
satisfied:

J}gA:-ﬂf?RgAl:(R_I)gAl:—E,

which is the desired equality. O

4. Applications. In the remainder of the paper we describe several ap-
plications of our main results.

4.1. The functional central limit theorem. We first present several ver-
sions of the functional central limit theorem (FCLT) for Markov chains and
processes; we begin with the discrete-time case. For such models, the FCLT
concerns the process obtained by interpolating the values of g(®,):

1  [nt]
Z,(t) = — (D)), teR,.
0= (Law) .

Typically, in applications, the moment condition on V used in Theorem 4.1
will be obtained through an application of Theorem 2.2, which gives necessary
and sufficient conditions for V2-regularity and hence a sufficient condition for
the finiteness of 7(V?).

THEOREM 4.1. If the chain is f-regular with bounding function V and if
m(V?) < oo, then for any |g| < f there exists a constant 0 < Yg < 00 such that
Z, = v4B, P,-weakly, as n — oo in D[0, 1] for any initial distribution p.

Furthermore, the constant y% can be defined as y2 = w(&* — {P&}?), where
S is the solution to the Poisson equation given in Theorem 2.3.

PROOF. This basically follows from Maigret [17]. Our theorem actually
requires a slightly strengthened version of her result, because Theorem 4.1
asserts that the weak convergence holds for any initial distribution w.

This extension is given in the continuous-time case in the proof of Theo-
rem 4.3 below. To avoid serious repetition, we omit the proof of the discrete-
time result. O

The generalization of the FCLT to arbitrary initial conditions can also be
carried out by applying the shift coupling property of positive Harris recurrent
Markov processes. This is established for discrete-time processes in Aldous
and Thorrison [1].
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An important special case occurs when (10) holds, in which case we obtain
a simpler criterion for the FCLT. Taking square roots in (10), we obtain by
Jensen’s inequality

Pvl/Z < /\1/2V1/2+b1/2 ]-C‘

Since by (10) we have that #(V') < oo, the following corollary to Theorem 4.1
is immediate.

THEOREM 4.2. If (10) holds for some V > 1, A < 1 and some petite set C,
then for any g2 <V there exists a constant 0 < Yg < o0 such that Z, = v,B,
P,-weakly, as n — oo in DI0, 1] for any initial distribution w.

The constant y% can be defined as v% = m(g> — {P&}?), where & is the
solution to the Poisson equation given in Theorem 2.3.

The analogous continuous-time results may be obtained by applying the
main result of Bhattacharaya [5]. We now consider the sequence of stochastic
processes {Z,} defined for each n by

Z.(t) = \}ﬁ(/omg(cbs)ds), teR,.

THEOREM 4.3. If (15) holds and if m(V?) < oo, then for any |g| < f there
exists a constant 0 < vy, < oo such that Z, = vy,B, P,-weakly, as n — oo in
DJ0, 1] for any initial distribution w.

Furthermore, the constant y§ can be defined as y§ = 2 [ 4(x)g(x) m(dx),
where g is the solution to the Poisson equation given in Theorem 2.3.

PrROOF. In the special case where ® is stationary, or when a skeleton of
the process is Harris ergodic, this follows from Theorems 2.1 and 2.6 of [5]
together with Theorem 3.2. Note that we do not know if 7(g?) is finite, a
condition of Theorem 2.1 of [5]. However, by (16) and the square integrability
of V, we do know that 7((R|g|)?) < oo, and this is in fact enough to obtain
the FCLT using the proof of Bhattacharaya’s Theorem 2.1.

We now show how this result can be generalized to arbitrary initial condi-
tions &, = x € X; the result for an arbitrary initial distribution u follows upon
integrating over all initial conditions with respect to w.

Recall that from Theorem 3.2 the process ® is positive Harris recurrent
under the assumptions of Theorem 4.3. To show that the FCLT holds for arbi-
trary initial conditions under the assumptions of Theorem 4.3, we will apply
the following two well-known consequences of Harris recurrence. First of all,
the law of large numbers holds for any initial condition x € X and any positive
random variable H on sample space:

17
17) T/o 0°Hds — E_[H] as. [P,].
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Second, the resolvent is Harris ergodic:
(18) |R"(x, -)— | — O, x € X.

This is a consequence of the fact that not only is the resolvent chain with
transition function R = [e~* P’ d¢ positive Harris recurrent when ® has this
property, but the resolvent chain is necessarily also aperiodic since the mea-
sures R(x, -) and Y3°, 2 ¥ R*(x, -) are equivalent for each x.

For any r and any n we let

Z, (1) = 6" Z,(t) = 1</nm g(d)S)ds), teR,.

Jn
Using the law of large numbers (17), one may show that
(19) sup |Z,(t)— Z, (t)] — 0, n — oo a.s.
0<i<l1

Letting ¢ be a bounded, continuous linear functional on C[0, 1], it follows from
(19) that we have

By the Markov property this limit may be expressed as

| |
iEx[qb(Zn(t))] - /Pr(% dy)Ey[cb(Zn(t))]i -0, n—oo

Integrating over r > 0, it follows by dominated convergence that, for any
m>1,

E.lo(Z,(0)] - /R’”(x, dy)E,[¢(Z, ()] = 0,  n— oo,

where R denotes the resolvent. We can now apply (18). Let £ > 0, and choose
m so large that |R™ — || < e. Then the limit above with this m implies that

limsup [E,[6(Z,(8))] — Ez[¢(Z,(2)]] < &ld|-

n—o00o

Since by Theorems 3.2 and 2.1 of [5] the FCLT holds when ® ~ 7, this estab-
lishes the FCLT when &, = x. O

When the exponential drift

(20) oV < —cV+blg

holds for some V > 1, ¢ > 0, then we obtain a simpler criterion for the FCLT,
just as in the discrete-time case.

We can use (16) to obtain, for some A < 1, b < co and a petite set C, the
bound

RV <AV +bl,.

We then have, by Jensen’s inequality, RV1/2 < AY2V1Y/2 4 p1/2] ,, and then,
following the proof of Theorem 3.2, we have, for some constant ¢, that the
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Poisson equation (2) can be solved for any g satisfying g2 < V, and the solution
satisfies the bound g2 < ¢, V. We immediately obtain from Theorem 4.3 the
following result.

THEOREM 4.4. If (20) holds, then for any g? < V there exists a constant
0 < vy, < oo such that Z, = v4B, P,-weakly, as n — oo in D[0, 1] for any
initial distribution .

The constant % can be defined as v% = 2 [ §(x)g(x) m(dx), where g is the
solution to the Poisson equation.

In Section 4.3 we consider several models where moment conditions on the
disturbance process may be given explicitly to ensure that (8) or (20) holds so
that we can establish the FCLT.

4.2. Perturbations of Markov processes. The smoothness of solutions to the
Poisson equation is frequently assumed in applications to averaging and dif-
fusion approximations and, in particular, in establishing the convergence of
adaptive estimation algorithms of the stochastic approximation type (see [4]
and [19]). Furthermore, well-behaved solutions are required in the theory of
Markov decision processes (see [18] and [33]). An extensive bibliography of
applications may be found in [36].

Suppose that {P,: 6 € O} is a family of Markov transition functions, where
® denotes some open subset of Euclidean space. Assume that each of the
corresponding Markov chains is ¢4-irreducible and that, for some 6, € O,
the chain with transition function P, satisfies the drift criterion (10). When
the P, -chain is aperiodic, this means that the chain is V-uniformly ergodic.

We assume that Py — P, as 6 — 6, in the induced operator norm || - ||y,
defined as

IPg, — Hlly := sup |[(Py, — Py)h|y.
heLy
Ihly=1

Since each of the kernels is i,-irreducible, it may be shown that the drift
criterion (10) holds and that the set C used in the drift criterion is petite for
the kernel P, for each 6 in some open ball containing 6,. Assume that this
is the case for all § € 0, and let {Z,} denote the corresponding collection
of fundamental kernels and {,} the associated invariant probabilities. From
Theorem 2.3 we know that each of the kernels {Z,, Py, Il;: 6 € O} is a
bounded linear transformation from L§; to itself.
Following [34], we define

(21) Ug,,0 =[Py — Py, 12y,

(22) Hy o=[1-Ug o

The first kernel is well defined since each of the kernels on the right-hand
side of the defining equation maps L§ to itself. The inverse in the definition
of Hy 4 is well defined for 6 sufficiently close to 6.
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A straightforward generalization of Theorem 2 of [34] shows that
(23) my = e, Hy, g

(24) Zyg=Zo,Hy, g~ 1o Ho, gUg, 0Ze,Hg,, 0,

where I, is the Markov transition function defined as I, (x, A) = 7, (A),
x € X, A € #(X). Hence the invariant probabilities converge in the V-total
variation norm, and whenever g € L§; the solutions g, = Z,g to the Poisson
equation converge in norm in Lj as 6 — 6.

4.3. Specific models.

Random walks and queues. Consider the random walk on a half-line given
by ®, = [®,_; + W,]". We will assume also that the increment distribution
I' has a finite fifth moment. The chain ® can be viewed as the waiting-time
sequence of a single-server queueing system (see Asmussen [2]). It is well
known that if E[|W;|] < oo, then it is necessary and sufficient that E[W,] <
0 in order that ® be a positive recurrent Harris chain. Furthermore, since
K, (x, {0}) is positive everywhere and bounded from below on compacta, all
compact sets are petite, so that @ is a T-chain (cf. [23]).

Let f,(x) = xP+1and V ,(x) = cxP*! with ¢ > 0. We have that (8) holds for
some ¢, and p = 1, 4: by Theorem 2.2 the chain is f,-regular, and hence, by
definition, the chain is simultaneously f;-regular and V%-regular. We see from
Theorem 4.1 that the FCLT holds for any g satisfying |g| < f;. In particular,
on setting g(x) = x we see that the FCLT holds for ® itself. For further
discussion see Glynn [12].

These results also hold for some network models. See, for example, Meyn
and Down [20] and Kumar and Meyn [14], where V-uniform ergodicity of
generalized Jackson networks and certain re-entrant lines is established. In
these papers, the Liapounov function V may be taken as the exponential of a
norm.

Linear state space models. Consider the linear state space model which is
defined by an n x n matrix F' and an n x p matrix G such that, foreach £ € Z ,
the random variables X, and W, take values in R" and R”, respectively, and
satisfy inductively, for £ € Z_,

Xk+1:FXk+GWk+1,

where X, € R" is arbitrary. The random variables {W,} are independent
and identically distributed (i.i.d.) and are independent of X, with common
distribution I'(A) = P(W ; € A) having finite zero mean and finite covariance
Sw=EWWT].

We assume that I' is nonsingular with respect to Lebesgue measure, so
that, in particular, 2y > 0, and we assume that the controllability matrix
[F"71G | --- | FG | G] has rank n. In addition, we assume that the eigenvalues
of F lie in the open unit disk in C. Under these conditions, it follows as in [3]
that every compact set is petite and that the chain X is positive Harris.
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To construct a Liapounov function for the process, let M denote the solution
to the Liapounov equation

F'TMF=M -1

This is possible because of the eigenvalue condition imposed on F (cf.
Caines [6] and Duflo [10]). Letting V(x) = x" M x, we have the bound

PVy(x) = Vy(x) — 2" x + trace(MY2GSGTMY?) < AV y(x) + L

for some A < 1 and L < oo. It then follows that (10) holds for the chain with V'
a constant multiple of ,/V, so that the process is V-uniformly ergodic. Since
m(V,) and hence also 7(V?) is finite, the FCLT holds for any |g(x)| < ¢(|x|+1).

Clearly the approach used here may be extended to other models with a ba-
sically linear structure. A class of bilinear models is shown to be V-uniformly
ergodic in [22], and adaptive control models are treated in [21]. Hence the
FCLT holds for the processes of interest in each of these models.
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