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Let (B(t));o be the linear Brownian motion starting at 0, and set

X, (t)=(1/n)) fé(t —s)" dB(s). Watanabe stated a law of the iterated log-
arithm for the process (X (¢));>0, among other things. This paper proposes
an elementary proof of this fact, which can be extended to the general case
n > 1. Next, we study the local asymptotic classes (upper and lower) of
the (n + 1)-dimensional process U,, = (B, X,, ..., X,) near zero and in-
finity, and the results obtained are extended to the case where B is the
d-dimensional Brownian motion.

1. Introduction. Let (B(?)),-o be the linear Brownian motion starting at
0. Denote by

1 /¢ .
X, (¢) = a/O(t-s) dB(s)
its n-fold primitive, and
U,=(B,X{,..., X,).

Upon integration by parts, we obtain the integral of Brownian motion as a
special case: X,(t) = fc’; B(s)ds (cf. Lemma 3 for a generalization to n > 1).

The Gaussian process X, was first mentioned by Shepp [18]. Later, Wahba
used this process to derive a correspondence between smoothing by splines
and Bayesian estimation in certain stochastic models ([22], [23]). See also
[2] where X, is equally introduced in describing some degenerate Gaussian
diffusions. Let us point out that the process X; has been studied at length by
several authors (see [11] for further references related to this particular case).

This work is concerned with the asymptotic behavior of the real process
X, as well as that of the (n + 1)-dimensional process U,,.

In [15], McKean studied the asymptotic behavior of the successive hitting
times at level O for the process X, as well as the corresponding hitting loca-
tions of the Brownian motion B. More precisely, setting

to - 1,
t, = inf{t > t, ,: X,(¢) =0},
b, = B(t,), n=>1,
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he derived from the law of large numbers the following asymptotics:

47
logb, ~—n asn— oo,
n

/3

8m
~ —n n — oQ.
logt, as

/3

So, it may be asked how the process U, grows. In fact, U, will be proven to be
transient; that is, ||U,(¢)|| — +o0 a.s. as t — +o0. By the way, note that each
component of U, is recurrent. We now ask the question of how to derive the
escape speed of ||U4(¢)||. For instance, two particular results will be obtained:

lim sup U8l 1 as

t—+o0 ((26%/3)log log ¢)1/2 o

. (log ¢)Y/%+e _ |0, ife<O,
limsup =7z — Ol =1, ife=o.

On the other hand, in [24], Watanabe established a law of the iterated loga-
rithm for X ,. In fact, he derived this formula from a general result concerning
a large class of Gaussian processes (see also [17]), and so his proof is quite
difficult. The aim of this paper is first to give a short and elementary proof
of the law of the iterated logarithm which can be extended to the process X,
for any n > 1, and second to characterize the local asymptotic classes of the
(n + 1)-dimensional process U,,, which will be shown to be a Markov process.

This article is divided into three parts. In Section 2 we write three laws of
the iterated logarithm corresponding to the following cases: ¢ — 0%, t — +o0
and ¢ — t, for a fixed time ¢y €]0, +o0o[. The study of the case ¢ - +oo will
follow from the case ¢ — 0" thanks to a time inversion, and the case ¢ — %,
will be obtained by using the Markov property of the process U,,. The law of
the iterated logarithm related to the situation ¢ — 0T is based on an estimate
about the tail of the distribution of maxy_,., X, (s), which will be deduced from
a large deviations principle concerning Gaussian processes stated by Marcus
and Shepp [14]. We will also need an independence property of some particular
increments of X .

Sections 3 and 4 are devoted to the local asymptotic classes of the process
U,. Several integral tests for certain classes of Gaussian processes are well
known (see [9], [10], [25], [26]). Unfortunately, none of them can be applied
to the process U, because it does not have the required conditions. In fact,
in Section 3, we will derive, directly from the integral tests of Kolmogorov for
Brownian motion and Watanabe for some stationary Gaussian processes, a
necessary and sufficient condition to decide whether a given function belongs
to the local asymptotic upper class of U,—that is, to say exactly when the
event {3 e >0 (resp. T > 0), V¢t < e (resp. t > T): ||U,(¥)|| < f(¢)} occurs
with probability 1. Here, || - || denotes the Euclidean norm in R™*1. It will be
seen that the upper classes near +oo of both processes U,, and X, coincide,
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while the upper class near 0" of U, is the same as the one of Brownian mo-
tion B.

In Section 4 we give some new integral tests characterizing the asymp-
totic lower classes of U, (i.e., related to the events {3 ¢ > 0 (resp. T' > 0),
Vi<e((espt>T)|U,\) > f()}). Our results are analogous to the
classical tests successively written by Dvoretsky and Erdds in the case of
space-valued Brownian motion [3], and by Hendricks [4], Takeuchi [20], [19]
and Taylor [21] for multidimensional processes with stable and independent
components. Here, the method consists in obtaining several estimates of some
hitting probabilities.

Finally, in Section 5 we discuss the case where B is the d-dimensional
Brownian motion, and exhibit more general results.

2. Laws of the iterated logarithm for X,,. Let us introduce some no-
tation. Set

@n(t) = /2y, t"M2(log log(1/t))*2,
Yo (t) = /2y, t"2(log log ¢)*2,

where
~ 1
n = 2n + 1)(n)?
and
n ERPAY
& Y650 = X,00- ¥ X, 40
k=0 )

THEOREM 1. The following laws of the iterated logarithm near 0", +o00 and
any ¢, > 0 hold:

(2) ”?l?)gp fn"—((tt)) =1 as,
©)) Iitrgfip f;:—((;)) =1 as.,
(4) limsup M =1 as.

oty en(lt—to])

Suppose that assertion (2) is true and let us prove (3) and (4). Assertion (3)
obviously hinges on the following lemma.

LEMMA 2. Set X,(0) = 0 and for ¢ > 0, X ,(¢) = t2**1X,(1/t). Then the
processes (X, (t));~o and (X’n(t))tZO are identical in law.
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PrOOF. It is easy to verify that the above Gaussian processes have the
same covariance functions and the proof is complete. O

In order to prove assertion (4) we need some properties of the quantity
Y, (s, t).

LEMMA 3. (i) If s < ¢ then
v, 5.0 = [ = (o)

(t—o)yt (¢ S)”
/ o Bl - B(s).

(ii) Fix an instant s > 0. Then the processes (Yn(s, s§+1))=0 and (X, (¢))s0
have identical laws, and (Y (s, s+t)),> is independent of o{B(r), 0 < r < t}.

(6)

PrOOF. (i) We have
[ E=9)" iBo) = x (t)—[ (=0 t=5" 1B
n!
Then, by using the binomial theorem,

(s—ott—s=3 (’;)(s— o) Rt — s)k,

k=0

we get (5). For the second portion of (i), use (5) and integration by parts.
(ii) Part (ii) is a consequence of the iid increments of Brownian motion. O

As a result,
. Y, (¢, ¢
limsup M =1 as,
i-e; allt —tol)
which implies
. Y. (ty, t
limsup n(to, ¥) >1 as.

t—tg (Pn(|t_t0|) N

The corresponding upper bound is obtained in exactly the same manner as
the one for X, (¢) via the analogue of Lemma 5.

PrRoOOF OF THEOREM 1. We imitate the original proof of Khintchine (see,
e.g., [13], page 242) mutatis mutandis.
We first prove the relation

X
(6) P{Iimsupﬁg‘é} =1
t—0+ Qon(t)
for every 6 > 1. To do this, we need an estimate on the tail of the law of

the random variable max,_,., X, (s). This one is contained in the following
lemma.
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LEMMA 4. Forevery ¢ > 0 and ¢ > 0, there exists A = A(¢, ¢) > 0 such that
forall e > A,

@) IP’{ max X, (s) > a} < exp<—(1 - a)“—z).

O<s<t 2y, g2n+l

PrROOF. This inequality is the result of a large deviations principle stated
in [14] as follows: if (X,),c; is a real-bounded Gaussian process indexed by a
linear interval I, then

lim %P{sup X, > a} = —<Zsup]E(Xf))_l. O

a—too a tel tel

Pick now 6 € (0, 1), and put
t,] = 0‘],
a;= 8¢n(tj+l)’

Ajz{tmax Xn(s)>aj},

j+1S8<t;

pj=P(Aj).
We have

2

a’s
J 2 n2n+1 .

Therefore, it comes from (7) that
pj = (jlog )~ (==,
Choose now 6 < 1 and ¢ € (0, 1) such that (1 — £)826?"+1 > 1. This yields
> pj<+oo
and hence, by the Borel-Cantelli lemma we get

P(Iim sup Aj) =0.

Jj=0

This can be written as follows: there exists a.s. an integer j, such that for all

Xn(t) = aj = 8@0,1(1'),

and then for every 6 > 1,

limsup Xa(t) <
t—0+ (Pn(t)

a.s.

Let 6 | 1* through the rational numbers and (6) ensues.
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Now, let us prove the converse inequality

(8) lim supM

t—0+ ®n

>0 a.s.,

for each 6 < 1. Pick again 6 € (0, 1), and set

B ={Y ,(tj11,t;) = (1= 0)""0, (¢},

We will minorize the probability g ; as follows. By scaling and Lemma 3(ii),

q; 2P| X, (1) = "ot} = [N = [210g10g ¢,

where N is a normal Gaussian variable.
Using the classical inequality

+oo x? exp(—A?/2)
/A exp(—;) dx > TATLA
a lower bound of g ; is now obtained:
g > 1 exp(—loglog(1/¢;))
T Ve \/2 log log(1/t ;) + 1/\/2 log log(1/t )

The right-hand side is equivalent to const.(j,/log j)~* when j — +oc, so that

> g, =+oc.

The Borel-Cantelli lemma together with the independence of the events B;
then yield

p( lim sup B;) =1

Thus a.s.,
o1
X,(t)) = (L= 0", (t)) + 3 151 = 0) X, 4(t51)
k=0 """

for infinitely many j. Invoking the first part, we are able to minimize each
term of the sum arising in the above right-hand side as follows: a.s., for each
k €{0,...,n}, there exists an integer j, such that for all j > j, the following
inequality holds:

Xy w(tj1) = =20, 1(tj11).
But we have for large enough j,

log((J +1)log(1/6)) < 2log(jlog(1/0)).
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Hence we can choose j, such that, a.s., for all j > j,,
—k
X r(tj1) = =8¢, ()" 2,

Thus, setting [y = maxq-,, Jjj, it follows, a.s., for all j > [,

n

1 n
> Etf'(l —0) X, 4(tjs1) > —4@}62% 0" (1 — 0)*tho, 4(2)).

k=0
Finally, there exist some positive constants 7,,, £ € {0,...,n}, depending
only on n, such that a.s.,
X, (¢t; n
) @0y VY 0 )

en(t;) ~ k=0
for infinitely many j.
Since the right-hand side tends to 1 as 6 | 0", it can be chosen larger than
8, which is less than 1. Hence relation (8) is checked and the proof of (2) is
easily completed. O

3. The asymptotic upper classes of U,,. In [24], Watanabe asserts that
if (£;):=0 is @ centered Gaussian process with an autocorrelation function p

defined by p(s, t) = E(&,€,)/VE(£2)E(£2) which satisfies

9) p(t,t+h)>1—oayh|* ash— 0" and ¢ > +oo,
(20) p(t,t+h) <(l—aylh|®)Va, ast— +oo,
(11) IiT sp(t,t+s) =0 uniformly with respect to ¢

for some constants a4, a, > 0,0 < a3 < 2, a4 < 1, then for any nondecreasing
function f: [0, +00) — [0, +00) we have

+00
[ reesexp-pap e ] =+ oo
- PEAT=>0:V¢>T, §t<f(t)}={é}.
We will apply this result to a centered Gaussian process built on X ,. Set
V() = Ve @ X, (%) and  r(s, t) = E(V,(5)V,(1)).

It can be checked that V', is a centered stationary Gaussian process satisfying
(9)-(11).
Put ¢ = ¢? and f(t) = g(3 log ¢). We have

Va(s) = 8(s) & X,(8) = f(?).

and then [" exp(—g(s)?/2)ds and ["* exp(—f(t)?/2) (dt/t) simultaneously
converge or diverge. Hence, we obtain the following integral test, which was
written by Watanabe in the case n = 1 [24].
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THEOREM 5. Let f: [0, 4+00) — [0, 4+00) be a nondecreasing function. We
have

(12) PAT>0:Ve>T, | X, (0 < Y t"™2f(t)y=1 or 0

according to the integral f+°° exp(—f£(t)?/2) (dt/t) converges or diverges.

Due to Lemma 2, the same test holds for small ¢ with [,. under the as-
sumption that f is nonincreasing.
Now we are able to state a similar test related to the process U,,.

THEOREM 6. (i) Let f: [0,+00) — [0, +o00) be a nondecreasing function.
Then

U < ¥nt"T2f(t) for any large ¢ with probability
1 or 0 according as the integral [** exp(—f(t)?/2)(dt/t)
converges or diverges.

(i) Assume f does not increase. Then

|U,(®)|| < tY?f(¢) for any small ¢ with probability 1 or
0 according as the integral [, f(¢)exp(—f(¢)?/2)(dt/t)
converges or diverges.

Proor. (i) The divergence part of the first assertion can be easily deduced
from the one related to X, thanks to the obvious inequality:
| XL ()] < [T, ()]].
In order to prove the convergence part, write
 JTOI (X0 Vo e X0\
( ) «/V_ntn+l/2 - mtn+l/2 + k;l tz_k \/m,:nkarl/Z

with App = 7n—k/7n'
Suppose f+°° exp(—f£(t)?/2) (dt/t) < 4+o0. As in [24] we can limit ourselves

to the case /loglog ¢ < f(t) < y/3loglog ¢. Put g(t) = (1+ &(t))"Y2f(t) where

n—1
8(t)= Z Arp + Bn

2k " z2n°

the positive constant B, will be chosen later. Since

oo 12) (120 ) 112)

(%)
~ exp > as t — 4o0,

+00 _ 2
/ exp( gz(t) )% < 400,

we get
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which implies in regard to (12) that a.s. for large t and k€ {1, ..., n}:

(14) | X ()] < VYR ¥ 2 g(t).

By another way, the well-known law of the iterated logarithm of Brownian
motion yields the almost sure majorization

(15) |B(t)| < v/3tloglogt < kv/tg(t)

for large t and some appropriate constant « > 0. Consequently, from (13), (14)
and (15) comes the following inequality, which is valid a.s. for all large ¢:
K2a

||Un(t)|| el Xpp, nn vz _
ng(t)[l+£ﬁ_k+ 12n ] = f(¢)

for B, = k%a,,. This proves the first assertion.
(i) The proof of the second assertion is quite similar to the proof of (i). In
order to check the convergence part, write

Ul _ B(t)+i PRS0 e
Az T | e k=17k N ’

and suppose that /loglog(1/t) < f(¢) < \/3loglog(1/t). We set now h(t) =
(1+ &(t))"Y2f(t) with

n
e(t) = 3 vt
k=1

We have
h(t)~ f(t) and exp(—h(t)?/2) ~exp(—f(¢)?/2) ast— O'.

Thus, if the integral [, f(¢)exp(—f(¢)?/2)(dt/t) is convergent, so are the
following:

/o h(t)exp(—h(t)/2) % and /O _exp(—h(t)?/2) %.
Hence, we get by the classical Kolmogorov test (see, e.g., [5], page 33)
|B(t)| < tY2h(t) when ¢t — 0%,
as well as, with the aid of (12),
| X ()] < /YR t*2h(t) for any small ¢t and k€ {1,...,n} as.,
so that

U,(t n 1/2
Al tl/(2)|| < h(t)(l + Igvkt%) = f(t) ast— 0" as. O
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4. The asymptotic lower classes of U,,. The results we are going to
state below are some integral tests which allow us to decide whether or not a
function f eventually minorizes ||U,, || either near O or co. Our method is sim-
ilar to the one described by Dvoretsky and Erdds in the case of space-valued
Brownian motion [3], and in [4], [19], [20] and [21] for multidimensional pro-
cesses with stable and independent components. We will need some estimates
concerning the potential associated with the process U,,.

We start by stating some properties of the process U,,.

4.1. Preliminaries.
ProrosITION 7. U, is a strong Markov process.

ProoOF. Since U, satisfies the following stochastic differential system:
dXy(t)y= dB(t)
dX,(t)= Xy(t)dt

dX,(t) = X, () dt,

it is easy to see that U, is a Gaussian diffusion with generator (see, e.g., [5]):

152 " J

g== + 3 xp g —
2

20x5 4o 9%

By Ito's formula, for all f € C%,

£(U,(8)) = F(U,(0)) + /0 " 9f(U,(s))ds + martingale.

Therefore, (U,,, 2) solves the martingale problem and is a strong Markov
process by the Stroock—Varadhan theorem. O

Now write

pt(x; y)dy = Px{Un(t) € dy}7 x = (x07 KRR xn)7 Y= (y0> cees yn)
for the transition densities of the Markov process U,,.
Since U, is a Gaussian process, we get an explicit formula for p,(x; y):

y a; i 4k J 4k

(16) pt(x;y)=t,,ﬁe><p - Z PR Yi— Exi—k yi— > Exj—k )
0<i, j<n k=0 """ k=0 """

where the double of the matrix (a;;)o<; j<, iS the inverse of the covariance

matrix of the random vector U, namely

r ( ! ) and ! ln+12%-1
=\ 77— = , V=35 — 1.
@+ 7+ osi, jen Y (2m)(ntD/2/detT 2
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The density (16) has the following matrix representation:

Y
(17) pi(x3y) = ) eXp[—(y —xd)A(y — th)T],
where we put for all x = (xq, ..., x,) € R
Xo
a..
gy 0 ! (tl+]+1)0<i,j<n’
xn
t2 "
1 ¢ — ... —
2 n!
tn—l
0O 1 ¢ —_—
(n—-1)!
Jt = tn—2
0 0 1 —_—
(n—2)!
0O 0 O 1

Now set
-+00
®(x)= [ pAx;0)dt,
0

the O-potential related to U,, (0 denotes the origin (0, ..., 0)). In order to make
this expression more explicit, we require the duality relationship stated below.

LEMMA 8. Forall x =(xq, ..., x,) e R"" put x* = (x9, —x1, %, ..., (=1)"x,,).
For all x, y € R**! we have
(18) pi(x;y) = py(y™; x%).

ProOF. In view of (17) we have to verify that the following equality holds:
(v —xd)A(y — th)T =(x" =y )A(x" — y*Jt)T-

This one is the result of an elementary computation that leads to the following
relation:

JAJT =—A_,. O

Therefore,

ooy ity ij
(19) q)(x)zfo saep(— X (DY) de

0<i, j<n
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It is well known that
(20) 9P = —§,.

Finally, notice that each component of U, has a scaling property such that
for any p > 0,

(X (1 Nozpen = (2 X () )o<hen-

This property implies the following identity:

) 1 Xg X1 X,
pt(xo, X1, ...,xn,O) = Wpt<m’ tsw, . thr—l/Z’O .
All scaling factors are different so this leads us to change the Euclidean norm

on R™*1 into the application N defined by

N(x) = max |x;|Y/@H+D,
0<i<n

4.2. Hitting probabilities. We wish to estimate the following hitting prob-
abilities of a ball for the process U ,:

p(x, T,R)=PA{3¢>T: ||U,@1)|l = R},
p(x’ Tl’ T29 R) = ]Px{a te [Tl’ TZ]: ||Un(t)|| = R}

To do this, we shall need some estimates concerning the potential ®.

PROPOSITION 9. (i) The potential ® is a C>-function over R**!\ {0}.
(ii) There exist some positive constants a, b such that for any x € R**1\ {0}
we have

a b

(iii) There exist some positive constants c, A such that for any x € R*™\ {0}
and any T > 0 we have

(22) /;Oo pi(x;0)dt > % exp[—A(N(;f)z \ (N(;f)Z)an)}.

ProOF. (i) The first assertion of Proposition 9 is an easy fact, and its proof
is left to the reader.

(if) Since the matrix A, is positive definite, it is clear that there exist some
positive constants A, and A, such that

n n
DI Q;jx;Xj =< Ay >t
i=0 i=0

0<i,j<n
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Hence by (19),

+00 v n xzz
q)(x) = /0 v+l exp<_/\1 Z t2i+1> dt

1=0

+00 2
. Y X;
< min A mexp<—)\lm> dt

~ O<i<n
< b min |x_|—2v/(2i+1) — b
~ osisn ' N(x)?

with

+00 /\
-m . _ M
b= osfas)fl/o v+l EXp< t2i+1> dt.

On the other hand,

+00 y n x2
(I)(x) 2/(; v+l exp| —A; Z tZiirl dt

1=0

+00 Y n N(x)z 2i+1
> /(; mEXp(—)\z Z(T dt

1=0

a
>
- N(x)ZV

with

+00 y n 1
GZ/O po] exp —)\22% dt.

1=0

This proves fact (21).
(iii) Checking (22) is quite similar. Indeed, we have

oo +00 n o N(x)2\ 2L
/T pt(xQO)dtZ/T tl}%exp<_,\zz( (t) ) )dt

1=0

n N(x)z 2i+1 4o y
> eXp<—/\2 Z( T ) ) /T r+l dt.

=0

Finally, observing that Y7 , X2+1 < (n + 1) max(X, X?*1) for any X > 0,
prove (22) with the choices A = (n + 1)\, and ¢ = y/v. O

The following proposition is an easy consequence of Itd’s rule with the aid
of (20), as well as (21).

PROPOSITION 10. Put 7 = inf{¢t > 0: ||[U,(¢)|| < R} with infJ = +o0
and let [|x|| > R. Then, under P, (®(U,(t A Tg)));>0 is a continuous bounded
martingale with respect to the Brownian filtration.
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Doob’s optional sampling theorem yields immediately
P(x) = E,[®(U,(7r)), Tr < +00]

and as a result, the corollary.

COROLLARY 11. We have for any x such that ||x|| > R

P(x)
(23) m <P {rg < +oo} <

D(x)
inf -z P(y)

Now, we are going to deal with the probability p(x, T, R). This one has the
following properties.

PROPOSITION 12. There exist some constants a, 8 > 0, 5 € (0, 1) such that
if R < Tl/2 A Tn+1/2’

R2 R2/(2n+1) v
(24) p(x,T,R) < B(v#)
and if ||x|| < R < n(TY? A T"+1/2),

R2 RZ/(2n+1) v
(25) p(x,T,R) > a(VT> .
ProOF. Due to the Markov property, we get

p(x, T, R) =E,[Py p{Tp < +0o0}]
=P AllU.(D)I| = R} + E [Py, (h{Tr < +o0}, |[U(T)|| > R].

From this we obtain

- - E [®U,(T))]
T, R) > ———— B [OU,(T
27) P I S iy ]

— E[®U,(T)), [IU.(T)I| < R].

So we have to evaluate three terms, namely P, {||U.(T)|| < R}, E,[®(U,(T))]
and E,[®(U,(T)). [|U,(T)|| < R].

In the sequel the ¢;, i € {1,...,18} will denote some positive constants
that we shall not explicitly write.
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The first term is easy to estimate. By (16),

n+l

R
28) P {|U(T)|| <R}= pr(x;y)dy < pr(0;0)dy = ¢1——.
lyll<R liyll<R T

The second term can be evaluated. From (16) and the Chapman—Kolmo-
gorov equation,

B[0TI = [ pr(wndy [ ply:0)de
+00
=f alt/n+1 pr(x;y)p(y;0)dy
29) 0 R

400
= pur(x0)di

< +oo dt _ Co
- 7/T L F

On the other hand, referring to (22),

(U, () = £ enp (e (MY

so that if ||x|| < R < TY2 A T™*/2 then

N(x) < Rv RY@+D < JT,
which implies
(30) E[OU(T)] = 7.
Bounding from above, the third expectation needs more work. Indeed, by (9),
E[®U,(T)), |lU.(T)| = R]
= pr(x; y)P(y)dy

llyll<R

Y
T T o (vl <R

P(y)dy

(I)(yOTl/Z, leS/Z: LR ynTn+1/2) dy

| |
Nicoty: lyi|<R/(TH2)}

=v BN (yTY?, 31T, .., y, T"Y2) 72" dy
Nioly: vl <R/(TH12))

Sy _dy
T oty: lyil<r/(Tiv2y N(y)?
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Carrying out the change of variable defined as y;, = uf”l, ie€{0,...,n}, we
get

Bl EJ[PUL(T), IU(T)] = R]

2i
Cg i

n
5 / Hizg w7
TV I ofus lus] <(Rv@0),vTy - [[ul]?

=<

C5 /
TY Iy us us < (RY@+0) Ty [Ju[n1

IA

since V i, |u;| < ||ul|

Ce /maxogis,,(Rl/(z”l))/«/T
0

=7 rdr with r = |Ju]
c; RZ VRZ/(2n+l)
32 =
(32) Tv T

Now we are able to derive the inequalities (24) and (25). Indeed, invoking
(26) together with (21), (28) and (29) yields

R™1 ¢, RZVRZ/(2n+1) v
p(x, T, R) < e155 E(T) :

Since 2(r +1)/(2n+1)) <n+1 < 2(v+1), we get
Rt < (R2 v R2/(2n+l))”+1.

Therefore, R < T*? A T"Y/2 implies

Rl R2\v R2/(2n+1) v+1 R2 v R2/n+1)\¥
Tv+15( T ) 5( T )

so that

2 2/(2n+1)\ ¥
pa, T B = p( )

with B =c¢; + ¢, /a.
The inequality (25) can be checked by using (21), (27), (30) and (32) taken
altogether. In fact, if ||x|| < R < TY2 A T"*1/2, then

c3 c; R2 v R2/(2n+1)
E [®U, (T U, (T Rl>—~1-—«—+1——).
LD T = B = 3 (1= S5
This last expression is greater than «/T" provided that » and « are chosen
such that n? v @1 < ¢;/(2¢;) and a = c3/2. The proof of (25) is com-
plete. O

Now, let us consider the quantity p(x, Ty, T,, R). It is easy to deduce from
proposition (12) the following one.
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PROPOSITION 13. There exist some constants &', " € (0,1), & € (1, +00)
such that if ||x|| < R < #(TY> A T7™?)y and T, > §'T}, then

2v
, w(\/};_> , ifR>1,
1
1/(2n+1) \ 2v
0/(13\/—71_) . if R < 1.
1

ProoF. The following lower bounds are obvious:

RZ V. RZ/(ZnJrl))

(9 plo o T R) = o (00

p(.’)C, Tla T21 R) = p(xa Tl? R) - p(xa T21 R)

RZ v R2/(2n+l) v RZ Vi RZ/(2n+1) v
o) ()
T, T,

2 R2/(2nt+1)\7” v
() i)
Tl o Tz
which is greater than o/((R? v R+ /Ty if «, 8, T,, T, are chosen such
that & > (28/a)Y", o/ =a/2and T, > §T,. O

4.3. Integral tests. Here we give a characterization of the functions for
which the event {U,(¢t) > f(¢)} is asymptotically realized as ¢ — 0" or ¢ —
+oo with probability 1.

THEOREM 14. Let f: [0, 400) — [0, +00).

(i) Suppose the function ¢ — #/2f(¢) is nondecreasing and greater than 1
for large ¢. Then

||U,(t)|| > t¥?f(¢) for any large ¢ with probability 1 or 0 ac-
cording to whether the integral f*w(f(t))zv (dt/t) converges
or diverges.

(ii) Suppose the function ¢ — ¢**1/2f(¢) is nondecreasing and less than 1
for small ¢. Then

U, ()| > t"*Y2f(¢) for any small ¢ with probability 1 or
0 according to whether the integral [y, (£(¢))*/?" (d¢/t)
converges or diverges.

Before sketching the proof, we give an immediate corollary.

COROLLARY 15.

1720 ||Un (@) _{0, ife<0

i i DY l+€ ————
Iltmlgf[logtlogzt log,,_1 t(logy t)*°] v oo, ifeo0,
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o 1.1 1 1\ @2, )|
liminf [Iog 7 log, ri logy 4 ;<|ng ;) } (12

t—0t
|0, ife<O,
Tl 400, ife>0,

with the notation log;, = log log;,_;.
In particular the process U,, is transient.

PROOF OoF THEOREM 14. The proof of this theorem is classical. We will only
check the first assertion. The proof of the second one is quite similar. Here,
we write P for Py.

Suppose at first the integral f+°°(f(t))2” (dt/t) is convergent. We get, by
virtue of (24),

P{3 (t))kz0 /" +00: U, ()] < 32 F (1))
=P[VN=>1, 3k>N, 3¢e[22": |U, (1) < %F(2)}
<P[YN=>1, 3k>N, 3¢>2F%||U, ()| < 2"2F(2"))
<cginf 3 (F(2")™.

" k=N
Since the function ¢ — ¢Y/2f(t) is nondecreasing for large ¢, we get for large £,
l 2k+1
k\\2v 1/2 2v
(P = Gy [, (2F@) dt

2k+1

d
o [, (PrOP

IA

2k+1 (i
—eof (P

which proves that
P(3 (t1)as0 /* +oo: [T, ()| < 6/ F(84)} =0,
Hence
P{||U,(¢)|| > t/2f(¢) for any large t} = 1.

To check the divergence part, suppose the integral f+°°(f(t))2" (dt/t)
diverges and introduce the event

Ty ={t c[8%, 8™ ULl < 872f(8™)},
Dk = {3 t:te Tk}’

where &' is defined in Proposition 13.



1730 A. LACHAL

We have by virtue of (33),
P(Dy) > c10f(8*)%

sk

= en [, (PR di

a/k dt
2v Y
= [, (FO)”
so that
> P(Dy) = +oo.

k>1

We wish to use the Borel-Cantelli lemma. Since the events D,, are not indepen-
dent, we refer to the more general following version (see, e.g., [16], page 65): if

k>1

and if there is a constant C > 0 such that for all integers j, 2 such that
|k —Jjl =2,

P(D;N D) < CIP(Dj)IP(Dk),
then

P(Iin;zslup Dk> > 0.

Let us study P(D; N D,) for k > j+ 2. Define the following stopping times:

. infT;, ifT;#a,

J +o0, ifT; =0.
Using the strong Markov property of the process U,, and remarking that 7; <
87t as well as ||U,(7;)|| < 87/2f(87) < §*/2f(8'*) when 7; < 400, we get
P(D;N D) =P{r; < +o00, 7, < +00}
= E[H{T_/<+°°}PU,L(T_/){EI te [Slk — T gt — 7l
UL @)]| < 8™2f(8™))]

<P{r; <+oo} sup P {3t>5*- 58/
[lx||<87/2f(8'7)

UL (0] < 82 (5)}.
From (24) we deduce that
WACHRY LAY g2
P(D,;N D) < BIP’(DQ(ﬁ) < B<m> P(D)f(8")*.
On the other hand, we know from (33) that

FOMP = TR(D,).
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Hence if £ > j + 2,
P(D; N Dy) < ci3P(D;)P(Dy).
This last inequality allows us to assert that
0<P{VN=>1 3k>N, 3te[d 8 ||U, @) < 8*?F(5™)}
<PIVYN=>1, 3k>N, 3te[d 8 |U, () < (1)}
2

< P{3 ()10 /" +00: (UL (8] = 8/ F(2)).

Finally, since the tail o-field of Brownian motion is trivial, the last probability

in fact equals one. O

5. Addendum. In this section, we state some results about the multidi-
mensional analogues of the results of the previous sections.
Let (B%(¢)),-o be the d-dimensional Brownian motion starting at 0, that is,

B¢ = (BW, ..., B®),

where B, 1 < i < d, are independent linear Brownian motions, and set

t _ k
xiw = [ 2 ans),

d yd d
U¢=(B% X{,..., X%).

All the previous results may be extended to the Markov process U?. We will

briefly state the corresponding results. We will also write out some integral

tests concerning the non-Markov process X¢.
Let us introduce some other notation. Recall that
1 1
=—— =id+1)7?-1.
"= i VT dHD
Set
1

m tnt+1/2

1 dy
Dy(x) = ex (—— y 2) .
a(%) /{||yu>x} P\ 1) @y

The Gaussian process Y;f has independent components with unit variances.
Elementary computations show that the increments of each component of Yﬁ
satisfy the following property (denote by Y, any of these components).

There exists some positive constants c¢;, and c;5 such that for all 0 < s < ¢,

Yt = X5(t),

t—s

S [BY,(0) - V)P < s

(34) C1a

In the next theorem the local asymptotic lower class for the process U¢ is
characterized.
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THEOREM 16. Let f: (0, +00) — (0, +00) be a function.

(i) If the function ¢ — #Y/2f(¢) is nondecreasing near -+oo, then

+00 dt
/ f()ydt " {;} +oo = P{|UNe)|| = "2 (¢) for large t} = {é} .
(i) If the function ¢ — t"*1/2f£(¢) is nondecreasing near 0, then

/0+ f(t)(vd—l)/(Zn-‘rl) % { < } + 00

= P{|U%®)|| = t"TV2f(t) for small ¢} = {é} .

The proof of this characterization is quite similar to the one associated with
the case d = 1.

Let us now consider the Gaussian process X in the case d > 2. Kolokoltsov
[8] recently obtained by an elementary method the following particular result:

d
foranyﬁ<g—%, Iiminfm=

t——+o0 tB

400

The reader will also find in [8] some other physical motivations of this study.
In fact, we have the following integral test.

THEOREM 17. Suppose d > 2. Let f: (0, +00) — (0, +00) be a function that
does not increase near +oo. Then

+00 dt
| ot {i} +oo = B{|X5(0)] = "2 (2) for large ) = {é} '
The same test holds near 0 with a nondecreasing function f.

Since the process X¢ is not Markovian, the previous techniques cannot be
used. However, X¢ is a Gaussian process, and the general results of [9] can
be applied. Indeed, due to (34), the following estimate may for instance be
written as in [9], Lemma 4.

There exists a constant c;4 such that for small positive x,

b—a
P{ inf ||Vt ]< d-1,
Jnf Y20 < x) < ™"

After that, all the techniques described in [9] may work in the present situa-
tion. We omit the details.

REMARK. Independently, Khoshnevisan and Shi have recently derived the
same test in the case n = 1. Their method is quite different from ours and
hinges on some specifical properties of the primitive of B? [6]. They have also
extended this test to integrated Brownian sheet [7]. See also [1].
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We conclude this work by considering the question of regular points for the
process X¢.

Let £: (0, +00) — (0, +00) be a function such that x — x~1f(x) is increasing
near O and set

d-1
T = {(xl, ...,xd) € Rdl Xq = 0, Z xlz < f(xd)z}
=1

We wish to provide a necessary and sufficient condition on f which allows us
to decide whether or not the origin is a regular point for 7. That is to say, we
wish to decide whether

P{X(t) e T for infinitly many small ¢} = 1 or 0.

For Brownian motion, the relationship between the local asymptotic lower
classes and regular points for T is well known; see, for example, [5], page 261.
This is the result of the independence of the components of B¢. The same is
true for the process X¢ and the result can be stated as follows.

THEOREM 18. Suppose d > 3. Then

0 is a regular point for T if and only if the integral
Jo: (f(x)/x)?=2 (dx/x) is divergent. If d = 2, 0 is a regular
point for T'.

We refer the reader to [12] for some further results about regular points for
the process U,,.
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