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LYAPUNOV EXPONENTS FOR SMALL RANDOM
PERTURBATIONS OF HAMILTONIAN SYSTEMS

BY PETER H. BAXENDALE AND LEVON GOUKASIAN
University of Southern California

Consider the stochastic nonlinear oscillator equation

F=—x—x° +82/3)é +eaxW,

with 8 <0 and o # 0. If 48 + o2 > 0 then for small enough ¢ > 0 the
system (x, X) is positive recurrent in R? \ {(0, 0}. Now let A(g) denote the top
Lyapunov exponent for the linearization of this equation along trajectories.
The main result asserts that

Me)=e2PR+0@EY3 ase—0

with & > 0. This result depends crucially on the fact that the system above
is a small perturbation of a Hamiltonian system. The method of proof can
be applied to a more general class of small perturbations of two-dimensional
Hamiltonian systems. The techniques used include (i) an extension of results
of Pinsky and Wihstutz for perturbations of nilpotent linear systems, and (ii)
a stochastic averaging argument involving motions on three different time
scales.

1. Introduction. The stochastic version of the Duffing—van der Pol equation
¥=ax+ Bx —ax’ —bx’i +oxW,

(with @ > 0, b > 0) has quickly become a standard test case for the theory of
stochastic bifurcations. See Arnold [2], Arnold, Sri Namachchivaya and Schenk-
Hoppé [4], Keller and Ochs [15], Liang and Sri Namachchivaya [18] and Schenk-
Hoppé [22]. Here we consider only the case of a multiplicative perturbation by
white noise. In phase space we get the equations

dxy =xpdt,

1
M dxy = (ax1 + Bxo — axf — bxlzxz) dt+ox1dW;,

where W; denotes a standard one dimensional Brownian motion process. (The
Wong—Zakai correction term is O in this system, so the Itd and Stratonovich
versions have the same coefficients.) Linearizing this equation at x = 0 we get

0 1 0 0
(2) dl/lt = |:(X IBi| I/l;dt + I:O_ 0i| M[dW[.
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The top Lyapunov exponent for the linearized equation is

|
)"(a’ 137 O-) = l‘l—1>rgo ; log ”ul”

where the limit exists almost surely and does not depend on ug # 0 if o # 0.
Clearly the sign of A(«, B, o) determines the stability or instability of the linearized
process u;. The sign of A(a, B, o) also determines the stability or instability for the
original process x;, in the following sense.

THEOREM 1. Assume eithera >0andb > 0;0ra=0, b >0and a <0; or
a>0,b=0andp <0.

1) If Ma, B,0) < 0 then 0 is almost surely stable, in the sense that P*(x; — 0
ast — 00) =1 for all x e R%.

@Gi) If Ma,B,0) > 0 then O is almost surely unstable, and the process
{x;:t >0} is positive recurrent in R* \ {0} with stationary probability ., say.
Moreover, . has the property u(B(0,r))/r> — oo as r — 0 if B <0 and
w(B0,r)/r>—0asr— 0if > 0.

This is an application of results of Baxendale [7] and Baxendale and Stro-
ock [10], see also [2], Section 9.5.1; more details are given in the remark following
Lemma 6 in Subsection 3.1. The cases when a = 0 and b = 0 correspond to
the stochastic versions of the van der Pol oscillator and the Duffing equation,
respectively. The theorem implies that for the one point motion {x;:¢ > 0} we
see a change in the dynamical behavior, or a D-bifurcation, when A(a, 8, 0)
changes sign, and a qualitative change in the stationary probability measure u,
or P-bifurcation, when 8 changes sign.

If the Lyapunov exponent A(a, 8, o) is negative, it is clear that the trajectories
{x;:t > 0} and {y;:t > 0} obtained by starting the SDE (1) at distinct points x
and y will simultaneously converge to 0, and so in particular the distance apart
ly: — x¢|| will converge to 0. However if A(c, 8, 0) > 0 it is not readily apparent
what will happen to ||y; — x;|| as + — oco. We will refer to this as the problem of
stability along trajectories. In this paper we will address a closely related property,
that of linearized stability along trajectories. (This property is also the main topic in
the paper [8].) Linearizing the SDE (1) along the trajectory x; we get the following
equation

0 1 0 0
dvr = |:o¢ —3ax? — 2bx1x; B — bx%i| v di + [0 0} v dWi.

Write

cos 6,
v,=||v,||[ }

sin 0l
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then
d6, = [(B — bx7)sin6 cosd + (& — 3axi — 2bx1x2) cos® 0
— sin? 0 — o2 sinf cos’ 0)dt +o cos2 6 dw,

and, assuming A(w, B,0) > 0 so that u exists, we get the Furstenberg—Khas’-
minskii—Carverhill formula for the Lyapunov exponent for the v, process

— 1
©) R@.p.o.a.b) = lim —loglull = [ Q(r.6)dP(x.6)

where
2
O(x,0)=(B —bxlz) sin® 6 +(1+a —3ax%—2bx1x2) sinf cos 6 + % c0s26 cos> 0

and the measure P on (R? \{0}) x § ! is the stationary probability measure for
the (x;, 6;) process. However the integral in (3) is hard to evaluate; we cannot
determine the sign of A, B, 0,a, b) and so we cannot determine whether there is
linearized stability or instability along the trajectories.

In this paper we will consider the special case of equation (1) where & = —w?,
w > 0, and @ > 0 are fixed, and the other parameters are small. Using the
transformation ¥; = (/a/w)x;/, we see that

M=, B.0) = wi(~1, B/w,o/w?),
M—w?, B,0,a,b) =wi(—1, B/w,0/0>? 1, wb/a).

Therefore we can and will assume henceforth that @ = a = 1. Replacing the
dissipation terms Bx and —bx2i by e?fx and —e’bx’%, respectively, and

replacing the noise intensity o2x? by e?02x2, we get the system

dxy = xpdt,
dxy = (—x1 — x3 + &2 Bxy — €2bxix2) dt + eox1 dW,.

4

Here b > 0. If » = 0 we need to assume also that 8 < 0. The equation with
b = 0 appears in the study of stochastically forced vibrations of a thin beam;
see Wedig [24]. In this setting —f represents friction, so the restriction 8 < 0 is
physically meaningful. We note, in justification of our title, that the equations (4)
with ¢ = 0 give the flow of the Hamiltonian system with H(x1, xp) = x% /2 +
xt/4+x3/2.

Imkeller and Lederer [14] give an exact formula for A(—1, B, 0). Using this
result, or the earlier asymptotic result of Auslender and Mil’shtein [5], we get

2

(5) A(—1,6%B,e0) = (g + %)82 +0(&").
Thus, if 8/2+ 02/8 < 0, then for all sufficiently small & > O the trajectories x;
converge to 0 almost surely. However if /2 4+ o2/8 > 0, then for all sufficiently
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small ¢ > 0 the process x; is positive recurrent on R? \ {0} with stationary
probability u., say, and we need to consider the Lyapunov exponent

ae)=Aa(—1,e%8,¢0,1,%b)

for the linearization of (4) along trajectories. Our main result is the following.

THEOREM 2. Consider (4) with o > 0 and b > 0 and /2 + ¢2/8 > 0. If
b =0 suppose also that B < 0. Then

(6) Ae) =e*h 4 0(*?) ase— 0

where

(7 A= yo/ G(h)dp(h) > 0.
(0,00)

Here yy is a constant, given in (33) with a numerical value approximately 0.29;
and G (h) is a positive function, given in (45); and p is the invariant probability
measure on (0, 00) for the generator given explicitly in (24), (46), (47).

COROLLARY 1. Fixw#0,8€R,0#0,a>0andb>0.If40*B+0%>0
gnd either b > 0 or B < 0O then there is g > 0 such that M=w?, 82,3, go) > 0and
M—w?, 82,3, g0, a, £2b) > 0 whenever 0 < ¢ < g.

COROLLARY 2. Foreverya <0anda > 0 thereexist p € R,0 #0andb >0
such that M(«a, 8,0) > 0 and Ma, B,0,a,b) > 0.

For a stochastic flow {&:¢f > 0} on a compact manifold M, the fact that
the top Lyapunov exponent is positive, together with suitable non-degeneracy
conditions, implies that the associated forward Markov invariant measure (or
statistical equilibrium measure) almost surely contains no atoms. (For a discussion
of forward Markov invariant measures, see [2]; for the result see [6], Remark 4.12.)
The major step in this argument is the fact that linearized instability implies
instability for the two point motion (&;(x), &;(y)) on M x M. If we assume that a
similar result is valid for the strictly forward complete stochastic flow generated
by (1) on the non-compact space R? \ {0}, then Corollary 2 implies that for
certain parameter values in the stochastic Duffing—van der Pol equation the forward
Markov invariant measure contains no atoms.

Our technique of proof allows us also to determine the behavior of the stationary
probability . as ¢ — 0. Let p(h) denote the density of p with respect to Lebesgue
measure on (0, 00), and let T (h) denote the period of the Hamiltonian flow
(obtained by putting € = 0 in (4)) around the orbit H (x1, x) = h. Define pg to
be the measure on R? \ {0} with density p(H (x1, x2))/ T (H (x1, x3)) with respect
to two-dimensional Lebesgue measure.
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THEOREM 3. Let g(x1,x2) be a smooth function with compact support in

R?\ {0}. Then
‘/gdue—/gduo

In particular e — o as ¢ — 0 weakly as probability measures on R?.

= 0(82) as e — 0.

The formula for the density of ©o and the weak convergence of . to po are
well known as a general principle for stochastic averaging of Hamiltonian systems,
see Khas’minskii [16]. Here we observe that our techniques provide a rate for the
convergence. The proof of this result appears in Subsection 3.6. It is clear from
the proof that the convergence of order £? will remain true for a wider class of
functions g with appropriate behavior near 0 and oo, but we not pursue that matter
here.

The appearance in Theorem 2 of the scaling factor £2/3, rather than &2 as in the
formula (5) for the Lyapunov exponent at 0, is perhaps surprising. Its presence is
essentially based on the following sequence of observations.

(i) Equation (4) is a small perturbation of a Hamiltonian system.
(i1) The linearization of a two-dimensional Hamiltonian system, when written
with respect to a suitable moving frame, is a nilpotent linear system.
(iii) A remarkable paper of Pinsky and Wihstutz [20] shows how to handle
small random perturbations of a nilpotent system. In its simplest form, the method
of [20] shows that the linear SDE

0 1 0 0
dul=|:0 O]u,dl‘-i—l:g Oi|uldWl

has top Lyapunov exponent 23y, where yy is the constant appearing in
Theorem 2.

The paper by Pinsky and Wihstutz [20] deals with constant coefficient
linear SDEs, whereas the coefficients in our system will depend on the current
position of the underlying trajectory x;. Thus in addition to the Pinsky—Wihstutz
transformation and the consequent averaging over an angle 6, € S', we will have
to do some averaging for the process x;. A simplified version of this technique
appears in [9]. In the present situation, it turns out that we have to deal with motions
on three distinct times scales. We elaborate on this in the discussion following
Proposition 1 in Section 2.

As mentioned above, our main result depends crucially upon the fact that we
are dealing with a small random perturbation of a two-dimensional Hamiltonian
system. In fact, much of what we do is valid in this general setting. In Section 2 we
develop a formalism in the setting of small random perturbations of Hamiltonian
systems. The main result of this section, Theorem 4, asserts that, under suitable
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conditions, the top Lyapunov exponent (corresponding to linearizing along
trajectories) has the behavior described in (6) and (7) except that now the function
G (h) and the operator N are described in more general terms. Then in Section 3
we verify the conditions of Theorem 4, and obtain the more precise description of
the function G and the coefficients for the operator N, thus proving Theorem 2.
The proof of Theorem 3 also appears in Section 3.

2. Stochastic Hamiltonian systems. Throughout this section we assume
that H: R?> — R is a smooth function with isolated critical points such that
H(x) — oo as ||x|| — oo. We write H; = dH /dx' and H;j = 32 H /9x'dx/. Then
VH(x) = [Hi(x), Hy(x)]" and VH (x) = [Ha(x), —H;(x)]". The Hamiltonian
system associated with H is

x=VH(x)
with flow denoted x;, = ®,(x). Then v; = D®,(x)v satisfies

[ Hip(x;)  H(xy) ]v
—Hi(x)) —Hppx)] "

t =

In order to see the nilpotent structure of the linearized Hamiltonian flow we define
vector fields

VH(x)
IVH (x)[|>’
and then we write v; in the moving frame given by I'(H (x))U;(x) and Uj(x).

Here I' is a smooth positive function we shall choose later. More precisely, we
write

€)) v = wl,tr(H(xt))Ul (xr) + w2, Uz (x4)

Ui(x)=VH(x) and Uy(x)=

and derive the equation for the vector

wy = [wl,z wz,z]T

Throughout the paper we will use the notation V.f to denote the action of a
vector field V as a first order differential operator acting on a function f. Thus

V.f(x)=DF(x)(V(x) =(Vfx),V(x)).

LEMMA 1. [fx is not a critical point of H then (U1.H)(x) =0, (Uy.H)(x) =
1 and

) DU (x)(Uz(x)) — DU (x) (U1 (x)) = J (x)U; (x)

Tex) — [Ha(x)? — H1(x)?][H2(x) — Hy1 (x)] + 4H; (x) Hy(x) Hi2(x)
(x)= .
[H1(x)? 4+ Hy(x)?)?
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PROOF. Direct calculation. [

It can now easily be shown that

(10) Wy = [8 J(x»/FO(H(x,)) }w,

The next result contains a generalization which will be useful when we consider
perturbations of Hamiltonian systems.

LEMMA 2. For any vector field V on R? write

(11) V(x) =a' (U1 (x) + a?(x)Ua (x)

away from the critical points of H. Consider the equation x;, = V(x;) and its
linearized version v; = DV (x;)v;. Write v, in terms of w; as in (8). Then away
from the critical points of H we have w; = M (x;)w, where

M(x)=

(Uz.ah)(x) + J ()l (x)
T (H (x))

T (H (x)(Uy.a?)(x) (Ur.0®)(x)

(Ur.al)(x) = [J(x) + (log ) (H (x))]e*(x)

PROOF. Substitute V(x) = o' (x)U;(x) + «?(x)Us(x) in the equation v; =
DV (xy)(vy) to get an expression for v first in terms of o', U; and v and then,
using (8), in terms of o', U;, T and w. Differentiate (8) with respect to ¢ to give
an expression for v in terms of U;, I', w and w. Equate these two expressions for
¥ to get an equation involving o, U;, T', w and 1. Take the components of this
equation in the directions U; and U, and use (9) to obtain the desired result. [J

Now we consider a small perturbation of the original Hamiltonian system

,
(12) dx; = VH(x;)dt +*Vo(x,)dt +&y_ Vi(x,) odW,

i=1
for given smooth vector fields Vy, V1, ..., V,.. Notice that we have chosen to write
(12) using Stratonovich rather than Itd stochastic differentials; this appears to offer
some slight reduction in the lengths of some of the calculations, but has no serious
effect on the theory. The linearization of (12) is given by

(13) dv,=D(VH)(x)v,dt +e*DVo(x;)v;dt +¢ Y DV;(x)v; odWy.

i=1
Following the notation in Lemma 2 we write

Vi(x) = o} (x)U; (x) + o (x) Ua (x)
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for i > 0. Then (12) becomes

,
dx; = Ui (x)) dt + e*(agUy + agUa) (x)) dt + & (] Uy + o7 Us) (x,) 0 dW}
i=1

(14)

and the process H; = H (x;) satisfies

-
dH, = 82058()6,) dt +¢ Zaiz(xt) o dWli
i=1
(15)

1 r r )
- 82<a(2)(x;) +3 > vi.a,.z(x,)>dz +e) al(x)dW;.

i=1 i=1

LEMMA 3. Let w; represent the linearized process v; in the moving frame
given by (8). Up to the first time that the process x; given by (12) hits a critical
point of H, or explodes to infinity, we have

J(xt) r
dw, = T(H(x)) | wydt +&*Mo(x)w,dt +& Y Mi(x))w; o d W,
0 0 i=1

where fori =0,1,...,r,

Uz.aHx) + Tl (x)
Uy.al)(x) — [J(x) + (log ) (H 2 i i
(16) M;(x) = (Uy.0;)(x) = [J(x) + (log I')"(H (x))]ej (x) TH®)

T(H (@) (Uy.¢})(x) (Ur-a?)(x)

PROOF. The proof is essentially the same as that of Lemma 2. Instead of
equating two expressions for 1;, we equate two semimartingale expressions for
dv;. First we equate the martingale parts (which can be read off from the Strato-
novich differentials) to obtain the matrices M; (x) for i > 1. Then we can subtract
all the Stratonovich differential terms from both sides, and equate the remaining
(bounded variation) terms to obtain My(x). [

At this point it is clear that we are dealing with a small perturbation of a
nilpotent system. Accordingly, we follow the method of Pinsky and Wihstutz [20]
and transform R? using the transformation

It is easy to see that for each fixed ¢ the process T w; will have the same Lyapunov
exponent as w;. For simplicity of notation we continue to write wy; it is now given
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by the equation
J(xr)
dw, = £2/3 T(H(x) | w,dt + e*M§(x)w, dt

0 0
(17)

-

+ey M(x)w;odW,
i=1

where fori =0,1,...,r,

ME(x) =TM;(x)T™!

e2B3[(Up.a))(x) + J ()a} ()]
_ | Wrah@ =176 + og ) (H )l 0) 2“;(;@)) A

72T (H () (Uy.a]) (x) (Ur.a])(x)
Write

coso
wf=||w,||[ }

sin 0l

Then from (17) we can obtain Stratonovich SDEs for log |w; || and 6;. Converting
these to 1t6 form, using (14) and (15) we get

d(log lwll) = [6*> Qo (x1, 6,) + &Y Q1 (x1, 6,) + €2 Q2(x1, 6))
(18) + &3 03(x,,6,) + &' Q4 (x,, 6,)] dt

r

+ Y [P 05 (s, 60) + £ Qf (x. 0)) + &7 QY (xy, 0,) ] d W]

i=1
and
do, = [e*10(xs, 6,) 4+ £¥311 (xr, 6,) + €202 (x4, 6,)
(19) +&8313(x,, 6,) + 19314 (x, 6,) ] dt
r
+ Y [P, 0) + ety (xr, 6)) + &85 (x, 6,)] AWy
i=1
where
J(x) _
Qo(x,0) = ———cosOsinf
T (H (x))

+ FZ(H(x)) Z [U) .()tiz(x)]2 [% cos? 6 — sin? 0 cos> 9}
i=1
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and

% sin?@ — I(H (x)) ) [U1.0?(x)]" cos’ 6 sin6

i=1

fo(x,0) =—

and
ti(x,0) = T (H (x))(Uy.07)(x) cos® 6.

We shall see that the remaining Qy and #; do not contribute to the leading term in
the asymptotic expansion for A(¢). However the following result will be important
in obtaining integrability and growth estimates on these terms; its proof is by direct
calculation, using It6’s formula and the formula for the Wong—Zakai correction
term.

LEMMA 4. Each of the functions Q1, Q2, O3, Qa, (05)2, (L)%, (0%, 11,
b, 13, t4, (té)Z, (té)2 and (té)2 is a sum of terms of the form f(0)g(x) where each f
is a trigonometric polynomial and each g is either (1) an entry in Mo(x), or (ii) an
entry in DM;(x)(V;(x)) for i > 1, or (iii) a product of two entries in M;(x) for
i > 1. Here M;(x) is the matrix-valued function given in (16).

At this point we need to make some assumptions about the Hamiltonian function
H and the perturbing vector fields Vy, Vi, ..., V. Let M denote the space R? with
the critical points of H removed.

(A1) For each sufficiently small ¢ > O the process {(x;, ;) : t > 0} given by (12)
and (19) is a positive recurrent diffusion process on M x S ! with (unique)
stationary probability P, say. We write u, for the M marginal of P;.

(A2) For each sufficiently small ¢ > 0, the functions log||VH| and logI" are
integrable with respect to ;.

(A3) For eac.h sufficiently small ¢ > 0, the functions Qy, ..., Q4, [Qg]z, [Qg]2
and [Q’7]2 are all integrable with respect to Ps.

(A4) There is K < oo so that for each sufficiently small ¢ > 0 we have
| [ QrdP:| <K fork=1,2,3,4.

PROPOSITION 1. Assume (A1)-(A4). The Lyapunov exponent A(g) for the
linearization v, given by (13) satisfies

X(g):gw/ Q0(x.0)dP(x.0) + O(e*?)
MxS
as € — 0.

PROOF. Formula (8) relating v; and w; yields the inequalities

llvell < max(TCe) | VH Gl IV H e |~ T |
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and
lwy || < max(T )" NIVH@E) 7L IVH @)D ol

Assumptions (A1) and (A2) imply that ||V H (x;)|| and I"(x;) are tempered (see [2],
Section 4.1), so that lim;—,(1/t)[log ||v|| — log|lw;||]] = 0, and therefore for
each ¢ the processes v; and w; have the same Lyapunov exponent. It now follows
from (18) and assumption (A3) that

_ 1
(o) = lim —log | =

M x

P Q(x,0)dPg(x,0)
1
where
0:(x,0) =2 Q0(x.0) + 7201 (x.0) + €2 Q2(x.0) + £¥° 03(x. 6)
+ 6193 0,(x, 0).

The result now follows easily using assumption (A4). [

We now proceed to estimate the integral | Qo(x, 0) d P:(x, 0). Recall that P,
is the invariant probability measure for the process (x;,6;) on M x § . From the

equations (12) for x; and (19) for 6; we can write down the generator L, say, for
the (x;, 6;) process. Define functions

a(x)=J(x)/T(H(x)),

b(x) = [C(H@) Y [Ure? )],

i=1

c(x)= a(%(x) + % Z V,'.aiz(x),
i=1

,
2
d(x) =13 [} (0],
i=1
and operators
,
L=Vy+ % Z Viz,
i=1
fg =U;+ &’L

d o 1 i
4 g2/3 [—a(x) sinzeﬁ + b(x)(— cos’ 6 sin@a—e + 50084(9@)]

Then £, = £, plus terms of order £*/3 and higher involving at least one derivative
with respect to 6. Also, for any function F of a real variable we have

Le(F o H)(x) =¢e*L(F o H)(x) = &*[c(x) F'(H (x)) + d(x) F"(H (x))].
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From the formula for £, or equivalently from the equations (12), (19) and (15),
we see a separation of time scales. The x; process moves around the orbits of the
Hamiltonian system at rate 1; the angle & moves around S! at rate ¢2/3; and the
process H; = H (x;) moves at rate £2. The existence of two different time scales
for motion around orbits and motion across orbits is the basis of many results on
stochastic averaging for small perturbations of Hamiltonian systems, from early
work by Khas’minskii [16] to more recent studies by Freidlin and Wentzell [13],
Freidlin and Weber [11, 12] and Liang and Sri Namachchivaya [18]. Here we see
that to estimate the Lyapunov exponent we need to deal also with the motion 6;
running at a third, intermediate, rate.

Our technique will involve averaging over each of the orbits of the unperturbed
Hamiltonian system, then averaging over the angle 6, and finally averaging over
the space of orbits. More precisely, we will use the adjoint method and build, for
each ¢ > 0 a function f.(x, 6) so that

4
Lefe(x,0)= Qo(x,0) — A+ Y e* ey (x,0)
k=0

for suitable constant A and functions ¢. Then, subject to growth and integrability
conditions we get

4

(20) Oz/QodPg —X+82/3Zsz"/3/¢kdpg
k=0

so that

@1 /QodPg T+ 02,

In the adjoint method the stochastic averaging is carried out by averaging certain
of the coefficients of the operator £, and then constructing f, in terms of the
averaged version of L. In order to carry this out, we will make some further
assumptions.

(AS5) The function H has a single critical point.

Under assumption (AS5) we can assume without loss of generality that the
critical point is at 0 and that H(0) = 0. Then for each & > 0 the unperturbed
Hamiltonian flow has a simple closed orbit H ~L(h). Let T (h) denote the period
of this orbit, and let m;, denote the probability measure given by time averaging
around this orbit. Define functions

@) e = [ cwdm = [aé(x) +1 Z(v,-.oe,?)(x)} dm(x)

i=1
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and
_ 1 r
23) d(h):/d(x)dmh(x) _ E/E[aiz(x)]zdmh(x)
and the operator
24 W=y am L
4 = Mh on2’

(A6) T'(h) #0forall h > 0.

(A7) [ Y0 [(Ur.a}) ()] dmy(x) > 0 for all & > 0.

(A8) N is the generator of a positive recurrent diffusion on (0, oo) with invariant
probability p.

The following result explains why we will need (A6).

LEMMA 5. Assume (AS). Then for h > 0,
T'(h)
T(h)

/ Jx)dmp(x) = —

PROOF. Let vy = D®;(x)(v) denote the linearized version of the unperturbed
Hamiltonian flow, and write v, = wi(t)U; (x;) + wa(t)Uz(x;). Taking I' =1 in

(10) we get
. 0 J(x)
w(t)_|:0 0 :|w(t)

so that for H(x) =h

(25) w(T () = [(1) o T d’} w(0).
But we also have the identity
PrHE)(x) =x
for all x. Differentiating this expression we get
(26) Uy(x)T'(H(x))DH (x)(v) + vr(H (x)) = V-
Taking v = Uz (x) in (26) and comparing with (25) we obtain
/ Jx)dmy(x) = ﬁ /(;T(h) J(x)dt =— Z((:))

as desired. 0
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Define, for i > 0,

@7) G = [ 1) dmi(x),

(28) Ga(h) = / i[(&a?)(x)ﬁdmh(w
and -

(29) G = |G1W[P[Gam)]"°.

Up to this point the positive function I' has been arbitrary, subject to the
requirements of (A2)—-(A4). Now we choose to define I" by

Gi(h
(30) [Tm)] = Glihi

for & > 0. Assumptions (A6)—(A7) together with Lemma 5 imply that G (/) and
I'(h) are pos1t1ve and finite for all 4 > 0. The choice of I" will ensure that the terms
of order £2/3 in °C8, when averaged with respect to my,, are of the form e2BG(hM
where the operator M, defined in (32), contains no dependence on /.

We will construct f; in a sequence of four steps.

Step 1. The choice of I" implies that

/a(x) dmp(x) =/b(x) dmp(x) =Gh).

Since a(x) — G(H(x)) and b(x) — G(H (x)) have zero mean with respect to my,
for all &, there exist functions A(x) and B(x) such that

(U1.A)(x) =a(x) — G(H(x)),
(U1.B)(x) = b(x) — G(H (x)).

It follows that

Uj.(A(x)cos® sm9+B(x)[ cos? O — cos® 0 sin® 6])
(3D
= Qo(x,0) — G(H(x))[cosO sin6 + %00526 — cos? 6 sin26].

Step 2. Define operators

2

_ 1 ad
32 = (—sin?6 — 0 sinf)— + — cos* 6 —
(32) = (—sin cos’ 0 sin )89 2(:os 592

and

~[a(x) — G(H(x))] sinzea%

_ oSt fsingl + 1 3_2}
+ [b(x) G(H(x))][ cos 0s1n089 5 cos 0862
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so that
Le=Uy +&*L+&*P[G(Hx))M + M].

The operator M is hypoelliptic on S!; let v denote the corresponding invariant
measure on S'. Define

(33) Yo = /[cose sind + 1 cos>0 — cos? 0 sin2 0] dv(®),

then there is a smooth bounded function R(6) so that
MR(6) = cos0sinf + % cos?§ — cos> 0 sin> 6 — 10-
Then

Le(e7PR)(0) = G(H (x))[cos O sin6 + % cos? 6§ — cos® 0 sin® 0]
(34)
—G(Hx))yo+ MR(6).

Here yp is a fixed constant. As in [9] we can identify it as the top Lyapunov
exponent of the linear SDE

0 1 0 0
dvt=|:0 Oi|v;dt+|:1 0i|U[th.

Numerically yg ~ 0.29. An exact formula for g is given by Ariaratnam and
Xie [1]. Notice that our choice of the function I' has ensured that the invariant
probability v, the constant yy, and the function R all do not depend on 4.

Step 3. Repeating the ideas of Step 1 we calculate

U1.[A(x)sin® 6 R'(8) + B(x)(—cos’ 0 sinf R'(0) + % cos* 0 R"(9))]
(35)
= MR(0).

Step 4. For any function on R? of the form F(H (x)) we have
L(FoH)(x)=c(x)F'(H(x)) +d(x)F"(H(x)).

Recall the definitions of ¢(h) and d(h) and N in assumption (A8). The operator
N is the stochastically averaged operator for the “slow” motion H; = H(x;). If
there is a smooth function W (/) such that

(NU)(h) = G (h) —/(O G

then we have

(36) Lo(e2Wo H)(x)=G(H(x)) — / Gdp+ NV (H(x))
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where the operator N is given by
N =[e(x) - E(H(x))]% +[d(x) - E(H(x))]aa—;.
Since the coefficients of N are of mean zero with respect to my, for each h we can
find functions C(x) and D(x) so that
(U1.0)(x) = c(x) —¢(H (x)),
(U1.D)(x) =d(x) —d(H (x)).
Then
37) Ui [C(x)V'(H(x)) + D(x)¥V"(H(x))] = J\fV\If(H(x)).
Now define f.(x, 0) by
fe(x,0) = A(x) cos@sind + B(x)[5 cos> 0 — cos® @ sin> 0]
+e72PR©O)
— [A(x)sin? OR'(0) + B(x)(—cos® 0 sind R’ () + 5 cos* OR" (9))]
+e 2 y(W o H)(x)
—[CX) (V' o H)(x) + D(x)(¥" 0 H)(x)].
Then using equations (31), (34), (35), (36) and (37) we get

4
(38)  (Lefo)(x,0) = Qo(x,0) — 10 / Gdp+e* Y ¥ Py(x.0)
k=0

where the functions ¢y, ..., ¢4 are given in the Appendix. The terms involving the
¢r(x, 6) appear because of the action of L, — Uj or L, — fg on the various terms
in f;. We note that the functions A(x), B(x), C(x), D(x) and W (/) and some of
their derivatives appear in the formulas for the ¢y.

At this point we wish to integrate equation (38) with respect to P, and claim
that [ £, f. d P = 0. However we are working on a non-compact space, and so
the assertion [ L, f.dP. = 0 may fail without some further restrictions on f.
For example, if L denotes the standard Ornstein—Uhlenbeck operator on the real
line, with invariant probability p there exists a smooth function f so that Lf =1
and then [Lfdu =1 # 0. The following result, quoted from Baxendale and
Goukasian [9], gives a sufficient condition.

PROPOSITION 2. Let {y;:t > 0} be a diffusion process on a o-compact
manifold N with invariant probability measure . Let L be an operator acting
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on C*(N) functions that agrees with the generator of {y,:t > 0} on C?
functions with compact support. Let f € C*(N) and g € C(N) be pu-integrable
functions satisfying Lf = g. Suppose there exists a positive F € C*(N) satisfying
LF(y) <kF(y) for some k < oo such that sup{|g(y)|/F(y):y € N} < o0 and
f/FQ)— 0asy—oco.Then [y g(y)du(y) =0.

At this point we can complete our list of assumptions.

(A9) G is integrable with respect to p and there is a smooth function W (%) such
that (N W) (h) = G(h) — f(o,oo) G dp for h > 0.

(A10) For each sufficiently small ¢ > 0, the functions f, and ¢, 0 <k <4 are all
integrable with respect to P.

(A11) There is K < oo so that for each sufficiently small ¢ > 0 we have
| [drdPs| < K for 0 <k <4.

(A12) For each sufficiently small ¢ > 0, there exists a positive ' € C 2(M x SH
satisfying L. F (x,0) < kF(x, 0) for some k < oo such that sup{|Qo(x, 6)|/
F(x,0):(x,0) e M x S'} < 00 and sup{|pr(x, )|/ F(x,0):(x,0) e M x
S} < 0o for 0 < k < 4 and fe(x,0)/F(x,0) - 0 as (x,0) — oo in
M x S'.

THEOREM 4. Assume (A1)—(A12). Then the top Lyapunov exponent for the
linearized version (13) of the perturbed Hamiltonian system (12) satisfies

M) =R+ 0EY3) ase—0

where

7= )/0/ G(h)dp(h) > 0.
(0,00)

Here yy is the fixed constant (approximately 0.29) given in (33), and G(h) is
the positive function given by (27)—(29) and p is the invariant probability for the
stochastically averaged H (x;) process with generator N given by (22)—(24).

PROOF. Assumption (A9) allows us to obtain (38). Assumptions (A10)—-(A11)
together with Proposition 2 allow the passage to (20), and then (A12) gives (21).
Together with Proposition 1 we have the desired result. [J

REMARK 1. In the next section we shall take H (x|, x2) = xf/2 + xf'/4 +
x% /2. Notice that the methods of this section do not apply to the Hamiltonian
x% /2+ x% /2 because the period T (&) is constant. Some of the methods may turn
out to be useful for the Hamiltonian —ax12 /2+ xf' /4+ x% /2 with o > 0, although
in this case Assumption (AS5) of a single critical point is false and the structure of
the averaged Hamiltonian process is more complicated; see [13].
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REMARK 2. In Theorem 4 we need a long list of assumptions dealing with
integrability and growth because the state spaces M and (0, co) are non-compact.
This should be compared with the elegant statement of the adjoint method in
Arnold, Papanicolaou and Wihstutz [3] when dealing with a compact state space.
When verifying conditions (A3), (A4), (A10) and (A11), it is useful to note that the
functions Qy, Q};, t, t,i, ¢r and f, are each sums of terms of the form f(6)g(x)
where each f is bounded. Thus it suffices to consider the integrals of each of the
g(x) with respect to the invariant probability u. for the x; process. Similarly, in
verifying condition (A12), it suffices to estimate the size of the g functions in terms
of a function F of x only.

REMARK 3. Recall the measure pg defined in Theorem 3. From the
definitions of G (&) and yg we see that

. / Q0 (x. 8) dmpy(x) dv(8) dp(h) = / 00 (x.6) djuo(x) dv(®)

and so the passage from Proposition 1 to Theorem 4 consisted of showing that

/ Q0(x.6)d P.(x,0) = / 00(x.60) djuo(x) dv(®) + 0(2/3).

We can replace Qg by a general function of the form g(x)s(6) for sm00t13 functions
g and s and apply the same sequence of 4 steps to construct a function f; such that

4
(£efo)5,0) = g(05(0) — [ ) duot) [ 5@)adv(®) + % 3" G (x,6).

k=0

Then, subject to growth and integrability conditions similar to those in Theorem 4,
we obtain

/g(x)s(@) dPs(x,0) — /g(x)s(@) djo(x) dv(@)’ =03 ase—0.
If 5 is a constant then some of the terms in f, vanish, and we obtain

= 0(82) ase — 0.

] / () dpte (x) — / (¥) dpto(x)

Thus, in some sense, P, converges to o X v at rate £2/> and 1, converges to fo
at rate £2. We will make these statements more precise in Section 3.6.

3. Stochastic nonlinear oscillator. In this section we write (x, y) € R? and

r =,/x2 + y? and consider the system

dx = ydt,

39
&) dy=(—x —x3+82,3y—82bx2y)dt+80xdW,.
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Throughout this section we assume that o > 0, b > 0 and 48 + 62>0.1fb=0
we assume also that 8 < 0. By Theorem 1 and the estimate (5), the condition
48 + o2 > 0 ensures that the one-point motion (x;, y;) is positive recurrent on
R? \ {(0, 0)} for all sufficiently small & > 0.

We have two tasks to carry out in this section. We need to show that
conditions (A1)-(A12) are satisfied, and we need to obtain explicit formulas for
the function G (h) and the coefficients ¢(h) and d(h) appearing in the operator N .

The system (39) is a perturbation of the Hamiltonian system with H(x,y) =
x2/2 4+ x*/4 + y2/2 by the vector fields

Vo(x,y)=(ﬁ—bx2)[2], v1<x,y>=a[0

x_
We have
U1(X,y)=|:_xy_x3:|, UZ(X»)’)=m X§X3:|

and so

whr, yy = - E DG+ )

(x +x3)2 +y?
a5 (x, y) = (B —bxh)y?,
1 —ox(x 4+ x3)

ap(x,y)= m,

of (x,y) = oxy
and

—3x2(y? — (x +x3)?)
[(x +x3)2 + y2]?

J(x,y)=

Since the system has only one-dimensional noise, we shall write Q,i (x,y,0) =
Qi(x,y,0) and t} (x,y,0) = tx(x, y,0) fork=5,6,7.

We can see immediately that H has only one fixed point, so that (A5) is satisfied.
Also, since [(Ul.af)(x, y)]2 = <72(y2 — x2 — x%)?2 we see that (A7) is satisfied.

3.1. Uniform estimates on integrals. The generator of the one-point motion
()C[, y[) 18

Le= yi +(—x = x> +&*(B— bxz)y)i + lszazxza—z.
dx dy 2 dy?
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LEMMA 6. For each sufficiently small ¢ > 0 there is a unique invariant
probability measure P, on (R>\ {0}) x S! for the diffusion process with
generator L. Moreover there is y > 0, depending on &, such that

(40) /(x2 + 1)V dpe(x, y) < oo,
where g is the marginal distribution of P, on R\ {0}.

PROOF. For sufficiently small & > 0 the Lyapunov exponent A(—1, 28, £0)
is positive. The existence and uniqueness of . and the integrability result (40)
now follows from [7], Theorem 2.8. (For the function f in the conditions of [7],
Theorem 2.8, we can take the function H, defined in Lemma 7.) The existence of
P, is now immediate, using the compactness of S'. The uniqueness of P, follows
from a result of San Martin and Arnold [21], Theorem 5.1, using techniques of
geometric control and Lie algebra considerations. Notice that for the purpose of
checking the uniqueness of P, we can work with respect to the original Euclidean
frame for the v; process. [

REMARK 4. The proof of Theorem 1 uses the same result [7], Theorem 2.8.
In this case we use the function

flx )——(“+y)ﬁ+(f+§?%4+l<—wﬂ+&x+é#)
V= 2 4712 2\ 3

where 6 > 0. If b =0 we take § = —28/3. In case (ii) the invariant probability p
has the first or second behavior near 0 according as A(—2) > 0 or A(—2) <0
where A is the moment Lyapunov function for equation (2). The result ([10],
Corollary 2.13) allows the calculation A(—2) = — 8, and Theorem 1 is proven.

2

LEMMA 7. There exist o > 0 and g > 0 and K < oo such that

/exp(aH(x, y)4/9)du€(x, y) <K whenever( < e < gy.

PROOF. We consider first the case when b > 0. For fixed § > 0 define the
function
1 &4 1 &%b 2

1 2b
H.(x,y) = (5 - T)xz + (Z + T)x“ + §<y —2(B+8)x + %x3> .

Then
2

_ 2 o2 b AW 9 2., .2
LoHg(x,y)=¢"|—8y 3x+ B+ 3x—|— 2+ﬁ+8x+8,38xy.
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It is easy to show there exist positive constants K1, K and k so that
He(x,y) < Ki(x*+?),
LeH(x,y) < —2Kx(x® +?),
whenever x% + y? >k and 0 < & < 1/+/8. Then on the set x> + y? > k we have
Le(exp@H: ) (x, y)
exp(aH ) (x, y)

—2—“H (x, y) V3L H(
= 3 e(X, Yy e 8xay)

20 o 0H,.(x, 2
+ (—Hg(x, W7 - H,(x, y)_4/3>8202x2<7e< ”)
9 9 ay

200 _ 4o
< S H(x, ) V3L He(x,y) + ——&>0?x? He (x, y)!/3

9
220 ¢ 212/3 —-1/3 2-1/3
<eg E(x +y)7? (3K, "Ky+200°K,"").

Therefore if & < (3/26%) K> K 1 23 \ye obtain the estimate
Le(exp (@H2?))(x, y) < —e?K3exp(a H2?)(x, y)

for x> 4+ y? > k for some positive constant K3. On the compact set x> + y> <k
we have an estimate L. (exp(« ng / 3))(x, y) < e2K 4 for some positive constant K .
Together we get the estimate

L, (exp (ang/3))(x, y) < —e2K3exp (oerB)(x, V) + &2Ky4

valid on all of RZ. Tt follows by a result of Meyn and Tweedie ([19], Theorem 4.3)
that

K

(41) /exp(angﬂ)d,ug < ?4 for all & < 1//5.
3

Finally notice that (1 + £28b/3)x* < 4H,(x, y) and

2

2 2
1o 14 2 &b 5 4(b 3
H(x,y)fix +Zx +<y—8 (/3+8)x+7x) +¢ <§x —(ﬁ+8)x>.

It follows that there are positive constants ¢; and c¢; such that H(x,y) <
c1He(x,y) + c2He(x, y)3/2 for all & < 14/3. Therefore the estimate (41) implies
one of the form

/exp(aHA'/g)dung foralle <1/+/8

for a different positive « and a finite K. This completes the proof in the case b > 0.
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We now consider the case when b =0 and 8 < 0. We use the same function H,
as above with b = 0. In this case we take § = —28/3 > 0. In the calculation of
Lc.H.(x,y) the x0 term is missing and the highest order term in x is 82(;9 +8)x%.
The estimates on H, and L. H, can be done in terms of H (x, y) rather than x© +y2.
We replace the function exp(« ng / 3) by the function exp(a+/H;) and use the result
of Meyn and Tweedie to obtain an estimate of the form

K
/.exp(oe\/Hg)dugff4 forall & < 1/+/8.
3
Finally we use the fact that H.(x,y)/H(x,y) — 1 as ¢ — 0 uniformly for
(x,y) € R? to obtain a stronger version of the lemma where the power 4/9 is
replaced by 1/2. [

LEMMA 8. Forevery p,q > 0 and ¢ > 0 there is k < 00, depending on p, q
and ¢, such that the function F(x,y) = H(x,y)? + H(x,y)™9 has the property
L.F(x,y) <kF(x,y)forall (x,y) € R>

PROOF. By direct calculation. [J

3.2. Averaging around orbits; explicit formulas. The following calculations
extend those contained in Liang and Sri Namachchivaya [18]. We use the
Hamiltonian function H (x, y) = x2/2 + y?>/2 + x*/4, and evaluate integrals of
certain functions with respect to the probability measure mj; along the orbit
H(x,y) = h. Throughout we shall assume /2 > 0.

Define Q(x,h) = 2(h — x?/2 — x*/4). Then along the top half of the
orbit H(x,y) = h the Hamiltonian flow ®,(x,y) satisfies dx/dt = /O(x, h).
Moreover the orbit meets the x-axis at the points x = +x;, where x, = +/4h + 1 —
1. For any function f(x, y) satisfying f(x,y) = f(—x, —y) we have

d = ! rw )] d
/f(w) mh<x,y>—m/0 F(@(x, y)) dt

_ 2 e SO
OFEAN N A

The following result can be proved using elementary techniques of integration.

LEMMA 9. Write

ran= [ g
=[x
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Then
(42) Io(h) = WK(’”),
43) Lh) = [(1 +4h>1/2(M - 1) - 1]Io<h),
K(m)
dn +4 8n + 4 ,
(44) 12n+4<h)=—22 a0+ 2Z+3h12n<h> ifn >0,

where

=3 (1- o)
2\ VAn 1

and K (m) and E (m) denote the complete elliptic integrals of the first and second
kind (see [25], Section 22.7).

COROLLARY 3. For the system (39) the condition (A6) is satisfied and

I\(h
Gi(h) = —Igﬁh;,
can = [0 Hib (-3
(45) G(h) = |G 1M [Ga(m)',
@7 atn =o[~h+ 20 G+ ) |

where the function Io(h) is given by (42) and the ratio I (h)/Iy(h) is given by (43).

PROOF. Since T'(h) = 21o(h) =4(1 — 2m>)'/2K (m) we obtain

T'(h) K'(m) 2m dm
T(h) [K(m) - 1—2m2}%

E(m) 1 dm

- [m(l “mHKm) m(l— 2m2)]d_h

(see [25], Section 22.736). Since E (m) < K (m) for m # 0 it follows that T'(h) <
0 for all 2 > 0 and hence (A6) is satisfied. The formula for G(h) is immediate
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from the equality Ty(h) = 21y(h). Now

Ga(h) = 02/ (y? —x%— x4)2dmh(x, y)

2

3 4
202/<2h—2x2—%> dmy (x. y)

9 8
= 62/ <4h2 — 8hx® + (4 — 6h)x* +6x° + %) dmj (x, y)

4 — 6h 6
oy T AT T T a0

and the calculation is completed by using the reduction formula (44) to obtain
expressions for I4(h) an£1 Ig(h) and Ig(h) in terms of I»(h) and Iy(h). The
calculations for ¢(h) and d(h) are similar. []

_ 02<4h2 _gpl2® I4(h) | Is(h) 918(h)>

We can use information about the behavior of the complete elliptic integrals
K(m) and E(m) for m near O and 1 /ﬁ to obtain information about I"(h) =
[G1(h)/G2(h)]'/3 and G (h) and ¢(h) and d (k) for h near 0 and oo. The following
result summarizes an important intermediate step.

LEMMA 10. Write G3(h) = Ir(h)/Io(h) and recall Gy (h) = —1I(h)/Io(h).

(1) G1(h) and G3(h) are analytic functions of h in a neighborhood of 0. As
h — 0 we have

3 87h 657h?

Gi(hy=>-— o),
1(h) i 32+ cd + O(h”)
9h  39h%
Gi(h)=h—"—+=——+ 00>).
3(h) 2 + T + O(h”)
(i) As h — oo we have
Gi(h) L G’ (h) L G’ (h) :
! 4 1 4n2 L 243

and

Gy ~2mh' % Gy~ G ~ =
where y; =2E(1/5/2)/K (1/3/2) — 12 0.457.
COROLLARY 4. Ash— 0,
T'(h) ~ (3/80)/3h=2/3,
I'(h) ~ —(2/3)(3/80)Pn /3,
I (h) ~ (10/9)(3/80%)Pn =7,
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and as h — oo,
T(h) ~ (7/1280%)/3p 1,
I (h) ~ (7/12862)'3n 2,
T (h) ~2(7/128¢%)/3h 3.

3.3. Derivatives of A, B, C and D. The functions f. and ¢ involve the
functions A, B, C and D, together with some of their derivatives. Consider first
the function A(x, y) required to be a solution of Uj.A(x, y) =a(x,y) — [admy
along the orbit H(x, y) = h. In order to verify conditions (A10)-(A12) we need
estimates on A(x, y) and V. A(x, y) and LA(x, y), together with similar estimates
on B, C and D. Our first result is valid for a general Hamiltonian system with a
single critical point at (0, 0).

LEMMA 11. Assume (AS). Let D denote an integral curve of the vector field
U, from 0 to oo, and let f be a smooth function on R? \ {0}. Write f(x, y) =
fx,y)— [ fdmy for (x,y) € H=Y(h). Then there is a unique function F on
R? \ {0} such that Uy.F(x,y) = f(x, y) and F|p = 0. Moreover, we have the
equality

(48) Ur.(Up.F)(x,y) = Us. f(x,y) = J(x, ) f (x, )
and the inequalities
(49) |F (x, )| < T(h)sup{| f(u,v)| : (u,v) € H (W)},

(50)  |(Ua.F)(x, y)| < T(h)sup{|(Us — J).f(u,v)|: (u,v) € H ' (W)},
(51)  [(U3.F)(x, y)| < T(h)sup{|(Us — I)*. f(u,v)| : (u,v) € H ()},
valid for (x,y) € H™'(h).

PROOF. Foreach h > 0 parameterize the orbit H ) by the path p(¢) where
p(0) = p(T(h)) € D and p'(r) = U;(p(t)). Then we can take

o
F(p(t) = /0 F(p(s)) ds

and clearly this is the unique solution of U;.F = f with F|p = 0. The first
inequality (49) follows directly. The equality (48) is a direct application of
Lemma 1. Since F|gp =0 then F>.A|p = 0 and so we can apply the previous
estimate with F and f replaced by U.F and (U, — J).f to obtain the second
estimate (50). Repeating this idea gives the third estimate (51). [

LEMMA 12. For the system (39), suppose U|.F(x,y) = f(x, y) as above,
and that F(0,y) = 0. For ease of notation write | f|n = sup{|f(u,v)|:
H(u,v)=nh}.
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(i) There are constants k and & such that if r = /x2+y? < § and
H(x,y)=h then

|F(x, )| <kl flIn,
V1. F (e, )| < K[ flln + 7211 Ua- £ 4],
|ZF e, )| < k[N fln + Vi fIL+r2 1 Ua £+ r 4 U3 £l

(1) If f and its first two derivatives have at most polynomial growth as
(x,y) = oo, then sodo F and V|.F and LF .

PROOF. This is a direct application of the estimates in the Lemma. In (i) we
use the facts that 7' (%) and the functions a(l), all, Vi .0111, J and U,.J are all bounded
near (0, 0) and that (x% and V; .ozf are both of order 2 near (0, 0). In (ii) we use the
fact that all of the functions just mentioned have at most polynomial growth. [J

COROLLARY 5. For the functions A, B, C and D associated with the
system (39):

(i) Aand V,.A and LA and B and V,.B and LB are all O(r*?) as (x, y) —>
(0, 0) and all have at most polynomial growth as (x, y) — o0.
(i) C and V,.C and LC are all O(r?) as (x, y) — (0, 0) and all have at most
polynomial growth as (x, y) — 00.
(iii) D and Vi.D and LD are all O(r*) as (x, y) — (0, 0) and all have at most
polynomial growth as (x, y) — o0.

PROOF. This is a direct application of the previous result. In case (i) we use
the estimates on I" and its derivatives given in Subsection 3.2. [

3.4. Existence and derivatives of W. We now turn attention to the diffusion on
(0, o) with generator N and the functions G and W. The coefficients c(h) and
d(h) were given in (46), (47). They yield the following asymptotics as & tends to
0 and oo:

0.2
E(h}~<ﬂ+7>h ash — 0,

_ 0'2
d(h)'v?h ash — 0,

8ylbh3/2

c(h) ~— 15

ash — ooif b >0,
_ 4p .
c(h)fv?h ash—ooifb=0and g8 <0,

as h — oo.

_ 4y,02
amw ~ 0
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It follows easily that there is a C? function F: (0, 00) — (0, 00) of the form
F(h) =h™¢! for h sufficiently small and F (h) = exp ca/h for h sufficiently large
with the property that N F (h) < —c3F (h) + c4. Here ¢, ¢2, ¢3 and ¢4 are positive
constants; this construction can be done for all sufficiently small ¢; and c;.

Condition (A8) on the existence of the invariant probability p follows imme-
diately (using results of Khas’minskii [17], Theorem III.7.3 and Theorem IV.4.1).
Moreover, by a result of Meyn and Tweedie ([19], Theorem 4.2), the invariant
probability p has the property f(o, ) F(h)dp(h) < cc. From the calculations in
Subsection 3.2 we have the following asymptotics for G

G(h) ~ (952/8)13h?3  ash — 0,
G(h) ~ 2c%/T)'/3 as h — oo.

Since G/F is bounded on (0, co) it follows that f(o,oo) G(h)dp(h) < co. Now
the estimate N F(h) < —c3F (h) + c4 implies that N is the generator of an F-
exponentially ergodic process (see [19], Theorem 6.1). It follows that there exists
a smooth function W such that NW(h) = G(h) — [ Gdp and |¥(h)|/F(h) is
bounded. Thus (A9) is satisfied. More details of this sequence of arguments is
given in Baxendale and Goukasian [9], Proposition 4 and Lemma 5. At this stage
we have pointwise estimates on W coming from the fact that |W(h)|/F (h) is
bounded. But when we look at the formulas for f, and ¢, we see that we will
need better pointwise estimates on W and also estimates on its first 4 derivatives.
To obtain these we need the following result, which may be of independent interest

LEMMA 13. Let {x;:t > 0} be a diffusion process, with generator L on a o -
compact space M. Suppose that there is a compact K C M and a function F > 1
so that LF < —cF outside K for some ¢ > 0. Define tx = inf{t > 0:x, € K}.
Then P*(tx <o0) =1 forall x ¢ K. Suppose further there exist functions f and
g sothat Lf = g outside K and |g(x)|/ F (x) is bounded on M and f(x)/F (x) —
0 as x — oo. Then

EYf(xe) — f(x)=E* /(;TK glxg)ds  forallx ¢ K.

PROOF. The first assertion is due to Khas’minskii [17], Theorem III.7.1. To
prove the second assertion we use the assumption about F to show that the local
martingale f(x;azx) — (;MK g(xy)ds is a uniformly integrable martingale. Define
7, =inf{t > 0:x; ¢ K,,} where the compact sets K, satisfy K = Ko C K1 C K, C

-+- /' N.The condition Lf = g implies that

INTUN\TK

(52) E* f(tunoneg) — f () = E fo g(xy) ds
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for all x ¢ K. The assumption on F implies that e " ™) F (x,,; rr.) and
F (Xtaroneg) + € Jo "™ ™ F(x;) ds are supermartingales. These yield the inequal-

ities
E*F (Xtaronee) < F(x)

and
IATUATK 1
EX / Fxp)ds <~ f(x)
0 C

for x ¢ K. The first inequality implies that the random variables f(x;ar,azx)
are uniformly integrable with respect to P* and so we can pass to the limit as
t — oo and n — o0 in the left side of (52). The second inequality allows the use
of the dominated convergence theorem on the right side of (52) as t — oo and
n—oo. U

We now specialize to the diffusion process with generator & on (0, 00).
Taking one function F in the exponential ergodicity argument above to get growth
estimates on W, and then a different F with larger c; and ¢, here, we see that we
can apply Lemma 13 with f(x) = ¥(x) and g(x) =G(x) — [Gdp = G (x). Take
K =[6, k] for sufficiently small § and large k, and x < §. We have

39
V) —Y(x) = E"/ G(xg)ds.
0
Replacing é by an arbitrary point y < § we get
T ~
W(y) — W(x) = Ex/ " G(xy) ds
0

whenever 0 < x < y <§. Replacing W in this calculation by the function f(x) =
log x we get

T
logy—logx:Ex/ ny(xs)ds.
0

Since N f(x) = x~1e(x) — x_fg(x) — B+ (72/4 =2X\ > 0 as x — O there exist
81 > 0and k; < oo such that |G(x)| < k1N f(x) whenever 0 < x < §;. Then

W (y) — W(x)| gE"/O "G (xy)|ds ng"/O "N f(xs)ds = k; (log y — log x)

whenever 0 < x < y < min(é, §1) = §,. Taking y = §, we get the improved
pointwise estimate |V (x)| < |V (82)| + k1 logdy — ki logx for O < x < &,. More
importantly, letting y \, x we get |¥'(x)| < kjx~! for 0 < x < 8. Now
substituting into

OOV (x) +d(x)¥"(x) = G(x) —/Gdo
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and using the asymptotics of ¢(x) and d(x) and G(x) near 0 gives |¥"(x)| <
kox~2 near 0. Differentiating the expression above (remembering that ¢ and d and
G? are real analytic functions in a neighborhood of 0 and using Corollary 3 and
Lemma 10) we get consecutively W' (x)| < k3x—> and then |W"”(x)| < kgx™*
near 0.

We can repeat this method near co. For sufficiently large k we have

W(y) — W(x) = EX fo " Gxe) ds

whenever k <y < x. If b =0 and B < 0 we use the function f(x) = —logux,
and if b > 0 we use the function f(x) = x~ Y2, We use the formulas for ¢ and d
and G from Corollary 3 together with the asymptotics for G; and G3 and their
derivatives near oo from Lemma 4. In the first case we get estimates of the form
|W(x)| < kologx, |W'(x)| < kix™!, W (x)] < kox ™2, [W"(x)] < kx> and
W (x)| < kax—>/? for x large. In the second case we get estimates of the form
|W(x)| < ko and W) (x)] <k;jx73/2,1 < j <4, for x large.

3.5. Proof of Theorem 2. Formulas for ¢(h) and d(h) and G (h) have been
obtained in Corollary 3. The conditions (A1) and (A5)-(A9) have been verified
earlier in this section. The estimates on I" in Corollary 4, together with Lemmas 6
and 7 imply that (A2) is satisfied. The estimates on A, B, C, D and ¥ and their
derivatives from Subsections (3.3) and (3.4) imply that f,(x, y) grows at most
like |logr| as (x, y) — (0,0) and has at most polynomial growth in x and y as
(x,y) — oo. It follows from Lemmas 6 and 7 that f, is integrable with respect
to P,.

Using the estimates on I given in Corollary 4, together with explicit formulas
for the (xi] (x,y) and J(x, y), it is a routine (but lengthy) calculation to show that
each of the entries in My(x, y) and M;(x, y) and DM (x, y)(Vi(x, y)) remains
bounded as (x,y) — (0,0) and has at most polynomial growth as (x, y) — oo.
This implies, using Lemma 4, that each of the Q(x, y, 0) and ¢ (x, y, ) remains
bounded as (x,y) — (0,0) and has at most polynomial growth as (x, y) — oo.
Conditions (A3) and (A4) now follow immediately using Lemma 7.

Using the results on the #; from the previous paragraph together with the
estimates on the functions A, B, C, D and V¥ and their derivatives from
Subsections (3.3) and (3.4), it is now easy to verify that each of the functions
@0, - .., ¢4 (given in the Appendix) remain bounded as (x, y) — (0, 0) and have at
most polynomial growth as (x, y) — oco. Notice that for the function ¢, near 0, the
estimates on C and D obtained in Subsection 3.3 together with obvious estimates
on ¢ and d and oe% exactly counteract the possible growth in the derivatives of W
given in Subsection 3.4. Conditions (A10) and (A11) now follow using Lemma 7
and the condition (A12) follows using Lemma 8.
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REMARK 5. Suppose that in equation (39) the multiplicative noise o xd W; is
1

replaced by additive noise eod W;. This has the effect of replacing the functions o
and a% by new functions ozll (x,y)=—0(x +x3)/[(x +x3)2+ yz] and ozf(x, y) =
—o x. Then the four functions U; .ozll, Ul.af, Uz.a% and Uz.oz% are of order r 1, r,
r~3 and r ! respectively near 0. Since the probability measure /i, is independent
of ¢ (for additive noise) and has a smooth positive density, it follows that the entries
in the matrices M;(x, y) and (d/0y)M;(x, y) fail to be integrable, and the entire

method fails.

3.6. Convergence of measures. Here we continue the discussion started in
Remark 3 concerning the convergence of the probability measures P, and u.. For
convenience we revert to notation used in Section 2 and let x denote a point in R?.
The following result extends Theorem 3.

THEOREM 5. Let g(x) be a smooth function with compact support in R\ {0}
and let s(0) be a smooth function on S L Then

‘/g(x)s(@)dPg(x,Q) —/g(x)s(@)duo(x)dv(e)‘ =0E*?) ase—0
and

= 0(82) as e — 0.

‘/g(X)dMs(X) —/g(X)dMo(X)

In particular Ps — po x v weakly as probability measures on R* x S', and
we — o as € — 0 weakly as probability measures on R?.

PROOF. Define g(h) = [ g(x)dmy(x) and choose a function E(x) so_that
Ui.E(x) =g(x) — g(H(x)). Define 5 = [ 5(6) dv(0) and choose a function R(6)
so that M R(0) = s(#) — 5. Choose a function W (k) so that NV (0) =g(h) —
/g dp. The results in Subsection 3.4 on the existence of W and the estimates on W
and its first four derivatives apply equally well to the function W. Now define

oo 8(H (x)) g(H(x))
L - _2/3u~ — u 20 p/
fe(x,0)=E(x)s®) +¢ G(H(x))R(Q) G(H(x))A(x) sin2 @ R' ()
_BHOD) b (—cos®0sind B 0) + L costo B )
G(H(x))B(x)< cos 0s1n9R(0)+200s 0 R"(6)

+6725(W o H)(x) —5[C(x) (¥ 0 H)(x) + D(x)(¥" 0 H)(x)].
Then a direct calculation shows that

(Lo fo)(x.6) = g(x)s(6) — / g(h)dp(h) / 5(6) dv ()
(53)

4
1 g2/ » 23, (x, 0)
k=0



PERTURBATIONS OF HAMILTONIAN SYSTEMS 131

for suitable functions ¢. Now the assumption that g has compact support in
R? \ {0} implies that E(x) and g(H (x)) are zero near 0 and co. Thus when we are
checking integrability and growth conditions for the functions f; and ¢ the only
terms which can be non-zero near 0 or oo are ones involving the function ¥ and its
derivatives. But W satisfies the same estimates as W, and so the calculations used to
verify conditions (A10)—(A12) in the preceding subsection can be used here also.
The rest of the argument used in Theorem 4 is unchanged, and we obtain the first
estimate.

In the case when s(0) = 1 then we can take R (¢) = 0 and the argument proceeds
as before, but in a simplified form. The (f&k terms vanish for k = 0, 1, 3 and 4, so
that the estimate is of order &°.

Finally notice that Lemma 6 shows that {iu. : 0 <& <¢go} and {P; : 0 < & < g}
are both tight families of probability measures on R? and R? x S, respectively.
The estimates above prove uniqueness for any subsequential limit, so we obtain
the statements about weak convergence of P, to pg X S Vand pe to po. O

APPENDIX

Define
R1(0) = sinf cos® — sin>OR'(0),
Ry(0) = %00526 — sin? 0 cos’ O + sinf cos> OR' () — %cos“@R"(@).
Then

Po(x,0) =11(x,0)R'(0) + 1o(x, 0)[A(x) R} (0) + B(x)R;(6)]

+ 33 [l )P [ACOR](6) + B RS (6)];

i=1
¢1(x,0) =nr(x,0)R'(0) + 1 21 [ficx, )] R (0)
+11(x, 9)[A(x)R;_<9) + B(x)R5(0)]
+3 i{té(x, 0)[Vi. A(X)R| () + Vi.B(x)R,(6)];
dr(x,0) =13(x, Q_)R/(Q) + LA(X)R{(8) + LB(x)R2(0)
+12(x, O)[A(X) R} () + B(x)R5(6)]

+3 2 156 OT[A@R{(6) + B) RS 6)]
i=1
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+ 3 1 (x. O)[Vi. AR} (0) + Vi.B(x)R5(0)]

i=1

- |:ZC(x)\Il/(H(x)) + (Z a?(x)Vi.C(x) + C(x)c(x)) W (H(x))

i=1

+ C(x)d(x)\ll/”(H(x)):|
- |:ZD(X)‘I’N(H(X))

+ (Za3<x)w.0(x) + D(x)c(x)>\1/”(H<x))

i=1

+ D(x)d(x)\lf””(H(x))i| ;

r

$3(x,0) = 1a(x, O)R'0) + 1 [ (x, )’ R"(6)
i=1

+ 13(x, 0)[A(x)R1(0) + B(x)R5(6)]

+ 3B O)[Vi AR (6) + Vi.B)RY®);

i=1

pa(x,0) = ta(x, 0)[A(x)R|(6) + B(x)Ry(0)]

+ 13 A O [A@R]6) + BX)RY )]
i=1
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