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THE ADJOINT PROCESS OF KILLED REFLECTED BROWNIAN
MOTION IN A CONE AND APPLICATIONS

BY R. DANTE DEBLASSIE
Texas A&M University

Let X, be reflected Brownian motion (RBM) in a cone with radially
homogeneous reflection, killed upon reaching the vertex of the cone. We
determine the adjoint process and use it to find the Martin boundary of
the killed RBM together with all the corresponding positive harmonic func-
tions. Then we can identify and prove uniqueness (up to positive scalar mul-
tiples) of the invariant measure for killed RBM and RBM without killing.
Along the way, we prove the strong Feller property of the resolvent of RBM
(no killing).

1. Introduction. Denote by S?! (d > 3) the unit sphere in R?. Let
Q < 891 be a domain such that S¥1\Q is nonempty and the boundary
dQ of Q in S9! is C®. Suppose G = {rw: r > 0, w € Q} is an open cone
with closure G and boundary JG. Consider a d-dimensional vector field v on
dG\{0} that is C* with v-n = 1 for the unit inward normal n to /G\{0}. We
call v the reflection field and throughout this article we take v to be radially
homogeneous:

(1.1) v(re) =v(w), r>0, wed.

Kwon and Williams (1991) have completely answered the question of exis-
tence and uniqueness of reflected Brownian motion (RBM) in G with radially
homogeneous reflection v at /G. One of many interesting properties is the pos-
sibility of the process hitting the vertex of the cone with positive probability.
In this article we determine the adjoint process of killed RBM. Here we mean
that RBM is killed upon first reaching the vertex of the cone. It turns out the
adjoint is more or less another killed RBM with drift of order 1/r and the re-
flection field is obtained by reflecting the original field across the normal. See
Theorem 4.1 below. Under certain circumstances the adjoint is a conditioned
RBM; see Remark 3.3 below.

In the case d = 2 (a wedge with constant reflection on each side) it is
possible to show the adjoint of killed RBM is another killed RBM where the
reflection field is the original field reflected across the normal. The point is
that no additional drift appears in the adjoint process as it does for higher
dimensions.

The determination of the adjoint process is nontrivial because the state
space is unbounded, the vertex is a singularity of the state space and the re-
flection field is singular at the vertex. There is an old paper of Nagasawa (1961)
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on adjoints of processes with reflection, where the state space is bounded with
smooth boundary and the reflection is normal. He also provides some suffi-
cient conditions for a candidate process to be the adjoint process in the case of
smooth oblique reflection. While not directly applicable, we make use of these
results together with deep results of Taira (1988) connecting pseudodifferen-
tial operators to processes with reflection.

One feature in our proof of existence of the adjoint process is the novel use
of Bessel processes. The rest of our results are applications. First we compute
the Martin boundary of killed RBM and identify the corresponding minimal
harmonic functions. It turns out the cone of positive functions harmonic for
killed RBM is two-dimensional. We obtain analogous results for the adjoint
process. Our computation relies on the Martin boundary theory of Kunita and
Watanabe (1965). In order to apply their theory, we prove that the resolvent of
killed RBM has the strong Feller property in the transient case. As a corollary
we prove (with one exceptional case) that the resolvent of RBM itself (no
killing) is also strong Feller. This result is new and of interest in its own right.
See Theorems 5.6 and 5.7 below. We are unable to handle the case where the
RBM is not transient and does not hit 0.

In our next application we prove existence and uniqueness (up to positive
scalar multiples) of invariant measures for RBM and killed RBM. We also
identify the invariant measures. Williams (1985) and DeBlassie (1994) have
proved the analogs of those results for RBM in a wedge with constant reflection
at the sides. Our extension is nontrivial. The case in which RBM is killed
more or less follows from our identification of the adjoint process and the
Martin boundary theory for the adjoint process. When no killing occurs and the
process is recurrent, matters are much more difficult. In the two-dimensional
case, Williams (1985) gives a highly nontrivial argument that relies heavily
on the dimension being two. Unfortunately, it is not clear how to extend this
argument to the higher dimensional case. Intuitively, one expects the invariant
measure to have a density (with respect to Lebesgue measure) and this density
ought to be harmonic for the adjoint process. Using our determination of the
minimal positive harmonic functions for the adjoint process, we can restrict
attention to two possibilities. One of the candidates is the invariant density for
the killed process so we can throw it out, and we are done. The major sticking
point is showing that the density for the invariant measure is harmonic for
the adjoint process. We overcome this problem by first showing the density is
excessive for the adjoint process. Then we can use the Martin representation
theorem to show that it is actually harmonic.

The paper is organized as follows. In Section 2 we introduce notation and
collect known properties of RBM. We define our candidate adjoint process in
Section 3 and show that it exists uniquely as the solution of a submartingale
problem. In Section 4 we verify that this candidate is indeed the adjoint pro-
cess. We also present the adjoint process explicitly for the case of a “circular
cone.” The hypotheses required by the Kunita—Watanabe theory of the Mar-
tin boundary are verified in Section 5, along with the strong Feller property
of the resolvent of RBM. The Martin boundary and corresponding minimal



BROWNIAN MOTION IN A CONE 1681

harmonic functions for killed RBM are identified in Section 6. In Sections 7
and 8 we identify the invariant measures of killed RBM and RBM (and prove
uniqueness up to positive scalar multiples). Finally, in the Appendix we collect
facts about Bessel processes that we use in the paper.

2. Preliminaries. Throughout this article we will assume that the radi-
ally homogeneous reflection field has the form

v=v,e.+q+n ondG\{0},

where v, € C*(dG\{0}), q € C*(dG\{0}), e, is the radial unit vector in R?
and n is the inward unit normal to /G\{0}. By radial homogeneity, q(rw) =
q(w) and v,.(rw) = v,.(w).

Let D € RY be a domain such that either 0 ¢ D and dD is C* or 0 € D
and dD\{0} is C*°. Define Qp = C([0, 00), D), where D is the closure of D in
R?¢ and denote the coordinate mapping w € Q;, — w(t) by X,(w). Let

My =0(Xg: 0<s<t),
M =0a(Xs s>0).
Suppose .7 and # are second- and first-order differential operators on Cz(ﬁ)

and C1(9D\{0}), respectively. A probability measure &, on (Qp, .#) solves the
(o, £)-submartingale problem on Qp, starting from x € D, if

(2.1) Py =2)=1;

for each f € C2(D\{0}) that is constant on a neighborhood of 0 with ./ > 0
on ¢ D\{0},

(22) FOX) ~ [ (o F)X,)ds

is a &, -submartingale;
(2.3) E* [/ I{O}(Xs)ds] —0.
0

Note that in the case when 0 ¢ D, we take the constancy requirement in
(2.2) to be vacuous; also, in this case (2.3) is automatic. If D = G, &7 = %A
and .~ = v-V, then we call the process X under & reflected Brownian motion
(RBM) with reflection field v.

When 0 € 9D, we will often need to consider the absorbed process, defined
as follows. Let

7o = To(w) :=inf{t > 0: w(¢) = 0}.

A probability measure 2, on (Qp, .#) solves the (&7, £)-submartingale prob-
lem (starting at x) with absorption if

(2.4) XKy =2)=1;
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for each f ¢ C%(ﬁ) constant on a neighborhood of 0 with .~ f > 0 on 4D\{0},

tAT)
(2.5) FX(nm) = [ ()X, ds
is a & -submartingale and
(2.6) Z(X,=0fort>1))=1.

We call X under &2, the absorbed process.
In the case of RBM, Kwon and Williams (1991) have obtained the following
results.

THEOREM 2.1. (a) There is a parameter «a such that RBM exists uniquely
if a < 2. If « > 2 then RBM does not exist and the absorbed process exists
uniquely.

() If 0 < a < 2, then RBM hits the vertex in finite time almost surely. If
a < 0, then starting away from the vertex, RBM almost surely does not hit the
vertex in finite time.

In the terminology of Kwon (1992), « is called, the coefficient of obliqueness.
Kwon and Williams (1991) also show existence of the following functions. For
each « there is a function ¢, € C%(Q) such that ¢, > 0 on Q for a # 0, and
the function ® € C2(G\{0}) defined for r > 0 and w € Q by

_ | rYa(w), a#0,
(2.7) ¢“@—{mr+¢4m,a:0

satisfies
(2.8) A® =0 in G\{0},
(2.9) v-V® =0 on JG\{0}.
Define
D, a>0,
(2.10) V= {eq’, a=0,
d 1l a<0

on g\{O} and ¥(0) = 0. Then V¥ is continuous on G, ¥ > 0 on G\{0}, ¥ €
C%(G\{0}) and v - V¥ = 0 on dG\{0}. Since ¥(rw) = rfh(w) where

_Jlaf, a#0,
B_{l, a=0

and 2 > 0 on Q, we see ¥ can be used to measure distance to the vertex.
One can argue much like Williams (1985) and obtain the next theorem.

THEOREM 2.2. If a < 0, RBM is transient to oo, and if 0 < a < 2, RBM is
recurrent.
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The next result is from DeBlassie, Hobson, Housworth and Toby (1995).
THEOREM 2.3. Define

e?, ifa=0

on G\{0} and set D(0) = 0. If a <2, X is RBM and

D {qﬂ/a, ifa#0,

t
m= [ I(X, #0)|VD(X,)]ds,

then the process D(X(n;')) is a Bessel process with parameter 2 — a.

If @« > 2 and X is the absorbed process, then D(X(n; 1)), t < n(7y) is a
Bessel process with parameter 2 — «, absorbed at 0 at the first hitting time
1n(19—) of {0} by the Bessel process.

Moreover, for some positive constants c; and ca,

c1lx] = D(x) < ¢p|x|,
¢, <inf|VD|? < sup |VD|? < c,,

Clt < un < 02t

and a similar inequality holds for n;!.

COROLLARY 2.4. Let a < 2 and suppose Q, is the law of RBM starting from
x € G. Denote its resolvent by R - Let Y, be a Bessel process with parameter
Y =2 — a and E, expectation associated with Y, = y. Then for some positive
constants cq, ¢y, C3, Cy, for each A > 0 and function f on [0, 00),

E, [/Ooo exp(—c2)\t)f(Yt)dt}
< R\(f o D)(x)
< eoB, | [T exp (- (V) de], v = D)
where D is from Theorem 2.3. The constants are independent of A and f.

PROOF. By Theorem 2.3,
R,(f o D)(x) = E® [/Ooo eMfo D(Xt)dt}
= B[ [ exp (-Anf o DX ()
< VDX DX () # 00|

<ckE, |:/Ooo exp(—/\c4u)f(Yu)du].

A similar argument gives the lower inequality. O
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3. The adjoint of killed RBM: definition. In this section we prove exis-
tence and uniqueness of a process which, upon being killed at the vertex of G,
is shown in Section 4 to be the adjoint of killed RBM. By killed RBM we mean
the absorbed process killed upon first reaching the vertex. Our proof starts out
mimicking the proof of Kwon and Williams (1991) for absorbed RBM. They use
results of Lions and Sznitman (1984) to get existence and uniqueness up to
the first exit time of larger and larger compact subsets of G\{0}. The next
part of the proof is the hardest. One needs to show, more or less, that the exit
point of the sets converges to 0. This is a subtle and difficult point. While we
could use a proof like that of Kwon and Williams, we introduce a new proof
using Bessel processes that is a bit shorter. Define

aif .
(3.1) L°f = o~ dvac(flv-ec +al),
where div,q is the divergence on the manifold JG\{0}.
REMARK. Recall Q = GNS? 1. The inward unit normal to 9G\{0} on 5Q is
also the inward unit normal to 4 in S?1. Hence we will abuse the notation

n, using it as a vector in R” or in the tangent space to S?~1. From context the
meaning will be clear.

LEMMA 3.1. There is a unique positive function §° € C2(Q) such that

(3.2) Agarp® =0 in Q,

(3.3) (n — q)Vgae1y? —[div,0qy°® =0 ondQ,
0 —

(3.4) /Q $0de =1,

where Aga1 is the Laplace-Beltrami operator on S¢~1, Vg1 is the tangential
gradient on S?1, div,q, is the divergence operator on the manifold dQ and d®
is surface measure on S¢1. .

In particular, the function defined for r > 0 and o € Q) by

(rw) = r*1y0(w)
is a solution in C%(G\{0}) of
(3.5) AP’ =0 in G,
(3.6) L°®° =0 on dG\{0}.
PrROOF. The function ¢° satisfying (3.2), (3.3) is from Lemma 2.5 in Kwon

and Williams (1991). That ®° satisfies (3.5) is routine to check. In spherical
coordinates (7, ) € (0, 00) x S,

J
Voo = € — + =V,
9G r(7r+r‘m
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where V,q is the gradient on the manifold /(), and

2-a 9

. 1.
divylv.e, +a) = r* I [r? %0, ] + ~divnq

ar
d—2 1.,
= U, + _dlvﬁﬂq
r r

[cf. Helgason (1962), pages 386, 387]. We always use the Riemannian structure
inherited from R?. It is now routine to check the condition (3.6) using that

div,g[fv.ex +ql] = (v, + Q)Voef + [ divye[v,e. +q]. o

Now we can define the operator and boundary operator associated with the
adjoint. Define

(8.7 A* = 1A+ (9%) vl . v,
(3.8) vi=-v,e.,+n—q

and

(3.9) L*=v*.V.

Then in spherical coordinates (r, ),

, 1[é¢* 38-da 1
(3.10) A* = E[W + T; + ﬁ[b(ﬂ)) . VSd—l + Asdl]},
where
(3.11) b(o) = [y°(0)] 12 Vg1 (o)

is bounded on Q. The next theorem gives existence and uniqueness of the
absorbed process associated with (A*, L*).

THEOREM 3.2. For each x € G there is a unique probability measure P
on (Qq, #) that solves the (A*, L*)-submartingale problem with absorption,
starting from x.

REMARK 3.3. (i) If L*®° < 0 [which is equivalent to (d —2)v, +div,oq < 0]
then ®° is superharmonic for the (%A, L*)-process, which is merely RBM with
radially homogeneous reflection field v*. Thus in this case, the (A*, L*) process
killed at {0} is a conditioning of RBM with reflection v#, killed at {0}.

(ii) By uniqueness, P} has the strong Markov property.

(iii) By uniqueness and the form (3.10) of A*, P* satisfies the following

scaling property:

Pi(A)= P (rlo(?)ed), xeG,r>0 Ac.t.

The proof is much like that of Lemma 2.3 in Kwon and Williams (1991).
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To prove the theorem, we need the following lemma.

LEMMA 3.4. There is a real number a* and a function J* € C?(Q) with
* > 0 on Q such that the function ®* € C2(G\{0}) defined for r > 0 and
w e Q by

* _ | (o), at #0,
P (re) = {ln r+ (o), a*=0

satisfies
(3.12) A*®* =0 in G\{0},
(3.13) L*®* =0 on dG\{0}.
Moreover,
af <0 if /(gﬂl)rlllod(f <2-—d,
@ =0 if/mvrapodcr=2—d
and

o >0 if/ v,y0do >2—d,
)
where Y° is from Lemma 3.1 and do is surface measure on 5.

PROOF. Because of the form (3.10) of A*, we can use the argument proving
Lemma 2.4 in Kwon and Williams (1991) to obtain the following analogue:

For each a € R there is a unique pair (A(a), ,) € R x C2(Q) such that
$,>00nQ, [,¥,dO =1,

(3.14) Aga1iy +b - Vearh, + A(a)f, =0 in Q,
(3.15) (n—q)- Vg1, —av,, =0 on Q.

The functions a — A(a) € R and @ — 4§, € C%(Q) are real analytic. Also,
A(a) is a concave function of a that is bounded above by the first eigenvalue
of Agii + b - Vgai on Q with Dirichlet boundary conditions.

Then exactly as in the proof of Lemma 2.7 in Kwon and Williams (1991), if
X(0) # 2 — d there is a unique a* # 0 such that A(a*) = a*(a* + 2 — d) with
a* > 0if X'(0) > 2—d and o* < 0if X'(0) < 2—d. For A'(0) = 2—d, set a* = 0.
Define * = . to get the desired function ¢*.

All that remains is the characterization of the sign of a*. First we show

fﬁQ Urlﬁalpo dO’

- a
3.16 = =
( ) AMa) INAXC

>
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where /° is from Lemma 3.1. Now
X(a) / G°de = — / Aga1($°4,)d® [by (3.2) and (3.14)]
Q Q
= i(«potﬁa) do (divergence theorem)

a0 In

_ 0 ;Y
B m[lp an t¥a z?ni|d0-'

By (3.3) and (8.15) the latter is
[ [0°1a - Voaihy +av,i,] + Gala- Vsorp® + 0 divigqlldo
= [ laviad° + divia(qv i,)ld o
_ ro,.0
=a[ vy do

by the divergence theorem on the manifold J€). Thus we get (3.16). By differ-
entiability properties of ¢,

P 0
(3.17) X(0) = W—(’Z’dU
Jo ¥o®d®
However, by uniqueness, (A(0), 479) = (0, [ /, d@]fl); hence by (3.4),
(3.18) X(0) = / o’ do.
0!

The statement about the sign of o* follows. O

REMARK. Recall that « is the coefficient of obliqueness for RBM. Kwon and
Williams (1991) show

a>0 if—/ v,°do > d -2,
a0

a=0 if—/ v,°do=d -2,
a0

a<0 if—/ v, p°do <d -2
7

(see their Lemmas 2.7 and 2.6). Hence we see a =0 iff o* =0, o* <0 iffa > 0
and o* > 0 iff & < O.

PrOOF OF THEOREM 3.2. The proof of uniqueness is like that in Theorem
2.1 of Kwon and Williams (1991). We concentrate on existence. With «* and



1688 R. D. DEBLASSIE

®* from Lemma 3.4, set

o, a* >0,
P+ e, at =0,
(@)1, a* <0

on G\{0} and set ¥*(0) = 0. Then ¥* ¢ C(G) N C%(G\{0}) and ¥* > 0 on
G\{0}. Also, ¥*(rw) is of the form rPh(w) where B = |a*| if a* # 0, B = 1 if
a*=0and & > 0 on (). We use V* to measure distance to the origin. Define

o,(w) =inf{t > 0: V*(w(t)) ¢ (m™1, m)}.
By work of Lions and Sznitman (1984), on some filtered space (Q, 7, {%}, P),
there is a unique pair (X*, £*) such that for some explosion time e,

X*(t) =x+ B(t) + /Ot %O(X*(s)) ds + fot vi(X*(s))dt*(s), t<e,

where X*(¢) € G\{0} for ¢ < e, £*(-) is a nondecreasing real valued process
with

e = [ Loo(X'6)dr),  t<e

and B(-) is two-dimensional Brownian motion. Moreover,

e= lim o,,(X").

m— 00

This is precisely the argument given in Kwon and Williams (1991). As there,
existence follows once we show

(3.19) 1t1%n X*(t)=0 on {e < oo}.

Here we depart from their approach and prove (3.19) in a new way.
Define

* (CD*)I/Q*’ a 75 O;
(3.20) D = {exp(q)*), o =0

on G\{0} and D*(0) = 0. Then

(38.21) |[VD*(rew)? = h(a))
where

iy | (a¥) [(a*)z(llf )2+|VSd P12 R, e # 0,
(3.22)  M(w)= {[1+ Va1 [2]e? o =0
and

(3.23) 0 < inf & < sup A < oo.
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Also,
v*VD* =0 on dG\{0},
* Ty 1—a*
A*D* = 5D h on G.

Define

t .
(3.24) 7i, :/ X\ XH)ds, t<e.

0

Then ¢ € [0,e) — 7, is continuous and strictly increasing with a continuous
strictly increasing inverse 7;!: [0, n,-) — [0, ). By It&’s formula, for ¢ < o,,,

dD*(X*) = dM, + (A*D)(X?)dt,
where
t
M, = / VD*(X)dB,  t<e.
0
Since for ¢ < e,
t
(M, M), = / |VD*(X¥)2ds
0
b
= [ A(X3/1 Xl ds
= ﬁta
it follows for some one-dimensional Brownian motion B(t), for ¢ < 7(0,,),
* k0 ~—1 * 55} ﬁil(t) * )k *
DN(X*(#; ) = D'(x)+ B+ [ (A'D)(XD)ds

_ M) 1 —af -
(3.25) — D*(x)+ B, +f0 5D M/IX D ds

1-a*

X))

_ t
=D @)+ B+ [ 5
Hence for t < n(e™),
(3.26) Y, = D(X*(; 1))
is a Bessel process with parameter 2 — o*.
By definition of o,, and that D* = (V*)VI*'l for o* # 0 and D* = ¥* for
at =0,

i(o ) = inf{t>0:Y, ¢ (m VYl mY<h) of £0,
MIm) = Vinf{t > 0: Y, ¢ (m~1, m)}, o = 0.
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Thus 7(0,,) converges to the first time T, that Y, hits 0, whence 7(e™) is the
latter. We end up with

(3.27) n(e”) = lim %(o,) =T,
(3.28) lip(a )Yu =0 on {7(e”) < oo}
u—mn(e”

and this is equivalent to (3.19). O
We collect some facts to use below from the last proof.

_ LEMMA 3.5. Let D* and a* be from (3.20) and Lemma 3.4, respectively. For
h = |VD*|? from (3.21) define

.
A= [ MXIX s, < m(X).

Then for any x € 5\{0}, under P%,
Y, =D"(X (7)), ¢ <di(ro(X)-)

is a Bessel process with parameter 2 — a* up to time Ty = inf{t > 0: Y, = 0}
and

7(ro(X)—) = T\.
Moreover, for some positive constants ¢; and c,,

(3.29) et < 7, < eyt t < 7o(X).

NOTE. Our convention henceforth is to let E, denote expectation associ-
ated with Y, = y.

COROLLARY 3.6. (a) Let D* and o* be from (3.20) and Lemma 3.4, respec-
tively. Let Y, be a Bessel process with parameter vy = 2 — o* (absorbed at 0
if v < 0) and E, expectation associated with Y, = y. Then for some positive

constants cq, ¢y, c3 and cy, for each A > 0 and nonnegative [ on [0, 00), with
y = D*(x),

,E, [/OT exp (—coA)F(Y,) dt} < EP [/O e Mf o DH(X,) dt]

< oE, [/OT exp (—c, A f(Y,) dt]

The constants ¢, — ¢4 are independent of d and f.

(b) The same conclusion holds with P%, o* and D* replaced by P,,a and
D, respectively, D from Theorem 2.3.

(¢) Pi(rg<oo)=0ifa*<0and =1ifa* > 0.

The proof is exactly like the proof of Corollary 2.4, using Lemma 3.5 in
place of Theorem 2.3.
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4. The adjoint of killed RBM: Proof. In this section we prove the pro-
cess defined in Section 3 when killed upon reaching {0} is the adjoint of killed
RBM (again, killed upon reaching {0}). The plan of action is as follows. By the
deep results of Taira (1988) on diffusions in smooth bounded domains with
reflection, a theorem of Nagasawa (1961) yields the adjoint of RBM in such
a domain. We apply this to smooth domains D increasing to G such that the
reflection field on ¢D N dG coincides with v. We kill the RBM and its adjoint
at dD\(dD N JG) and show they are adjoint to one another. One then wants
tolet D 1 G.

The big problem is the fact that the killed RBM and its adjoint on D are
adjoint to one another with respect to a measure that depends on D, and
the adjoint itself depends on D. Our way around this is to use conditioned
diffusions. .

For each x € G, let P, and P} denote the unique solutions of the (3A,v-V)
and (A*, L*)-submartingale problems with absorption, respectively, starting
from x. The existence and uniqueness of the former is from Kwon and Williams
(1991), the latter from Theorem 3.2. Define the corresponding semigroups for
the killed processes as follows. For x € G\{0},

(4.1) T.f(x) = E™[f(X)I,, -],
(4.2) Tif(x) = EP[f(X ).,
where f is measurable with compact support in G\{0}. Note the state space

of the killed processes is G\{0}.

THEOREM 4.1. The (%A, v-V)-and (A*, L*)-processes killed upon reaching

{0} are adjoint to one another with respect to the measure ®°(x)dx on G\{0},
where ®° is from Lemma 3.1. More precisely, for bounded measurable [ and
g with compact support in G\{0},

[ 8T dx = [ £(T;g)0" dx.

The proof is given through a sequence of lemmas. Consider any set D with
smooth boundary and compact closure D such that

DcDcG\{0}, dDNIG+#0.

One should view D as a truncation of G by two concentric balls centered at 0,
then “smoothed” at the “edges.” Set

mp :=inf{t > 0: X, € dD\dD NG}

and consider the killed semigroups
TP f(x) = EP[f(X)I
TP f(x) = E[f(X )]

7D>t]7

TD>t]'
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Clearly, once we show that
(4.3a) [ (TP dx = [ F(T;°g)0" dx
D D

for f and g continuous with compact support in 5\(5 N dD), upon letting
D 1 G we get the conclusion of Theorem 4.1.

Let vp be a smooth nontangential vector field on JD that coincides with v
on D N JG. Write

Vp =1np+(Qp,

where nj is the unit inward normal to D and qp is a vector field in the
tangent bundle to ¢D. Writing J/dn for the normal derivative np -V, V,, for
the tangential gradient operator on D and div,p for the divergence operator
on the manifold 9D, on C}(dD) set

LD =Vp: \Y
(4.3b) P e
= on 4p - Vop
and
d .
(4.4) L% = % —dqp - V&D — leaDqD-

The next lemma can be proved like Lemma 2.5 in Kwon and Williams (1991).

LEMMA 4.2. There is a function ¢ € C2%(D) such that ¢p > 0 on D,
Jpepdx=1and

(4.5) App =0 in D,
(4.6) LY%p =0 on dD.
Next define
A = %A+ Vgo_(i)D .V on C%(D),

Jd
L*D = &—n —dqp - Vz?D on C1(07D)

Let @, and Q% be the unique solutions to the (A, Lp)- and (A3}, L},)-sub-

martingale problems, respectively, on (Qp, .#), starting from x € D. Existence
and uniqueness follows from the work of Stroock and Varadhan (1971). Denote
by J; and J; the corresponding semigroups. For x € D,

Jif(x) = E%f(X,),
Jif(x) = E%f (X)),

where f is bounded and measurable on D.
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LEMMA 4.3. The semigroups J, and J; are Feller [i.e., map C(ﬁ) into
C(D)] and are adjoint to one another with respect to the measure ¢, dx,

| eWiHyendx = [ F(Iig)epdx
D D

for all bounded measurable f and g on D.

PrROOF. By Theorem 10.1.1 in Taira (1988), there exist Feller semigroups
/: and #; on C(D) whose infinitesimal generators % and %", respectively,
are characterized as follows.

(i) The domains of % and %* are, respectively,
9(%)={ueC(D): AucC(D), Lpu=0on dD},
9(%*) ={u € C(D): A%u e C(D), Lu =0 on dD}.

(ii) % = 1A on (%) and %* = A}, on U(%*).

Here Au, Lpu, Apu and L}, are defined in the weak sense described by
Taira. Moreover, the generator % coincides with the minimal closed extension
in C(D) of the restriction of %A to {u € C*(D): Lpu =0 on dD}. An analogous
statement holds for %*. The corresponding resolvents map C*(D) into itself.

Hence by Section 5 in Nagasawa (1961), #; and #; are adjoint to one an-
other with respect to the measure ¢pdx. To prove the lemma, it suffices to
show J, = ¢, and J; = _#;. We verify the former, omitting the similar proof
of the latter.

Denote the resolvents of J, and #, by R, and %, respectively. It is enough
to check R, = #, on C*(D). Since #,f € C*(D) for f € C*°(D), %(#,f) =
%A.%a f and Lp(#,f) =0 on dD. By the submartingale property,

t
B NX)] = 20 (3) + B [ Ja.F)(X,) ds |
Integration of both sides against e™*! d¢ from 0 to oo gives
1 1 1
Ru(A.f) = 2 f + LR 550.1))
a o 2
1 1
= _‘g?af + _Ra(%(‘%af))
o o
1 1
= _'@af+ _Ra(a'%af - f)
o o

= 28, + R(Buf) ~ - Ruf.

Hence #,f = R, f for f € C®(D), as desired. O
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For typographical convenience, define
C, := Co(D\dD\dD N iG).
Form the killed semigroups as follows. For f € Cy,
JPf(x) = E%[f(X ).,
JiPf(x) = ES[F(X )12,

where 7p = inf{¢t > 0: X, € dD\dD NJdG} as above. Clearly, since the reflec-
tion fields agree on ¢D N dG,

4.7) JPf =TPf, feC,.

LEMMA 4.4. The killed semigroups JP and JiP are adjoint to one another
with respect to the measure ¢p dx. For all f, g € Cy,

(48) [ a@PDepdx= [ F(I72)epdx.

PROOF. [After Port and Stone (1978), proof of Theorem 4.3 on page 37.]
It is enough to prove (4.8) for f = I,, g¢ = Iy where A and B are sets
whose closures are subsets of D\(dD\(¢DNJG)). Set I, = {2"mt: m =
1,...,2"} and W = D\dD\dD N JG. Consider any open set H in D containing
dD\éD NJG with ANH =¢ = BN H and let

Ty=inf{t>0: X, e H}.

Then by the strong Markov property, Lemma 4.3 and that Ig.l, = I,,
Iy lg=1pg,

[, @u(Tw > t. X, € Aypp(x)dx
= fB Q. (X, ¢HforO<s<t, X,e Aop(x)dx
= nh_)r{)lo . Q. (X, ¢Hforsel,, X, c A)pp(x)dx
= lim [ Ip() T ae(0)[( 2 L) La)(=)ep(x) da
= lim [ Lol L) Ipl(x)ep(x) da
= [ QuTy > 1. X, € Bypp(x)dx.
Here the 2" power is of the operator J,;o.Iy.. Letting H | dD\dD NG we

have {T'yz > t} t {7p > t} as. Q% for x € A and a.s. @, for x € B and
consequently,

[, @urp > t. Xy € A)ep(x)dx = | Qilrp > 1. X, € Blop(x)dx.

This is (4.8) with f = I, and g = I . O



BROWNIAN MOTION IN A CONE 1695
The key step in our proof of (4.3a) is the following lemma.

LEMMA 4.5. For any f € C, for ¢ = q)Oqol_)l, where ®° is from Lemma 3.1
and ¢p is from Lemma 4.2,

Y TP ) = TP f.

Before proving this, we show how it yields (4.3a) (which in turn yields Theorem
4.1). Let f and g be continuous with compact support in G\{0}. By choosing
D as above with supp f Usupp g € D, we have f, g € C, and

f g(TPf)d’dx = / g(JPF)P dx by (4.7)]

D D
= [ (&0)(IPFepda
= /D f(J:P(gy))epdx (Lemma 4.4)
- /D(¢f)(T;Dg)¢D dx (Lemma 4.5)

= [ A(T;Pg)d" dx,
D
which is (4.3a).
ProoF oF LEMMA 4.5. Using (3.5), (3.6), (4.5), (4.6) and that v = vp on
dG N dD, it is routine to check
(4.9) ALy =0 on D,
(4.10) Lyy =0 ondGNdD.
Then by the submartingale property and optional stopping,
(4.11) E%[y(X(tATp))] = ¥(x).

We now show ¢ is excessive for the process with state space S =D\
dD\dG N D and transition function 7,

JPy <y onS,
%i_r)r& JPy =y onS.
Indeed, by (4.11), for x € S,
JiPp(x) = ES[(X ),
= E% (X))
< E%[¢(X )]
= ¢(x).

7D>t]
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By path continuity and dominated convergence, for x € S,

: «D : *
lim I (x) = lim E%[$(X )1,

=¢(2)Q(7p > 0)
= §(x).

Hence ¢~ 1J:P () can be viewed as the transition function of a conditioned
process, the y-path of the process with transition function J:P. As such, it is
continuous up to its lifetime and its law 2, on (Qp, .#) is characterized by

(4.12) 2,(4) =y OEXWX )L, 1], Ac.

[see Doob (1984), 2.VI.13].

Let D, = {x € D: d(x,dD\dD N dG) > 1/n}. We show the law of X(- A7p )
under 2, solves the (A*, L*)-submartingale problem stopped at 7, . The latter
problem is to find a probability measure &, on ({p, .#) such that

(4.13) Z(Xy=2x)=1,

for each f € C3(D,\dD,\dG NdD,) with L*f > 0 on dGNdD,,
tATp,

(4.14) F(X(tATp)) _/0 (A*F)(X,)ds

is a &, -submartingale;

(4.15) P(X,=X(rp ) fort>71p)=1

Since (4.13) and (4.15) are obvious when %, is the law of X(- A 7 ) under
2., we concentrate on (4.14). For this, by (4.12), for any 0 < s < u, B € .4,
and g € Cy(D,\dD,\dG NdD,), we have

(4.16) E*[g(X ) yer, I8l = df_l(x)EQj‘[(dfg)(Xu)Iu«Dn Ig].
Then for f asin (4.14), 0 < s < ¢t and B € .4,

B[ (XA ) - XA - [ AP d Ty

ATp

= B FX) T = FX ) = [(ADE DL, -y du] Iy
= N ESW AKX, o~ WXL, T

@I [ @B WA XL, T5)du

= ¢ H()E® [(lﬁf)(X(t ATp,)) = (W)X (sATp,))

-/ if””(wA*fxxu)du]IB.
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Routine computations using (4.9) and (4.10) yield
Ap(Wf) = wA'f in D,
Ly(yf)=y¢Lpf ondGNJD,.
Also, since v and vy agree on /G NdD,
Ly(f)=yLyf =¢yL*f>0 ondGNJD,.
Thus the right-hand side of (4.17) is equal to

() ES [(W)(X(t Arp)) — (W)X (s ATp)

- :i;D"(A‘b(wf))(Xu)du]IB =0,

by the submartingale property of % and optional stopping. We have proved
(4.14) for Z, being the law of X(- A 7p ) under 2,.

On the other hand, P% is the unique solution of the (A*, L*)-submartingale
problem with absorption. Hence the (A*, L*)-submartingale problem stopped
at 7p has a unique solution, namely the law of X(- A 7p ) under P;. Hence

for any f € C,, for n so large that f = 0 on ¢D,\dG N JD,, we have
E[f(X)I,, )= EB (X, )]
= EZ[f(Xipry )]
= EZ[f(X)],, -]
= ¢ OES[( X)L, -] [by (4.12)].
Upon letting n — oo we get
TP f(x) = E[f(X)1,,4]
= ¢ O ES(WFX )]
= ¢ ()P (W) (),

precisely the conclusion of Lemma 4.5. O

EXAMPLE 4.6. Let G be the circular cone with angle ¢ € (0, 7). More pre-
cisely,

G = {x e R\{0}: o(x) < &},

where ¢(x) is the colatitude, namely the angle between x and the positive
x4-axis. Assume the reflection field takes the form

v = pPe,.+n,
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where B € R. In this situation, it is known [Kwon and Williams (1991)] that
13
a> 0iff B < (2 — d)(sin &) [ (sin 9)42 d6
0

and
a>2iff £ < cosl(%> and B < _(;(s::)nsz—fgw_sf

It is easy to see ¢° from Lemma 3.1 is simply a constant and so ®° there is
®(rw) = cr?9.

Then in spherical coordinates,

1[ #? 383-dd 1 ]

g L2779 T AL
(9r2+ r 191"4_1“2 s

*

2

Jd
L*=rn Ve, — 8—.
Sd 1 Bar

5. The strong Feller property for the resolvents. Let a be the coeffi-
cient of obliqueness associated with the reflection field v. By Theorems 2.1(b)
and 2.2, killed RBM is transient when a # 0 (if @« < 0 it is transient to oo
whereas if @ > 0 it is transient to 0). In this section we prove the strong Feller
property for the resolvents of killed RBM and its adjoint when « # 0. As a
corollary, we obtain the strong Feller property for the resolvent of RBM in the
case a # 0—no killing.

The strong Feller property for the resolvents of killed RBM and its ad-
joint is required in order to apply the Martin boundary theory of Kunita and
Watanabe (1965), as done in the next section.

Our proof requires the existence of the 0-resolvent (equivalently, Green’s
function). In the case @ = 0, the latter does not exist and our proof breaks
down. Hence the restriction a # 0.

Write the resolvents for killed RBM and its adjoint as

(5.1) ROf(x) = EF- [ /0 " eh f(X,) dt],

(5.2) RYf(x) = E" [/ Oe‘“ﬂXt)dt]
0
The key result to obtaining the strong Feller property is the next theorem.

THEOREM 5.1. Assume the coefficient of obliqueness a # 0. Then for each
bounded measurable function [ with compact support in G\{0} and A > 0,
R?\f and Rg*f are continuous on G\{0}. O

We will concentrate on R%* f, the proof for RS f being similar. First we derive
some preliminary results for the proof. Recall from the remark after the proof
of Lemma 3.4 that « # 0 iff o* # 0.
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LEMMA 5.2. Let a* be from Lemma 3.4 and D* from (3.20). If a # 0, then
for any bounded nonnegative measurable f with compact support in G\{0},

EP: [fTO f(Xt)dt] is bounded on x € 5\{0},
0

EP: [ [ f(X»dt} < D', xeB\o).

PROOF. Given f bounded, nonnegative and measurable with compact sup-
port in G\{0}, choose 0 < a < b such that f(x) = 0 for D*(x) ¢ (a, d). Then
for some constant ¢ > 0,

f(x) <cl pyo D*(x).

Writing y = D*(x), by Corollary 3.6(a),

" 70 T
(5.3) Ep[fo f(Xt)dt]séEy[/o I(a,b)(Yt)dt].

Using this and Lemma A.1 (a) from the Appendix, we get the desired conclu-
sion. O

REMARK 5.3. By Corollary 3.4(b), the analog of Lemma 5.2 for D, P, and
a is valid.
The proof of the next result is deferred to the end of the section. Here

(5.4) 7, :=inf{t > 0: D*(X,) = &}.

__ THEOREM 5.4. For any bounded measurable f with compact support in
G\{0},

EP: [/0 f(Xt)dt}

is continuous on G N {x: D*(x) > &} if a* > 0, 0on GN{x: 0 < D*(x) < &} if
a* < 0.

By the resolvent equation and Lemma 5.2,
(5.5) RY' = R{* — ARY' Ry

on the set of bounded measurable functions with compact support in G\{0}.
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LEMMA 5.5. Let H be bounded and continuous on G\{0}. If o* > 0 and

lim, o, H(x) =0, then for any A > 0, RS H is continuous on G\{0}. If «* < 0,
then for any A > 0, R% H is continuous on G\{0}.

PRrROOF. By uniqueness, the law P% of the absorbed process has the Feller
property,

EP:[F(w)] is continuous as a function of x € G
for any bounded continuous F on (.

If o* > 0, then for any A > 0 and H € C,(G\{0}) with lim_  , H(x) = 0,
the function

we Qg — / e MH(w,)dt
0

is bounded and continuous. Hence, setting H(0) = 0 (under P there is ab-
sorption at the origin),

RY“H(x) = EP [ /O " e MH(X,) dt]

_ gP: [/Ooo e"\tH(Xt)dt:|

is continuous on G\{0}. o
If * < 0, then for any A > 0 and H € C,(G\{0}),

weQg— / e MH(w,)dt
0

is continuous on the set Sy = {w € Qg: w never hits {0}}. But P%(S,) =1 for
x # 0, so by an extension of the continuous mapping theorem [see Theorem
5.1 in Billingsley (1968)],

RYH(x) = E» [ [ ~ e“H(Xt)dt}

is continuous on G\{0}. O

By Lemma 5.2, for any bounded measurable f with compact support in
G\{0}, RY)'f is bounded on G\{0}, and if a* > 0, RS*f(x) - 0 as x — 0
in G\{0}. Hence once we show RJ*f is continuous on G\{0}, by (5.5) and
Lemma 5.5, it follows that R}*f is continuous on G\{0} for any A > 0. This
gives Theorem 5.1.
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To this end, by the strong Markov property, for 0 < D*(x) < ¢ if a* < 0 and
for ¢ < D*(x) if a* > 0,

|R8*f<x> [ f(Xt)dt” . 'EPZ IRC? dt]'
- 'Epi[EP’sam[/om f(Xt)dt]:H

cEP:[D*(X(7,))*] (by Lemma 5.2)
ce”  [by (5.4)].

IA

It follows that
EP: [ f f(Xt)dt] — Ry f(x)
0

uniformly on compact sets in 5\{0} as
e—>0 ifa*>0,

e—> o ifa* <O.

Then by Theorem 5.4, Rg* f is continuous on 6\{0}, as desired. This completes
the proof of Theorem 5.1. O

Now we extend Theorem 5.1 to bounded measurable functions for A > 0.

THEOREM 5.6. Let a # 0. Then for each A > 0 the resolvents R* and RS are
strong Feller: Both map @unded measurable functions on G\{0} into bounded
continuous functions on G\{0}.

PROOF. Again, we concentrate on RY*, the proof for R} being similar. Let
f be bounded and measurable on 5\{0}. Clearly R()?* f is bounded on 5\{0},
so we need only verify continuity. For this, consider any 0 < a < b and recall
a # 0 iff ax #£ 0.

With D* from (3.20), by Corollary 3.6 there are positive constants c; and ¢,
such that

| R (f (I (a,5) © D))(x) = RY ()]

< sop £V [ Mo (D" (X0) + T (D (X )]l

T,
< (sup flleoB, | [ exp (—estu)lTi (¥) + T (Vo)) |

where y = D*(x). By Lemma A.3 of the Appendix, the latter expectation
converges to 0 uniformly in y on compact subsets of (0,00) as a — 0 and
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b — oo. In particular,
RY(f(I(q,pyo D*)) — RY'f

uniformly on compact subsets of @\{0} as a — 0 and b — oco. The support of
f1(q,p) o D" is compact, so by Theorem 5.1, Rﬁ*(fl(a,b) o D*) is continuous on

G\{0}. Hence by the uniform convergence above, RY* f is continuous on G\{0}
as claimed. O

Finally, we derive the strong Feller property of the resolvent of RBM (no
killing).

THEOREM 5.7. For A > 0let R, denote the resolvent for RBM with coeiﬁcient
of obliqueness 0 # a < 2. For any bounded measurable function f on G, R,f
is continuous on G.

REMARK. Recall by the results of Kwon and Williams (1991) that RBM
does not exist if o > 2.

PrOOF. First assume 0 < a < 2. As before, denote by @, ihe law of RBM
starting from x € G. Then for any bounded measurable f on G, by the strong
Markov property,

Rif(x) = B [ e—“f(Xt)dt}

_ go. </0 +/:>(e“f(Xt)dt)]

(5.6) - 0
= EP _ /0 e—“f(xt)dt] +E% [exp(—Mo)EQO [ /0 e‘“f(Xt)dtﬂ
= RYf(x)+ R, f(0)E:[exp (—A7y)]
= R}f(x) + R, f(0)[1 - AR1(x)],

since

(5.7) ARS1(x) = AEP [/oo e dt] =1 EP[exp (~A)].

Hence by Theorem 5.6, R, f is continuous on G\{0}. To finish, we need to show
continuity at 0. Since |R(f| < [sup |f|]R%1, by (5.6) it is enough to show that

Rl1(x) >0 asx— 0, xeG\{0}.
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But this is easy. We have for y = D(x), by Corollary 3.6(b),
R%1(x) = EP: [ /0 Oe“dt}

Ty
< cE, |:/0 exp (—Acgu) du}

— 0 as y — 0 (hence as x — 0),

by Lemma A.4, since the parameter of the Bessel process Y is y = 2—a € (0, 2).

Next consider @ < 0. For x € G\{0}, since a < 0, P, = @, and 7, = o© a.s.
Hence R, f = R}f is continuous on G\{0} for any bounded measurable f on
G, by Theorem 5.6.

For the moment, assume for any bounded measurable 4 on G with compact
support in G\{0},
(5.8) lin(l) R,h(x) = R,h(0).
Then R,hA is continuous on G. In particular, for bounded measurable f on G

and 0 < a < b, R\(f(I[4,) 0 D)) is continuous on G. Moreover, for y = D(x),
using Corollary 2.4,

| R, f(x) = B\[f(I1q, 5 © D)](x)]

< [sup [FIE | [ ¢ Mg a0 DOX) + Ty DX )|
< clsup FIVE, | [ exp (-Acst )i a(Y) + T (V)|

Since a < 0, the parameter of Y, is y = 2 — a > 2, so by the last part of
Lemma A.3, the latter goes to 0 as a — 0, b — oo uniformly for y in sets of
the form [0, A]. Hence the continuous functions R,[f(I}, 50D)] on G converge

uniformly to R, f as a — 0, b — oo uniformly on compact sets in G. This gives
the conclusion of the theorem when a < 0.
All that remains is verification of (5.8). For D as in Theorem 2.3, write

75 = inf{¢ > 0: D(X,) = &},
where 6 > 0 is chosen to satisfy

{x: D(x) < 8} Nsupp h = 0.
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Then by the strong Markov property, since - vanishes on {x: D(x) < 8}, for
D(x) < 6 we have

R h(x) = E® [( [ i [ j)(e“h(Xt)dt)}

=0+ E9 [exp (—)\T%)EQX(T:S) |:/OOO e Mh(X,) dt]:|

= EQX[exp (—)\Té)(Rgh)(Xr,g)]’

once again using that @, = P, for x € @\{0}. Now by Theorem 5.6, Rgh is
continuous on G\{0}, and it is a simple matter to show the set of discontinu-
ities of the functional

€ Qg — exp{-A75(0) (R 1) (0 (75(w)))

has @, measure 0. By an extension of the continuous mapping theorem [Bill-
ingsley (1968), Theorem 5.1], since @, — @, in law as x — 0,

lin% R h(x) = ling) E%[exp (—/\Tg)(Rgh)(XTé)]
= E%[exp (—A75)(RYA)(X )]
= R, h(0).
This gives (5.8) and completes the proof of Theorem 5.7. O

We close this section with the promised proof of Theorem 5.4.

PROOF OF THEOREM 5.4. Let f be bounded and measurable with compact
support in G\{0}. Write

h(x) = EP [/0 f(Xt)dt},

where x € G N {x: D*(x) > e} ifa* > 0and x € GN {x: 0 < D*(x) < &} if
a* < 0. Fix x; € domain (&). It suffices to show 4 is continuous at x,. The key
observation is for r > 0 small enough, say 0 < r < ry, and

n,= inf{t > 0: |Xt — xol = 7”},

by the strong Markov property,
(6.9) h(x)= EP[h(X(n,)]+ EP: [/ "X dt] jx— x| <r/4, x€G.
0

By making r, smaller if necessary, the coefficients of A* on GN{x: |x—x,| <
ro/4} are well behaved and bounded. Since A* is half the Laplacian plus a drift
term, by the Cameron—Martin—Girsanov Theorem [see Stroock and Varadhan
(1971)], the analog of Lemma 3.3 in Kwon and Williams (1991) is true for P%.



BROWNIAN MOTION IN A CONE 1705

In particular, there is k > 0 (independent of r) and y € (0, ry) such that for
O<r=<wv,

Pi(X(n,)eA)>«k, x€G, |x—x|=r/4

whenever A C G N dB,(x,) such that |A| > 1|G N dB,(x,)|. Here B,(x,) =
{x: |x — x| < r} and | - | is surface measure on dB,(x,). Then much like the
first part of the proof of Theorem 3.2 in Kwon and Williams (1991), for

ose(r) = sup{[h(x) — h(y)|: x.y € G B(xo)}
and
g(x) = EP [ [ f(Xt)dt},

(5.9) leads to

r

osc(z) < (1 - 5) osc(r) + sup{|g(x) — g(»)|: x,y € GN B, a(xo)}.
O<r<w.

Moreover, for x, y € G N m,
g(x) — ()| < [sup |fI)[EPn, + ETom,]
< 2[sup|f{]o(r)
where
o(r) = sup{EP*n,: x € GN B,4(x)}
is nondecreasing for r € (0, y]. Hence for C = 2 sup |f]|,

osc(%) < (1 — %) osc(r)+ Co(r), 0<r=<m.

By Lemma 8.23 in Gilbarg and Trudinger (1983), for any 0 < u < 1 there are
positive constants ¢; and a such that

osc(r) < cl[<§>a osc(y) + o(r“yl“)}, 0<r=<y.

Continuity of A at x, will follow once we show o(r) - 0 as r — 0.
To this end, first assume x, € G. By (3.7) we can choose r; > 0 so small
that B, (x() € G and

* d 3
A¥|x — xo|2 > 5 if x € B, (x).
Then by the submartingale property and optional stopping, for r < ry,

. d _p-
EP[|X (¢ Am,) = xo*] = §pr[nr Atl, x € Br(xo)-
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Letting ¢ — oo,

2

re = EP;[”I‘]? X € Br/4(x0)'

Do &

Clearly in this case, o(r) > 0 as r — 0.
For x, € dG\{0}, by Lemma 2.7 in Stroock and Varadhan (1971), for some
constants C and r; both independent of x and r,

Ept[nr] =< Cr, r< rl, X € B,/4(x0).

That o(r) - 0 as r — 0 is an immediate consequence. O

6. The Martin boundary for killed RBM. In this section we apply the
Martin boundary theory developed in Kunita and Watanabe (1965). Verifica-
tion of their hypotheses is mostly routine with the exception of the requirement
that both R and R%* for A > 0 map bounded measurable functions with com-

pact support in @\{O} to continuous functions on 5\{0}. However, we have
done this in Theorem 5.1. Here is a synopsis of the consequences of the Martin
boundary theory relevant to us.

For A > 0, the resolvents R and R}* have kernels (with respect to the
measure ®°(x)dx, ®° from Lemma 3.1) we denote by G,(x, y) and G}(x, y),
respectively, and

Gi(x, y) = Gi(y, x).

When A = 0 we will drop the subscript in G, or G§. Fix g € C¥(G\{0}) and
define the measure

v(dx) = g(x)dx
on the Borel sets of G\{0}. Since the function

W@)(y) = [ G(x, yv(dx)

= [ G*(r. 0)g(x) dx
= Rg"8(y)

is positive and continuous on G\{0} (by Theorem 5.1), v is a reference measure.
The Martin kernel is
G(x, )
K\X,Y)= >
=60

The Martin boundary of G\{0}, written (G\{0})' is characterized by the follow-
ing four properties [Theorem 3 on page 509 of Kunita and Watanabe (1965)].
Writing S = G\{0}:

1. SU S’ is a compact metric space.
2. S is dense and open in S U S’ and its relative topology coincides with its
original topology.

x,y € G\{0}.
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3. To each 1 € S’ corresponds an excessive function (-, n) on S, and if n # 7/,
then for some x € S, «k(x, n) # k(x, 7).

4. If n € S8 and y — 7 in the topology of S U S’ with y € S, then for each
f € CO(S)’

[ Feow(x, yydx — [ Flaoy(x, m)da.

THEOREM 6.1. Suppose the coefficient of obliqueness « is not 0. Then the
Martin boundary of G\{0} (with respect to RBM) consists of two points {0, co}.

REMARK. If o = 0 the RBM is recurrent and started away from 0, never
hits 0. Hence the transience required for the Kunita—Watanabe theory does
not hold. It is possible to show the cone of positive harmonic functions in this
case is one-dimensional. See Theorem 6.5 below.

PrOOF. Consider any f € Cy(S). We must examine

6.1) [ Feon(, yydx

as y — 0 or y — oo and show in either case that the limit exists independent
of the means of approach. We concentrate on y — oo since the case y — 0 is
similar (and easier!).

Our main tool is a technique of Bass and Pardoux (1987) which involves
the Krein—Rutman theorem. By definition,

_ G )f () dx
[ Feomta, yydx = =20

_ R f()
Ry g(y)

(6.2)

For any v > 0 and ¢ > 0, define
0, = 0.(w) :=1inf{t > 0: |w,| = ¢},
. * -1 ey
2,(x,dy) = P,(y " X(0,) €dy, o, <00), x,yeQ)

(recall Q = G N S%1). By Remark 3.3, parts (ii) and (iii), exactly as in Propo-
sition 5.3 and formula (5.4) of Bass and Pardoux (1987),
x

63) o <—

L) = PUGY) X (o) € dy oY) <o) fal =1,

Moreover, the proofs of Theorems 3.2 and 3.3 in Kwon and Williams (1991)
show 2,: C(Q)) — C(Q) is compact and strongly positive on K = {f €
C(Q): f = 0 on Q}. The only source of concern is the use of their Lemma
3.3 and Theorem 3.1. But these results are essentially “local away from 07
properties of RBM in G\{0}. Since the process associated with (A*, L*) (i.e.,
the coordinate process under P%) is locally RBM with locally bounded drift,
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by the Cameron—Martin—Girsanov theorem [cf. Stroock and Varadhan (1971)],
the results hold in the present context too.

Then we can apply the Krein—Rutman theorem [as in Bass and Pardoux
(1987), page 566] to get the following. There is an eigenvalue p(y) = p, €

(0, 00), an associated eigenfunction ¢, continuous and positive on (), and a
positive linear functional @, C(Q) — R such that for each ¢ > 0,

(6.4) sup{sup|p;”Q¢F -o,(Fe,|: F e C(Q),sup|F| < C} -0
Q Q

as n — oo. .
By the Riesz representation theorem, there is a finite measure u,, on () such
that

(6.5) D (F) = / F(y)u,(dy), FeCQ).
Setting
(6.6) Ay = 1y () 1y,

by compactness of (), the family of probability measures {i,: vy =1-1/n,
n=2,3,...}is tight. Let i, be a convergent subsequence and call the limit
7

(6.7) iy —>_, i, wherey, 11
Choose M > 0 so large that
supp f Usupp g C {x: |x| < M}.
For each y € S, define

(6.8) h(y) = Ry*f(¥),
(6.9) J(¥) = R¢ g ().
By (6.2),

_ My
(6.10) [f(x)K(x, y)da =

Consider any sequence of points y,, € S with |y,,| —> co as m — oo.
Let & > 0 be given. By continuity of A and j (Theorem 5.1), choose § =
8(¢) > 0 such that

(6.11) |h(x)— h(y)| < e for |x|, |y| € [M,2M], |[x — y| < 6M and x, y € S
with a similar statement holding for j. Then choose N(¢) such that

1 1

For n > N(¢) and m > 1 choose integers p,, = p,,(n) such that
(6.13) |Vl € (P M,y "P M.
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Then p,, — oo as m — oo and for any y € Q,

(6.14) Byl vEny) = H(My)| <&, m=1,n> N(e)

by (6.11)—(6.13)’.VA similar statement holds for j.
Given |y| > M > M, by the strong Markov property and choice of M,

r) =B [ f(X»dt]

_wn| M pxy) e, m]
(6.15) fo vTean

_ B [" px)dil .

_/{;(M) f( t) 0(M)<oo:|

= EP (X (o (M) 57 -0)
Write

Hm n =h mlYn"Y)>
(6.16) () =h(ynlyEmy)

Jm,n(y) = j(|ym|ynmy)'
Then since y,”" M < |y,.|, by (6.15) with M = |y, |[v2" < |y.|,

h(ym) = EPm[R(X (0 (|ym|YE N0 (|ymlyim) < 00)]

(6.17)
= *’@imHm,n(ym”ymD [uSing (6.3)].
Similarly,
By (6.10) and (6.4) we get
_ h(ym)

oGy 22 H (/[ 3m])
6.19 = .
(6.19) PP 20 T Gl 13m)

O (Hy )0y (9 19m]) + 60
By (T )@y, I/ 1Y) + 8

where ¢,, and ¢,, — 0 as m — oo, using that

sup |H,, ,| <sup|h| <oo and sup |[, ,| <sup|j| < oo,
n,m,Q Q n,m,Q [0}

using Lemma 5.2.
Since inf ¢, > 0, sup,, ®, (J,, ,) < co and sup,, P, (H,, ,) < 0o, once we
know '

(6.20) inf @, (J,, ,) >0,
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we can divide the numerator and denominator of (6.19) by ¢, (¥,,/¥,|) and
let m — oo to get

lim sup / F(x)k(x, y,,)dx

Ly (H,,)
(6.21) = 121_531) m, n > N(e),
H L, (d
_ lim sup LEmn Oy (D) e o 6,60,

m—oo [ I n(¥)iky, (dy)

with a similar statement holding for liminf,, , . To this end, by the support
theorem [cf. Kwon and Williams (1991), Theorem 3.1], which holds for us by
the Cameron—Martin—Girsanov theorem [Stroock and Varadhan (1971)],

inf _j(|ymlvimy) = inf{j(2): M < |2| < v, M}

m>1, yeQ
=inf{RY)*'g(z): M <|z| <y, M}
> 0.

Hence by (6.5) and (6.16),

inf @, (J,, ) =inf [ I, (7)1, (dy)

= inf [ (17l )m, (@)
>0,

giving (6.20).
Now consider the right-hand side of (6.21). Writing

H(y)=h(My),
J(y)=y(My),
by (6.14) and (6.16),

sup|H,, ,(y)— H(y)| <e, m>1, n> N(e).
yeQ

Hence
[ Ho a9y, () = [ H(3)ay, (d9) + Oe),  mz1, 0= N(e),

where the constant in the O(g) can be chosen independent of m > 1 and
n > N(e). A similar statement holds with H,, , and H replaced by ¢, , and
J, respectively.

Using this and (6.7),

T S Ho o (¥, (dy) [ H(y)u(dy)
i i sup iy, () [Ty
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with a similar statement holding for liminf,, , . Now the left-hand side of
(6.21) and its lim inf analog are independent of £ and n > N(¢), so we end up
with

H d
(6.22) lim / F()(x, y, ) da = L)

[J(y)u(dy)’

independent of y,, — oco. Thus the Martin boundary at co consists of a single
point, as claimed. O

REMARK. In (6.22) we have shown the limit on the left-hand side exists
independent of the choice of y,, — oo. It appears that the limit depends on
the choice of the sequence vy, 1 1 (through the measure ). However, from
(6.2), we know [ f(x)k(x, y,,)dx does not depend on y,. In particular, the
existence of the limit in (6.22) shows in fact that the limit does not depend on

Yn-

The next theorem is the Martin representation theorem for functions that
are excessive for killed RBM. A function 2 on G\{0} is said to be excessive for
killed RBM if it is measurable and nonnegative (allowing the value c0),

EP X)), ]<h(x), xeG\{0}, t>0,
and
lim EP (X)), _, ] = h(x).
We say h is harmonic for killed RBM if for each bounded open set D C 5\{0}
and
np :=inf{t > 0: X, ¢ D},
we have
h(x) = EP<[0(X, ), .. ],  xeG\{0}.

Recall v(dx) is the measure g(x)dx from the beginning of the section and

S = G\{0}.

THEOREM 6.2. For a # 0, the class of excessive functions u in L'(v) is in
one-to-one correspondence with the class of finite (Radon) measures won SUS’
through the integral formula

w= [ «Cmudn).

The total mass of u lies on S’ if and only if u is harmonic.

PROOF. A nonnegative function z harmonic for killed RBM is said to be
minimal (or extreme) if whenever v is nonnegative and harmonic for killed
RBM and v < u, then v = cu for some constant ¢ > 0. Let S} be the set of points
n € S’ such that «(-, n) is minimal harmonic and such that [ k(x, n)v(dx) = 1.
Since vG(y) < oo for all y € S [which amounts to S, = S in Kunita and
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Watanabe (1965)] by Proposition 13.1, Theorem 4 on page 513, and the note
at the end of Section 11 in that reference, the conclusion of the present theorem
is valid for S’ replaced by S’. Then by Theorem 6.1 and definition of v, once
we show there are two linearly independent nonnegative harmonic functions
(for killed RBM), it will follow that S| = S’ and the conclusion of the theorem
holds. By the submartingale property and optional stopping, 1 and ® from
(2.7) are nonnegative and harmonic for killed RBM. Clearly, they are linearly
independent. O

If m is a Radon measure on G\{0}, define
(6.23) ROm(x) = / G(x, y)m(dy),
(6.24) RY'm(x) = fG*(x, y)m(dy),

where G(x, y) and G*(x, y) are the O-resolvent kernels defined at the begin-
ning of the section. From the definition of the Martin kernel on (G\{0}) x
(G\{0}) we get the following corollary of Theorem 6.2.

COROLLARY 6.3. For a # 0, any excessive function u € L'(v) can be written
in the form

u:cl+02CI>+R8m

for nonnegative constants c; and ¢y and a Radon measure m on 6\{0}. More-
over, ¢y, cs and m are uniquely determined. Here ® is from (2.7) and Rg is the
0-resolvent of the killed process.

REMARK 6.4. Theorem 6.2 and Corollary 6.3 are true for the adjoint of
killed RBM, where ®, o and Rg are replaced by ®*, o* and Rg*.
The next theorem concerns the case o = 0.

THEOREM 6.5. Let a = 0. The cone of positive harmonic functions for killed
RBM consists of all positive constants.

PROOF. Let A be positive and harmonic for killed RBM. Then by the proof
of Theorem 3.2 in Kwon and Williams (1991), A is continuous on G\{0}. To
get a contradiction, assume 4 is not constant. Then without loss of generality
we can assume for some x and z in G\{0},

(6.25) 0<e=h(z) <h(x)=1.

Choose bounded open neighborhoods N and M (in 5_\{0}) of z and «x, respec-
tively, such that NN M =0, h <e+(1—-¢)/4don Nand h >1—(1—-¢)/4
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on M. Define the sequence of stopping times

TOZO,

Ty,.1 = inf{t > Ty,: X, € N},
Ty =inf{t > Ty, 1: X, € M}.
For a closed set B C E\{O}, define the hitting time of B by
T =inf{t > 0: X, € B}.
For m sufficiently large, so that M UN < B,,(0), set
G,, = B,,(0)".
Then by the averaging property,
h(z) = EP[A(X(T5 A Tq, )]
> EP[W(X(T))r, -1, ]
Letting m — oo and using recurrence,
h(z) = ET[M(X(T3))].
Similarly, 2(x) > EF*[h(X(T))]. Then by the strong Markov property,
Y, = h(X(T,))

is a nonnegative L!-bounded P, -supermartingale, and as such converges al-
most surely. But clearly by the choice of M and N,

1- 1-
c < 1—T8§limsqun.

n—o00

liminfY, <e+
n—oo

Hence i must be constant. O

7. Invariant measure for killed RBM. A nontrivial o-finite measure u
on (G\{0}, Borels) is an invariant measure for killed RBM if for each nonneg-
ative bounded measurable function 2 on G\{0},

/ T, h(x)u(dx) = / h(x)u(dx) for all £ > 0.
Here T, is the semigroup for killed RBM,
T,h(x) = EP*[R(X )1, ..

An invariant measure for killed RBM is unique iff its positive scalar multiples
are the only invariant measures for killed RBM.
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The main result of this section is the next theorem.

THEOREM 7.1. Killed RBM has a unique invariant measure p. If a < 0 then
w(dx) = ®*(x)P°(x) dx, where ®* is from Lemma 3.4 and ®° is from Lemma
3.1. If a > 0 then u(dx) = ®°(x)dx.

Before giving the proof, we establish some preliminary results. As in Sec-
tion 5, let R?\ and Rg* denote the resolvents of killed RBM and its adjoint,
respectively. See (5.1) and (5.2). Recall o* is from Lemma 3.4.

LEMMA 7.2. (a) If a* > O then for each A > 0,

ARY " = @~
AR%1 < 1.
(b) If a* < 0, then for each A > 0,
ARV ®* < @
ARY1=1.
ProoOF. Recall 7, from (5.4) and D* from (3.20). By the submartingale prop-

erty, (3.12), (3.13), stochastic calculus and optional stopping, for ¢ < D*(x) <
M

2

EP: [exp (—/\[t AT, A TM)](I)*(X(t AT, A TM))]
— CI)*(x) _ )\Epi [‘/(‘)t/\TgATM e_’\S(I)*(XS) dsj|

Hence upon letting ¢ — oo and collecting expectations, using ®* = (D*)*",
(I)*(x) = EP; [eXp (_ATE)(D*(X(TS))IT£<TM]
+ EP; [eXp (_)\TM)CD*(XTM)ITM<TS]

P*_ TeNTM — S gy i
1) +AE /O e P (Xs)ds_

_ o P _
=& E [EXp( )\TS)ITS<7M] TM<T€]

+ M* EP[exp (= A7)

[ T AT
+AEP / Y e (X,)ds |.
L70 d
If o* > 0, let ¢ - 0 to get for 0 < D*(x) < M,
; . ’ ToATH
P*(x) = M~ pr[exp(—)\TM)ITM<TO] + AEP: [[ e_)‘S(I)*(XS)ds}.
0

That AR}*®* = ®* will follow once we show that

Jim M EP:[exp (—A7y)I 0.

Ty <T ] =
0
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By Lemma 3.5, for y = D*(x) € (0, M), Y, a Bessel process (absorbed upon
hitting 0) with parameter y =2 — a* <2 and Ty, :=inf{t > 0: Y, > M}, for
some ¢ > 0,

M EP:[exp (—A7y)]

IA

M?*7E [exp(=AcTy)I 7z, -1,]
I=v21 o (V/2A

= m2r2 19720 cy) (by Lemma A.5)
MI2I,_ o(V2he M)

-0 asM—

TM<T0]

by the asymptotic (A.8).
On the other hand, if &* < 0, then let M — oo in (7.1) to get for ¢ < D*(x),

P*(x) = & E*[exp (=A7,)]; o] + AET [/ CeTMOH(X,) ds}.
¢ 0

Then AR%*®* < &* follows once we show that
lir% & EP*[exp (—A7,)] > 0.

Using Lemma 3.5 and Lemma A.6, for y = D*(x) > ¢ and y = 2 — a* > 2, for
some ¢ > 0,

o« Pt 3 YUK e 1(V2Mcy)
e* EVx[exp(—AT,)] =
EY/Z_]'K,),/Q_I(\/ 2/\08)

— C(A, y)y"""?K ;5 1(V2Xcy) >0 ase— 0

by the asymptotic (A.7).
Thus we have verified the first halves of (a) and (b). Now for the second
halves. We have

ARY1(x) = AEP: [ /0 K e“dt]
= EP:[1 —exp(—A7y)]
and the desired conclusions follow immediately from Corollary 3.6 (c).

REMARK 7.3. The analogue Lemma 7.2 holds when a* and ®* are replaced
by @ and ®, respectively.
We will need the following version of the resolvent equation below.

__ PROPOSITION 7.4. Let a # 0. For any A > 0 and Radon measure m on
G\{0},

Rdm — ARSRYm = R9m  on G\{0}
and the analogue holds for R)* and RY* when o* # 0.
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PROOF. By Theorem 1 on page 496 in Kunita and Watanabe (1965), the
following resolvent equation holds for the resolvent kernels (recall RA(x) =
S0 G, () ®°() dy). For A > B = 0,
Gyl ) = Ga(e )+ A= B) [ Gyl 2)G(2, ) P(2) d
= Gy(x, )+ (A= B) [ Gy(x,2)Gh(, 1)0°(2) dz.
G\{0}

The proposition follows from this. The details are left to the reader. O

The next proposition describes a scaling property of the 0-resolvent kernel
of the adjoint process.

PROPOSITION 7.5. Let a* # 0. For any A > 0 and x, y € G\{0},
G*(Ax, y) = G*(x, y/A).

PROOF. For any bounded measurable f with compact support in @\{0},
[ &%, 9)F(9)0°(y) dy = RY f(Ax)

_ EPi [ /O K f(Xt)dt]

’ )\270
_ EP [/0 FOAX,0) dt}

(by scaling; see Remark 3.3)
= A2EP: [/ f()\Xu)du}
0

— A2 / G*(x, y)f(Ay)®°(y) dy

22 * E 0 E —d
- [G <x )\)f(z)cb (A)A dz.
The latter is
fe(x3) @ dz,
since ®°(z/A) = A?2d0°(2) by Lemma 3.1. Hence for each x € G\{0} and
A>0,
G*(Ax, y) = G*(x, y/A) a.e.(in y).

Here a.e. is with respect to Lebesgue measure. The extension to all y follows
from a standard argument [cf. top of page 496 in Kunita and Watanabe (1965)].
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The final preliminary result we need is the next proposition. Here and in
the sequel, “a.e.” means a.e. with respect to Lebesgue measure

PROPOSITION 7.6. Let o # 0. Suppose f is nonnegative and measurable,
and for all A > 0,

ARVf < f a.e. on G\{0}.

Then )\Rg f is increasing in A and the limit is excessive for killed RBM. The
analogue holds for Rg* and the adjoint of killed RBM when o* # 0.

PROOF. For B < A, by the resolvent equation,
BRyf = BRYf — (B~ MRYR}f]
= AR f + (B~ M[R}f — BRRR}f]
= AR f + (B~ M[R}f — RY(BRRf)]
= AR} f + (B = MRIf - BRyf]
< ARf,

since [ — ,BR%f > 0 a.e., by hypothesis.

Now we prove Theorem 7.1. By the Remark after the proof of Lemma 3.4,
we can replace a < 0 by o > 0 and @ > 0 by a* < 0. First consider existence.
For convenience, on G\{0}, define

(7.2) F= { l, #e <0,

o*, ifa* >0

and define F(0) = 0. If «* = 0 then by Corollary 3.6(c), AR%*1 = 1 on G\{0}.
Then combined with Lemma 7.2 we have for any o*,

(7.3) ARYF = F on G\{0}.
To show that
w(dx) = F(x)®°(x)dx

is an invariant measure for killed RBM, it is enough to check for each A > 0
and bounded measurable & with compact support in G\{0},

/ AROh(x)u(dx) = / hu(dx).
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However, by Theorem 4.1 and (7.3),
/ AR h(x)u(dx) = f AR h(x)F(x)®°(x) dx

- f AR F(x)h(x)®°(x) da
- / F(x)h(2)®°(x) dx

= [ h(=)u(dx),

as desired.

Now we prove uniqueness. Let & be any invariant measure for killed RBM.
It is a simple matter to check that i is absolutely continuous with respect to
Lebesgue measure on G\{0}; hence we can write

f(dx) = @(x)@°(x) dx

for some nonnegative measurable function ¢.

LEMMA 7.7. It is no loss to assume ¢ is excessive for the adjoint process of
killed RBM and for each A > 0,

ARY¢ =¢ a.e.on G\{0}.

PROOF. For any bounded measurable f with compact support in 5\{0}, by
Theorem 4.1,

/ fod® dx = / A[Rf1o®° dx

- /A[Rg*qp]fqao dx.
Consequently,
(7.4) AR%¢ =¢ a.e. on G\{0}
Define

= Jim AR
an excessive function for the adjoint of killed RBM by Proposition 7.6. In
particular,
ARY ¢, < ¢, a.e.
Then a.e. on G\{0},
¢ =ARY¢
= AR2*§01 since ¢ = ¢; a.e.

=
:qp‘
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Hence

AR% ¢, = ¢; a.e. on G\{0}.
To get the lemma, just replace ¢ by ¢;. O

First assume a* # 0. By Remark 6.4 there are nonnegative constants c;
and ¢,y together with a Radon measure m on G\{0} such that

(7.5) @ =cq + ce®* + RYm.
Then a.e. on G\{0} we have
(7.6) @ = ARY ¢ = c;ARY1 + coARY* ®* + ARV R m.

Equating (7.5) and (7.6) and collecting

an c1[1 = ARV 1] + ¢o[®* — ARY'®*] = ARV RY*m — RY*'m

. = —RYm by Proposition 7.4.
By Lemma 7.2, both terms on the left-hand side of (7.7) are nonnegative,
whereas the right-hand side is nonpositive. Therefore all the terms must be 0
(a.e. on G\{0}):

(7.8) ci[1 - ARY*1] =0,
(7.9) co[®* — ARV D*] =0,
(7.10) R%m =0.

By (7.10) and Proposition 7.4 on page 500 in Kunita and Watanabe (1965),
m = 0. Thus

©=C + Czq)*.
If o* < 0, then by Lemma 7.2 and (7.9), ¢y = 0, yielding ¢ = ¢; as desired. If
a* > 0 then by Lemma 7.2 and (7.8), ¢; = 0, giving ¢ = co®* as needed. Thus
the invariant measure for killed RBM is unique when o* # 0.
If o* = 0 then by the remark after the proof of Lemma 3.4, « = 0 and in

this case killed RBM is recurrent. By Azema, Kaplan-Duflo and Revuz (1967),
there is a unique invariant measure and we are done. O

8. Invariant measure for RBM. An invariant measure for RBM is de-
fined analogously to that for killed RBM, where now the measure is o-finite
on G equipped with its Borel sets.

THEOREM 8.1. Assume a < 2. Then RBM has a unique invariant measure
w. Moreover,

w(A) =

where ®* and ®° are from Lemmas 3.4 and 3.1, respectively.
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We break the proof into several parts. First note it is easy to show if an in-
variant measure for RBM exists, then it is absolutely continuous with respect
to Lebesgue measure on G. Hence we can write the invariant measure in the
form

(8.1) @(x)®(x) dx

for some measurable ¢ on G, where we take ®°(0) = 0. As in Section 5, we
use R, to denote the resolvent of RBM.

CASE 1. «a < 0. Then RBM started away from 0 never hits 0 (Theorem 2.1)
and we see killed RBM is RBM when started away from 0. Then for F = &*

(since a* > 0) from (7.2) and any bounded measurable / with compact support
in G,

/7/\[Rkh]F<I>° dx = ﬁ A[R,h]FO° dx
G G\(0}
=[  AROA|F®°dx
G\(0)

= [  A[R™F]nd°dx
G\(0}

=|  hF®°dx [by (7.3)].
G\{0}

This will yield existence of an invariant measure for RBM once we verify that
for any compact K C G,

(8.2) f FO® dx < oo
K\{0}

(this is to verify o-finiteness of F®°dx on G). But by (7.2) F is bounded on

compact subsets of G and by Lemma 3.1, ®°(x) < C|x|>~¢, hence (8.2) holds.
As for uniqueness, let u(dx) be an invariant measure for RBM. Then u has

the form (8.1) and for any bounded measurable 4 with compact support in G,

/7 A[ROR]o®dx = ﬁ A[R, h]o®°dx
a\(0} a\(0}

— /GA[RAhwdx)
= [ hu(dx)
G

=/  hed'dx.
G\{0}

In particular, ¢®°dx on (6\{0}, Borels) is an invariant measure for killed
RBM. By Theorem 7.1 we must have ¢ = F a.e., and u has the asserted form.
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CASE 2. «a = 0. In this case, by Theorem 2.2, RBM is recurrent. Hence by
Azema, Kaplan-Duflo and Revuz (1967), RBM has a unique invariant measure
w. The argument above giving uniqueness can be used in this case to identify
. Again, the key is starting away from 0, RBM and killed RBM coincide.

CASE 3. a > 0. In this case RBM and killed RBM no longer coincide and
the matter of identification is much trickier. Existence and uniqueness of an
invariant measure u follow from the work of Azema, Kaplan-Duflo and Revuz
(1967) cited above, since in this case RBM is recurrent (Theorem 2.2). So what
remains is identification. As pointed out above, we can assume u has the form
(8.1). Hence it suffices to show on G\{0}, for some constant ¢ > 0,

(8.3) @ = cd”.

LEMMA 8.2. For any bounded measurable h with compact support in G,
R h(x) = ROh(x) + R h(0)[1 — ARO1(x)], x € G\{0}.

PROOIL As in section 5, denote the law of RBM starting from x € G by Q..
For x € G\{0}, by the strong Markov property,

R, A(x) = E® [/OOO e‘“h(Xt)dt}

_ E% [/0 e“h(Xt)dt] +E® [/m e MR(X,) dt]

(8.4) )
= R%h(x) + EQ- [exp(—)\TO)EQO [/OOO e MhuX,) duﬂ
= R%A(x) + Ry h(0)E9[exp (—A7y)].
But
ARS1(x) = AEQ [ /0 oMl dt}

= E9[1—exp(—A7y)].

Thus E9:[exp(—A7y)] = 1 — AR%1(x), and using this in (8.4) yields the asser-
tion of the lemma.

LEMMA 8.3. For A > 0,
(8.5) ARYp < ¢ ae.

(8.6) ff [0 — AR ¢]®° dx = /7 [1- AR’1]e®° dx < 0.
a\(0} a\(0}

REMARK 1. Here and throughout “a.e.” means almost everywhere with re-
spect to Lebesgue measure.
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REMARK 2. Formula (8.5) is the source of difficulty. We do not know a priori
that equality holds as we did in the killed case.

PROOF. By Lemma 8.2, for bounded measurable ~ with compact support
in G,

o> [ heddx = /7h;u(dx)
G\{0} G

= [ MR, hlu(dz)
= AR, h]e®°d
(8.7) (01 [R)\h]ed dx
= [ AROh]e®° dx + AR, h(0)
G\{0}
1 - AR%1]0®dx.
% [ [1 A e d
In particular,

ﬁ [1 - AR%1]pd°dx < oo.
G\{0}

This gives half of (8.6). Also, for bounded measurable f with compact support
in G\{0},

AMROR)of P dx = A[RO* hddx.
[y o) RS W0 = [ AR (o)]h0"dx
Letting £ 1 1 on G\{0} gives
ﬁ A[ROA]pd° dx = ﬁ A[R% ¢]h®'dx.
G\{0} G\{0}

Using this in (8.7) and collecting terms gives

(8.8) /7 [¢ — )\Rﬂ*zp]hd)o dx = AR, h(0) ﬁ [1- AR21]¢¢0 dx.
G\{0} G\{0}

By Remark 7.3, 1 — AR%1 > 0 a.e., and so (8.8) yields (8.5). Letting 4 1 1 in
(8.8) and noting

AR,1(0) = AE® [ / e"\tdt:|
0
=1,

we also get the other half of (8.6).
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LEMMA 8.4. It is no loss to assume ¢ is excessive for the adjoint of the killed
RBM.

PROOF. By Proposition 7.6,
or = Jim AR
is excessive for the adjoint of the killed RBM and by (8.5),
(8.9) o1 < ¢ ae.
Letting A — oo in (8.8) gives

(8.10) ﬁ [¢ — @,]h®° dx = lim )\RAh(O)[/ [1- AR%1]p®° dx:|.
G\{0} A—00 G\{0}

Now by dominated convergence,

AR, h(0)

E% [ [ T e MA(X,) dt]

(8.11) _ EQU[/OOOe_uh(Xu/)‘)du}

— h(0) as A — oo.

Also, by Remark 7.3 and Proposition 7.6, 1 — AR%1 is decreasing in A. Hence
by Lemma 8.3,

lim [1- AR’1]e®’dx < f

A—00 @\{0} G

[1— R{1]ed dx < oco.
G\{0}

Then for continuous A with compact support in E\{O}, using this and (8.11),
we see (8.10) gives

/7 [ — 0,]h®°dx = 0.
G\(0)

Combined with (8.9), ¢ = ¢, a.e. Hence we can replace ¢ by ¢, and so it is
no loss to assume ¢ is excessive for the adjoint of the killed RBM. O

By Lemma 8.4 and Remark 6.4, there are unique nonnegative constants c;
and ¢y and a unique Radon measure on G\{0} such that

(8.12) @ = c; +c®* + Ry m.

We will show m = 0 and then ¢; = 0.

LEMMA 8.5. For some real number p, for some unbounded countable set
A € (1, 00) and for some null (with respect to Lebesgue measure) set N,

e(Ax) = Ao(x), AeA,xeG\N.
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PROOF. For any A > 0 and bounded measurable f with compact support
in G,
L EAX)eO0)0°(x)dx = [ [BXA[F(X)]]e(2)P"(2)A 2 dz
G\{0} G\{0}
[by Lemma 3.1, ®°(cz) = ¢2"¢®%(2) for ¢ # 0, z # 0]

= | [E%[fAT X 2)]le(2)0%(2)A " dz
G\{0}

[by scaling—cf. Lemma 2.3 in Kwon and Williams (1991)]

= o f(/\’lz)qp(z)dﬁ(z))\’z dz

= [ f(x)e(Ax)P°(x)dx.
G\(0}

Hence ¢(Ax)®°(x)dx is an invariant measure. By uniqueness, for some
c(A) >0,

(8.13) e(Ax) = c(M)e(x) a.e.,

where the null set depends on A.
Given any A, u > 0, we have a.e.,

c(uh)e(x) = e(pAx) = c(pn)e(Ax) = c(u)e(A)e(x),
where the null set depends on w and A. Then
e(p) = e(p)e(M).
Define
é(t) =Inc(e').

Then ¢(¢ + s) = ¢(t) + ¢(s). Hence for each positive integer n, ¢(nt) = né(t).
Fix ¢; > 0 and set p = é(¢,)/¢t,. Notice né(¢,/n) = é(¢,) = pt;, and this yields

~<t1) 4
él=)=p=.
n n

It follows that for any positive integer m,
(m m
C<_t1> = _ptl
n n

é(t)y=pt for tet;Q",

In particular,

where Q7 is the set of positive rational numbers. From this we get
c(A) = exp(é(In X))
=exp(plnA), Iniet, Q"
= P, A€ ehQ,
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The desired conclusion follows from this and (8.13).
For any A > 0, by Proposition 7.5, for 12,(A) = m(AA),
R¥m(ax)= |  G*(Ax, y)m(dy
Fmw) = [ GO yym(dy)

= G*(x, y/A\)m(d.
BCECRNIC

=[G yym(dy)
G\{0}
= R{* 1, (x).

Using this in (8.12),

o(Ax) = ¢ + e ®*(Ax) + RY¥*m(Ax
(8.14) ()12*()0()

= ¢1 + A" ®*(x) + Ry 1, (%),

where we have also used that ®*(Ax) = A* ®*(x). But (8.12) also gives
(8.15) N o(x) = APcq + cyAPD*(x) + A’ Ry m(x).

By Lemma 8.5 and the uniqueness of the representation (8.12), comparing
(8.14) with (8.15), we must have for A € A,

(8.16) ¢y = c1AP,

(8.17) CoAY = AP,

(8.18) m, = Am.

Then (8.18) implies

(8.19) m(AA) = A’m(A), AeA.

LEMMA 8.6. m =0.

PROOF. By Proposition 7.4, for any bounded measurable -2 with compact
support in G (recall G} is the resolvent kernel with respect to ®° dx defined
at the beginning of Section 6),

(053 _ 0% pO0x* 0 _ 0% 0
/6 | REm = AR Ry m]he® dx = /E\{O}[RA m]h®° dx

~ oo [/G\{o} Gl y)m(dy)} h(2)®°(x) dx

=L [ /6\{0} G, (y, x)h(x)dbo(x)dx}m(dy)

= ROn(y)m(dy).
oo T (y)m(dy)
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Hence by (8.8) and (8.12),

ARAh(O)[ /@ [1— AR%1]p®° dx:| - f [¢ — AR ¢]h®° dx

\{0}

= [[1= AR 11300 dx + 5 [[@° — ARY®*]h0° dix

(8.20) + | [RY¥m — ARYRY*m]hd®° dx
G\{0}

— _ O 0 * O fy* 0
—c /6\{0}[1 ARY11A®° dx + c, /5\{0}[(1) AR ®*1hd° dx
+ R°A m(d
/5\{0}[ AR1(y)m(dy)

To get a contradiction, assume m # 0. By Lemma 7.2, the first two terms
on the right-hand side of (8.20) are nonnegative, hence

(8.21) AR, h(0) /E PREE AR1]pd°dx > /E o ROA(y)m(dy).

By Remark 7.3, 1 — )\R?\l > 0, and so by Proposition 7.6,
1-AR1<1-R{1 for A>1.

Using this in (8.21) gives (after multiplying by A?/2)

AMP2RB(0) ﬁ [1- R%1]pd° dx
G\{0}
(8.22)
=N [ ROB(y)m(dy), A= 1.
G\{0}

By monotone convergence, we can assume % is nonnegative with unbounded
support. The plan is to pick 4 such that as A — oo, the left-hand side of (8.22)
is finite and the right-hand side is not. This contradiction will establish that
m = 0, as claimed.

To this end, choose R > 0 such that

m(|x| > R) > 0.
By Lemma A.7 in the Appendix and Corollary 3.6(b), for

h(x) = D(x)P
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with p > (e« —1)/2 A0 such that 3p/2+p—1 > 0, for A € A we have for some
constant ¢ independent of A > 1,

/6\{0} Ri(x)m(dx) = C)‘_I/I(|x| > AR)D(x)?m(dx)

> c)\_1/I(|x| > AR)|x|Pm(dx)
(since c¢q|x| < D(x) < co|x|)
| x| lx|?
=cAt I(—' > R)—' APm(dx)
15> B)5
> cRPAP Im(|x| > AR)
= cRPAPI\"m(|x| > R) [by (8.19)].

Multiplying by A?/2 and letting A — oo, A € A gives

(8.23) liminf AP/ /

A—00,AcA G

3
RIh(x)m(dx) = oo since °p +p—1>0.
G\{0} 2

On the other hand, for A > 1,
R,h(0) < c3E, [/ exp (—c,At)Y? dt] (Corollary 2.4)
0

<cA P27l (Lemma A.8),

where cs, ¢, and c are independent of A > 1. Multiplying by A1*?/2 and letting
A — 00, A € A gives

lim sup A'*P2R, h(0) < oc.
A—>00,AeA

Using this, (8.23) and (8.6), we see (8.22) yields a contradiction. Thus m = 0.

Now we complete the proof of Theorem 8.1. Recall that this reduces to
checking (8.3). By Lemma 8.6 and (8.12), ¢ = ¢; 4+ ¢o®*. Since ¢; and ¢y cannot
be 0 simultaneously, by (8.16), (8.17) either

(824) C1 = O, Cy # 0 or
(8.25) ¢c1#0,c=0 or
(8.26) c1#0,c0#0, 1—A"=0, A —A"=0 for AcA.

If (8.25) holds, then ¢ = ¢; and (8.20) becomes

AR, R(0 1—AR1]c;®°d }: 1 — ARY*1]hd° dx.
Ah( )[/G\{O}[ aller x €1 /6\{0}[ A 1] x
Since a > 0, by Remark 7.3 the left-hand side is nonzero. On the other hand,
by the remark after the proof of Lemma 3.4, o* < 0. Then by Lemma 7.2, the
right-hand side of the last equation is 0. Thus (8.25) cannot hold.
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If (8.26) holds, then a* = p = 0 and by the remark after the proof of Lemma
3.4, « = 0, a contradiction. Hence (8.26) does not hold either.

Thus we have shown (8.24) holds and so ¢ = ¢;P*, giving (8.3) as needed.

O

REMARK 8.7. In either case of RBM or killed RBM, by Theorems 7.1 and
8.1 and Example 4.6, explicit knowledge of the invariant measure in the case
of the circular cone reduces to explicit determination of ®* from Lemma 3.4.
However, this requires explicit solution of the problem

Agirtp* +a*(a* +2—d)y* =0 in Q,

n-Vegaiy* —ao*By* =0 on 1,

where /* and a* are to be found. Only in very special cases of this special case
can this be done. See the last paragraph on page 752 in Kwon and Williams
(1991).

APPENDIX

Bessel processes. For y > 0 let

1[d2 y—lij|

L, ==|%
Y 2| dx? x dx

with domain Z(L,) consisting of all f € C%([0, c0)) such that for some con-
stants ¢ and 0 < a; < ay,

f(x) = cx? for x € [0, a,], f(x) =0 for x € [ag,00) and
L,f(0) = c(y — 1).

There exists a unique conservative diffusion process Y, generated by L, which
is called the Bessel process with parameter 7.
A more useful characterization of Y, is the following: Y? is the (pathwise)

unique solution of
dU, =2[U, v 0]Y2dB, + ydt,
(Al) t [ t ] t
Uy=Y3,

where B, is one-dimensional Brownian motion.
The transition density p, (¢, x, y) of Y, is known,

exp(—(** + ¥)/2t) 1, i 1<xy)
o

t, x, = -
p'y( y) t(xy).y/z_l t

where

2\ & (x/2)%"
L(x) = (5) E n'v+n+1)
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is the modified Bessel function. All this can be found in Ikeda and Watanabe
(1989) pages 237-240.

Using (A.1) is easy to see that a Bessel process Y, is well-defined for any
v € R up to the first time {0} is hit, and Y, has the following semimartingale
representation up to Ty = inf{t > 0: Y, = 0}. For some one-dimensional
Brownian motion S,

y—1
(A2) dYt = dBt + 2—Yt dt, t < To.

It is routine to show that starting away from 0 (i.e., Y, # 0),

Ty<oo as. ify<2,

(A.3) To=o00 a.s. ify>2.

In what follows, E, will denote expectation associated with Y, = y.

LEMMA A.1. (a) Assume the parameter of Y, is vy # 2. For 0 < a < b there
is C(a, b) > 0 such that

TO
(A.4) E, |:/ I(a,b)(Yu)du] is bounded for y > 0
0
and
T, )
(A.5) Ey|:/0 I(a’b)(Yu)du} < C(a, b)y*?, y > 0.

(b) If v = 2, the latter expectation is infinite for all y > 0.
(¢) If 0 <y # 2, then I, ;) can be replaced by I ;) in (A.4) and (A.5).

Proor. Let {L(¢, x): ¢ > 0, x > 0} be the local time process of Y,,
t o0
[ F¥ydu= [ f@L(E 2m(x) dz,

where m(x) is the density of the speed measure with respect to Lebesgue
measure,

2x71 9
m(x) = —|7_2|, Y #
2x, vy =2.

[see Borodin and Salminen (1996), pages 20 and 114].

For Ts = inf{t > 0: Y, = &}, the distribution of m(x)L(T, A T,,, x) is
known. See Borodin and Salminen (1996), formula 3.3.2 on page 395 (for y > 2)
and formula 3.3.2 on page 303 (for y = 2). The former is also valid for y < 2
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(using similar methods). Computing the expectation E, of m(x)L(T . AT,,, x)
and then letting M — oo and 6§ — 0 in these formulas yields for y > 0,

2x
SR X<y
If y < 2 then m(x)E,(L(To, x)) =1 “ 5 ¥
9 yx“/_lyz_y y < x;
If y = 2 then m(x)E (L (o0, x)) = oo and
2
— 2x"1y2‘7, x<y
If y > 2 then m(x)E ,(L(c0, x)) = { 7.
m, y <Xx.

Using the occupation formula given above, the desired conclusions follow
easily. O

The differential equation

2

chclzl_zl;) —l—zc(ii—L: —Z+1rHw =0
has the modified Bessel functions I,(z) and K,(z) as linearly independent
solutions [see Abramowitz and Stegun (1972) page 374 ffl. Also, I,(z) and
K ,(z) are positive when z > 0 and v > —1. The following asymptotics will be
used below.

(A.6) 1,(2)~ <§)Vr(v+ 1) asz—0 (v#-1,-2,...),
(A7) K, (2) ~ %r(y)<§>_v asz—>0 (Rev>0),

(A.8) I,(2) ~ Jg_m as z — oo,

(A.9) K, (2) ~ ge—z as z — oo.

Here f ~ g means /g — 1.

LEMMA A.2. Let h > 0 be bounded on [0, o) and piecewise continuous on
(0, ). Then for v= |} — 1| # 0 and

F0) = | [ 0 h K, (VB du [y, (/2R)
(A.10) Y ,
+|:/0 w2 h(u)I,(vV2u) du:|y17/2K,,(\/ﬂy),

To

(A.11) E, [fo e‘”h(Yt)dt] —2f(y), y>0.
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PrOOF. First assume A is bounded and continuous on [0, o). By (A.9),
(A.6) and the growth conditions on £, the integrals in f are well defined.

The Wronskian W(K,(z), I,(2)) is 1/z, so it is a routine matter to verify that
f € C?((0, 00)) and satisfies

() + y%1f’<y) _o0f(y) = —h(y). y>0.

By It6’s formula, stochastic calculus and optional stopping, for0 < e <y < M,

E[exp(=AE AT ATy (YEAT, ATy))]

t
= f(y) - %Ey |:~/O

Letting ¢t — oo yields
E,[exp AT, f(e)Ip 1,1+ E [exp(=ATy)f (M)Ir, 1 ]

= =B, [ ey, du |

By the asymptotics (A.6)—(A.9), f is bounded on [0, c0) and
(A.12) lin%f(y):O if y < 2.
y—

AT AT

YeMup(y,) du].

Ase—> 0,T, - Tyand T is oo if y > 2, by (A.3). Then we can let ¢ — 0 to
get

E [exp—ATyf(M)Ip, 1,]
ToAT

Since T'j; — o0 as M — oo, in either case y < 2 or v > 2, we get

Yehup(y,) du]

f(y)= %Ey[fOT‘) e*”h(Yu)du},

as desired.

Next assume % is bounded on [0, co0) and piecewise continuous on (0, co).
The only trouble is when we use Ito’s formula above. However, f € C1(0, 00)
and the second derivative is piecewise continuous on (0, co) and bounded near
its discontinuities. Since Y, spends zero Lebesgue time at singletons in (0, co),
a simple approximation argument shows our formula above obtained from It6’s
formula is valid in this case too. The rest of the proof goes through. O

LEMMA A.3. Assume the parameter y of Y, satisfies y < 2 and let A > 0.
Then as a — 0,

T
(A.13) E, [ fo e MIg.q(Y0) dt} =0
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uniformly for y in sets of the form (0, A]. Also, as b — oo,
Ty

(A.14) E, [ / e My oY) dt] -0
0

uniformly for y in sets of the form (0, A].
If v > 2 we can replace Ty by oo and (0, A] by [0, A].

PROOF. We prove (A.13) for y # 2, then specialize to y > 2. For a > 0 let
h == 2[[0’ a]
in (A.10). Then by Lemma A.2,
T,
(A.15) E, [ /O eI, a(Y,) du} = F(y).
Given A > 0, let a < A A 1. Then for y € (0, a],

F) =2| [ 0K, (VR du | 121,V E)
(A.16) ! ,
+2[/0 uy/zl,,(\/ﬁu)du}yl“//2K,,(\/ﬁy).

By making a smaller if necessary, by the asymptotics (A.6)—(A.7) we get

(A.17) K, (V2\y)<Cy™, y=<a,
(A.18) I,(WV2)y) <Cy", y=<a.

Here and in what follows C can change from line to line but is independent
of a. Then

sup f(y) < sup C[(fo uwzu‘”du>y1‘”2y”

O<y=<a O<y<a

(A.19) n (/Oy umu”du)yl‘wzy‘”}

< Ca’/2,

On the other hand, for y € (a, A],
F) =2 [ w1,/ B) du |y K (VER)
0
< 2|:/a uw?I,(V2u) du:|y1_“//ZCy_”,
0

where we have used that K, (~/2\y)/y~" is bounded on (0, A]. If v < 2 then
v=1-—1v/2 and by (A.18) for y € (a, A] we get

a
fly) < C|:/0 uv/2u17/2du]y17/2y1+7/2

= Cad?.
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If y > 2 then v = y/2 — 1 and by (A.18) for y € (a, A],

- ¢ 2. ye-1 1-y/2 \—y/2+1
F(y)=C|| u""u dul|y "%y
0

< Ca?.
In any case,

(A.20) sup f(y) < Ca?.

a<y<A

Combining this with (A.19),

sup f(y) < Ca®?.
O<y<A

The limit in (A.13) for y # 2 is an immediate consequence, using (A.15).
Now specialize to y > 2. Then T, = oo and for y > 0, (A.15) becomes

(A.21) E, [ fo e“‘I[O’a](Yu)du] — f(y).
It is a routine matter to show the functional
o) —>/0 eiAuI[O,a](wu)du
is continuous on the set
{w: [0, 00) = [0, 0): w is continuous and / Iy (0,)du = O}.
0

The law of Y with Y; = 0 is supported on this set, so by an extension of the
continuous mapping theorem [Billingsley (1968), Theorem 5.1],

. . o —\u o —\u
l £(3) = lim B, | [~ e L (V) du | = Bol [~ e 5,0V, |
where we also use the fact that the law of Y with Y, = y > 0 being uniquely
determined implies that the law of Y with Y, = y converges to the law of Y
with Y, = 0 if y — 0. Hence by (A.16) and the asymptotics (A.6), (A.7),
EO[/ e”\“I[O, a](Yu)du} = C'/ uw?K, (V2 u)du
0 0
< Ca?.

Then we can replace T, and (0, A] in (A.13) by oo and [0, A], respectively.
The proof of (A.14) and its extension for y > 2 can be handled similarly. O

LEMMA A.4. Assume the parameter y of Y, satisfies 0 < y < 2. Then for
A>0,

T
Ey|:/0 0e_)‘“alui|—>0 as y — 0.
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PROOF. Taking A =2 in Lemma A.2, for the corresponding f in (A.10),

T,
Ey[fo e"‘“du:| —f(y) >0 asy—0
by (A.12). O

LEMMA A.5. Assume the parameter y of Y, satisfies v < 2. Then for any
A>0and M > 0,

1-(v/2)] Jox

y 1-(y/2)( y)

E,[exp(~ATy)Ir,.1,] = —— (/2) , O<y<M.
M0, 0 (V2AM)

PrROOF. Direct substitution and the fact that
221;’(2) +z2I(2)— (22 +v*)I,(2) =0.
shows A(y) = y /DI, 5)(V2)y) satisfies

1 ” 7_1 i _
§h (y)+ Wh (y) = Ah(y).

Since vy < 2, A(0) = 0 and it is clear that A~ > 0 on (0, c0). Hence by Ito’s
formula, stochastic calculus and optional stopping, for e < y < M,

}Z(AZ)) = E [exp (At A T, A Ty))h(Y (AT, ATy))/h(M)].

Letting t — oo, then ¢ — 0, using A(0) = 0, we get

:((]\yl)) =E, [exp(=MToATy)I(Ty < Ty)]
= E [exp(=AT ), 7,1

as desired. O

LEMMA A.6. Assume the parameter of Y, is y > 2. Then for any A > 0 and
>0,

ylf(Y/Z)Ky/z—l(V 21y)
e-ODK. o (V21he)

Ey[exp (_)\Ta)] =

For the proof, see formula 2.0.1 on page 387 of Borodin and Salminen (1996).

LEMMA A.7. Assume the parameter of Y, is vy > 0. Given k > 0 and p >
(1 — vy)/2 A O there is a constant ¢ > 0 such that

To p “1.p
Ey/o e MY, |Pdt| = A yP, A=k, y>1.
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PrOOF. By applying Lemma A.2 to truncations |y|? A M and letting M —
oo, we have

Ty
(A.22) Ey[ /0 e MY?P dt] =27 (y),
where

F) = | [ 0K (VB du |y (/2R
y

+[/y w?tP1 (vV2Au) du]yl_V/ZKV(v 21y),
0

all integrals being finite by the asymptotics (A.6)—(A.9). Changing variables
s = +/2Au and using (A.8), (A.9), for some positive constants ¢; and c,, for
A>kand y>1,

F(3) = Nﬁ)-W-p-l[[ L SRETR() ds}yl-’ﬂfy(mw

Ji

+[ [ VY g (s) ds:| VIR (V2R y)]
= (VERy || [7 R, (o) ds (VBRI (VER)
4 P e () ds |(VERy K (V2R |
> (VI [ e ds | (VER) 0 2 exp(v2R)
y

V21X y
+cy |:/0 gY/EEP=1/2 s ds] (V21y) /2 exp(—~/ 2/\)yj| .

Since
foo SY/2+P-1/2=5 (g

z =1 d
= an
z—>00 2Y/2+p=1/2p-2

JEs/2ep=11265 g

z—00 2Y/2+p—1/2pz -

we end up with
f(y)>cAly? for A>Fkand y> 1,

where c is independent of such A and y. Combined with (A.22), the conclusion
of the lemma follows. O

LEMMA A.8. Let vy > 0 and p > 0. Then for some constant ¢ > 0,

EO[/O e MY?P dt} =cA P2 for A > 1.
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PrROOF. From the expression at the beginning of this section for the tran-
sition density of the Bessel process and the asymptotic (A.6)

py(t,0,y) =c(y)t "?y" exp (—y*/2t)
where c(7y) is independent of y and ¢. Then by Fubini’s theorem,

EO[/O e MY?P dt} =/0 e‘“[/o c(Y)t™"2y" Lexp (—y?/2t)yP dy] dt

c(y) /000 tP/2e=M |:/Ooo w1P exp (—u?) dui| dt

o0
e(y) f £P/2e=M gt
0

= c(yA P,
where c(7y) can change from line to line, but is independent of y and ¢.

Acknowledgment. I thank the referee for telling me how to greatly sim-
plify my original proofs of Lemmas A.1 and A.6; also for pointing out a gap in
the original proof of Theorem 6.5.
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