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BRANCHING EXIT MARKOV SYSTEMS
AND SUPERPROCESSES!

By E. B. DYNKIN

Cornell University

Superprocesses (under the name continuous state branching processes)
appeared, first, in a pioneering work of S. Watanabe [J. Math. Kyoto Univ.
8 (1968) 141-167]. Deep results on paths of the super-Brownian motion
were obtained by Dawson, Perkins, Le Gall and others.

In earlier papers, a superprocess was interpreted as a Markov pro-
cess X, in the space of measures. This is not sufficient for a probabilis-
tic approach to boundary value problems. A reacher model based on the
concept of exit measures was introduced by E. B. Dynkin [Probab. Theory
Related Fields 89 (1991) 89-115]. A model of a superprocess as a system
of exit measures from time-space open sets was systematically developed
in 1993 [E. B. Dynkin, Ann. Probab. 21 (1993) 1185-1262]. In particular,
branching and Markov properties of such a system were established and
used to investigate partial differential equations. In the present paper, we
show that the entire theory of superprocesses can be deduced from these
properties.

1. Introduction.

1.1. Exit points of Markov processes. Suppose that ¢ = (&;,11, ) is a right
continuous strong Markov process in a topological space E. To every open set
@ in time-space S = R x E there corresponds a random point (7, £.), where
T =inf{t: (¢, &,) ¢ @} is the first exit time from Q. If a particle starts at time
r from a point x, then the probability distribution of the exit point, given by
the formula

k(f‘, x; B) = Hr,x{(T7 £) e B}’

is concentrated on the complement Q¢ of Q. [If (7, x) ¢ @, then k(r, x;-) is
concentrated at (r, x).] The family of random points ((7, &,), I, ,) has the
following property: for every pre-r X > 0 and every post-1 Y > 0,

(1.1) Hr,x(X]- Y) = Hr,x(X]'T<OOHT, §TY)'

T<00

Pre-t means depending only on the part of the path before 7. Similarly, post-
7 means depending on the path after 7. To every measurable p > 0, there
correspond a pre-t random variable

X=[ pst)ds

Received January 2000; revised March 2001.

LSupported in part by NSF Grant DMS-99-70942.

AMS 2000 subject classifications. 60J60, 60J80.

Key words and phrases. Superprocesses, exit measures, branching property, Markov property,
transition operators, branching particle systems.

1833



1834 E. B. DYNKIN

and a post-7 random variable

Y = /TOO p(s, £,)ds.

Let 7 and 7 be the first exit times from @ and @’. Then f(7, £.) is a pre-7
random variable if @' C @ and it is a post-7 random variable if @ O Q.

1.2. Exit systems associated with branching particle systems. Consider a
system of particles moving in E according to the following rules:

1. The motion of each particle is described by a Markov process &.

2. A particle dies during time interval (¢, ¢ + h) with probability kA + o(h),
independently on its age.

3. If a particle dies at time ¢ at point x, then it produces n new particles with
probability p, (¢, x).

4. The only interaction between the particles is that the birth time and place
of offspring coincide with the death time and place of their parent.

(Assumption 2 implies that the lifetime of every particle has an exponential
probability distribution with mean value 1/k.)

We denote by P, , the probability law corresponding to a process started
at time r by a single particle located at point x. Suppose that particles stop
to move and to procreate outside an open subset @ of S. In other words, we
observe each particle at the first, in the family history, exit time from . By
the family history we mean the path of a particle and all its ancestors. If the
family history starts at (r, x), then the probability law of this path is II, ,.
The exit measure from @ is defined by the formula

Xq =0,y T +0u. )

where (¢4, ¥1), ..., (s, ¥,) are the states of frozen particles and §, ,) means
the unit measure concentrated at (¢, y). We also consider a process started
by a finite or infinite sequence of particles that “immigrate” at times r; at
points x;. There is no interaction between their descendants and therefore
the corresponding probability law is the convolution of P, .. We denote it by
P,, where

r= Z 6(”, %)
is a measure on S describing the immigration. We arrive at a family X of
random measures (X g, P,), @ € O, u € M, where O is a class of open subsets
of S and M is the class of all integer-valued measures on S. Family X is a
special case of a branching exit Markov system. A general definition of such
systems is given in the next section.

1.3. Branching exit Markov systems. A random measure on a measurable
space (S, %g) is a pair (X, P), where X(w, B) is a kernel from an auxiliary
measurable space (0, 7) to (S, Zg) and P is a probability measure on .7. A
kernel from a measurable space (E;, %;) to a measurable space (E,, %5) is a
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function K(x, B) such that K(x,-) is a measure on %, for every x € E; and
K(-, B) is a #,-measurable function for every B € %,. We assume that S is a
Borel subset of a compact metric space and %Ay is the class of all Borel subsets
of S.

Suppose that the following hold:

(i) O is a subset of o-algebra Ag;
(ii) M is a class of measures on (S, Zg) which contains all measures 3,
yesS;
(iii) to every @ € O and every u € M, there corresponds a random measure
(Xgq, P,)on (S, Ag).

Condition (ii) is satisfied, for instance, for the class .#(S) of all finite mea-
sures and for the class .#/(S) of all integer-valued measures.

We use the notation (f, u) for the integral of f with respect to a measure
. Denote by Z the class of functions

12) z=exp i(ﬂ-, Xo)}.

where @; € O and f,; are positive measurable functions on S. We say that
X =(Xg,P,),Q €0, uecM,is abranching system if the following condition
holds.

1.3.A. For every Z € Z and every u € M,

(1.3) P 7 = ¢ (wn),
where

(1.4) u(y) = —log P,Z
and P, = P; .

Condition 1.3.A (we call it the continuous branching property) implies that
P,Z=][]P, Z

foral ZeZifp,,n=1,2,...,and u =Y u, belong to M.
A family X is called an exit system if the following conditions hold.

1.3.B. Forall pe Mand @ € O,
P {Xo(@)=0}=1.
1.3.C. If ueM and u(Q) =0, then
P{Xg=un}=1

Finally, we say that X is a branching exit Markov (BEM) system, if X 5 € M
for all @ € O and if, in addition to 1.3.A-1.3.C, we have the following property.
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1.3.D (Markov property). Suppose that X > 0 is measurable with respect
to the o-algebra 7_, generated by Xy, @ C @, and Y > 0 is measurable
with respect to the o-algebra 7, generated by X4, @ D Q. Then

(1.5) P,(YZ)= P,(YPx Z).

It follows from the principles (1-4) stated at the beginning of Section 1.2
that conditions 1.3.A-1.3.D hold for the systems of random measures associ-
ated with branching particle systems. For them S =R x E,M = .#/(S) and O
is a class of open subsets of S.

1.4. Transition operators. Let X =(Xg, P,), @ € O, u € M, be a family of
random measures. Denote by B the set of all bounded positive Zg-measurable
functions. Operators Vg, @ € O, acting on B are called the transition opera-
tors of X if, for every u € M and every @ € O,

(1.6) pue*(f, Xq) — o= (Va(F) p)

If X is a branching system, then (1.6) follows from the formula

(1.7 Vo(F)(y)=—logPe '/ %a) for f e B.

THEOREM 1.1. Transition operators of an arbitrary system of random mea-
sures X satisfy the following condition:

1.4.A. forall @ € O,
(1.8) Vo(fn)—0 asf, 0.

A branching system X is a branching exit system if and only if the following
conditions hold:

1.4.B.
Vo(H)=Vo(f) if f=Fon Q%
1.4.C. for every @ € O and every [ € B,
Vo(f)=1 on Q"
It is a BEM system if and only if, in addition, the following condition holds:

14.D. forall Q c Q € O,

VQVQ = V@*.
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1.5. From transition operators to BEM systems. A real-valued function u
on an Abelian semigroup G is called negative semidefinite if

1

for every n > 2, all fq,...,f, € Gandall ¢q,...,¢, € R such that > A; = 0.
We consider negative semidefinite functions on the semigroup B. We say that
a function U from B to B is negative semidefinite if the real-valued function
U(f)(y) is negative semidefinite for all y € S.

k
> J=

1

THEOREM 1.2. The transition operators of every BEM system are negative
semidefinite. Suppose that operators V g acting in B satisfy conditions 1.4.A—
1.4.D. They are the transition operators of a BEM system if, in addition, the
following condition holds:

1.5.A. V[U(f)]is negative semidefinite for every negative semidefinite U(f).

Condition 1.5.A implies that V ; are negative semidefinite but the converse
statement is not true. Transition operators not satisfying 1.5.A can be obtained
by a passage to the limit. We denote by B, the set of all Zg-measurable func-
tions f such that 0 < f < ¢ and we put ||f| = supg |f(y)| for every f. Writing

V* 5V means that V* converges to V uniformly on each set B,.

THEOREM 1.3.  Suppose that X* is a sequence of BEM systems and that

V}é are the transition operators of X*. If V]é—u> Vg for every @ € O and if Vg
satisfies the Lipschitz condition on every B, then V  is the transition operator
of a BEM system.

1.6. BEM systems corresponding to branching particle systems. We return
to the branching particle system and the corresponding BEM system X =
(Xgq, P,) described in Section 1.2. We introduce an offspring generating
function

o(t,x;2) =) pu(t,x)2", 0<z<1,
0

and we put
DO(t, x;2) = (¢, x;2) — 2.
The four principles stated at the beginning of Section 1.2 lead to the following

result.

THEOREM 1.4. Let V be the transition operators of X. Then, for every
f € B, the function v = V o(f') satisfies the equation

(1.9) efv(r, %) = 1_[r, x [k/ (I)(s, é‘:s; e—v(s, gS)) ds + eif(T’ gT):|.
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Assuming that all particles have mass B8, we get a transformed system of
random measures X# = (X?, P5), u € MP, where

B
MP=pBM, Xf=BXq  PE=P,,

Equation (1.9) implies a similar equation for v? = Vg( f), where V% are the
transition operators of X#. By passing formally to the limit as 8 — 0, we get
an equation

(1.10) w(r, )+ 10, [ (s, £ uls, £)) =T, f(r, &),

where
u=1im[1 — e P%]/pB, f =1lim[1 — e #7]/B,
W(r, x;2) =1lim[@P(r, x;1 — Bu) — 1 + Bu]kP/B for Bu < 1.

[We assume that £ and ¢ depend on S.]

Motivated by this heuristic passage to the limit, we introduce the following
definition. We say that a BEM system X = (X, P,), Q € O, u € .#(S), is a
(&, ¢)-superprocess if O is a class of open subsets of S = Rx E, if £ = (§,, 11, )
is a right continuous strong Markov process and if the transition operators V
of X satisfy the following condition: for every f € B, u = V4(f) is a solution
of (1.10).

The uniqueness and existence problems for such systems are treated in
Theorems 1.5 and 1.6. Put @ € O, if @ is an open subset of S and if @ C Ax E
for some finite interval A.

(1.1D)

THEOREM 1.5. If @ € Oy and if ¢ > 0 is locally Lipschitz in u uniformly in
(r, x), then (1.10) has at most one solution. All finite-dimensional distributions
of a (&, y)-superprocess are defined uniquely.

THEOREM 1.6. A (¢, )-superprocess exists for every function
o0
(1.12) (r, x;u) = b(r, x)u? +/ (e — 1+ Au)n(r, x;dA),
0

where a positive Borel function b(r,x) and a kernel n from (S, %g) to R,
satisfy the condition

(1.13) b(r,x) and /OO AAAn(r, x;d))  are bounded.
0

The family (1.12) contains the functions
(1.14) Y (u) = const. u®, l<a<?2,
that correspond to b = 0 and n(dA) = const. A~(1+®) dA,

REMARK 1. Theorem 1.6 can be proved for a wider class of s (see [3]). We
restrict ourselves to the most important functions.
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1.7. Organization of the paper. A link between operators V and a BEM
system X is provided by a family of transition operators of higher order
Va...q, Wecall it a V-family. Properties of V-families are studied in Section
2. Section 3 is devoted to constructing a BEM system starting from a V-family.
BEM systems corresponding to branching particle systems are investigated in
Section 4. In Section 5 we prove Theorems 1.5 and 1.6. Theorem 1.6 is proved
by a passage to the limit from branching particle systems. The second proof
of this theorem, based on Theorem 1.2, is given in Section 6. (This is an adap-
tation of Fitzsimmons’ work [4].)

Theory of superprocesses is supplemented in Sections 7 and 8. In Section
7, we consider superprocesses with parameter sets O; and M; wider than
0Oy and M, = .#Z(S). This extension is used in Section 8 to treat the time-
homogeneous case. In the same section we show how a traditional subject of
investigtion—branching measure-valued Markov processes—can be derived
from our general model.

2. Transition operators and V-families.

2.1. Transition operators of higher order. Suppose that

P exp[—(f1, Xq,) = = (fr, Xq,)]
= exp[_<VQ1 ..... Qn(f1> cee fn)> M)]

for all u e M and all /4, ..., f, € B. Then we say that operators Vo o are
the transition operators of order n for X. Condition (2.1) is equivalent to the
assumption that X is a branching system and that

VQI ..... Qn(fla s fn)(y)z_IOgPyeXp[_<fl7XQ1> - <fn7 XQ,,)]’

(2.1

fi,-..,f,eB,yesS.

[For n = 1, formulae (2.1)—(2.2) coincide with (1.6)—(1.7).]
We use the following abbreviations. For every finite subset I = {®4, ..., ®,}
of O, we put

XIZ{XQI,---yXQ}’ fI:{fl""’fn}7

n

(2.3) k
(1, X1) =3 (fi, Xq,)-

i=1
In this notation, formulae (2.2) and (2.1) can be written as
(2.4) Vi(f1)(y) = ~log P,e /X1

and

(2'5) P“e_<f1’X1> — e_<VI(f1)af")'
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If X satisfies condition 1.3.C, then:

2.1.A. Forevery Q; €I,V (fr)=f;+ V(f;) on @, where I, is the set
obtained from I by dropping @Q;.
Indeed,

(fl’ XI) = (fia XL) + (fIi: XIL->
and (f;, X;) = fi(y) P,-as. if y € QF.
For a branching exit system X, the Markov property 1.3.D is equivalent to:
2.1B. If Q@ c @, for all @, € I, then

Proor. It follows from (2.5) that
(2.7 e~ VaVilfD),m) — PMe*<VI(fI)sXQ> = pMpXQe%fz,Xz).

If @ c @, for all Q; € I, then (f;, X;) € 954 and 1.3.D implies that the
right-hand side of (2.7) is equal to

Pne*<f1s X1) — o= (Vi(fD)sp)

Hence 2.1.B follows from 1.3.D.
To deduce 1.3.D from 2.1.B, it is sufficient to prove (1.5) for

Y = e*(fI,Xﬁ’ 7 = e—(fIaXT)’

where I = {Q1,..., @,}, 1 = {@1,...,Q,} with @, C @ C @;. Note that
YZ € Z. By 1.3.A, the same is true for YPy QZ . Therefore (1.5) will follow

from 1.3.A if we check that it holds for all u = §,. We use the induction on n.
By (2.7), condition 2.1.B implies

(2.8) P,Z=P,Py Z.

Hence, (1.5) holds for n = 0. Suppose it holds for n — 1. If y € @, then, by
1.3.C, P{Y = e fiMe=Yi} =1, where Y, = e~ /1 X1 and we have

PYZ=el\WP,Y;Z =e WP (Y;Px, Z)=P,(YPx Z)

by the induction hypothesis. Hence (1.5) holds for §, with y not in the inter-
section @; of @; € I. For an arbitrary y, by (2.8), P, YZ = PyPXQIYZ. By

1.3.B, X, is concentrated, P ,-a.s., on @7 and therefore
Py YZ = PXQI(YPXQZ).
We conclude that
P,YZ = PyPXQI(YPXQZ) = Py(YPXQZ). O
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Transition operators of order n can be expressed through transition opera-
tors of order n — 1 by the formulae

(2.9 Vi(f)=fi+Vi(f1,) on @ for every @; € I,

(2.10) Vi=Vgq,Vi, where @ is the intersection of all @; € I.

Formula (2.9) (equivalent to 2.1.A) defines the values of V;(f;) on . Formula
(2.10) follows from 2.1.B. By 1.3.B, it provides an expression for all values of

V(1) through its values on Q.
Conditions (2.9) and (2.10) can be rewritten in the form

(2.11) Vi=Ve, Vi
where

X7 3 V ) ¢7
(2.12) Vi(f1) = {5 +Valhy) on 8,

2.2. Properties of V. We need the following simple lemma.

LEMMA 2.1. Let Y be a positive random variable and let 0 < ¢ < oo. If
PeY < e for all A > 0, then P{Y > ¢} = 1. If, in addition, Pe™Y = e~¢,
then P{Y =c} =1.

PrOOF. If ¢ = oo, then, P-a.s., e *Y = 0 and therefore Y = co. If ¢ < o0,
then Pe~*Y~9) < 1 and, by Fatou’s lemma, P{lim, e *¥Y~9} < 1. Hence,
P{Y > ¢} = 1. The second part of the lemma follows from the first one. O

PROOF OF THEOREM 1.1. (i) Property 1.4.A is obvious. It is clear that 1.3.B
implies 1.4.B, 1.3.C implies 1.4.C and 1.3.D implies 1.4.D because 1.4.D is a
particular case of 2.1.B.

(i) If 1.4.B holds, then V 4(14) = V(0) = 0 and therefore P e ¥e(@ =1,
which implies 1.3.B.

(ii1) It follows from 1.4.C and (1.6) that, if u(Q) = 0, then, for all f € B and

all A > 0,

PMe_Mf’ XqQ) — o= Mfo )
and, by Lemma 2.1,
(2.13) (f, Xq)={(f,m), P,-as.

Since there exists a countable family of / € B which separate measures, 1.3.C
follows from (2.13).

(iv) Suppose that 1.4.D is satisfied and let @ C @; for all @; € I. Then
@ C Q; and (2.11) and 2.1.B imply

VQV] - VQVQ1‘7[ = VQ1‘7[ = VI'
We proved 2.1.B, which implies 1.3.D. O
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2.3. V-families. We call a collection of operators V; a V-family if it satisfies
conditions (2.9)—(2.10) [equivalent to (2.11)—(2.12)] and 1.4.A. We say that a
V-family and a system of random measures correspond to each other if they
are connected by formula (2.1).

THEOREM 2.1. If Vo, @ € O, satisfy conditions 1.4.A-1.4.D, then there
exists a V-family {V 1} such that V; =V for I = {Q}.

PrROOF. Denote by |I| the cardinality of I. For |I| = 1, operators V; are
defined. Suppose that V;, subject to conditions (2.9)—(2.10), are already defined
for |I| < n. For |I| = n, we define V; by (2.9)—(2.10). This is not contradictory
because

Fi+Vi(fr)=f;j+Vi(f1)=Ffi+f;+Vy(f1,) on@NAS
By 1.4.B it is legitimate to define V;(f;) on @; by (2.10). O

3. From a V-family to a BEM system.

3.1. Positive definite and negative semidefinite functions. First, we prepare
some tools. A real-valued function u on an Abelian semigroup G is called
positive definite if

k
Y titju(g;+8;)=0
i, j=1
for every n > 1, all g4,..., 8, € G and all ¢4,...,¢, € R. A definition of
negative definite functions was given in Section 1.5. We will write u € PD for
positive definite functions and u € NSD for negative semidefinite functions.
We need the following two results on these classes:

PROPOSITION 3.1.  The classes PD and NSD are closed under pointwise
convergence. Moreover, they are convex cones in the following sense: if (A, o7, 1)
is a measure space, if u, € PD (NSD) for all a € A and if u,(g) is n-integrable
for all g, then

u(g) = [ uq(g)n(da)
is also in the class PD (respectively, NSD).

PROPOSITION 3.2. A real-valued function v € NSD if and only if u = e ¥ ¢
PD for all A > 0.

The first of these propositions is obvious. The second is proved, for example,
in [1], page 74.

We consider positive definite and negative semidefinite real-valued func-
tions on semigroups G = B%*. We also consider such functions with values
in B. We say that a function U from G to B is negative semidefinite if the
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real-valued function U(g)(y) is negative semidefinite for all y € S. By Propo-
sition 3.1, (U(g), u) is negative semidefinite for all u € .Z(S). Positive definite
B-valued functions are defined in a similar way.

3.2. Laplace functionals of random measures. Let (X, P) be a random
measure on (S, Ag). Its probability distribution is a measure & on the space
#(8S) defined on the o-algebra generated by functions Fz(u) = w(B), B € %s.
The corresponding Laplace functional is defined on f € B by the formula

L,(f)=Pell- %) = /J/(S) e~ p(dv).

THEOREM 3.1. A functional L on B is the Laplace functional of a random
measure if and only if it is positive definite and the following holds:

3.2.A.
L(f) =1 asf, |0

A proof of this theorem can be found in [4], A6.

COROLLARY 3.1. Let &, be probability measures on #(S) and let L, be
the Laplace functional of %,. If L,(f) — L(f) for all f € B and if L satisfies
3.2.A, then L is the Laplace functional of a probability measure & on #(S).

Indeed, L satisfies all conditions of Theorem 3.1.
The Laplace functional of a probability measure & on .#(S)" is defined by
the formula

(3.1) Lo(f1seesfy) = /e*<f1’V1>*"'*<fwn>gz(dy1, o d).

By identifying .#(S)" with the space of finite measures on the union of n
copies of S, we get a multivariant version of Theorem 3.1 and its corollary:

THEOREM 3.2. A functional L(f,...,[,) on B" is the Laplace functional
of a probability measure on .#(S)" if and only if it is positive definite and
3.2.1.

L(ft ... ffy=1 asfrio,...,fk L0

COROLLARY 3.2. Let L, be the Laplace functional of a probability measure
Poon AS).If Li(f1,..., ) = L(f1,--.,fn) forall f1,...,f, € Bandif
3.2.1 holds for L, then L is the Laplace functional of a probability measure &
on A4 (S)".
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3.3. Constructing a BEM system starting from a V-family.

THEOREM 3.3. A V-family V = {V;} corresponds to a BEM system if and
only if V o satisfy conditions 1.4.A-1.4.D and if, for every I, VI(f;‘) — 0 as

f ]Ie | 0 and the following holds:
3.3.A. V; is negative semidefinite.

PROOF. (i) By Theorem 1.1, the transition operator of a BEM system sat-
isfies conditions 1.4.A-1.4.D. It follows from (2.2) [or (2.4)] that L; = e V7 is
a Laplace functional of a probability measure and therefore the properties of
V; stated in the theorem follow from Theorem 3.2 and Proposition 3.2.

(ii) If V; satisfy 3.3.A and if |I| = n, then, by Proposition 3.1, for every
uw e A(S), (Vi(fr),n) is negative semidefinite and, by Proposition 3.2,
L, fr)= e!VifD: #) ig positive definite. By Theorem 3.2, L, ;is the Laplace
functional of a probability measure on .#(S)". These measures satisfy consis-
tency conditions and, by Kolmogorov’s theorem, they are probability distribu-
tions of X relative to P, for a system X of random measures (X g, P,). By
Theorem 1.1, X is a BEM system. O

PROOF OF THEOREM 1.2. By Theorem 3.3, it is sufficient to demonstrate
that, if operators Vg satisfy 1.4.A-1.4.D, then condition 3.3.A follows from
1.5.A.

By taking an identity map from B to B for U in 1.5.A, we conclude that
V¢ € NSD. Hence condition 3.3.A holds for |I| = 1. Let V; be given by (2.12).
Clearly, if V. satisfy 3.3.A, then so does \% ;- By (2.10) and 1.5.A, the same is
true for V;. By induction, 3.3.A holds for all I. O

3.4. Proof of Theorem 1.3. First, we establish that, for every I, operators
V]; satisfy conditions similar to the conditions imposed in Theorem 1.3 on V%.

Put || = max{[|f1ll,..., If,]} for f = (f1,..., fr) € B".

LEMMA 3.1. Suppose V* is a sequence of V-families and let V’&, satisfy the
conditions of Theorem 1.3. Then the following hold:

(@) a limit V (f) of VE(f) exists for every I = (Qq, ..., ®,) C O and every
f:(fla"'7fn)€Bn;

(b) the convergence is uniform on every set B;
(¢) Vi(f) satisfies the Lipschitz condition on every BZ.

PrROOF. By (2.11)—(2.12),

(3.2) Vi = vh 7,
where

~ 7k NC
3.3 ve_ i+ Vi(f1) on @7,
39 ! {0, on @,
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and therefore, for all &, m,

,  on @,
on Q;.
If conditions (a)—(c) hold for V?, then, by (3.4), they hold for ‘71}”
Because of (3.2), to finish thelproof it is sufficient to show that, if conditions
(a)—(c) hold for operators V* from B to B and for operators V* from B" to B,
then they hold for the products V*V*. Let

V = lim V*, V =lim V*.

B4 |ThF - VR = { VE() = Vi)

By (b),
. IVE(F) = V()] < ex(c) for f € B,,
' IVE(F) = V(F)| < &4(c) for f e B

with g,(c) + £,(c) — 0 as £ — oo. By (c¢), there exist constants a(c) and a(c)
such that

IV(f) = V() <a(e)|f — gl forall f, g eB,,
IV(F) = V(&) <a(e)|f - gll forall , g e BE.

By taking g = § = 0, we get

BD V(P =calc) for feBs;  [V(F)| <calc) forf eBE.

Note that

(3.6)

[VELIVEA)] = VIV(H)]| < q(k) + h(k),
where
q(k) = [VHVEHP] - VIV
and
(k) = [V[VH(D)] - V[V(DH]I-

By (3.7) and (b), for all f € B" and for all sufficiently large &, |V*(f)| < & =
ca(c) + 1 and, by (3.5), g(k) < £,(¢,). By (3.6) and (3.5),

h(k) < a@)IVEHF) = V(P < a(é)r(c).
Therefore V¥V* satisfies conditions (a) and (b). It satisfies (¢) because

IVIV(A1 = VIVl < a@)IV(f) - V(&) < a@)a(e)lf —&l. O

ProOF OF THEOREM 1.3. Clearly, operators V; constructed in Lemma 3.1
form a V-family. By Theorem 3.3, families V? have properties 1.4.A-1.4.D and
3.3.A, which implies analogous properties for V ;. Hence, V; correspond to a
BEM system X. Clearly, V¢, are the transition operators for X. O
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4. BEM systems corresponding to branching particle systems.

4.1. Evaluation of the transition operators. Recall that, according to Sec-
tion 1.2, a branching particle system is determined by a right continuous
strong Markov process & = (&;, 11, ,), an offspring generating function ¢ and
a parameter k defining the lifetime probability distribution. If X is an asso-
ciated BEM system, then

Vo(f) = —logw,
where
(4.1) w(r, x) = P, e~ %Xe,
The principles formulated in Section 1.2 imply

(4.2) w(r,x)=1I,, x[e_k(T_’)e_f(T’ 4k /T e k) dse(s, £gw(s, §s))},

where 7 is the first exit time of (¢, &,) from Q. The first term in the brackets
corresponds to the case when the particle started the process is still alive
at time 7, and the second term corresponds to the case when it dies at time
se(r, ).

We simplify (4.2) by using the following:

LEMMA 4.1.  If
(4.3) w(r,x) = H,,x|:e_k<T_’)u(T, &)+ /T e Fery(s, &) ds],
then

(4.4) w(r,x)+1'[,’x/7 kw(s, &) ds = H,,x[u(f, g7)+/7 o, §S)ds}.

ProOF. Note that
H(r,t)=e k)

satisfies the relation

(4.5) k /rt H(s,t)ds=1— H(r,¢)
and that
(4.6) w(r,x)=1, (Y, +Z,),
where

Y, = H(s, Du(r, &),

Z, = / H(s, t)o(t, £,) dt.
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By (4.6) and Fubini’s theorem,
. [ " (s, &) ds = / TR, 1, T, (Y, + Z,)ds.
By the Markov property,

I ls<7Hs, fs(Ys + Zs) = Hr,xls<T(Ys + Zs)

and therefore
4.7) w(r, ) +11, / kw(s, £)ds =11, (I, + 1),
where
I, = H(r, (s, &) + kf: Y,ds and I,= f:[H(r, $)u(s, &) + kZ,] ds.
By (4.5) and Fubini’s theorem
L=u(ré),  I=[ uté)d,

and (4.4) follows from (4.7). O

To prove Theorem 1.4, it is sufficient to apply Lemma 4.1 to u(s, x) = e /(5%
and v(s, x) = ke(s, x;w(s, x)).

4.2. Heuristic passage to the limit. We considered a transformed system of
random measures X? described in Section 1.6. Its transition operators related

to the transition operators of X by the formula Vg(f ) = Vo(Bf)/B. The

equation (1.9) implies that, for every f € B, function v? = Vg( f) is a solution
of

(4.8) e P 11, x[/; RD(s, £ e PP 4)) ds + e—Bf(T,ff)i|_
Note that (4.8) is equivalent to

(4.9) uP(r, x) +11, f WP (s, £ uP(s, £)) ds = T, of5(r, £.),
where

uP=[1-eP"1B, fP=[1-eP"B,

(4.10)
bP(r, x;u) =[P (r, x;1 — Bu) — 1+ Bu)kP/B for Bu < 1.

[We assume that ¢ and % depend on B. Since BuPf = 1 — e B’ < 1, the value
oP(r, x;1 — BuP) is defined.]

Note that F# — f as 8 — 0. If 4 — i, then we expect that u? — u,
where u is a solution of (1.10). Equations (4.9) and (1.10) can be rewritten in
the form

(4.11) uf + GoyP(uP) = Kof?
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and

where (u) = (r, x;u(r, x)), pP(uP) = P(r, x;uP(r, x)) and where opera-
tors K¢ and G, are defined by the formulae

(413) KQf(ra .’)C) = Hr,xf(Ta 57)7

(4.14) Ggp(r,x) =1L . | p(t, &)dt.

5. Superprocesses.

5.1. Two lemmas. To prove Theorems 1.5 and 1.6, we need some prepara-
tions.
Note that the condition @ € O, is equivalent to the following condition:

5.1.A. There exists a constant N such that 7 — r < N for all paths of ¢
starting from (r, x) € Q.

The local Lipschitz condition in u uniformly in (r, x) means:

5.1.B. For every ¢ > 0, there exists a constant g(c) such that
P(r, xsuq) — Y(r, x;uz)| < q(e)uy — uy|

for all (r,x) € S, uq,uq €[0,c].

(5.1)

The following lemma is a modification of Gronwall’s inequality.

LEMMA 5.1.  Let 7 be the first exit time from @ € Q. If a positive bounded
function h(r, x) satisfies the condition

(5.2) h(r.x)<a+ql, . [ h(s,£)ds in @,
then
(5.3) h(r,x) < al'[,,xeq“”) in Q.

PROOF. Suppose that 2~ < A. We prove, by induction, that
(5.4) h(r,x) <1, . Y,(r),
where

(r—r)k
k!

Clearly, (5.4) holds for n = 1. If it is true for n, then, by (5.2),

(T—r)”.

n!

n—1
Y, (r)=a) q" + Aq"
k=0

(5.5) hr,x)<a+all,, [T, Y,(s)ds in Q.
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By the Markov property (1.1),
Hr,x17>sHs, §3Yn(5) = Hr,x17>sYn(s) for all (7”, .’XI) €Q

because {7 > s} C {7 = 7.}, where 7, is the first after-s exit time from  and
7, is - ;-measurable. Hence, the right-hand side of (5.5) is equal to

atqll, , [ Y,(s)ds =Y, ()
and (5.4) holds for n + 1. Bound (5.3) follows from (5.4) and 5.1.A. O

LEMMA 5.2. Suppose that @ € O and  satisfies condition 5.1.B. If (4.12)
holds for uw and if u + Goy(u) = Kqyf, then

(5.6) lu—@| < eq(C)NHf - f|| forall f,f e B.,
where N is the constant in 5.1.A.

Suppose (z,0) is bounded and ug + Goy(ug) = Kofp. If f € B. and
[£g—fll— 0as B |0, then there exists a solution u of (4.12) such that

(5.7 lug —ull < eQ(ZC)NHfB — [ for all sufficiently small B.

PROOF. By (4.12), |lu|| < | f|, llz| < | /|| and
u—a=Kqo(f - 1)
Put 2 = |u — @|. By (5.1), |#/(@) — ¥(u)| < a(c) + q(c)h and therefore

h=|f =l +a(c)Ggh

and (5.6) follows from Gronwall’s inequality (5.2).
If f € B, then, for all sufficiently small g8, f; € By, and, by (4.2),

2c)N
lup — ugl < ™M fs — fl,

which implies the existence of the limit u = limug and the bound (5.7). By
(5.1), ¢(ug) < ¥(0) + 2q(c)c and, by the dominated convergence theorem, u
satisfies (4.12). O

PROOF OF THEOREM 1.5. If u and @ are solutions of (1.10), then u = & by
(5.6). ~

If Vo and V¢ are the transition operators of two (£, ¢r)-superdiffusions,
then Vo(f) = Vg(f) for all f € B. By the recursive formulae (2.11) and
(2.12), the transition operators of higher order also coincide, which implies
the second part of the theorem. O
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5.2. Superprocesses as limits of branching particle systems. Put

(5.8) e(M)=e* —1+A.
Since, for u > 0,0 <e'(A\)=1—e"* < 1A A, we have
(5.9) 0<e(d)<AnA?

and

(5.10) |e(Aug) —e(Aup)| < 1ve(AAA2)|ug —uy| for all uq, u, € [0, c].
The bounds (5.9) imply
(5.11) 0<1—-A+A%2/2—e?*<A® forall A>0.
PROOF OF THEOREM 1.6. (i) We choose parameters ¢g, kg of a branching

particle system to make 5 given by (4.10) independent of 8. To this end we
put

(5.12) 2 -
ep(zu)=u+ %l!f(z; ! Bu) for 0 <u <1,

where 1y is a strictly positive constant. We need to show that ¢ is a generating

function. To simplify formulae, we drop arguments z. Clearly, ¢4(1) = 1. We
have

o0
<P;3(u) = Z piuk,
0

_B <l>

B vw B)

o= y=2-p [ A e nan),
v 0

b1
Py =+~
Y v

where

(=R

®

/oo e VEA2n(d)),
0
B = wp(A)
ph = A e Mﬁ(ﬁ) n(dr) for k > 2;

pg and pf are positive for all 8 > 0. Function plf is positive for 0 < B8 < 1 if
v is an upper bound of

26+ /OOO AAPn(dA).

(ii) We claim that there exists a solution u of (4.12) and a function a(c) such
that

(5.13) |lu —vg| < Ba(c) for all f € B, and all sufficiently small B.
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If A is an upper bound for the functions (1.13), then, by (5.10), ¢ satisfies
the condition (5.1) with q(c) = 3A(1 Vv ¢).

Suppose f € B.. Then, by (4.10) and (5.9), f — fz = e(Bf)/B < Bf* < Bc?
and, by 5.2, there exists u such that, for sufficiently small g,

(5.14) ug —ull < e?ZIN g2,
By (4.10), vy = —B~*log(1 — Bug) and
vg—ug = Fy(ug),
where Fy(t) = —B ' log(1— Bt)—t. Note that Fz(0) = 0 and, for 0 < B¢ < 1/2,
0 < Fy(t) = (1 - Bty ' < 2p1,
which implies 0 < F(¢) < Bt?. We have 0 < fg=fandug < Kgyf. Therefore
ug € B, and
(5.15) lvg —ugl| < B for 0 < B < 1/(2¢).
It follows from (5.14) and (5.15) that (5.13) holds with a(c) = c%(e?©V +1).
(iii) We conclude from (ii) that the limit V of operators VZ satisfies the

Lipschitz condition on each set B, and that Vg—u> V. By Theorem 1.3, there
exists a BEM system X with transition operators V. Since u = V(f) sat-
isfies (4.12), this is a (&, )-superprocess. O

6. Direct construction of superprocesses.
6.1. Analytic definition of operators V .
THEOREM 6.1.  Suppose that € € Oy and that  satisfies the condition

5.1.B and the following conditions:

6.1.A. ¥(z,0) =0 for all z;
6.1.B. ¢ is monotone increasing in t, that is, y(z,t;) < ¥(z,ty) for all
zeSandallt; <t, eR,.

Then (4.12) has a unique solution for every f € B. We denote it by V o(f).
PROOF. (We use the so-called monotone iteration scheme (cf., e.g., [5].) By
Theorem 1.5, equation (4.12) can have no more than one solution.

Suppose that f € B,. Fix a constant £ > g(c), where g(c) is defined in 5.1.B,
and put, for every u > 0,

6.1  T(u)= Hr,x[e—k“—”f(r, )+ [ eHD(s, £5u(s, ) ds}
where ®(u) = ku — (u). (We do not indicate explicitly the dependence on T
of £ and f.) The key step is to prove that the sequence

Uy = 0,

u,=T(u,_,) forn=1,2,...

(6.2)
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is monotone increasing and bounded. Clearly, its limit « is a bounded solution
of

6.3)  w(r,x) =TI, [ek“”f(n &)+ | T HN(s, £ u(s, €,)) ds]

By Lemma 4.1, (6.3) implies

u(r.x) + kL, [ (s, £)ds = Hr,x[fm £+ [ (s 5us, £) ds}

which is equivalent to (4.12).
We prove that the following hold:

(@) T(v1) <T(vy) if0<v; <vy<cin Q;
(b) T(c) <ec.

To get (a), we note that

D(ty) — P(¢y) = k(ty — t1) — [¥(E2) — ¥(E1)] = (22 — ¢1)(k — g(c)) = 0.
Since ¢y > 0, $(u) < ku and therefore

T(c) < Hr,x[cek“r) + ck/ e k=) ds:|.

Since e #""") 4+ k [T e ¥~k ds = 1, this implies (b).
By 6.1.A, u; = T'(0) > 0. By (a) and (b), u; = T'(0) < T(c) < c. We use (a)
and (b) to prove, by induction on n, that 0 =4, <--- <u, <c. O

6.2. Properties of V. We claim that the following hold:
6.2.A. If f < £, then Vg(f) < Vo(f).
6.2.B. If @ C Q andif f = 0 on @, then Vo(f) < V5(f).

6.2.C. If f, 1 f, then Vo(£,) 1 Vo(f).

To prove 6.2.A and 6.2.B, we indicate explicitly the dependence of operator
(6.1) on &, @ and f and we note that 0 < f < f < ¢ and, if £ > q(c), then
T(k, Q, f' u) < T(k, Q, f;u) for every function 0 < u < ¢. This implies 6.2.A.
IfQ c Q then the first exit time 7 from Q is greater than or equal to 7. If

=(1,¢,) € @, then f(n;) =0, and if 7, ¢ Q, then 7 = 7. In both cases,

‘k(T Nf(n,) =e T f(n:). If k> q(c) and 0 < u < c, then T(k, Q, fiu) >
T(k, Q, f;u), which implies 6.2.B.

Suppose that £, 1 f and let u,, = Vo(f,). By 6.2.A, u,, 1 u. By passing to
the limit in the equation u, + Gq¥/(u,) = Kqf,, we get u + Go(u) = Kqf .
Hence u = V (f), which proves 6.2.C.
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6.3. An alternative construction of superprocesses. We deduce a slightly
weaker version of Theorem 1.6 by a method suggested by Fitzsimmons (see

[4D.

THEOREM 6.2. A (&, r)-superprocess exists for function { given by (1.12) if
b and n satisfy condition (1.13) and an additional assumption,

B
(6.4) sup/0 An(z;dA) -0 as B 0.

REMARK. Condition (1.13) implies pointwise but not uniform convergence
of £ A%n(z;dA) to 0 as B | 0.

We need the following lemma.

LEMMA 6.1. If u is a solution of (4.12) and if @' is an open subset of @,
then

PrROOF. By the strong Markov property (1.1), Ko Ky = Kg and Gg =
Gg + K¢ G and therefore

u+Go(u) = u+Gop(u)—KoGoi(u) = Ko(Kof —Goi(u)) = Kqu. O

PROOF OF THEOREM 6.2. (i) Operators V¢ defined in Theorem 6.1 satisfy
conditions of Theorem (1.1). Indeed, by (4.12), VQ( f) <K Q f, which implies
1.4.A. Properties 1.4.13 and 1.4.C also follow easily from (4.12). Let us prove
1.4.D. Suppose @ C @ € Qy. By Lemma 6.1, v = V 5(f) satisfies the equation
v+Goi(v) = Kgu. On the other hand, u = V ¢(v) is a solution of the equation
u+ Gg(u) = Kgu. The equality u = v follows from Lemma 5.2.

We claim that operators V, satisfy condition 1.5.A if the following holds:

6.3.A. There exists £ > 0 such that ku(f) — ¢(-;u(f)) is an N-function
from B to B for every real-valued N-function u(f) on B.

Indeed, let T be the operator defined by (6.1). It follows from 6.3.A that, for
all sufficiently large &, ®(u(f)) belongs to the class N if u(f) is an N-function
and, by Proposition 3.1, operator 7' preserves the class N. Therefore Vo (f),
which is the limit of 77(f), has the same property.

By Theorem 1.2, V, are the transition operators of a BEM system X and,
since V o(f) is a solution of (4.12), X is a (£, ¢r)-superprocess.

(i) Condition 6.3.A holds for ¢ given by (1.12) under an extra assumption,

6.6) b=0, m(z)=[ An(z,dA) isbounded.
0
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Indeed,
b — p(u) = [:0(1 — e M)n(dA) + (k — m)u.

If u € N, then 1 — e * belongs to N by Proposition 3.2, and ku — (u) is an
N-function if £ > m(z) for all z.

(iii) To eliminate the side condition 6.3.A, we approximate s given by (1.12)
by functions

Wa(u) = fooo(e-w — 1+ Au) ng(dA),
where 0 < 8 <1 and
ng(dA) =1, gn(dA) + 268728,
Note that 5 satisfies (1.13). It satisfies (6.6) because

/OO Ang(dA) < B1 /oo A A AZn(dA) + 2b)B.
0 0

Let Vg be the transition operators of the (&, /g)-superprocess. We demon-
strated in the proof of Theorem 1.6 that V, satisfies the Lipschitz condition
on each set B,. By Theorem 1.3, to prove the existence of a (¢, ¢)-superprocess,

it is sufficient to show that V%—u> V4. We have
Y(u) — p(u) = 20Rp(u),
where
B
Ry(u) = /0 (™™ — 1 — Au)n(dA) + 268721 — Bu + (Bu)2/2 — e~Pu].

By using the bounds (2.1) and (5.11), we get

B

|Rg(w)| < uZ/ A AA2n(dA) + 2bBub.

0
By conditions (1.13) and (6.4), /5 converges to ¢ uniformly on each set S x
[0, c]. It follows from Lemma 5.2 that Vg—u> Vg. O

7. Superprocesses with extended parameter sets.

7.1. Some properties of BEM systems. Properties stated in Theorem 7.1
will be used in subsequent sections and they are also of independent interest.

THEOREM 7.1.  Suppose that X = (Xg,P,),Q@ € O,u € M, is a BEM
system and let @, C @, be elements of O. Then the following hold:
7.1.A.
{Xg, =0} C{Xg, =0} as.

(Writing “a.s.” means “almost sure with respect to all P, p € M.)
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7.1.B. For every u € M and every bounded measurable function f on M x M,
PMf(XQl’ XQz) = PP«F(XQl)’
where
F(v)=P,f(v, Xq,)-
7.1.C. If 0 < ¢; < @9 and ¢ = 0 on @, then

<§D1’ XQ1> = (‘PZ,XQ2> a.s.
In particular, if I' C @3, then X g (I') < X, (I') a.s.

ProoF. By 1.3.D,
P,LL{XQI = O, XQZ 75 0} = P/_L]-XQI:OPXQI{XQZ = O}’

which implies 7.1.A.

Property 7.1.B follows from 1.3.D for f(v;,v9) = f1(v1)f2(v2). By applying
the multiplicative system theorem, we cover the general case. To prove 7.1.C,
we apply 7.1.B to

f(VI’ VZ) = 1(401”/1)5(%,"2)’
and we get
P {{e1, Xq,) < (p2, X@,)} =P, F(Xgq,),
where
F(v) = P,{Y > 0}

and Y = (@y, X¢,) — (¢1, 7). Let v/ be the restriction of v to @3. For all A > 0,
by 1.3.A and 1.3.C,

Pye*)\@’z,XQZ) < PV,e*M‘Pz,XQz) — e*/\(ﬂﬁz,’/) — e*M‘Pzﬂ’) < e*M‘Ph")

and 7.1.C follows from Lemma 2.1. O
7.2. Extension of class M. Suppose that X = (Xq, P,), @ € O, u € M, is
a branching exit system. We get a new branching exit system by extending

class M to the class o(M) of all measures u = > 1° u,,, where u,, € M, and by
defining P, as the convolution of measures P, . For every Z € Z,

(7.1) P,Z=]P, 2.

By using this formula, it is easy to check that 1.3.A holds for the extended
system. Condition 1.3.B holds because, if Y = X (@) and u € (M), then

P, {Y =0} = lim P,e ™ =1lim[[P, eV =1.
If w(Q) = 0, then, by 1.3.A,
PMe_)‘(f’XQ) — (o m)

and property 1.3.C follows from Lemma 2.1.
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7.3. Extension of parameter sets for superprocesses. Put Sy = Ax E, Q, =
Q@NS,andlet @ ., = @, for A = (¢,00) and Q_;, = @, for A = (o0, t). We
constructed a superprocess as a BEM system with parameter sets M, = .Z(S)
and O,. Now we consider wider classes: O, which consists of all open sets @
such that @ c S., for some ¢ € R, and M;, which consists of all measures u
on S such that u(S,) < oo for every finite interval A. Note that My, ¢ M; C
a(My). Measure P, is defined for u € M by formula (7.1). For every @ and

k=1,2,..., we denote by @ the intersection of @ with (—%, k) x E. By 7.1.C,

(7.2) Xgra(l') = X (') a.s. for every I' C Q°.

Therefore there exists a measure X @ such that

oS lim X 5. (I), forT' Cc Q°,
Ty [ el

for I’ C Q.

[Every X  is defined only up to equivalence. We choose versions of X ,: for all
positive integers % in such a way that (7.2) holds for all w and all &.] Clearly,

X ¢ is a measure of class M; and
)’(\Q =Xg, P,as forall @ e O, puneM.
If VQ is the transition operator of X = (fQ, P,), Q@ € Oy, p € My, then

Vog=Vg  forallk,

(7.3) -
V()1 V@(f) for every [ € B.

By a monotone passage to the limit, we establish that 1.3.A holds for X

and that 1.4.B, 1.4.C and 1.4.D hold for VQ. Hence, Xisa branching system
and, by Theorem 1.1, it is a BEM system.
Assuming that (7, x; ) is continuous in v and satisfies conditions 5.1.B,

6.1.A and 6.1.B, we prove that, for every @ € O, u = VQ(f) is a solution of

(1.10). Indeed, by 1.4.B, u = ?Q(f’), where [’ = 14.f. Since Q% € O, function
up = Vgr(f') satisfies

Tk
w(r, %)+ 10, [ 0(s, Egun(s, £))ds =T, f (7, &),
where 7, is the first exit time from Q. For sufficiently large %, it is equal

to 7 A k, where 7 is the first exit time from Q. If 7 > £, then (7, ¢;,) € Q.
Therefore

uk(r7 JC) + Hr,x /Tk l/I(S, gs(uk(s’ gs)) ds = Hr,xlfskf(Ta f’r) for r < k.

By passing to the limit as £ — oo, we get that u is a solution of (1.10).
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8. Supplement to the concept of a superprocess.

8.1. Time-homogeneous superprocesses. Suppose that & =(¢,,I1,)is a time-
homogeneous right continuous strong Markov process in a topological space
E and let ¢(x, u) be a positive function on E x R,. Denote B(E) the class
of all positive bounded Borel functions on E. We say that a BEM system
X =(Xp,P,), DO, uecM,is a time-homogeneous (¢, #)-superprocess if O
is the class of all open subsets of E, M is the class of all finite measures on E
and if, for every f € B(E) and all D € O, u € M,

(8.1) P e (1 X0) = = (Vo(f)n),

where u = V(f) is a solution of the equation

(8.2) u+Gpi(u) = Kpf.
Here

53) Kpf(x) = ILF(£,).
(8.4 Gy =1L [ (&) dt

(7 is the first exit time of &, from D).

To construct such a process, we start from the superprocess X described in
Section 7.3. We imbed E into # x E by identifying x € E with (0, x) € R x E.
We define X, as the projection of X rxp On E and we put P, = ﬁ&gx p for
every finite measure . on E (§, is the unit mass on R concentrated at 0).

It follows from Theorem 1.6 that a homogeneous (¢, ¢)-superprocess exists
for every time-homogeneous right continuous strong Markov process ¢ and
every function

(8.5) P(x, u) = b(x)u® + [oo(e_"” — 1+ Au)n(x,dA)
0
such that
(8.6) b(x) and / AAA2n(x,d)\)  are bounded.
0

8.2. Branching measure-valued Markov processes. To every superprocess
X = (Xg,P,),Q € O1,u € #(S), there corresponds a measure-valued

Markov process X = (X, P, ,). Here X, is the restriction of Xg to S, =
{t} x E and ﬁr,,, = P; . Let . stand for the o-algebra generated by
}?t,t € A. Clearly, #[r,t] C Y5, and 7, C F55_, and the Markov prop-

erty of X follows from 1.3.D. If ¢ € B(E) and if f(s, x) = ¢(x) for all s, then,
for all r < ¢,



1858 E. B. DYNKIN
where u, = V_(f) satisfies the equation

t
BT u(rx)+ 1, [ W(s, E5uls, €))ds =T, ,e(¢) forr <t

If ¢ is time-homogeneous and ¢ is of the form (8.5), then there exists a time-
homogeneous (¢, )-superprocess (X, P,) such that, for every u € .#(E) and
every f € B(E),

(8.8) Pe X0 = g~ wen),
where

t
(8.9) u,(x) + 11, /O W&, u,_y(£,)ds = TLF(&).
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