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ON EXTREMAL THEORY FOR SELF-SIMILAR PROCESSES?

By J. M. P. ALBIN

Chalmers University of Technology and University of Goteborg

We derive upper and lower asymptotic bounds for the distribution of
the supremum for a self-similar stochastic process. As an intermediate step,
most proofs relate suprema to sojourns before proceeding to an appropriate
discrete approximation.

Our results rely on one or more of three assumptions, which in turn es-
sentially require weak convergence, existence of a first moment and tight-
ness, respectively. When all three assumptions hold, the upper and lower
bounds coincide (Corollary 1).

For P-smooth processes, weak convergence can be replaced with the use
of a certain upcrossing intensity that works even for (a.s.) discontinuous
processes (Theorem 7).

Results on extremes for a self-similar process do not on their own imply
results for Lamperti’s associated stationary process or vice versa, but we
show that if the associated process satisfies analogues of our three assump-
tions, then the assumptions hold for the self-similar process itself. Through
this connection, new results on extremes for self-similar processes can be
derived by invoking the stationarity literature.

Examples of application include Gaussian processes in R”, totally
skewed «a-stable processes, Kesten—Spitzer processes and Rosenblatt pro-
cesses.

0. Introduction. Methods to study the asymptotic behavior of
P{ sup é(t) > u}

tel0, 1]

for large u, for a stationary stochastic process {£(¢)},-o, have been developed
by, for example, Berman (1982) and Albin (1990). These methods require that a
few conditions be verified. Although it can be hard to verify the conditions, this
often constitutes the most convenient (if not the only) way to study extremes.

There do not exist systematic approaches to nonstationary extremes com-
parable with stationary theories in terms of efficiency: Many arguments that
work on a general level for stationary processes do not extend to nonstationary
settings. At best one can find methods specific for the particular nonstationary
process under consideration, making it possible to carry out the correspond-
ing computations also in the nonstationary case: Usually this requires much
effort. At worst the nonstationary process cannot be studied along schemes
of stationary origin and one has to start from “scratch” (often meaning that
sharp results cannot be found).
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In Sections 2—8 we shall see that for self-similar nonstationary processes,
a theory of extremes can be developed that performs (at least) as well as sta-
tionary counterparts. As in the stationary case, given a specific self-similar
process one must check a couple of conditions before inferring results on ex-
tremes: The contribution of the theory is that it usually is much easier to verify
these conditions than to start from zero, and often alternative approaches are
not available.

In Section 2 we find the asymptotic behavior of fol h,(s)P{&(s) > u}ds
for large u, when £(¢) is a self-similar process and {A,(:)},cr is @ uniformly
bounded family of functions. This technical result is needed in most proofs in
subsequent sections.

In Section 3 we determine the asymptotic distributional behavior (for large
u) of the sojourn time spent above the level u:

L(u)=L(L;u),

where
¢
L(t;u)z/ .y (é(s)) ds for ¢ > 0.
0

To that end we require weak convergence of the conditional finite-dimensional
distributions {(w[£(1 — qt) — u]| £(1) > u)},.o to some limit {{(¢)},.0 as u
becomes large, when w = w(x) and ¢ = g(u) are suitably chosen. Further we
need a requirement which interprets to E{ /" Io, o)({(s))ds} < oo.

In Sections 4-6 we study the asymptotic behavior of P{sup,c(o 1; £(¢) > u}
by establishing relationships between the events {sup,. 1; {(¢) > u} and
{L(u) > 0}. To get a sharp relationship we (not surprisingly) have to require
that the convergence (w1[&(1 — qt) — u]| £(1) > u) — , {(¢t) is “tight.”

In Section 7 we investigate how results can be simplified and/or sharpened
when the limit {(¢) takes the simple form {(¢) = & - ¢ for some random vari-
able ¢'.

In Section 8 we develop several sufficient criteria for verifying tightness.

In Section 9 we derive a connection between our findings in Sections 2—8
and extremal theory for the associated stationary process obtained via the
transformation of Lamperti [see, e.g., Proposition 7.1.4 and the notes to Sec-
tion 7.1 in Samorodnitsky and Taqqu (1994)]: We show that if the associated
process fits into the framework of the stationary theory of Albin [(1990), Sec-
tion 2], then the original self-similar process satisfies the hypothesis of our
result in Sections 2-8.

Connections to stationarity theory are automatic for some global problems
like, for example, the law of iterated logarithm, but this is not the case for local
extremes, and the relation we establish is nontrivial and new. Thus results
on extremes, for example, for fractional Brownian motion (fBm) are being
implied for the first time from the work of Pickands (1969) on stationary
Gaussian processes: The reader knowledgeable in the stationarity literature
will be able to derive many results on self-similar extremes with little effort
by invoking the “stationary connection” established in Section 9.
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Our theory is general in the sense that it does not impose additional struc-
tural assumptions on the self-similar process (like, e.g., Markovianess). In-
stead it requires that we can carry out a few basic estimates related to the
tail behavior of the one- and two-dimensional distributions of the process. This
can be an important or even crucial advantage, but of course there also exist
processes which are better studied via methods specific for the process under
consideration than via our approach.

Our results demonstrate what properties of a self-similar process affect local
extremes and the probabilistic principles involved when proving this, but the
main motivation for our work was a wish to provide a systematic method
useful to study extremes for particular examples of self-similar processes for
which other methods are not available. It is not uninteresting to see how our
approach applies to reprove results for processes whose “extreme behavior” is
already known (and it works very swiftly in most such cases). However, the
true value of a new method must be judged by its ability to generate new
results for important examples of self-similar processes.

In Section 10 we give an application to R"-valued self-similar Gaussian pro-
cesses whose component processes are independent with covariance functions
possessing a polynomial modulus of continuity. This class of processes includes
virtually all processes arising in applications as well as most encountered in
theory.

In Section 11 we give an application to the L2-norm of Brownian motion.
Representing “the action of a Brownian path,” this process is theoretically im-
portant [see, e.g., Yor (1992) for more information]. It is also of applied interest,
for example, in physics [e.g., Duplantier (1989) and Chan, Dean, Jansons and
Rogers (1994)].

In Section 12 we study log-fractional a-stable motion that is totally skewed
to the left. This process, discovered by Kasahara, Maejima and Vervaat (1988),
was the first example of a self-similar a-stable process with index k = 1/« that
is not a-stable motion.

In Section 13 we study linear fractional a-stable motions that are totally
skewed to the left. These processes, introduced by Maejima (1983) and Taqqu
and Wolpert (1983), are natural stable generalizations of fBm and they con-
stitute the most important class of stable processes.

The most important class of stationary stable processes are moving aver-
ages of a-stable motion. In Section 14 we give an application to the family
of self-similar processes whose associated stationary processes via the Lam-
perti transformation are a-stable moving averages that are totally skewed to
the left.

Of course, our theory applies also to a-stable processes that are not totally
skewed, but we do not dwell on this since the extreme behavior of such pro-
cesses is already well understood through the works of de Acosta (1977) and
Samorodnitsky (1988).

In Section 15 we study Kesten—Spitzer processes. These processes appear
as functional limits of random walks in random sceneries when the walk and
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the scenery both belong to domains of attraction of stable laws [Kesten and
Spitzer (1979)].

In Section 16 we give an application to Rosenblatt processes. These pro-
cesses are important because their role in noncentral limit theorems parallels
that of fBm in central limits: see Tagqu (1975) and Dobrushin and Major
(1979) [or surveys like Tagqu and Czado (1985) and Taqqu (1986)] for precise
statements.

All results derived in Sections 10-16 are new, and we do not know any way
other than our approach to prove them.

1. Preliminaries. In this paper all stochastic variables and processes are
defined on a common complete probability space (Q2,.7, P). Further {&(%)};-o
denotes an R-valued stochastic process which is self-similar with index « > 0.
Thus the finite-dimensional distributions of £(A¢) coincide with those of A*£(¢)
for A > 0.

For each stochastic process under consideration we assume that a separable
and measurable version has been chosen. Such a version exists under weak
conditions like, for example, P-continuity almost everywhere [Doob (1953),
Theorem 11.2.6; see Vervaat (1985), Theorem 1.1 for a converse], and it is to
that version our results apply. In particular, if £(¢) has stationary increments,
then £(¢) is P-continuous [e.g., Vervaat (1985), equation (1.1)] and thus has a
separable and measurable version.

Write G for the distribution function of £(1) and & = sup{x € R: G(x) < 1}.
We shall assume that G belongs to a domain of attraction of extremes with
2 > 0. Thus there exist a constant & € (0, oo] and functions w: (—o0, &) —
(0,00) and F: (—%, 00) — (—00,1) such that F is a distribution function on
[0, o0) and

L.1) lim 1—G(u+ xw(u))

prth 1-G(u) =1—-F(x) for x € (—%, 00).

Here G can be Type ll-attracted [G € 2(11)] and then we can take £ =
-1, F(x)=1— (14 x)"" for some y > 0 and w(u) = u so that
W= |ipj w(u)/u =1.
Otherwise G is Type I- or Type lll-attracted [G € Z2(]) or G € 2(l1l)] and
then we can assume that £ = co and F(x) = 1 — e~* for some continuous w

satisfying W = lim,,,;, w(u)/u = 0. Here & = oo for G € Z(1), while & € (0, 00)
when G € 2(l11). Further w is self-neglecting, that is,

(1.2)  w(u+ xw(u))/w(u) — 1 locally uniformly for x ¢ R as u 1 &.
For future use we define

. (1—F(8)ds 1, for G € 2(1) U 2(111),
%0_/ (1+W3)1+1/“_{(7+K—1)—1, for G € 2(11).
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The fact that G € 2 is needed in the crucial Proposition 1. Most marginal
distributions occurring in the study of stochastic processes belong to 2, and
we are not aware of a specific self-similar process for which G ¢ 2. See,
for example, Resnick [(1987), Chapter 1] to learn more about the domains of
attraction 2 = (1)U (1)U 2(111).

In the sequel it is assumed that an interval J C (-1, co0) with 0 € J and
a function g: (—oo, &) — (0, 00) such that @ = lim,,; q(u)™! exists and 4@ =
1/(2sup,_; g(u)) > 0 have been specified. The function q is featured in all
assumptions and theorems, and the first step when applying our results is to
choose a suitable q. Inferences then depend on which assumptions hold for
this q.

Most results require that the variation of p(u) = u=Y*q(u) is restricted by

p is almost decreasing, that is,

(13) g, =limsup sup. p(u)/p(v) < o0
vta uelv,
and
(1.4) the limit p(x) = lim p(z + xw(u))/ p(u) exists and is con-
. utu

tinuous for x > 0.

In applications g tends to be nonincreasing so that (1.3) holds with §3; = 1.
When G € 2(1)u2(ll), (1.4) holds if, for example, q is regularly varying at co.
Upper bounds on extremes rely on the additional requirement that

(1.5)  thereisapeR such that / (1+Ws)P~1-Y5(1-F(s))ds < 0
0
and

u?p(u) is almost increasing, that is, 5, = liminf inf
(16 vt ue€lv, )

(u/v)’ p(w)/ p(v) > 0.

When G € 2(1)U 2(111), (1.5) is void and (1.6) means that ¢ have bounded
decrease. For G € 2(1), (1.3)—(1.6) thus hold if, for example, q is nonincreasing
and regularly varying (at c0). For G € 2(ll), (1.3)—(1.6) hold if, for example ¢
is nonincreasing and regularly varying with index greater than —vy.

For G € 2(1)U 2(111) the fact that w(z)/u — 0 makes it natural to require

u~w(u) is almost decreasing, that is,
1.7) By =limsup sup (v/w)w(u)/w(v) < oo.
vt uelv, @)
Of course, if G € Z(1l), then (1.7) holds trivially.
The behavior of extremes will depend on whether the limits

B, = Iim¢iAnf uq(u)/w(u) and B =limsupug(u)/w(u)
uti utt

are finite or infinite.
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Given functions 2, and h,, we write hy(u) ~ hy(u) if lim,,; hy(u)/hy(u) =
1 and hy(u) ~ hy(u) if lim,,,(hy(u) — hy(u)) = 0. Further hy(u) < hy(u)
means that limsup,,;(hi(w) — hy(w)) < 0, and hy(u) > hy(u) means that
liminf 4 (hy (@) — ho(u)) = O.

2. The mean sojourn time. In order to study the asymptotic behavior
of L(u) in Section 3, we must first understand the behavior of P{&(s) > u} for
s € (0, 1]: Proposition 1 gives a quantitative statement of the obvious fact that
P{£(s) > u} increases with s. The idea of the proof is to use (1.1) to obtain
(formally)

P{&(s) > u} =P{&(1) > s “u} ~ [1 - F((s”‘ — 1)u/w)]P{§(1) > u}.

PROPOSITION 1. Assume that G € 2 [so that (1.1) holds]. Then we have

(2.1) E{L(u)} ~ Bow(w)P{&(1) > u}/(ku) asu 1t a.
Writing s, = (1 + sw(u)/u)~Y* we further have

P{&(s) > u} N (1-F(s))ds
(2.2) / hi () —577—~1 E{L ()} ds ~ %/0 u(Su)m

for each family {A,},., of functions satisfying limsup,; sUp,c,1) [2.(s)| <
Q.

LEMMA 1. Assume that G € 2. For each y € [0, 00) and z € R we then have

ku rvw@el o PLE(s)>u} = (1— F(8))ds
@3 IR w@ b TR w BT, arwer

ProOOF oF LEMMA 1. When the right-hand side of (2.3) is infinite, the fact
that

KU [(l+yW/u)’1/K R P{&(s) > u}

w Jo P{{(1) > u}

/00 P{¢(1) > u + sw} dé

v (L4 Sw/u)t=*P{(1) > u}

combines with (1.1) and Fatou’'s lemma to prove (2.3). When the right-hand

side of (2.3) is finite, (2.4) readily combines with (1.1) and the fact that w(u) =
O(u) to show that it is sufficient to prove

jen P{¢(1) > u + sw}
(2.5) I|m IlrgTsuup/ ! PIED) = )

Now let G be the distribution function of ¢(1)*, choose {u,}>°, € R such

thatu, 1 & as n — oo and write N, for the integer part of (1—G(u,,))*. Defin-
ing Z, = max,.;.y, X;, where X,, X,, ... are independent random variables

(2.4)

ds=0 wherez=2zv1.
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with common distribution G, we then have

7 — ~ ~
In P{WL;" < x} =N, InG(u, +xw(u,)) ~ —N,[1-G(u, + xw(u,))]
as n — oc. Since N, ~ (1 — G(u,))"%, (1.1) thus implies that

(2.6) lim P{ Zw(;nl;n = x} = lim GV (u, + xw(u,))

= exp{—[1 — F(x)]}.

Assume that there exist a nondegenerate random variable Z and sequences
{a,}o2 4, {b,}5>; € R such that (max{X,,..., X,}—-b,)/a, >, Z as n — oc.
Then Theorem 2.1 of Pickands (1968) states that

({2 o) T st e

for each m € R* satisfying E{[(X)"]"} < oo and E{(Z")™} < oc.
Applying Pickands’ result to the convergence established in (2.6) we deduce
that

Here finiteness follows from finiteness of the right-hand side of (2.3) when
2> 1and G € Z2(11). Otherwise it is a consequence of the possible forms of F
in (1.1).

It is an easy exercise in integration theory to see that (2.6) and (2.7) imply

Z, —u,\° ™ x*F'(x)dx
@) im e (Si) Heecwmen| = [ i wy <

Now the fact that 1 — (1 — &)V > N(1— &)V "1gfor N > 1 and ¢ € [0, 1] yields

Zn —Up ?
EK—w(un) ) I{<znun>/w<un>>y}}

- / 1= GV (u, + xw(u,))] dx

2.9 o
(2.9) / “INLGN w1 - G(u, + xw(u,))] dx

N)

dx.

o PLE) > u, + xuw(w,)]
e PLED) > u,}

By combining (2.8) and (2.9) it follows that (2.5) holds. O
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PrOOF OF PROPOSITION 1. Clearly (2.3) implies (2.1), while (2.1) in turn
implies that

PLEE) > u)
RO E{L(u)}

. Ku P{&(s) > u}

= asowfo m) @) = uy &

1o Sw\ Y~ P{£(1) > u + Sw} .

By /0 hu(<l * 7) >(1 + 8w/u) e P{£(1) > u} as
ku e PEEG) > u)

i "B = uy

Since the convergence in (1.1) is locally uniform, an application of (2.3),
followed by sending y — oo in (2.10), proves (2.2). O

(2.10)

ds.

3. Asymptotic distributions for sojourns. First we need two assump-
tions:

ASSUMPTION 1. There is an (R U {—oo, oo})-valued process {{(¢)},-o such

that
”mp{ﬁ{f(l —gt) —u _ xi} l ‘() - u} _ p{ﬁ{g(ti) . xi}}

utd w(u) i1

forn e 2"(={1,2,...}), t1,...,t, € [0, @) and continuity points x;,...,x, €
J for the functions P{{(¢,) > -}, ..., P{{(t,) > -}.

In view of the fact that (1.1) implies that P{w1[£(1) — u] > x| (1) > u}
converges [to 1 — F(x)], Assumption 1 is a quite natural requirement.

ASSUMPTION 2. We have

1/q(u)
lim limsup P{&(1— q(u)t) > u|é(1) > u}dt =0.
d—oo ypp  Jda(1/q(w))

Assumption 2 is void when @ < oo, and more generally Proposition 2 shows
that it holds when %3, > 0. Assumption 2 requires that if £(1) > u, then &(¢)
have not spent too much time above the level u before time ¢ = 1. Assumption 2
can be interpreted as E{fOQ Lo, )({(s))ds} < oo when Assumption 1 holds.

In Theorem 1 we find the asymptotic distribution of L(uz) = L(1;u) as
u 1 4. The idea of the proof is that if (w™[£(1 — qt) — u]| £(1) > u) — , £(¢),
then also

(L(l )

&(1) > ) (/ T (o, ooy (W [€(L — gt) — u] dt‘§(1)>u)
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converges. By self-similarity this transfers to (L(s;u)/q| é(s) > u), and com-
bining the relation

(3.0) /:o P{%} dy = 3/01 P{L(s;u)/q > x| &(s) > u}P{&(s) > u}ds

with Proposition 1, the asymptotic behavior of L(u) follows. Equation (3.0)
is discussed below: Its significance has long been understood and utilized by
Berman [e.g., Berman (1982)].

THEOREM 1. Assume that Assumption 1 holds with G € 2 and that (1.4)
holds. Defining

for x >0,

oo Q _
A(x)E% [ P{/O T (o, o) (£(2))dt > — }(1 F(s))ds

B(s) [ (1 + Ws)=/
we then have

oo P{L(w)/q(u) > ¥}
IITTIﬁnf-/x E{L(u)/q(u)}

dy > A(x) for each x > 0.

If in addition Assumption 2 and (1.3) hold, then we have

P{L(w)/q(w) > y}
E{L(u)/q(u)}

lim sup/ dy < A(x™) for each x > 0.

uti
Of course, the asymptotic behavior of E{L(u)} is described by (2.1).

LEMMA 2. Assume that Assumption 1 holds with G € 2 and that (1.4)
holds. Then P{{(¢) > x} is continuous at x = O for each ¢ € (0, @) and the
conditional law of

TA(su/q)
(/0 I(u, u) (f(su - qt)) dt'f(su) > u)

converge weakly to that of

f(T/ P()HNQ

p(s) Lo, ) (£(2)) dt.

PrOOF OF LEMMA 2. Take a uy < @ such that w(u)/u < 1 for u > uy, and
note that

L—gt)y (u—ew)>u+ (e - —e)w if (1-qt)™>1+e " (w/u)
d=1-qt) " “(u+tew)<u+ (e +e"+e)w
if (1—qt) ™ <1+eY(w/u)
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foru > ugand ¢ € (0, 1). Since (1—qt)*w < 2(1+& Y?)w(it) when (1—gt)~* <
1+ & Y2(w/u) and u > u, for some u; = u (&) > ug [recall (1.2)], it follows
that

Plu—ew < §(1 - qt) < u+ cw}

pleo= - 3]-Plaw=3] < timsup

ns P > u}
PEL) > u (72— 2 — )
< limsup P{é(1) > u}
_ P{i—de(1+eY2)w(i) < £(1) <)
+ Im:TSaUp P{¢(1)>a}

= (1-F(e Y2 —&'2—¢&))+(-F(—4(e+&"?)))
—0 ase|0.

Now put # = s;*u and ¢ = q(&). Since (1.4) implies that gs,/q — p(s),
Assumption 1 then combine with the above-established continuity to give

el (" tun(ee - a)ar)|eGs,) > u)

/ P{’”{&(l—dfi)—ﬁ
O<tyrnd <(@T/@s)AL/D Li—g w(u)
- ds

(a/(dsy,))

>o”§(1)> u}

ﬁ{é(ﬁ-) > o}} di, - di.

o P
0<ty,estm<(T/B(HNQ |1

The lemma now follows from recalling the elementary fact that convergence
of moments for bounded random variables implies weak convergence. O

PROOF OF THEOREM 1. In view of the elementary fact that

1
Lao oy (L)) [ T g (L(s:0)) L, (E()) s = Ty, oy (L)) for x> 0,
we readily obtain

©P{L(u)/q > y}
| “Ews @

1 o n N
m/o P{(L(u) — qx) > 3} dy
1

= EL(ay © () — a9 g o (L))}

1 1
B1) = WE{I(W, oo)(L(u))/o (1= I(oo, qu)(L(s;u))) L, 21 (€(5)) ds}
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1 1
~ ezl Tan (LG0T (E) ds|

1 1
= m/{) P{L(s;u)/q > x, £(s) > u} ds.

Taking ¢ € (0, 1), (3.1) combines with Lemma 2 and (2.2) to show that

> P{L(u)/q > y}
mup | e wya)
dA(s/9) e
< IlrgTsuup/ {/ / Iy, o) (é(s — qt)) dt > x—%‘g(s)> u}
P{{(s) > u}
“TEL@r
—i—llstup/ {fd :/ o Es — at)) dt > %lg(s) . u}
3.2 ura :
o2 Pl > u}
E{L(u)}
00 (d/B(s)NAQ x—ex)| (1—-F(s))ds
sh P tostema S R
s=1 ,t=s/q
+— IIFLITSuup/ /t e P{é(s — qt) > u|é(s) > u}dt
P{{(s) > u}
X —E{L(u)} ds.

By writing & = s *u and § = g(@), (1.3) yields sG/q = p(s™*u)/p(u) < 2%,
for u large. In view of Assumption 2 we thus have

e ¢ dt
sup /M(s/q) {é(s—qt) > u|§(s) > u}

u>u,
1/q 5 ~ .
:sup/ ! P{e(1 - gd) > alé1) > @)L dF
(3.3) wzup (da/sq1L/d) q
1/q - -
< 2%, sup/ Pl£(1 - qf) > u|é(1) > u} di

uzu, Y (d/2%)N(1/9)

<&? ford >d,and s e (0,1], for some dy > 1 and u, < .

Inserting this in (3.2), the upper bound now follows from sending d — oo and
el 0.
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The proof of the lower bound is analogous (but easier): Using (3.1), Fatou’s
lemma and Lemma 2 [but neither (1.3) nor Assumption 2], we obtain

©P{L(u)/q > y}

"t e
o 1 dn(s/q) P i
> IITTlﬁnf A P{[O Iy, a)(£(s — qt)) dt > x|&(s) > u}%ds

1 [ (d/B())1Q x | (1—F(s))ds
= ﬁ/(; P{/O I(O,OO)(é’(t)) dt > ﬁ(S) } (l + WS)1+1/K

— A(x) asd — oc. O

Berman (1982) used versions of Assumptions 1 and 2, Lemma 2 and (3.1)
[= (3.0)] to study sojourns and also worked on relations to extremes. See also
Berman (1992).

For q(u) large enough to make %5, > 0O, the trivial estimate

Plé(1—qt) > u | &) > u} < P{&(1 - qt) > u} /P{&(1) > u}

combines with Proposition 1 to show that Assumption 2 holds:
PrROPOSITION 2. If G € 2 and B, > 0, then Assumption 2 holds.

PrROOF. Write y(u) = kduq/w, so that liminf,,; y = «d¥, and (1 +
yw/u)"Y* > (1 — qd)*. Invoking (2.2) we then obtain

] Ve  P{&(1-qt) > u}
|
'”;‘Ti“p/mm P{(1) > u}

(A-qd)" P{&(s) > u}
/o P{E(1) > u} ds

. 1
= limsup —
uti q

: Bo P{é(s) > u}

<limsup —% [ I (8 ———~—=d

= limeup g J To a1 gy 98

_ 1 /00 (1—F(s))ds' 0
Bak Jieap, (L+ Ws)t+l/x

4. First bounds on extremes. By Theorem 1, Assumptions 1 and 2
imply

P[ sup &(t) > u] > max{P{g(l) >u}, %foxP{¥ > y} dy}

te[0, 1]
o)

(4.0)

> max{P{g(l) >u}



SELF-SIMILAR PROCESSES 755

and assuming “tightness,” this inequality can be reversed. Whether
P{sup;c0,1)§(¢) > u} behaves like P{§(1) > u} or E{L(u)/q} thus de-
pends on the ratio P{¢(1) > u} / E{L(u)/q}, which in turn by (2.1) behaves
like ug(u) / (Bow(w)).

In Section 4 we derive bounds for P{sup, 1) £(#) > u} without assuming
knowledge of the size of uq(u)/w(w). In Sections 5 and 6 we give more precise
results requiring that limsup,,,; uq(u)/w(u) is infinite and finite, respectively.

The ideas behind all theorems in Sections 4-6 are versions of the esti-
mate (4.0).

As indicated above, it is easy to derive a lower bound for P{sup,. 1) £(¢) >

u}:

THEOREM 2. If Assumption 2 holds with G € 2 and if (1.3) holds, then we
have

.. 1
i )t T PLED = a1 SuR, 0> ] >

Proor. Clearly we have [cf. (4.0)]

L. 1
lim inf E{L(u)/q}P[tS[‘éﬂ] €0 > vl

1 . >~ P{L(u)/q > ¥}
= L[ imene [ S )
for each x > 0. Given an ¢ € (0, 1), (3.2) and (3.3) further show that

. > P{L(u)/q > y}

| B St S S R

s | Ly

1 don(s/q)
< Iimsup/ P{/ T Iy 0y (E(s —qt))dt ><1 — §>x
0

uti 0

(4.1)

£60) = uf

_ P{E(s) > u}
E{L(u)}
Since the first term on the right-hand side vanishes for x = dy/(1—¢/2), (4.1)

yields
- 1 1-¢/2 2¢(1—¢/2)
i e 0 ¢ g () e

The (virtually stronger) statement of the theorem now follows easily. O

2
ds+—8

Our upper bounds use one of two tightness assumptions: Define t*(0) = 1
and

ta(k+1)=t;(k)(1—aq(ty(k)"u))
for k < K(a,u) = sup{k e N: t4(k) " u < u}
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when u € (—oo, ) and a € (0, a]. Note that t¥(k) > ti(k—1)/2 = --- >
27k > 0.

ASSUMPTION 3. For some choice of o > 0 and a € (0, @] we have

=i P{Supte[O, 1 §(t) > u+ ow(u), MaXo<p<k (4, u) §(a (k) < u}
v(a, o) = lim sup E{L(u)}/q(w) + P{E(1) > u}

< 0.

ASSUMPTION 3'.  Assumption 3 holds with lim,  »(a, o) = 0 for each o > 0.

Assumptions 3 and 3’ are often verified via Propositions 3-5 in Section 8.

THEOREM 3. Assume that Assumption 3 holds with G € 2 and that (1.5)
and (1.6) hold. If in addition either (1.3) or (1.4) holds, then we have

. 1
M SUp o) TP = 2y 1SR, 60 > uf <o,

PrOOF. Since w is continuous and since [recall (1.2)] © — 20w + cw(u —
2o0w) <u <u+ow foru € [us;, @), for some u; < &, we can for each sequence
u, 1 4 find a sequence u, 1 @ such that u, = u), + cw(u)) for n large.
Consequently,

. 1
limsup

SUP e ar P = SR, ) > 1

tel0, 1]

_ 1
- “Tf;m E{L(u+ ow)/q(u+ ow)} + P{£(1) > u + ow)

X P{ sup &(t) > u+ a'w}.
tel0, 1]

Further note that (1.1), (1.2) and (2.1) yield E{L(x + ow)}/E{L(v)} —
1 - F(o), while limsup,,; ¢(z + ow)/q < C,(1 + aW)"*, where C, = %, if
(1.3) holds, and C, = p(o) if (1.4) holds. Hence we have [using (1.1) again]

. 1
M SUp & PR = g T SuR, ) > ]
(4.2) < C‘T(]'—i_—o-w)l/'{ lim sup 1

STI-F(o) e E{L()/q} + PLED) > u}

X P[ sup &(t) > u+ ow].
te[0, 1]
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In view of Assumption 3 we now readily conclude that it is sufficient to prove

lim sup E{L( Y}

To that end we note that (1.6) combines with (2.1) and (2.3) to give

{ max £(t4(k)) > u} <00 forae(0,d].

qP{ max §(t”(k)) > u} <q Z P{&(ti(R)) > u}

k=1

-3 [ < LU
T ti(k—1) = ti(k)

) p(u)PLE) > )
d
“3) “/m ap(z(k — 1))

/tu(k D P{&(t) > u}
k 1y a(B/2)th(k —1)ex

< %a /0 £PPLE(E) > ud dt

2E{L)} [~ (1—F(s))ds
BoBoa Jo (1+ Ws)ltl/e—p’

5. Sharp (results on) extremes when ;=00

THEOREM 4. Assume that Assumption 3’ holds with G € 2 and that (1.5)
and (1.6) hold. Then the following implications hold:

. o 1 _
(5.1) Pg =00 = IITTIIan mP{é{t&pﬂ &(t) > u} =1,

PRrROOF OF (5.1). Clearly we have

P{ sup &(t) > u+ow
t€[0, 1]

[ sup &(t) > u+ ow, max §(t"(k)) <u,é) > u}
tel0, 1]
(5.3)

+ P[ sup é(t) > u + ow, max g(t”(k)) < u}
tel0, 1]

+ P{ sup £(t) > u+ ow, max &(t(k)) > u}
tel0, 1]
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Taking {u,}7>, such that u, t & and u,q(u,)/w(u,) — oo, (2.1) and (4.3)
imply

1 .
mp{t;‘gﬂ] 60) > up +owlu,),  max - &(ey (k) > ,}

< 2w(uy,) 1 P{

(5.4) 7 Kunq(uy) E{L(u,)/q(un)}
2w(u,) 2 [® (1-F(s))ds
T ku,q(u,) BoBra Jo (1 + Ws)ltl/x—p

—- 0 asn— oo.

max (1 (k)) > u,,}

1<k<K(a,u,

Further (2.1) combines with Assumption 3’ to show that
P{Supte[o, 1] f(t) >u,+ o-w(un)7 maxOsksK(a, u,) f(tfltn(k)) = un}
P{&(1) > u,}
5 ( Bow(u,) 1)
(5.5) KU, q(u,)
% P{Supte[o, 1] f(t) > Uy + O-w(un)’ maXOSksK(a, u,) f(th(k)) = un}

E{L(u,)/q(u,)} +P{£(1) > u,}
- (0+4+1)f(a) asn — oo,

where f(a) - 0asa | 0. Combining (5.3)—(5.5) and sending e | 0 we conclude
that

. 1

However, as in the proof of Theorem 3, a change of variable in the limit shows
that

.. 1
.. 1
N “Tlelnf P{&(1) > u + Uw}P{tes[l(J),pl] &) > u+ ow]
1 L 1
~ T I R L 07 )

In view of (5.6), (5.1) now follows by sending ¢ | 0. O
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PrOOF OF (5.2). Now (5.4) and (5.5) hold for any sequence «,, 1 & and [in
view of (5.3)] so does (5.6). By a change of variable in the limit we thus get

. 1
limsup &y sy P sup €6) > ]

1 1
=—|limsup——— P su t)>u+ow
T H) TSP By sy, €0 > v ow]
1
R O
Sl—F(o-)_>1 as o | 0.

6. Sharp extremes when 5 < co.

THEOREM 5. Assume that Assumptions 1 and 2 hold with G € 2 and that
(1.3) and (1.4) hold. Then we have

- 1 . 1-A(x)

PROOF. In view of (4.1) an application of Theorem 1 shows that

liminf ——~ { sup £(t) > u} L 1=AGT)

foreach x > 0. O
uti E{L(u)}/q(u) 120, 1] x

THEOREM 6. Assume that Assumptions 1 and 3’ hold with G € 2 and
s < oo and that (1.3)-(1.7) hold. Then we have

. - - 1-—A(x)
“TfaupE{L(u)}/q(u) [ sup 0> u < timinf ===

LEMMA 3. Assume that Assumption 1 holds with G € 2, A(0) = 1 and
Bs < oo. If in addition (1.4)—(1.7) hold, then we have

o 1 L(u - o-w)
LTS B a(w) P{

for o € (0, 1) and for a € (0, @] sufficiently small.

o ow) T A L) > u} 0

PROOF OF LEMMA 3. Using (1.6) and (1.7) we obtain
q(u) < 28sw(u)/u < 483 ¥sw(v)/v < 4B3%5
for u, <v <u <a, for some u, < a.
Choosing a ¢ > 0 such that (1 — x)* > 1 — cx for x € [0, 1/2], we therefore get
(t4(k +1)/t4 (k) u > (1 — aq(ti(k) *u))u > u — cadRsPsw > u —ow =4a
for u > u, and for a € (0, @] sufficiently small. Since self-similarity yields

(L(w), £(ta(R))) = ((ta(R)/OL(t/t5(R), (t/tg(R))u), (t5(R)/£) &) ,
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we now conclude, adding things up and using (1.6) as in (4.3),

L(i) .
P{ e )_x max §(t (k) u}

IA

- M < u >
0 3P| = i) > uf

| (ik)> Plam - (tsz)’ (tsz))K

x [t4(k) — t4(k+1)] ‘ dt

l

N

) = ()= €0 ()

Il
Mw

k

3 K (k) P{L(t;ﬁ)/q(ﬁ)sx, £(t) > f‘}
= J (ki) a(B/2)ty (k)

2 1 . (t; @) N
S‘/ISZaL\/W(x)/<1—A(x>>1/<2m(Pg(tb a3 P{ (l; - f(t)>u}> a

2 (A-A(x))Ee
v
Bra Jo

dt

tP*P{&(t) > u}ydt for u sufficiently large.

Here (2.1), (3.1), Theorem 1 and the fact that A(x) — 1 show that

[/01 P{&(t) > i1} dt
_/Olp{% > x, £(t) > ﬁ}dt}

o P{L(@)/q() > y}
L=t TE@@)ye@y dy]

limsup

1
wti - E{L()}/I - Ax)

_1- F(—a)[
V1—Ax)

<(1- F(=0))/1-A(x) > 0

as x | 0. Moreover (1.5), (2.1) and (2.3) easily give

(1-Ax)/2em)

1 o i
m/{) t*P{&(t) > aydt — 0 asx | 0. 0

limsup
uti

ProoF oF THEOREM 6. We can, without loss, assume that A(0) = 1 (since
the statement of the theorem is void otherwise). Writing & = u — ocw and
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g = q(&2) we then have

P{ sup &(t) > u+ crw}
tel0, 1]

S%/OxP{{sup §(t)>u+aw}u{?>y}

tel0, 1]
0| max gt = ) ay

T IR
+Pie) = @ [ P{HE

+ P{? <ux, 1r£nkzi)§{§(t’;(k)) > u}

<y|§(1)> ﬁ}dy

+ P{ sup &(t) > u + ow, max §(t“(k)) < u}
tel0, 1]

Since ¥y < oo, Lemma 3 and Assumption 3’ show that the last two terms are
asymptotically negligible. Further Lemma 2 and the fact that A(0) = 1 imply

limsup — [

utl

{? < y'f(l) > a} dy

dn(1/q)
< limsuplimsup - / {/0 I, 0(§(1—qt))dt <y ' £(1) > u} dy

d— o0 utis

< P{/O Tio.00)(¢(2)) dt < x}

—-0 asx| 0.

Adding things up and invoking (1.1), (1.3) and Theorem 1, we now conclude

limsup sup é(t) > u+ow

utd E{L( )/q} {tEOl] ]

o EL@)/d)1- A®x)
<l imeuP e Lw)/q) =

>1u Q
+ Iimis(,)uplistAup %P{A Lo o) (¢(8)) dt < x}
_BA-Fo) 1o A) | (L= F(-0)¥sx

. 0.
ST oW a0 x By %
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The argument used to establish (4.2) therefore carries over to show that

. 1
i a5 €07 )
A(x) -

By(1— F(=0)C,(L+aW)Hs =~ 1-
S T Ao —Fey

COROLLARY 1. Assume that Assumptions 1, 2 and 3’ hold with G € 2 and
s < oo and that (1.3)-(1.7) hold. Then the limits

. 1 e 1-A@)
i ez S 0= =i =

exist with common value —A’(0) € (0, co).

—A'(0)

PrROOF. The facts that the limits exist and are equal follows from The-
orems 5 and 6. Further Theorems 2 and 3 show that the limit is strictly
positive and finite. O

7. Sharp extremes for P-smooth processes with Ge 2(1) U 2(l11).
One often encounters processes &(¢) which are asymptotically smooth in the
sense that

> &

td-gt)—u £1)-u  qt&
w w w

(1) > u} =0

fore >0and ¢ € [0, @),

li P{
(7.1) utl

for some variable ¢ [usually a derivative of £(¢) at ¢ = 1]. Also assuming that

q(u)(§’)+>9

w(u)

(7.2) limsup E{(

uti

(1) > u} < oo for some o > 1,

and that G € 2(1) U 2(l11) possesses a density g for which
(7.3) limw(u)g(u+ xw(u))/(1 - G(u)) =e* forx >0,
utu

we shall prove a version of Corollary 1 where Assumption 1 is not needed.

Every infinitely divisible process £(¢) can be written £(¢) =, [ f,(x) dM(x),
where f,(-) is a deterministic function and M is an independently scattered
random measure. When f(x) is smooth this suggests that ¢ = ¢'(1) =
[ fi(x)dM(x) and so it can be quite easy to prove (7.1) (cf. Sections 11, 12
and 14).

Also the verification of (7.2) can be surprisingly easy: See the proof of
Theorem 10 for a swift strategy for verifying (7.2) that works for “light-tailed”
processes.

It is well known that (7.3) holds if, for example, g is ultimately decreasing
[e.g., Resnick (1987), Propositions 1.16 and 1.17]. In view of (1.1) and (1.2), it
is also obvious that if (7.3) holds for x = 0, then (7.3) holds for all x € R.
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THEOREM 7. Assume that Assumptions 2 and 3’ hold with G € Z(1)U2(lIl)
and 5 < oo. If in addition (1.3)—(1.7) and (7.1)-(7.3) hold, then we have

q(u)E{(&)*]&(1) > u}

0 < liminf
utd w(u)
(7.4) El(&V (1
~ limeup COENE @) = u}
utd Zv(u)

and moreover

(7.5) P{ sup £(t) > u} ~ (ku) TE{(E)T]ER) > ulP{E) > u} asuta.

te[0, 1]

PrOOF. Given an s € R, (1.1) and (7.3) imply that wg(u + (s + 2)w)/(1 —
G(u+sw)) — e for z € [0, 00). Here the functions on both sides are densities
on [0, o0), and the convergence theorem of Scheffé (1947) thus shows that

00 wg(u+(s+zw) , > .,
/0 OE dz_/o h,(2)e* dz

(7.6)
when limsupsup|A,(2)] < oco.

uti z>0
Writing & = u + sw, w = w(i) and ¢ = q(@), (2.2), (3.1) and (7.6) yield that

[~ P{L(u)/q > 7}
E[l‘/x E LT dy}

SRy  ° CELL

E{L(u)}
* 1) > u}

ol e (00t

o0 (da/@AL/G) §)-a  qt¢
<[l ( )

w w

e Sds

q(1+ ¢e)x e *ds

) - }
o P{/dq/q I(xz,oo)(f(lzv_ @ gt &1—gb) - u) »

0 w w

7.7)

~}es ds
u
x

} 1+ e)wg(u)ds
x(1 - G(u))

o0 (da/@)A(1/9) &) —a gt
<[P o (P 5

w w

2
< q(l—i:s) x
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/ e Sds
{s>0: sy1>(1+&)}U{s>0: w>(1+e)w} X

/00 Pla < é(1) < a+ x*w} e ds
0

P{¢(1) > a} x
. /oo q dald P{ §(1)~_ u (j{f/ i ‘?t) —u
o qexJo w w w
2 -5
> 2% e1) > ﬁ}dte ds.
w X

where d, ¢ > 0 are constants. Here the second integral on the right-hand
side tends to zero (as u 1 @) by (1.2), while the third integral tends to
(1 — exp(—x?))/x by (1.1). Using (1.4) and (7.1) we further obtain

G (6D —@ Gt EL-an-—a _ wi
gex Jo w w ) T w

#) > u} { ;)do/(sx)

and so the fourth integral tends to zero. Upon conditioning on the value of
£(1), the first integral on the right hand side of (7.7) finally becomes

o oo [ (da/@A/d) Gté

- q(l+¢&)°x|é(1)—u
- q w

q
wg(i + yxw)dy (L+ &)wg(it)ds
1-G(a) 1-G(u)

00 (00 e)2¢ _
- p{%zy_x‘fﬂ)Tu:ny}
1+ o)wg(i + yxw) dsdy
x 1-G(u)
:/:"P{Q(ltvs)zf’zy_x§(1zu—u>yx}
1+ )1 - G(u+ yxw))dy
. 1-G(u)

w

=s+yx}

S(l—i—a)/:op

£1) > u} dy

provided that x, £ > 0 are sufficiently small compared with d > 0 and Q.
Evaluating the integral on the right-hand side and inserting in (7.7) we
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therefore conclude
1 ©P{L(u)/q > y} }
—[1- — - d
x[ I E{Lw)/q}

_ (A +2)°qE{(¢)"16Q) > u} T
< £ Ca

(7.8)

In a similar (but less complicated) manner we get [using (1.1) and (7.1)]

%/:P{? Sy'f(l) > u}dy

dA(1/q) El—qt)—u

S P{/OdA(l/q) I(xz,oo)<§(1zv— u %‘f/> dt < (1+&)x|é(1) > u}

N P{/d/\(l/q) I Oo)(g(l) —u gt EQ1-qt)- u) dt
: w

£ > ul

0 w w
> ex|é(1) > u}
(7.9) 3 P{q(l +ws)x§’ . 5(120— v ole1) s us ﬁw}
Plu < ¢1) < u+ Vaw}
P{£(1) > u}
+ ifodp{g(l)w_“ - qf - g(l_i’f)_” > 22|§(1) > u}dt
< P{—q(l +w8)x§, > Jx— % | €(1) > u} | Gl +1{Eg()u_) G(x)
L Qo gEE e = uh

T Jx—x2 w

provided that x, ¢ > 0 are sufficiently small compared with d > 0 and Q.
On the other hand (3.3) and (7.2) combine with the arguments above to yield

i, o P{L@/g > 3} }
x[l | ~Eizea @
o [ pda/s,HnL/d) E(1—Gt)—a
L )
- q(1 —~a)x e *ds

u

£ -

1

g dt = - - d
~/C; {/l:l/\(s/q) (u, )( (S )) > g s

E{L(w)}

£60) >
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o (e (g1-gn—a) , _q(l—e)x
z/o P{/ I(o,oo)< )dts >

0 w u

e %ds e sds

fw - a)

X
{s>0:w<(1-&)w} X

PLEE) =)

X
1 1 ,s/q
T Ly P 00 = uleCo) = wl AR do

o [ pda/s.d () —a  gte
=[Pl e ()

q(1—2&)x (1 —-e)wg(a)ds
< 02 e - ) ST

o daq/s,q El-gt)y-u EQ)-u qt&
-[ p{/ I(xz,oo)< SRR )dt

0 w w

e Sds e

gex

Sudq

>/-oo/ooP{q(]_—z(e)g’ 2y+x|§(1)—u =s+yx}
0 0 w w

=

(W= al

wg(i + yxw)dy (1 — e)wg(it)ds
1-G(a) 1-G(u)

* suq (W [EL—g)—a  E1)—a L e

o qexJo { w w w

£1) > u} dt

(7.10)

e Sds e

wx?

> —

w

:/"QP{(I(l—Zs)f/ >yt §(1)—u - yx}
0 w w

5 (1-e)A-Gu+yxw)dy ¢

X

1-G(u) x
{q(l —2¢e)¢
w

~a-o [ P —xzy'§(1)>u}dy

G(u + x Y3zxw) — G(u)
1-C)

1 o (A2

qE{(§/)+l|§(1) >up +13(1 — exp(—222))

—x 31—

£(1) > u} f:m y ody - 2

> (1—¢)(1-2¢)

_E{(q(é’)+)"

x(Q_l)/s Fol L.
&) >u i for x sufficiently small.
— X
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Since > is transitive, (7.10) shows that

liminf sup &(t) >

gE{(&)"1€(1) > u}
utii (E{L( )/Q}Plte[o 1] ] )

w

. V1 P>y

—“T£”<Eux arPlsup €)= u] =) E(L(w)/q) @0
PL(W)/g >y} , qE{E)|ED) > u)

*“%T(xﬁ ELwig P w )

x(0-1)/3

6w = )

_ 1—exp(—x*?®)

X q(§/)+ o
e —ImsupE{(T)

utt

v

—-0 asx|O0.

Hence we conclude that

(7.11) Iimiﬁnf(m {tESI(.)uol]%(t)>

1+

|- O 2 )
w

On the other hand, defining I': R — [0,1] b

e PAL(w)/q(u) > v}
P =timint [ =gy %

we obviously have

1-T(x) P{L(u)/q > ¥}
=l e ol E{L(u)/q)
5"%?paL(w@ {sup 0> u}.

Here the right-hand side is finite by Theorem 3. In particular lim, ,I'(x) = 1,
and replacing A with T" in the proof of Lemma 3, we therefore easily
deduce

. L(a) . _
(712 Uﬁ“TﬁmEuxMWq{qw>5*ﬂﬁﬁa”“”>”}‘°
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(without using Theorem 1 or Assumption 1), where & = u — cw(u) and o > 0.
Writing u = u + ow for o > 0 we further have

] q(@)E{(£)"1£Q) > ﬂ}>

”T&“"’<E{L<u>/q<u>} { sup )

=tm e epzmaan | 5,560 -

1 *P{L(z)/q(&) > y}
(7-13) -2 “Ez@a dy)
P{L(@)/q(d) > v}, q@E{(E)]EQ) > @)
*"Tfu“p< b Ett@ya@ @ w(@) )
. G@E(E)1ED) = 3} g@E{(&)*1EQ) = 7}
i "Tfﬁ“p< w(@) w(@) )

Here (7.9) and (7.12) plus (1.6), (2.1), (6.1) and Assumption 3’ give that

P{L(@)/q(d) > ¥}
A E(L(2)/9(a)} dy)

'i’L‘;”p(E{L(u)/q(u» {sup e -7} - 2

imeun PE@ =8} 1 7 (LG@) _
= lIm SUP E(L(@)/q(a)]} x L P{ 7

¥ = u} dy

, 1 L(z) ”
MU e ) T ) > o
. 1 wy -
e S LS 0~ I S =
- , x  q(@)E{(£)"£(1) > ap . _VE
< wotmsop( =" w(@) )

+ilimsup {L( )
L, util E{L(u)/q} q(u )_

x, max E(th (k) > u}

1 . u
T, msup E{L( Vat {tf[‘épl §0) > u, max &(t (k))“‘}

— 0 asx | 0anda | 0 (in that order),

where we also used the obvious fact that (7.2) implies

{q(w>((f))+ -]

= imsup ] (25000 )

limsupE

utt

(7.14) - qu/Q N
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Moreover (7.8) yields

P{L()/q(d)> v} | q@E{E)]6@)>a}) 1-e
"mS”p<x/o EL@/a@) 2~ w(@) )5 P

uta

as x | 0. Finally (7.2) and Hélder’s inequality combine with (2.1) to show that

. q@E{(&) 1) > a}  q(@)E{(&)"1é(1) > u}
"”2%”"( w(@) w(@) )
< “T;Up E{%I{ﬁ<§(l)<u} £(1) > ﬁ}

SRESCET

] (42157
—-0 aso|0.

Inserting all these facts in (7.13) we obtain

Iimsup<%P{ sup &(t) > ﬁ} —

q(@)E{(£)*]&(1) > ﬁ}) -0
wra - \E{L(@)/q@)} Lo T

w(a)

which in turn [by (1.2) and (1.3)] implies that

L0 o gy 41) - 5] - TOEEN D =) g

'imsu"’(E{L(u)/q(u)} Sue w(@)

uti

Here (1.1) and (2.1) combine with Theorem 3 to show that

_w@)w@ g R S -
EC@ramn | ©0 7 ) ez L €0 )
_ (BL@w@ 1 .
B (E{L(ﬁ)}w(ﬁ) 1) E{L(ﬁ)/q(ﬁ)}P{tf{éﬂ] £(t) > u}

C(PEWEmE N1 g
(Ften = e~ ) eran© .2, 0 -]

— 0 asutaando | 0(in that order).

Consequently we have

_ 1 GE{(#)1ED) > uh _
(7.13) "Tfa”p<E{L(u)/q}P{tZﬂﬂ] SOR w ) =0
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Combining (7.11) with (7.15), observing that by (7.15) and Theorem 2,
{q(u)(f’)+ | }

liminf E

uti

1£(1) > u

w(u) |

A 1
= "T&“"’(E{qu}P{tf[‘é,"l] ) > ul

L. 1
+ lim inf E{L(u)/q}PLZ‘éﬂ] €0 > ul

GE{(E)EQ) > u})

w

>0
and recalling (7.14), we finally conclude that (7.4) and (7.5) hold. O

8. Sufficient criteria for tightness. It is an old idea to derive tightness
for a process from requirements on its increments. Generally speaking, most
derivations of this type have many steps in common. Thus they should not
be regarded as inaccessible for readers despite their often both long and
technical proofs.

PROPOSITION 3. Assume that (1.5)—(1.7) hold with G € 2 and &(t) P-
continuous.
(i) If there exist Ay, ¢, e, C > 0, us < & and d > 1 such that
P{£(1) > u+ (A +v)w(u), §(1 — q(u)t) < u +rvw(u)}
< CtiA*P{£(1) > u}

for 0 < t° < A < Ag, v > 0 and u € [us, &), then Assumption 3’ holds and

%5 < OQ.
(ii) If there exist Ay, ¢, e, C > 0, us < & and d > 1 such that

P{é(1—q(u)t) > u+ (A +v)w(u), £(1) < u+vw(u)}
< Ctir°P{&(1) > u}

for 0 <t <A < Ag, v>0and u € [us, &), then Assumption 3’ holds.

(8.1)

(8.2)

Proposition 5 below describes one method potentially useful to verify (8.1).
Other such methods include estimates related to Chebyshev's inequality like,
for example,

P{é(1) > u+ (A +v)w, £(1 — gt) < u +vw)}
P{£(1) > u}
< (Aw)?E{[£(1) — £(L — gt))? | £(1) > u}.
If £(¢) has a (superexponentially) “light-tailed” distribution the estimate
P{é(1) > u+ (A +v)w, £(1 — gt) < u +vw)}
<Pl&(1) +A[£(1) — (1 — gt)] > u + Aw}
may also work provided that A is suitably choosen.
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When Assumption 1 holds, (8.1) is interpreted as P{{(t) < —A} < Ct?r~°.
Although often useful, (8.1) is a stronger condition than (8.2). In particular,
(8.1) cannot hold when %35 = oo while (8.2) still may work well (cf. Section 13).

PROOF OF PROPOSITION 3(i). Takea € (0, d] and choose j} = j.',' € N such
that ¢, (j7) = t*, (k) > t%5..(j} + 1) for n € N. Further let T, = inf{t €
[0,1]: t™*u < &} and ¢, = U~ €,. ., Where ¢, , = {t;, .(1), 55 .(2),...}.
Since t},..(k) — ti,.(k + 1) < a27"sup,; q(v), the fact that &, is dense
in [T,, 1] will follow if we can prove that lim,_ . ti,.(k) = T, whenever
K(a27",u) = co. If the limit were greater than T, then we would have

1= I|m t“z (1)t (R)=1— ||m a2 "q(tl - (k) "u).
In view of (1.6) this implies lim,_, ., ti,-. (k) *u =@, so that ¢;,..(k) - T,.
Taking A, =(1-279)>% 2-¢k ‘where o € (0,c A ((d —1)/e)), (1.7) yields
(83) Y, un(B) (A = Ay_p)w = (2B3) For (1 — 270) 27w (8, ny (k) )
for u sufficiently large. Further (1.6) shows that
1—tipn(Jp + D/tgy v (B) _ a27"q(tgp 0 (Jp)~w)

q(ty-in (B) ™ u) T a(thy e (R)u)

(8.4) _az2™ (t22<n+1)(k)_K)pl/K
T /2Nty (JR)7E

< %51d21_n+(Kp_l)+ .

Since ¢, separates {&(¢)},r,,1) (Peing dense in [T, 1]), (4.3) and (8.1) now
give

[ sup &(¢) > u+ ow, max E(ti(k)) < u}
te[0, 1]
< P{ U [ sup &(t) > u+oA,w, sup &(t) <u+ U)\nlw]}
n=0 tECy ny1 teKuyn
00 K(az (n+1) u)
= Z Z P{g(tZZ—(nH)(k)) > u+ oAnw,
n=0
E(thn(Jr+1) Su+or, w)

oo K(a2=(tD) y)

u—l—a’x\ w
= 1 - -
Lz {5( TN ST
ty n(J”+1)> u+oAn_1w}
8.5 23Sk
(68:5) 5( (o (B) ) = T (R
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oo K(a2-+D) ) C(;Bglazl—nqu(xp—lﬁ)d

=X X

o m ((@Bg)to(1—270)2-0m)

eP{f(l) > tZz,(nH)(k)_Ku}

C(P; a2t te- D) 2E(L(u)} [ (1- F(s))ds
5 (23)Lo(1 - 2-0)2-0n) qBo¥,a2 (D) Jo  (1+ We)l1/cs

Z

Hence the following strong version of Assumption 3’ holds:

li _— t) > o
6s i STy, 60 7 v )

max £(ti(k)) < uf -0

as a | 0. Moreover an inspection of the proof of Theorem 3 reveals that the
fact that the left-hand side of (8.6) is finite for a small implies

lim sup P{Supte[o, 1] ‘f—,‘:(t) > u}
utit E{L(uw)/q(u)}

so that

oo SO, D

PROOF OF PROPOSITION 3(ii). Now (8.3) and (8.4) change to
tipn(J3) 0 (A = Ay = (2R3) o (1 = 27927 w(t,-. (J7) " u),

and

11—t iny(R)/tgo-n(J}) - — tyon(Jp + 1)/ t52-2(J})
q(ta-n(Jp) " u) - q(tar(Jp) " u)

Consequently (8.5) modifies to

=a27".

{ sup &(t) > u + ow, max §(t“(k)) < u}

tel0, 1]

oo K(a2=(tD) y)

= Z P{f(tzz—(n+1)(k)) >u+ol,w,
n=0

(% (J1) <u+ U)\n_lw}

(n+1)
_ i K(azZ u)p{g(tzz'(””(k)) N U+ oA,w
n=0 by (J}) tap-n(J3)<

(8.7) &1) < W}

b (JB)"
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oo K(a2=D, ) C(azfn)d

= X

n—0 =1 ((2%3)_10(1 - Z_Q)Z_Qn)e
x PLE(L) > tgpn (J7) " ul.

Here (1.3) and (1.6) show that

tsz(nH)(k - l) - tZz—(nH)(k)
l

= Z tZz—(nH)(k - i)az_(n+1)q(t22*(n+l)(k — i)_Ku)
i=1

l u S\ —K

B . . _ Pty i (kR —0) " u)

- a2 (n+1)tu (" +1 (i +1) " u a2
a2 (.]k )q( a2 (.]k ) )l=21 p(tngn(jz 4 1)—"u)

> @27 (8l (j1)/2)(B2/2)200 7D gt 0 (53) " u)1(2%,)
for a € (0, 4] and u large. Hence there is an [ € Z* such that tyon(J7) <
o wm(k —1) for & > 1+ 1, and inserting in (8.7) and using (4.3) we thus
conclude

P{ sup £(t) > u+ ow, max £(t(k)) < u]

tel0, 1]
- 1C(a2 )
< re) -
N ,12:‘6 ((2%3)_10'(1 — 2—9)2—gn)e {€(1) > u}
+ i C(a277)? 2E{L(u)} o (1— F(s))ds
im0 (2%g)2o(L - 270)270m)° q¥o¥pa2 i Jo (14 We)tit/ee”

PROPOSITION 4. (i) If (1.5)~(1.7) hold with G € 2 and if

i P{sup,ci1.11aq) £(2) > u + ow(u), (1) < u}
8.8) ni(a,0)= “TTSaUp e = u] e

for some o > 0 and a € (0, a], then Assumption 3 holds and 35 < oo. If in
addition »,(a, o)/a — 0 as a | 0 for each o > 0, then Assumption 3’ holds.
(ii) If (1.5)—(1.7) hold with G € 2 and if

. P{Supte[lfaq(u),l] f(t) >u+ aw(u), f(l) = u}
8.9 ,o)=1
(8.9 wy(a, o) |rrL2Tsﬁup PLE(D) = u < 00

for some ¢ > 0 and a € (0, 4], then Assumption 3 holds. If in addition
vy(a, o)/a — 0 as a | 0 for each o > 0, then Assumption 3’ holds.
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PROOF OF (i). Since (1 —aq)™! <1+ 2aq for ag <1/2, (1.6) shows that
(1— ag(ti(k—1)™w)) " < 2aq(ti(k —1)"u)
< 2a(B,/2) 24V g(24 (k) *u)

for a € (0, @] and u sufficiently large. Using (1.7) and (8.8) we thus get

Pl sup  &(t) > ut ow, &ti(k) < u)
te[tg (k). (k=1)]

u+ow u

=P sup &(t) > ,€(1) < }

{te[l,(l—aq(tz(k—nKu))l] : ti (k) W ti(k)~

(8.10) gp{ sup o) > crw(tas(k)* W
tel1, 145 022400 g(ex (b)) ta (k) 2%
u
1
) < i |

< 2v(a, 0)P{&(1) > ti (k) u} for u sufficiently large.

In a by now familiar manner (4.3) therefore yields

P! su t) > u+ow, max &(th(k)) <u
{ sup &0 max £(ti(k)) < u

_ 4n(a, )E{L@)} [~ (1-F(s))ds
- gBoBa 0 (1+ Ws)ltl/x=r’

Hence the left-hand side of (8.6) is finite so that %55 < oo (cf. the proof

of Proposition 3). Further Assumption 3 holds and Assumption 3’ holds if
vi(a, o)/a — 0. O

PROOF OF (ii). Using (8.9) instead of (8.8), (8.10) changes to

P{ sup  £(t) > u+ ow, &tk — 1)) < u}
te[ty(k), £ (k—1)]

ow(ti(k—1)""u)
=P su t) > — ,
{te[l—aq(tg(kp—)l)m), 1 §0) tu(k— 1)~ 2%

u
)= g3y

< 2vy(a, o)P{&(1) > ti(k —1)"“u} for u sufficiently large.
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Thus we readily conclude [again invoking (4.3)]

P{ sup &(¢) > u+ow, max &(t;(k)) <u
Le[o,pl] (t) max £(t4(k)) |

< 2vy(a, g)[p{g(l) - U+ 2E{L(u)} >~ (1—F(s))ds ]

q¥BoPoa Jo (14 Ws)lttl/x=r

For some processes there exist constants C, ¢ > 0 and ug < & such that

(8.11) P{&(t) > u, &(s) < v} < C/_Uoo P{&(c(t —s)) > u — x} dF (%)

for 0 < s < tand ug < v < u < . Obviously (8.11) holds when &(¢) has
stationary independent increments, but (8.11) is a much weaker requirement
than that.

PrOPOSITION 5. Assume that (1.5)-(1.7) hold and that (8.11) holds with
&(t) P-continuous. If in addition G € 2(1) with

(8.12) L, =limsupIn(1-G(u))/u <0

and

L, =liminf g(u) “w(u) > 0,
or if G € 2(1l) with yk > 1, then Assumption 3’ holds.

ProoF. First assume that G € 2(l). Then de Haan's theorem [e.g.,
Resnick (1987), Proposition 1.4] states that there exist a constant u; € R, and
functions ¢, ®: [u;, 00) — (0, 00) with ¢ self-neglecting, such that

. . Yy dx
(8.13) uILngodb(u) exists and 1 — G(y) = fD(y)exp{—/ m} for y > u;.

Since ¢(u)/dp(u + x¢p(u)) — 1 locally uniformly it follows that

1-G(u+td(u)) _ D(u + tp(u)) ox {_ /u+t¢(u) dx
1-G(u) D(u) u b(x)

Consequently w(u) ~ é(u) [e.g., Resnick (1987), page 26]. Since (1.7) yields
w/w(u — yw) < 283u/(u — yw) < 4%, for 0 < y < u/(2w) and u large, we
further obtain

j-_:I_G—LG(_u;}LU) < 2exp{/uu_yw %} < 2exp{/:_yw %} < 2exp(8%¥3y)

}—>e_t as u 1 a.
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for 0 < y < u/(2w) and u large. Hence (8.11) and (8.12) show that

P{é(1) > u+ (A +v)w, £(1 — gt) < u +vw)
[u/(2w)]-1
<C Y Pléeqt) > (A +Duw}
1=0
xPlu+(w—I1-1w<é1-qt)<u+(v-lw}
+ CP{&(cqt) > (A + [u/w)])w}

[u/(2w)]-1
<C Y (@-G(cg)*(A+Dw))(1-Gu+(¥-1-1w))

=0

+c(1_G<(cq;)“u))

< 20(1- Gu) Y exp{_%@z AL)(ct) (A + 1)}
=0

x exp{8B3(! + 1 —v)}

C(1 — G(u)®((cqt) " u/3) (caty *u/3 dx
o(u) exp{‘/u (%)

Since ¢(xu) < 2w(xu) < 4¥;xw for x > 1 and u large, we here have

{ /(th)f'(u/s dx }< { /(th)f'(/?’ udx }
expi — expy — _—
(8.15) P17, e} e 4Bzxw

= (3(cqt)") /¥,

} for u large.

Inserting in (8.14) and recalling that ®(u) converges, it follows that (8.1) holds.

Now assume that G € Z2(ll). Given an ¢ € (0, 1), Potter’'s theorem [e.g.,
Resnick (1987), Proposition 0.8] then claims that there is a ug = ug(G, ¢) > 0
such that

xr(d+e) _1-Gux) _ xr(d-e)
1+ — 1-G(u) = 1l-¢

for x > 1 and u > ug.

Invoking (8.11) we therefore deduce (8.1) through the estimates
P{é(L) > u(1+ A +), é(1 - gt) < u(l+v)]
< C(1- G((cqt) ™M) < C(1 - &) H((eqt) " A) (1 - G(u)). O
9. Lamperti’s associated stationary process. In essence, Assump-

tions 1, 2 and 3’ consist of a set of asymptotic distributional requirements on
“events” of the type

(6(1+qt) > @ | £(1) > u) where & = u + dw(u) and 8, ¢ € R are constants.
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Expressed in terms of the stationary process X(t) = e “’¢(ef), this event
becomes

(L + gt)*X(IN(L + qt)) > | X(0) > u) ~ (X(qt) > 4| X(0) > u),

where & = (1 — kqt)i

and the right-hand side is a Taylor expansion. Thus it is not surprising that
Assumptions 1, 2 and 3’ can be expressed in terms of similar assumptions
on X(t) or Y(t) = X(—t), which is done in Propositions 6-9. These assump-
tions in turn essentially coincide with those used by Albin (1990) to study
stationary extremes.

Since stationary processes often allow neat and “balanced” calculations,
it can be rewarding to first analyze X(¢) and then transfer results to £(t)
via Propositions 6-9. Further these propositions yield “gratis” results for
self-similar processes obtainable by invoking estimates in the literature for
the associated stationary process.

ProPOSITION 6. If for each K € [1, co) we have

P{X(~q(w)t) > e“" u|X(0) > u} < f1(t) + f2(u)
for 0 < q(u)t < K —In(q(u)),

for some £, € LY(R") and f,(u) = o(q(z)/ In(g(x))), then Assumption 2 holds.

PrROOF. Since Assumption 2 holds when @ < oo, we can assume @ = oo
so that g(z) — 0. Using stationarity and that —In(1 — x) > x for x € [0, 1),
we then obtain

1/q
/d Plél—qt)>u \5(1)>u}dt

= P{X(—gf) > e“'u|X(0) > u}e 9" di
(=In(1-dq))/q
(K-In(q))/q — 00 fa
(K In(q))fZ(u) +/ e—qt dt
q (

< t)dt
_/cl fae)dt+ K-In(@))/q

(9.1)

—>/doof1(t)dt+0+e*K asuta. 0
PROPOSITION 7. Assume that there are f3 € LY(R") and f,(u) = o(q(u))
such that
(92) P{X(q(w)t) > u| X(0) > u} < f3(¢) + fo(w) for 0 < q(u)t <h,

for some A > 0. If in addition (1.7) holds with lim,_,  w(z)In(q(x))/u =0
and G € Z(l), then Assumption 2 holds.
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PRrROOF. Inspecting (9.1) and using de Haan'’s result (8.13) as in (8.15), we
obtain

1/q
/d P{&(1—qt) > u| £1) > u) dt

hia Kqt —qt
5/ P{X(—qt) > e"u|X(0) > u}e 7 dt
—In(1-dq)/q
/00 1—G(e*u)

—dt
rig 1—G(u)

S/dh/qu(t)dtJr@Jrgf:oexp{—f:nu ¢d(z)}dt

> Fa(w) | 2 (% vuj@ssw)
S/d f3(t)dt+T—|—E/h(e yu/(4¥sw) g

_>/ fa(t)dt+0+0 asuti
d

[where the second zero follows readily using that w/u — 0 and wln(q)/
u—0]. O

PROPOSITION 8. Assume that for each choice of o > 0 we have

1
limlimsup———P{ sup X(¢)>u+ ow(u),
(9.3) ald  y4p aP{X(O) > u} ite[O, aq(u)]
X(0) < u} —0,
or
limlimsup ———P{ sup X(¢) > u+ ow(u),
(9.4) ald  y4p aP{X(0) > u} [te[O,aq(u)]

X(aq(u)) < u} =0.

If in addition (1.5)—(1.7) hold with G € 2 and %5 < oo, then Assumption 3’
holds.

By Albin [(1992a), Proposition 2], the requirement (9.3) holds if

P{X(qt) > u + Aw, X(0) < u}

P{X(0) > u} S

for0 <t <A <A and u € [ug, ),
for some constants Ay, ¢, e, C > 0, ug < & and d > 1, while (9.4) holds if

P{X(0) > u + Aw, X(qt) < u}

P{X(0) = u} < Crire

for0 <t <A <Ay and u € [ug, ).
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PRrROOF OF PROPOSITION 8. Since In(1+aq) <agand (1+aq) “(u+ow) >
u+ow/2 for u sufficiently large and a > 0 sufficiently small, (9.3) implies that

1 ow
vi(a, o) <limsup ——P su Xt)>u+—,X0)<uj;=o0(a)
(. o) utd P1o G(u) {te[o,ln(ﬂaq)] ®) 2 © } (@)

Similarly (9.4) yields that v,(a, o) = 0(a). O
PROPOSITION 9. Assume that (1.3) and (1.4) hold with G € 2, @ = co and
B, = Py < oo, and that (9.3) or (9.4) holds for each o > 0.

(i) If for each y € J there is an (R U {—o0, oo})-valued process {n,(¢)};.o
such that

@5) lim p{@{w > xi}

ra w(u)

X0)—u
w(u)

> y} - P{ié{ny(ti) > x,}}

for ¢4,...,¢, > 0 and continuity points x,, ..., x, € J for P{n,(¢;) > -},...,
P{n,(t,) > -}, then Assumption 1 holds.
(ii) If there is an (R U {—o0, co})-valued process {n(%)};.o such that

e timp|A[FI=E oy 0 = o] =P A fnce) - 5}
i=1

uti im1 w(u)

for t,,...,t, > 0 and continuity points x4, ..., x, € J for P{n(¢;) > },...,
P{n(t,) > -}, then Assumption 1 holds with {(¢) =, n(t) — ¥s«kt.

PROOF OF (i). Given x4, ..., x, € J and writing xq = £, = 0, we have
p{ﬁ{w - xi} £1) > u}
i=1 w
1 "(X(In(1-gqt))—(1—qt;) " u
9.7 = —
e —swr1 0 w

> (1-— qti)"‘xi}}.
Here (1.1) easily combine with the fact that g(z) — 0 to show that the events
A ={w H(X(In(1 - qt;)) — (1 — qt;) "u) > (1L — qt;) “x;}
and
B, = {w ™ (X(In(1 - qt;)) — u) > x; + Ps«t;}
satisfy

(9.8) Ip{i@Ai}_P{i@Bi}

< 3 (P{A; N BS} + P{ASN B,})
=0

0_(1 - G(u))
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as u 1 . Inserting in (9.7) and using stationarity it therefore follows that

PO e - of
9.9) ~ z(u)P{é}{ X(In(1 - qt,) —u!n(l —qt,) —u

> xi +5135Kti}}.

Now write &, = u + xw for x € J and consider the events

A, ={X(In(1-gqt;) — In(1 - qt,)) > @}

and

B = {X(alt, ~ ) > 0.}
Given an ¢ > 0 it is easy to see that

0<In(1-gqt;)—In(1-gqt,)—q(t, —t;) <eq(t, —t;)

for u sufficiently large.

Since (1.3) and (1.4) show that C,q(&,) > q for u large, for some C, < oo, an
application of (9.3) now yields

P{A;NB{} =P{X(In(1—gqt;) — In(1 — qt,)) > &,, X(q(¢t, — t;)) < .}

< P{ sup X(s)>a,+ow(u,), X(0)< ﬁx}
s€[0,In(1-q#;)~In(1-qt,)—q(t,~¢;)]

+Pla, < X(0) < a, + ow(a,)}

< P{ sup X(s)>u,+ow(i,), X(0)=< ax}
s€[0, £Cq(iL,)(t,~1;)]

+(G(it, + ow(ity)) — G(iiy))

~ (0(eCy(t, — £)) + F(0))(1 — F(x))(1 - G(w)) asu 1t 4.

Sending ¢, o | 0 it follows that P{A; N B{} = o(1 — G(u)) and similarly (9.4)
implies P{A{N B;} = o(1 — G(u)). Since P{A; N B} = P{A{ N B;} by station-
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arity, we get (9.8). At continuity points, (9.9) thus combines with (9.5) to show

AP -]

i=1

1 P{ﬁ{X(q(tn—ti»—u

N]_——G(u) w >xi+%5Kti}}

(9.10)

1=0

n—1
o (L Pty RPN [, (00 = 1) = 5+ Y] | 0
i=0
PROOF OF (ii). At continuity points, the first relation in (9.10) plus (9.6)
yield
n —agt:) — \
p{m{w > xi}g(l) - u}
i=1 w |

1 P{ﬁ{Y(Q(ti —ty)—u

> .')Ci +%}5Kti}}

- 1-G(u) |, w
%P{ﬁ{n(ti)>xi+’$5l<ti}}. O
i=1

10. Gaussian processes in R". Let x;(¢),..., x,(¢f) be independent
zero-mean Gaussian processes that are self-similar with index « and whose
covariances satisfy

(10.1)  E{xi(L)xi(1+ )} =1+ «t — Cy|t|* +o(|t| + [t|*) ast— 0O,

for some constants « € (0,2] and Cy,...,C, > 0. Then &(¢) = |(x1(¢), .-,

Xn()| = Vx1(8)2 + -+ + x,(t)? has associated process X(t) = |(X(2),---,
X,(#))] with standardized Gaussian components X;(¢) = e~ x,(e’) satisfying

(10.2) E{¥;(0)X;(t)} = 1 — C;|t|* + o(|t| + |¢|*) ast— O.

The class of processes satisfying (10.2) is very rich, and since an asso-
ciated process X(t) = [(X1(¢),..., X, (t))| generates a self-similar process
&(t) = t“X(In(t)) for each « > 0, the class of self-similar processes satisfying
(10.1) is very rich indeed.

In particular (10.1) holds with C; = 1/2 and k = «/2 when x;(¢) = B;(¢)
and B, (t) is fBm with E{B;(s)B;(t)} = (|s|* + |¢|* — |t — s|%)/2.

Pickands (1969) studied stationary Gaussian extremes when (10.2) holds,
and the first extension to R" is Sharpe’s (1978). Our results for £(¢) below
are new for n > 2. When n = 1 the behavior of extremes follows from, for
example, Konstant and Pitebarg [(1993), Section 2], but the sojourn result
still is new.
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Now observe that (10.1) implies the existence of an 2 > 0 such that

(10.3) sup sup e “E{x;(L)x;(e")} <1 for e e (0, A].

1<i<n te[e,h]

Further let U be a unit-mean exponentially distributed random variable
and let @ be a random variable uniformly distributed over the unit sphere
{x € R": [x| = 1} such that U, @, {B1(t)}s~0,---, {Bn(t)}:0 are mutually
independent.

THEOREM 8. Assume that (10.1) and (10.3) hold with « € (0, 1]. Then (2.1)
and the conclusions of Theorem 1 and Corollary 1 hold with w(u) = (1vu)™1,

q(u) = (1 v u)™* P{£(1) > u} ~ (u/v2)"*(I(n/2)) " exp(-u?/2) and

A =P [ oo (U = ot + 3 Voo (Bi(6) — VCol?) ) dt = .

i=1

The proof uses Propositions 7-9, and the hypothesis of these propositions
follows using results for X(¢) in Albin [(1990), proof of Theorem 9; henceforth
denoted A9].

ProoOF oF THEOREM 8. The asymptotic behavior of P{¢(1) > u} = 1-G(u)
is elementary and shows that G € Z(l). Further (1.3)—(1.7) hold and %3, =
B =1 for o =1, while L5, = L5 = 0 for a < 1. An inspection of A9 also yields

(w (Y (gt) = w)[Y(0) > u) », n(t) = U + 3_/Ci;(By(t) =V Cio,t]%)
i=1
in the sense of weak convergence of the finite-dimensional distributions.
In A9 it is further shown that there are A, B > 0 and ¢ € (0, 2] such that
4nP{(0,1) > At/?}, for qt € [0, £],
P{X(qt)>u | X(0) > u} < o1 } [0 e]
4nP{.4#(0,1) > Bu}, for gt € (¢, h],
and constants C, A, > 0 such that
P{X(qt) > u+ (A +d)w, X(0) < u + dw}
(10.4) P{X(0) > u}
<2nP{(0,1) > Ct */?}

for 0 < t¥2 < A < A, Hence (9.2), (9.4) and (9.6) hold, and Proposi-
tions 7, 8 and 9(ii) apply to prove that Assumptions 1, 2 and 3’ hold with

{(t) =, n(t) — Bskt. O

THEOREM 9. Assume that (10.1) holds with « € (1, 2]. Then (2.1), (5.2) and
the conclusion of Theorem 1 hold with w(z) = (1 Vv u)™?, q(u) = (1 Vv u)7?,

P{£(1) > u} ~ (u/v2)" 2T (n/2)) L exp(—u?/2) and A(x) = e **.
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PROOF. Now A9 shows that the finite-dimensional distributions of (w1
(Y(qt)—u)|Y (0) > u) converge weakly to those of the random variable U. Fur-
ther the fact that E{X,(0)X;(¢)} > 1—c|¢| for ¢t small, for some ¢ > 0, combines
with an inspection of A9 to show that (10.4) holds. Since %, = 55 = 1, Propo-
sitions 6 and 9(ii) show that Assumptions 1 and 3’ hold with {(¢) = , U — «t,
while Proposition 2 yields Assumption 2. A trivial calculation finally gives
Ax)=e™. O

11. The L?-norm of Brownian motion. Let {W(s)},., be standard

Brownian motion and define &(t) = f;t W(s)?ds, where 6 € [0,1). Then &(¢)
is self-similar with index k = 2, and so the associated stationary process is
given by X(t) = e ?!¢(e?). [The quantity £(¢) were first studied by Cameron
and Martin (1944).]

THEOREM 10. Writing ¢'(1) = W(1)? — 6W(6)? we have

P{ts[lalpl] &(t) > u} ~ (k) E{E (1)F]£(1) > u}P{£(1) > u} as u — oco.

PrOOF. We prove the theorem by application of Theorem 7: Writing
A(8) = sup{A > 0: cot((1— 6)vA) = 6/v/A},
Lemma 2 in Li (1992) states that there is a constant K(6) > 0 such that
(11.1) P{£(1) > u} ~ K(0)uY2e W20 a5y — oo,

Thus G € 2(1) and (1.1) holds with w(u) = 2A(6). Defining q(u) = (1 v u)™t
we further get %, = R = (2A(0))~1, and so Proposition 2 yields Assumption 2.
Further, since by Albin [(1995), equation (2.17)] we have

1
limsuplimsup——— P sup X(¢)>u+o0,X0)<u
al0 P uti P aP{g(l) > u} {te[O,Eq] ( ) ( ) ]

=0 foro >0,

(9.3) holds. Consequently Proposition 6 proves Assumption 3'.
The fact that (7.1) holds follows using (11.1) in the calculation

/0 T Wisytds — /0 " W(s)2ds + qt[W(1)% — 6W(0)?]

—6qt

"z

> &

/01W(s)2ds>u}

1 0
= mp{ fgﬂgqt[W(s)2 — W(0)?]ds

- / ' [W(s)2 — W(1)2] ds| > 28A(e)}
1—qt
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- 1 - JW(G) 3/4
—P{§<1>>u}PL§[%ﬁ]'W(S)' 2 ¢ }

D= oy - YZAD 5
+P{§(1)>u}P{SE[OSlJ‘Et’H]OqﬂW(S) W(o) - }

' P{&(1) > u}P{se[i{g, 1]qt|W(s) W)l 5 U }

4 V2eA(0)
e I R

4 - \/23)\(9) —3/2,,-3/4
+—P{§(1)>u}P{‘/t/(0’ 1) — (6qt) u }

4 - \/23/\(0) —3/2. —3/4
e O RS SR

-0 as u — oo.

In order to prove (7.2) we observe that [by (11.1)]

P{lg¢ ()P > x| £(1) > u} < P{qW(1)? > Va/2}/P{£Q1) > u}
< 2P{#(0,1) > xM*/u/2} /P{&(1) > u}

< x_z

for x > xpand u > 1,

for some choice of x; > 1. Hence it follows that

E(lgg (WP > x| £1) > u} = [ P{lag(D)F > x[&) > u]
< X0 + x_lo‘

Now recall that ¢(1) =, >3, A, N2, where N;, N,,... are independent
4(0, 1)-distributed random variables and A; > A, > --- > 0 [e.g., Li (1992)].
However, in the first part of the proof of Albin [(1992b), Theorem 4] we show
that the density for such a sum satisfies (7.3). O

12. Totally skewed log-fractional a-stable motion. We write Z ¢
S,(o, B) when Z is an a-stable random variable with characteristic function

E{exp[i6Z]} = exp{—|0|aaa[l — iBtan(?)sgn(e)]} for 6 e R.

Here « € (1, 2], the scale ¢ = o, > 0 and the skewness B8 = B8, € [—1,1]
are parameters. Also let {M(t)},.r be an «-stable motion that is totally
skewed to the left, so that M(t) has stationary independent increments and
M(t) € S,(|¢|¥*, -1).



SELF-SIMILAR PROCESSES 785

Given an n € Z* and functions & € L%(R) and A € L°(R) we define

el = ([ o)

(ho B, = [ By sgn(h(o))|h(x)|* " dz.
When &, h € L%(R) the random variable (Z, Z) = (J[phdM, [, h d M) satisfies

and

0Z + o7 € Sa<||0h + ohl|,,

—( |, san(0h(x) + eh(x)Ioh(x) + qoiz<x>|“dx) / 10h + qoiznzt)

and each Rzlvalued stable random variable (Z, Z) Ahas the representation
([xhdM, [y hdM) in law for some choice of 2 and h. When A > 0 a.s. and
(h,h), , < oo, Corollary 2.2 of Albin (1997) further states that

, o[ ({(h—hhye, (h—h, h)?2
B((Z -2z > u) = | [( L l)
% (a — 1)2f (2)

(il—ha h)i,l yzfz(y) ]d
IAl2e P{Z >u}]| ™

CORRECTION. There is a minor error in Albin (1997): In equations (2.3)
and (2.4) (as well as in later occurrences) f;Ony(Z) dz shall be changed to

Sy 2 fr(2)dz.
Kasahara, Maejima and Vervaat (1988) first noted that the process

£(t) = /Ooo(ln(t 1 x) — In(x)) dM(x) = /OOO IN(1 + t/x) dM(x)

is self-similar with k = 1/a. Here B, = —1 so that () is totally skewed.
Moreover £(t) is unbounded a.s. on every interval when a < 2 [e.g.,, Exam-
ple 10.2.6 in Samorodnitsky and Taqqu (1994); henceforth denoted S-T], but
as we shall see below, it is bounded above a.s. with very light tails.

THEOREM 11. Writing &'(1) = [;°(1 4 x)"1 dM(x) we have

P[ts[gpl] (t) > u] ~ (ku) E{E(1)T]EL) > ulP{EQ) > u} as u — oo.

PrOOF. The proof goes via Theorem 7: for example, according to S-T
(page 17), we have

(122)  P{S,(o,-1)>u}~ A(a)<%)a/2(a1) exp{—B(a)<%>a/(al)}
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as u — oo, for some constants A(a), B(a) > 0. Hence G € Z(1) and (1.1)
holds with w(u) = B(a) oy (1 v u) (D). Taking q(u) = w(u)/u we
further obtain %, = 35 = 1, so that Assumption 2 follows from Proposition 2.

Since by Halder's inequality (h — h, h)il < (h—h, h) e 2l Rllg, (12.1)
combines with (2.3) in a straightforward calculation to show that

h—h,h h—h,h
( > )a,Z(( > )a,2+1)
2l 2l

E{(Z — Z)2|Z >u} <

ol 0 (a—1)zf z(2)dz  y*fz(y)
X/u [ . PiZ >Zu} + P{ZZ> u}i|dy

h—h,h h—h,h
( ’ )a,Z(( 5 )a,2+1)
[ 2l2 2|2

(12.3) 8 |:u2 n /1"" [2ay — (@ = D)u]P{Z > yu} dy}

P{Z > u}

h—h,h h—h,h
§< >a,z<< >a,z+1)
2|2 [ 21l2

o o P{Z > 97 u}dy
2,9 2k-1
x[u + a/o KY P{Z > u}

(il’_h’h>a2<<il’_h’h>a2 )
< : 211
IAllg IAllg

4
x [uz + M] for u sufficiently large.
u

Noting that 0 < In(1+x)—In(1—¢+x) < 2¢(1+x) for 0 < ¢ < 1/2, we thus get

P{é(1) > u+ (A +v)w, £(1 — gt) < u +vw}
P{&(1) > u}
- E{[£(1) — £(1 - qt))? | €(2) > u}
- (Aw)?

> 4¢22[In(1 + x )] 2

0 (1+x)20g,,
) (foo 4g247[In(1 + x~1)]e2

0 (1 +x)20gy)

dx

=

u? +daw/u
(Aw)?

dx—i—l)

Here w—2q%u? = 1 so that (8.1) holds, and so Proposition 3(i) gives Assump-
tion 3.
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In order to prove (7.1) we observe that 0 < In(1+x)—In(1—¢+x)—#(1+x) <
t?(1+x)~2 for 0 < ¢ < 1/2. By another application of (12.3) we therefore obtain

E{(f(l —Zt) —u f(ll)ﬂ— u qtf(l))zlg(l) . u}
- /oo g*t*[In(L + x~ 1) 2 (/ @*tHIn(1 4 x~ )2
- 1+ x)4a'§‘(l) (14 x)* TE1)
u? +daw/u
X —w2
=0(¢?) asu— .

dx+1)

In a by now familiar manner we deduce (7.2) from the [(12.3)-based] es-

timates
[T

q /O" [In(1+ x~1)]*2
w? o (1+x)?0y,,

= [In(L+ x I daw(u)
([ o dx+1) (w2220

< [In(1 + a2 < [In(1 +x~H)]*2
— /0 A+ 2Pl dx(/o A+ 2P0l dx—i—l).

=<

dx

Since a-stable distributions are unimodal (e.g., S-T, page 574), (7.3) holds. O

13. Totally skewed linear fractional a-stable motion. Define M(t)
as in Section 12 and choose an H € (0,1 — 1/a). Then the process

&0 = [ |+ 2" — )| dM(x)

_ /_Ot(t + ) dM(x) + /Ooo((t + ) — xH) dM(x)

is self-similar with index H + 1/« and for « = 2 it is fBm [e.g., S-T, equa-
tion (7.2.7)].

THEOREM 12. We have P{sup,(o 1) () > u} ~ P{&(1) > u} as u — oc.

Proor. By (12.2) we have G € 2(l) and (1.1) holds with w(u) =
B(a)™t g(ig(a V(1 v u) YD, Taking g(u) = (1 v u)~@/Me-DHD] we further
have B, = Bs = oo, and in view of Theorem 4 it only remains to verify
Assumption 3'.

Now recall that (e.g., according to S-T, Property 1.2.15)

P{S,(o,-1) < —x} < Cy(x/o)™* for x > 0, for some constant C; > 0.
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Writing e =1 — (1 4+ Ha/2)/(1 + Ha) we therefore obtain

qrt—e-1 Aw Aw(l + Ha)te\ ™
H
P{/l (1+2) dM(x)<‘?} fcl(w>

< Cy(Coat=H/2H1/@) =
for some C, > 0. Defining
Q1-qgt+x)? —xH, 0<ux,
h(x) =1 (1 —qt +x)H, qt**—-1<x <0,
0, x<qttt—1,
A+x)H —xH, 0<ux,

h(x) =1 (1+x)f, qt*?—-1<x <0,

0, x<qttt—1,

an analogous calculation shows that

\w et -1 I Aw
P{f(l—qt)>u+—,/ (1—-qt+x) dM(x)>—}
3 qt—1 3

< i P{th(x)dM(x) > u—k)‘Tw}

$e—1
3 -1 3

= P{g(l) >u— “Tw}P{sa(l, —1) > Cokrt~H/ZHL/@},

Moreover it is an elementary matter to prove hA(x) > A(x) + (£ ¢ — 1)(h(x) —
h(x))>0for x e R and ¢ > 1, and it follows that

P{/Rh(x)dM(x) > u+ (%A +V>w,fR h(x) dM(x) < u + <% +,,)w}

< P{Sa(Hh F (= 1)(h =R —1) > u+ (£ — 1)%“’}

< P{g(l) > u+ t_a)‘w}
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for ¢t small. Adding things up we now readily conclude

Plé(l—qt) > u+ (A +v)w, £(1) < u +vw)

<y P{g(l) >u— ’“‘Tw}P{sa(l, —1) > CokAt~H/ZHL/®))
k=1
2A —(H/2+1/a)\—
4P / h(x)dM(x) > u+ (o +v )wiCy(Cort )
R

t % Aw
+ P{f(l) >u+ }
< CaA et H2plg(1) > u} for ¢ > 1, for some constants Cg, e > 0.

Hence (8.2) holds and Proposition 3(ii) yields Assumption 3'. O

14. Smooth stable and Gaussian moving averages. Clearly the pro-
cess

£(t) = t* /R £(n(t) + x) d M (x)

is self-similar with index « for each f € L*(R) [where M(¢) is defined as in
Section 12]. The proof of the next theorem is a simple adaption of the proof
of Theorem 11 and is left to the reader.

THEOREM 13. Take a nonnegative absolutely continuous f € L*(R) such
that kf + f' € L*(R) with

lim 2 (1= 0 £ = 1)+ ) + (7O + 0), £O)), =0,
Writing ¢'(1) = ;" (kf(x) + f'(x)) dM(x) we then have

P{ sup]f(t) > u} ~ (k) E{E (1) | £1) > ulP{E) > u} asu — oo,

te[0,1

15. Kesten-Spitzer processes. Take a4, oy € (1,2] and B4, B, € [—1, 1]
and let {M(s)}.g be an «,-stable motion with skewness B;. Thus M(s) has
stationary independent increments and M(s) € S, (|s|*/*, B;). Further let
{N(s)}s=0 be an a,-stable motion with skewness B, that is independent of
{M(s)}scr, and define

E)= [ Li(x)dM(x) where L,(x) = lim - [ ius e (N(5)) ds

is the local time of N(s) at x up to time ¢: By Boylan (1964), L,(x) exists
and can be choosen as a continuous (random) function [0, o0) x R 5 (¢, x) —
L,(x) € [0, 00).
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The process {£(¢)},-0 was introduced by Kesten and Spitzer (1979) and is
self-similar with index k = (ajay — ay +1)/(a1a3) > 1/ay.

THEOREM 14. When B; > —1 the Kesten-Spitzer process £(¢) satisfies the
hypothesis of Theorem 1 and Corollary 1 with G € D(Il) and q(u) = 1.

PrOOF. According to S-T, Property 1.2.15, for example, we have
P{Sal(a', B1) > u} ~ Cal,Bl(u/U)_al
as u — oo, for some constant C, 5 > 0.

Hence G € D(II) follows from the easily established fact that

e[ Loy ds| =EUILI < o0

xeR

for @ € (1, 2] [e.g., Kesten and Spitzer (1979), Remark 1] implies
P{£(1) > u} = P{So,(IL¢lla,s Br) > u} ~ Cay g ELIIL, N5 bu

Given a B; > —1 and nonnegative functions f4,..., f, € L“(R) with
[£1lle, > O, Theorem 4.1 of Samorodnitsky (1988) states that

lim P{@{LER fi(x)dM(x) > u} ’ /xER F1(x)dM(x) > u}

_lfi A A fallE

£ 1]l

When specializing this result to our specific setting it is readily seen that

lim P{ﬁ{w > xi}ig(l) > u}

u—00 .
=1

=E{|L, A1+ xl)_lLlftl A A(L+ xn)_lLlft,,

I l2)

and so Assumption 1 holds. Further the fact that @ = 1 implies Assumption 2.
Since the finite-dimensional distributions of {L,(x) — L;_,(x)},cr Coincide

with those of {L,(x + N(1 —t))},cr, Where L,(x) is the local time of an inde-

pendent copy {N(S)}szo of {N(s)}so that is also independent of {M(s)}cr,
we have

Plé(1) > u+ (A +v)u, (1 —¢t) < u+vu}

<P{&1) -1 —-t) > Au)

- p{/ RI:t(x+ N(1—1t)dM(x) > /\u}
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- P{t"/ Lo(x)dM(x) > )\u}
xeR
< 2C,,, g, E{IIL[5: " (Aw)™
for t~*Au large. Hence (8.1) holds and Proposition 3(i) yields Assumption 3'. O

16. Rosenblatt processes. Let {B(t)},.r be standard Brownian motion
and

t
R(t)= K} / » /0 [(s— x0)*(s — %) "] "2 dsdB(x,) dB(x,) for ¢ > 0.

Here y € (0,1/2) and K, > 0O are constants such that Var{R(1)} = 1. The
process R(t) has stationary increments and is self-similar with index 1 — .
Using a different (but equivalent) definition, this concept was introduced by
Rosenblatt (1961) [and named after him by Tagqu (1975)].

For the convenience of the reader we now supply a result from Albin (1998):

THEOREM A. There exist constants C, ¢ > 0 and j € Z such that
P{R(1) > u} ~ Cu’//?exp{—cu} asu — ooc.
THEOREM 15. For the Rosenblatt process {R(%)};., we have

liming P1SUPieio.y B(@) > u}
iR P{R(1) > u}

and

limsup P{supicpo,1) R(?) > u} .
woe w/OVP{R() > u}

ProoOF. Only the upper bound requires a proof. By Theorem A the dis-
tribution function G of R(1) satisfies (1.1) with & = oo, w(u) = ¢! and
F(x)=1—e* andso G € 2(l). Taking q(uz) = (1vu) Y@= we further obtain

P{R(1) > u+ (A +v)w, R(1 — q¢t) <u+rvw} < P{R(1) — R(1 — q¢t) > Aw}

=P{R(1) > ¢ 'at" tu}.

Hence Theorem A shows that (8.1) holds, so that Proposition 3 proves As-
sumption 3. Consequently Theorem 3 combines with (2.1) to give the upper
bound. O
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