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FUNCTIONAL ERDOS-RENYI LAWS FOR SEMIEXPONENTIAL
RANDOM VARIABLES!

BY NINA GANTERT

Technische Universitat Berlin

For an i.i.d. sequence of random variables with a semiexponential dis-
tribution, we give a functional form of the Erdés—Renyi law for partial
sums. In contrast to the classical case, that is, the case where the random
variables have exponential moments of all orders, the set of limit points is
not a subset of the continuous functions. This reflects the bigger influence
of extreme values. The proof is based on a large deviation principle for the
trajectories of the corresponding random walk. The normalization in this
large deviation principle differs from the usual normalization and depends
on the tail of the distribution. In the same way, we prove a functional limit
law for moving averages.

1. Introduction. LetY,Y,,Y,,... be a sequence of i.i.d. random vari-
ables with E[Y] = 0. Consider the partial empirical means

1 m+k,
bom=— Y Y, m=01,2,...,n—k, n=1,2,...

n j=m+1

over blocks of length %,. How fast should the block length %, increase in
order to have nontrivial fluctuations? In other words, we want to choose %,
such that, P-a.s.,

0<limsup sup ¢, ,, = a<oo.

n—oo  0<m=<n-—k,

If E[exp(AY)] < oo for all A € R, it is well known, and goes back to Erdés—
Renyi [5], that the block length %, should be of order log n. The constant « is
then given in terms of the distribution of Y. The same question was answered
earlier in [12] for moving averages of the form

+k,
Y v,
1

n
j=n+

1
‘fn = k_
n
The statements have been extended to the case where E[exp(AY)] < oo for
some A > 0. Refinements of these results, among them exact rates of conver-
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gence, have been obtained in [3]. Under the assumption that E[exp(AY)] < oo
for some A > 0, functional limit theorems for

n j=m+1

1 m+[k,t] [k t]
( A ) Ym+[knt]+l’ 0 <t=< 1

n

have been proved in [2] and [11]. The proof of a functional limit law can be
based on a large deviation principle in function space. The most renowned
example is the proof of Strassen’s law of the iterated logarithm based on
Schilder’s theorem, given in [13]. Under the above assumption, sample path
large deviation principles have been derived in [1] and [9]; see also [4].

Our goal in this paper is to give functional limit laws for ¢, ,,, where the
size of k, has to be determined, in the case where Y has a semiexponential
distribution. That is, E[Y?] < oo for all p > 0 but E[exp(AY)] = oo for each
A > 0. This was left as an open problem in [2]; see [2], Remark 3.1. We also
consider moving averages of the form

n+[k,t] k
@  G0-yp ¥ V(-5

> Yok, 0410 O<t=1

n j=n+1

It turns out that the block length %, is of bigger order than log n and depends
on the distribution of Y. The set of limit points of {&, ,,} or {£,} is not a
subset of the continuous functions as in [11]. This reflects the bigger influence
of extreme values on the partial sums. The proof is based on a large deviation
principle for the trajectories of the corresponding random walk. This large
deviation principle does not have the usual normalization; due to the influ-
ence of extreme values, the convergence of (1/n)37_; Y; to 0 is slower than
exponential in n. The large deviation principle is of independent interest and
complements results of [1], [9] or [8].

2. Statement of the results. Throughout the paper, Y,Y;,Y,,... will
be i.i.d. with

E[Y]=0 and E[exp(AY)] <oo forall A <O0.
We will assume that
ay(t)exp(=b(£)t") < P[Y = t] < a,(t) exp(—b(£)t")
for ¢ large enough, where 0 < r < 1 and a4, a, and b are slowly varying

functions and b(¢)/¢*" is nonincreasing. Let £, ,,(¢) (0 <¢ < 1)and £,(¢) (0 <
¢t < 1) be defined as in (1) and (2). Let E = {x € L[0, 1]: x(0) = 0} and let d
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be the metric on E given by d(x, y) = fol |x(s) — y(s)|ds, x, y € E. Let
> (x(t")—=x(t7))", « nondecreasing pure jump function,

I(x) = { tx@h)#x()
~+o00, otherwise,

and

f( )= x(1), x nondecreasing,
¥ = +o00, otherwise.

REMARK. Note that the level set {x: I(x) < 1} contains all distribution
functions of probability distributions on ]0, 1].
We will always equip E with its Borel o-field %. Let

[nt]
3) ay_523Y+(}—%?>YWHD 0<t<1.

The following theorems are our main results.

THEOREM 1. Assume O < r < 1. The distributions of (Z,) satisfy a large
deviation principle on (E, d) with normalization b(n)n” and with the good rate
function I. This means, for every A € %, we have

—inf I(x) < I|m|nf

xeint A b()rmgmz €4l

log P[Z, € A] < — inf I(x)

< limsu
- n pb(n) xecl (A)

and I is lower semicontinuous and has compact level sets.

THEOREM 2. Assume r = 1 and b(¢) — 0 as ¢ — oo. The distributions
of (Z,,) satisfy a large deviation principle on (£, d) with normalization b(n)n
and with the good rate function 1.

Theorems 1 and 2 can be used to derive the following “Strassen-type” the-
orems.

THEOREM 3. Assume O < r < 1. Let ¢ > 0. Assume b is such that there is a
sequence of positive constants (s,) with

4) s b(s,(clogn)’")y — d as n — oo,
where 0 < d < oco. Let

(®) ky, = [s,(clogn)*"]
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and
6 K= E: I < L
(6) _{xe : (x)_a}.

Then, for some n, > 0, (i) and (ii) hold P-a.s.

(i) The set {¢,,, n > ng} is relatively compact in (E, d) and the set of its
limit points is K.

(i) The set {¢, ,,, m=0,1,2,...,n—k,, n > ny} is relatively compact in
(E, d), and the set of its limit points is K.

THEOREM 4. Assume r =1 and b(¢) — 0 as ¢ — oo. Let ¢ > 0. Assume b
is such that there exists a sequence of positive constants (s, ) with

@) $,b(s, clogn) — d as n — oo,

where 0 < d < oo. Let

(8) k, = [s, clogn]
and

9 K=lxcm fx)<2t
9 —{xe : (x)_a}

Then, for some ny > 0, (i) and (ii) in Theorem 3 hold P-a.s.

In contrast to the classical case, that is, the case where the random variables
have exponential moments of all orders, the set K of limit points is not a subset
of the continuous functions. Note that if r < 1, K contains only pure jump
functions, whereas the case r = 1 is the “borderline case” where functions in
K can have jumps as well as continuous parts.

The following corollary is immediate.

COROLLARY 1. Let F: E — R be a continuous function. Then, in the setting
of Theorem 3 or Theorem 4,

(10) limsup F(¢,) = sup F(x), P-as.
n xeK
and
(11) limsup sup F(&, ,)=supF(x), P-as.
n O<m=<n-—k, xeK
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3. Proofs.

Proor oF THEOREM 1. The underlying one-dimensional large deviation
principle is the following.

LEMMA 1. The distributions of (1/n) >, Y; = Z,(1) satisfy a large de-
viation principle with normalization b(n)n"” on R with the good rate function
I, where

£, t>0,
+o00, else.

I,(t) = {

This goes back to [10]; a simple proof can be found in [6].

REMARK. Since we have E[exp(AY)] < oo for all A < 0, Cramér’s theorem
(see [4]) yields, for each ¢t < O,

. 1 12
Ilmsup—logP[— Y, 5t:| <0
n N nog

and this implies

1 12
limsup G log P [; Y Y < t} = —00.

As a consequence, I and I are only finite on nondecreasing functions.

We now proceed as in the proof of Theorem 5.1.2 in [4]. In the next step, we
show that the finite-dimensional marginals of (Z,)) satisfy a large deviation
principle.

LEMMA 2. Let T denote the collection of all ordered finite subsets of [0, 1].
Forany 1= (¢y,...,tg) Where 0 =1¢y < t; <t, <--- <tz <1, the distributions
of (Z,(¢t1), ..., Z,(ty)) satisfy a large deviation principle with normalization
b(n)n” on R? with the good rate function I, where

d
Z(x(tj) — x(tj,l))r, if x(tJ) > x(tj,l), ] = l, 2, ey d
I(x) =4 =1

~+o00, otherwise.

SKETCH OF PROOF. As in [4], page 153, define Z,(t) = (1/n) Y11 Y, (0 <
t < 1) and note that the distributions of (Z,) and (Z,) are exponen-
tially equivalent in the normalization b(n)n”. More precisely, d(Zn,En)
(1/2n) 3_1(Y;/n), and therefore, for each A > O, Pld(Z,,Z,) = 9]

Pl(1/n) Z'}=1 Y; > 2A8] for n large enough. Since

IA I

1 n
log P [; > Y; > ZAB} < =2"A"8"

Jj=1

limsup by
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due to Lemma 1, and A > 0 was arbitrary, we see that

limsup W log P[d(Z,,Z,)>8]=—

Observe that Z7 = (Z,(t1), Z,(t2) — Z,(t1), ..., Z,(ty)— Z,(t4_1)) is a vector
of i.i.d. random variables. Heuristically, if x(¢;) < x(¢,) < --- < x(¢4),

1 [t17n] t
P[Z7 ~ x|~ P[— Y Y~ x(ty),
tLn ;o ty
1 tzzn Y, ~ x(t;) — x(ty)
(Lo —tn ;17 lr—1
1 [tan] x(ty) — x(ty 1)
¥ v M}
(tg = ta-1)n | —ltoan]+l tg —tqa

mexp( b(tyn)(tyn)" (x(’il))
= b((t2 = t)n)((t, — t)n) (%)
sttg) = (i)'

tg—tga

e bt = ta )t~ a0

d
~ exp(—b(n)n’ > (x(t) - x(tj—l))r>

j=1

= exp(~b(n)n’ I (x))
and the argument can be made precise using the contraction principle, as in
[4], page 154. Note that if x(¢;) < x(¢;_1) and & < %(x(tj_l) —x(t;)), we have

M bynr ) 109 P[1Z,(¢)) = x(¢))] < &, |Z,(t11) = %(¢j41)] < 8] = —00

due to the remark following Lemma 1. O

Let X denote the space of all functions «x: [0, 1] — R, x(0) = 0, equipped
with the topology of pointwise convergence.

LEMMA 3. The distributions of (Z,)) satisfy a large deviation principle with
normalization b(n)n” on X with the good rate function I, where

(12) Lp(x) = sup I,(x).
TeT
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Lemma 3 follows from Lemma 2 if we apply the large deviation theorem
for projective limits of Dawson and Gartner; see [4], Theorem 4.6.1.

LEMMA 4. For all x € X, Ip(x) = I(x).

Proor. Clearly, I;(x) = I(x) if x is a jump function. Further, both rate
functions are infinite if there is s < ¢ such that x(s) > x(¢). In the next step,
we show that Ip(x) = oo if x is continuous on some interval [s, ] with 0 <
s<t=<1 and x(s) # x(t). Let £ = s+ ((j—1)/n) (¢t —s), j=1,2,...,n+1

and 7, = (£, ..., ¢

nt1)- Then we have

n

x(t) = x(s) = Y x(t1)) — x(t")

j=1

- ORI N ORI

= nax x(tion) —x(t7)] 2 (x(ti) — «(2)7)
<j= st

and since max,_;, |x(t(jn+)l) - x(t(jn))|1*" — 0 for n — oo, this implies that

I, (x) — oo for n — oo. Let x be nondecreasing, x not a pure jump function.
Then there is a nondecreasing pure jump function x; and a nondecreasing
continuous function x, such that x = x; + x,. Due to the last step, we can find
a sequence (,) such that I (x,) — oo for n — oo, and x is continuous in all
points of 7, for each n. Then we have I, (x) > I, (x —x,) = I, (x;), and this
implies I, (x) — oo for n — oco. O

Let
(13) K ={x € E: varyg (x) < L?"}.

LEMMA 5. For each L, K; is compact in (E, d). For L large enough,

(14) limsup logP[Z, e K{]<—L.

1
b(n)n"

In particular, the distributions of (Z,) are exponentially tight in the normal-
ization b(n)n’.

PROOF. Note that K; € {x € E: supg_,.q |x(s)| < L?"}. Let (x,) € K.
Then each «x, can be identified with a signed measure. Let x, = x} — x,, be
the Jordan—Hahn decomposition of x,,. Due to Prohorov's theorem, we can find
a subsequence (n;) such that (x;j), (x;j) converge weakly to x*, x~. Then
x = (x* —x7) € K. This implies that d(x, , x) — 0, since (xj;j — %, )(s) =
(xt — x7)(s) for A-a.a.s.

We have

l n
P[Z, e K3 < P[— S LZ/’]
n -
Jj=1
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Let Ly, = E[|Y]|]. Then |Y4| — Lo, |Y,| — Ly, ... satisfy the assumptions of
Lemma 1, and we have

lim SUp 5o log P[l Y| = Lz/r} < —(L¥" - Ly)" < —L,
n

=1

b()’

where the last inequality holds for L large enough. O
Now we are able to prove the upper bound in Theorem 1.
LEMMA 6. For each A € %,

limsup b(nl) ~log P[Z, € A] < — IQIA) I(x).

PROOF. We have
P(Z,ec Al<P[Z,ecl(A)NK |+ P[Z, € K]

Since ¢l (A) N K, is closed w.r.t. the topology of pointwise convergence, the
claim follows from Lemma 3 and Lemma 5. O

In the next step we prove the lower bound in Theorem 1.
LEMMA 7. For each A € %,

I|m|nf

By ~log P[Z, € A] > —xelirrgtle) I(x).

PrOOF. Let Ugs(x) = {y: d(x, y) < 8}. Itis enough to show that, for x with
I(x) <ocoand A =Ug(x),

I|m|nf b(n ) rlogP[Z € Al = —I(x).

Assume for simplicity that x has one jump of height 4 at ¢, where 0 < ¢ < 1.
Then, for some ¢ = £(8) small enough,

P[Z,cUsx)|>=P[Z,(t—e)<e, h<Z,(t+e)—Z,(t—¢)
<h+e Z,(1)—Z,(t+6)<¢]

and

I|m|nf

b(n ) logP[Z, € Us(x)] = —h"

due to Lemma 2. The same argument carries through for any nondecreasing
jump function x. O

It remains to show that I has the desired properties.

LEMMA 8. I is lower semicontinuous and has compact level sets.
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PrOOF. To see that I has relatively compact level sets, note that for each
¢ > 0, there is L = L(c) such that {x: I(x) < ¢} € K, and it was shown in
Lemma 5 that K; is compact, for each L.

Assume d(x,, x) — 0. We have to show that I(x) < liminf, I(x,). Without
loss of generality, we can assume I(x,) < oo, for each n. We can then identify
x,, x with distribution functions where x,(s) — x(s) as n — oo if x is
continuous in s.

(i) Assume «x is continuous on [0,1]. Then x,(s) — x(s) for all s, and
I.(x,)— I.(x)forall . Hence

I(x) =supI,(x)
= suplimninf I.(x,)
< Iimninf supl.(x,)
= Iimninf I(x,).

In fact, liminf, I(x,) = oo since we know that I(x) = oo in this case.

(ii) Assume x is discrete, with countably many jumps. There is a 7 =
(t1, t,...) such that x and each x,, are continuous in each ¢;. Then I(x) = I .(x)
and I(x,)=I.(x,), for all n. We conclude I(x,) — I(x).

The general case is easy from (i) and (ii). O

The theorem now follows from Lemmas 6, 7 and 8. O

PROOF OF THEOREM 3. (i) Let 6 > 0.

(@) Let K5 = {y: d(y, K) < 6} where d(y, K) = inf{d(y, 2): z € K}. Let
K$ = E\ K; denote the complement of K. Note that, since Kf is closed and
I is lower semicontinuous and has compact level sets, there is ¢ > 0 such that
inf{I(x): x € K§} > (1/cd)+ e. We will prove that, with probability 1, £, € K§
only for finitely many n. We apply Theorem 1 to get

(15) Pl¢, € K¢] < exp(—b(knﬂez (é T 5))

for n large enough.
Since (k,b(k,)/clogn) — d as n — oo due to (4) and (5), we have

P[¢, € K5] < exp(—cd log n<i + f))
cd 3
(16) .

nY

for n large enough, where y =1+ cd (¢/3) > 1.
The claim now follows by applying the Borel-Cantelli lemma.
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(b) Let x € K. We will show that with probability 1, (£,) has a subsequence
(£,,) converging to x. We can assume w.l.o.g. that I(x) < 1/cd. Let Us(x) =

{y: d(x, y) < 8}. Then there is ¢ > 0 such that inf{I(y): y € Us(x)} < I(x) <
(1/cd) — e. Again, Theorem 1 yields

P[¢, € Up(x)] = exp<—b<kn)k2 (i B E))

cd
(17) > exp<—cd log n (i - f))
cd 3
. 1
nYy

for n large enough, with y = (1 — (¢/3) ¢d) < 1, where we used (4) and (5) in
the second inequality.

Let A > 1. Consider the subsequence gnj with n; = [7*]. Choose A small
enough such that Ay < 1. Then

1 1
i <vion=E =)

—~ AT

Since gnj, J=1,2,... are independent for j large enough, the claim follows
by applying the Borel-Cantelli lemma. O

(i)
(&) We show that, with probability 1, there are only finitely many n such

that¢, ,, € K§forsomem €4{0,1,2,...,n—k,}. Choose A > 1. Then, A*"1 > 1
for y =1+ &/3. Going back to the proof of (i), we have

P[¢, me K§ forsomeme{0,1,...,n—k,}]
<nP[§, ; € K§]
1
=n-—,
nv
where we used (16) in the last inequality. Let n; = [A/]. Then we have

> P&, meK; forsomeme{0,1,....n;—k, }]
J

1
=L popT <
J
We conclude
(18) limsup sup  d(&,, m, K)=0.

j—oo Ogmsnjfknj

To pass from the subsequences (n ;) to the sequence n, we use the following
analytical lemma, which plays the role of Lemma 1.20 in [13].
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LEMMA 9. Let K and (¢, ,,) be defined as in Theorem 3. Assume that for
each A > 1and n; =[A/],

limsup sup  d(§, ., K)=0.
j—oo Ogmgnjfknj /

Then we have

limsup sup d(§, ,,K)=0.

n—oo  0<m<n-—k,

PROOF. Choose 8, A with 0 < 8 <2/3,1 < A < (1+8/2)A(1+(8/2) (cd)¥/")
and j, such that d(énj,m, K)<é/4for j=> j,,me{0,1,... nj—knj}. Choose
L e N such that k,,,1/k, < A for n > L. Let n(8) = L Vv jo. For n > n(9),
there is j such that A/ < n < A/*1 Let N = [A/*1]. Then n < N < An. Now,
observe that

(19) b =N ey (Ey), 0<i<1
’ kn ’ kN
Let x € K such that
_ 1)
d(éN, m>X) =d(én m> K) < rh

Thenx(k,/ky-) € K, and
11k kn _ kn
d(§n,m9K)§/() 'k_NfN"”(Et)_x(_Nt)‘dt
< [ | en () - e ()

Ey Lk,

where we used

(b) As in the proof of (i), one can show that, with probability 1, for each
x € K there is an independent subsequence (gnj,mj) converging to x. O

Let Z, be defined as in (3). The proof of Theorem 2 follows the same lines
as the proof of Theorem 1. The underlying one-dimensional large deviation
principle is the following.
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LEMMA 10. In the setting of Theorem 2, the distributions of (1/n) Y} ; Y; =
Z,(1) satisfy a large deviation principle with normalization b(n)n on R with

the good rate function I,, where

t, t>0,
+o0, t<0.

Lo -

We refer to [10] or [6] for a proof.
Theorem 4 is then proved from Theorem 2 exactly as Theorem 3 was proved

from Theorem 1.

4. Examples. Of course, we have a lot of choices to specify F in Corol-

lary 1.
Letting F(x) = x(1), we get, in the setting of Theorem 3 or Theorem 4,

n+k, 1
(20) limsup — Y =———, P-as.
n . ]5_1 J (cd)l/r
1 n+k,
(21) liminf — 3 Y;=0, P-as.
" nj=n+1
1 m+k, 1
(22) limsup sup — Y =———, P-as.
n O<m<n-—k, kn j=§l:+1 / (Cd)l/r
m+k,
(23) liminf sup -— > Y,=0, P-as.

O<m=n—k, ®n jom+1

Letting F(x) = fol x(s) ds, we get

. 1 3
Ilmnsup(<1 — Z_kn) Y+ (1 - m) Y.

5 3 1
(24) + (1 - 2_kn> Yo+ + 2%, Yoik,-1+ 2k, Yn+kn>
1
= —(cd)l/r’ P-as.,

Iimninf(<1 - 22 ) Y, .0+ (1 - %) Y, .o

5 3 1
+ (1 — ﬁ) Yn+3 +---+ ﬂ YIH-kn—l + ﬁ Y’H‘kn)

=0, P-as.

(25)
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1 3
lims S 1-—1Y 1-—1Y
! n upOgmgr?fkn (( an) e - < an) 2

5 3 1
(26) + (1 - ﬁ) Yisat oo Yo, 50 Ym+kn)
1
= W P-as,
liminf su 1 ! Y +11 3 Y
n Osmsf,kn zkn m+1 an m+2
27) 5 1
-5 Yozt t o Ym+kn—1+ﬁym+kn
=0, P-as.

Let us now specify the distribution of Y.

EXAMPLE 1. Assume P[Y > ¢] = a(t)exp(—b,t") for ¢ large enough, where
a is slowly varying and 0 < r < 1. In other words, we specified b(¢) = b,.
Condition (4) is satisfied with s, = 1 and d = b,. In particular, (20), (21), (22)
and (23) become

i n+[(clogn)] 1
Inmnsup (Clogn) j=2n+1 Y, = oo P-as.
L 1 n-+[(clogn)"/"]
Ilmnlnf (clog )i j;ﬂil Y, =0, P-as.
: 1 m+[(clogn)*/] 1
IImnsup m=0, 1, 2,.?,1;'[3[@09 n)Yr] W P Y; = (B0 P-as
1 m+[(clogn)¥/"]
liminf sup s > Y, =0, Pas

n m=0, 1, 2,...,n-[(clog n)'/"] (C |Og n)l/r j=m+1
Similar results were obtained in [7].

ExXaMPLE 2. Let b(¢) = bylogt + byloglogt, 0 < r < 1. Condition (4) is
satisfied with

1 b,
_W and d_T'

In particular, (20)-(27) hold with &, = [(clogn/loglogn)Y/"] and d = b, /r.

Sn

EXAMPLE 3. Let b(¢) = 1/(bylogt+b,loglogt), 0 < r < 1. Condition (4)
is satisfied with s, = (loglog n)” and d = r/b,. In particular, (20)-(27) hold
with &, = [(clog n log log n)*/"] and d = r/b,.
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