CORRECTION FOR THE MOMENTS OF A
FREQUENCY DISTRIBUTION IN
TWO VARIABLES!

By

WiLLiam DowEeLL BATEN
University of Michigan

In certain statistical problems it is beneficial to divide the
given data into classes or groups and investigate the distribution
in this form. The moments determined for the distribution div-
ided into classes differ from the moments determined from the
original data. It is the object of this article to show how to
modify the former to secure the latter for a frequency distribu-
tion in two variables.

After the data, given for a frequency distribution of one
variable, have been divided into classes the class mark is then
the representive of the items in a class. This is assuming that
the mean of the items falling in a class is equal fo the class mark.
For a large number of items in a class, distributed throughout
the entire class, the class mark differs very little from the average
of the items in the class. But the average of the items raised
to a power is not equal to the class mark raised to the same
power. Hence corrections should be made to the moments de-
termined from a distribution which is divided into classes.

For a distribution of two variables a¢ and gy the data are
divided into xy -classes, where the class- mark of an g -class

1Presented to the American Mathematical Society, Sept. 12, 1930.
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is considered to be the representive of the items falling in this
class, while the class mark of a Yy -class is the representive of
all items in this particular class. The coordinates of the point
in the ary -plane, whose abscissa is the class mark of the x -class
and whose ordinate is the class mark of -the Y -class, may be
considered to be the class mark of the double class or the y
class.

Let the frequencies of the distribution be represented by
the volumes of the volume-compartments as shown in the figure.
The sum of all such compartments is the total of the frequencies
and should be equal to the number of items in the distribution.
The little solid HW Q [- SPRDis the frequency of the items
falling in the 5th & -class and in the 3rd ¢ ~class. Q7 and OF
are the class marks of this x-class and this Y -class. (OT) n(OF) m
multiplied by the frequency of the items falling in this double
Xy -class may differ considerably from the sum (OC )n(OA’ )
+(OA)7(06) ., . , hence corrections *must be made to
the moments obtained from the distribution divided into classes
where the double class marks are the representives of the items
in the class. If the class units are made smaller and are allowed
to become very near to zero the errors are not so large, for it
must be remembered that our results are only approximations.

By definition the » 'th, »7’th moment of the distribution
which is divided into classes is

» 5,4
I’”:Z:Z:;i ym\/é sz(.z;*f,,yji-k)d/) dk,
& e

where (a; , y; ) is considered to be the class mark of the
¢, _/' -class, andl the double summation extends over all the classes.
It is further assumed. that f (a; +A, Y+ k) is such a func-
tion which can be expanded into a Taylor series. The above
hecomes
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Now use the Euler-Maclaurin Summation* formula for two
variables for finding the value of this double summation. This
formula is

*This formula is developed on pages 317-319.
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avl, bl d+/ bf/ d+{
L(x y) / / Ulx,y)dxdy-% / Uz, y)dy] -— U(-Z‘ y)dx
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.'ig' U@Q)dz]d W3 ax U, y)dy] ’ ] ]a 246.:]‘_ 1.

dvl b+l d+/ bel 3 b+l d+/
_U(x,y) / U(xq)a'q] 9 / Ulzy)d.
240y |, 720 ox° 720043/, c

a

d+l b+ d+l b+l g+ b+l

N !U(cx.; q) +I_ b4 > SU(J, (/) '+l _b+ 5 3U(x, g) + +

$ — +t—s — Fonn
1443x0yl. 1, 14400="1_ 1, /440()y"

a

which is the double summation of the- function U (x,y) from
a to & on the x-axis and from ¢ to d along the y -axis.
Applying this formula to the double summation above

Vit [0l S [P + 258

! [a‘f (g, ,(2) a*f(x,y) % f(x,9)]
+ 4 2
4123 50x*  3-30c20y2 5ay* ]
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4! ! [a%F(x, y) (a) d%f(xy) + (2)061‘(.2 y) 08 (x, y):l
6125 7 0x © 3530x%y? 35 9xZoy* 79y*®

1 [ _Oflry), D3%(x,y) (3) 3% (x,y)
"512%| (5+1)ox (525l N2)ax"20y2 " (5-4+1)(4+]) ax s4y*

(3)631‘ (xy) ... ( t)dsf(\z y)
(5-6+1)(6+1)0x5%dy® Yot D) 0= dy*

8 *f(x, y)

o 347 Jasy 00 0n

t is an even number. In obtaining this result it was assumed
that #(x,y), f'lxy), x Xy flzy), x*y"f' (x,y)
vanish or become negligible at the limits on the » and y axes,
k and w are positive integers.

Therefore

m
\)nm ﬂﬂm*zzal )'unz:rr ? ()ﬂnmz

i L, S,

” 4120, 6 [2la
6’26[ ( lan4m 53(2){4){ n4m2 35(4X2X n-2:m-4
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/ -2)l2! m
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If 777=0 the formula becomes the formula for obtaining the
moments about a fixed origin for one variable. This has been
done by Sheppard and Carver.

If » and 77 take on integral values
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From the above the ,u"s can be obtained.
!l _ !
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By translating the origin to (M, P’{y)
My =Vis
Mooy + M1:27 V)25
ﬂa:z’—‘\)a:e '/'é (Vo:2 *Vz.0 )+ /;7 ’
/“a:/z\_)a:/ “yepr Mg =Vres Ny
H3.™\b.2 _éva:l ”/é Vo
'uz:a::\}a:a "2\ —/_/2 Vo:a » .
'uaes:\}\;:a ) 14- u:a *‘L’ \él ‘f/é \)/-‘/ ’
etc.

In making corrections for the double moments it must be
remembered to correct the single moments of the x’s and the y’s.*

EULER-MACLAURIN SUMMATION FOR Two VARIABLES

Suppose it is possible to find a function g (=, ) such
that g (x+) y+/)-glx+l, 4)-g(%,9+) +9(z,y) =

flx,y), o' AL glxy)=Flx,g) o NN Flxg)
=g (¢, y), where /\ represents finite difference and N’
represents finite integration. If g (o, &) is such a function,
then

gla+hc+l)-gla+l, c-gla ,ctl)+gla , c)=Ffla , J)
gla+2,c+)-ga+a, c)-gla+lc+l)+gla+/, c)=TFlasl, c),
gla+tl, c+d)-glatlctl)-gla ,c+d)+gla ,c+l)=TFla ,csl)

gla+é,c+2)-gla+2, c+l)-gla+l, c+2)+gla+l, c+1)= flatl c+l)

*See Frequency Curves by H. C. Carver in Handbook of Math. Statistics.
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glb, d) -g(b ,d-)-g(b-I, d)glb-|d-I)=F(b-|c-1)
glbt, d+)-g(b+| d)-g(b ,d+)+qg(b, d) < (b, a).

d b
Add: g(bH,d+l)-g(b+, c)-gla ,d+)+g(la,c) =2.Z f(xy).
Ot‘ d b d*/ b*/
zZz f(x,y)'—'gfx.y)] ]
ca c a
If it is dp%ssible to find the function g (2,4 ) then the
double sum 2 2 f(x,y ) can be found. Expand g(x-fl,y*/)
in a Taylor series.

g dg . | |0% . 20% 9%
‘9(1+/,g+/)=.9/xzy)*§§*§g*z‘7 [bx t 3= oy * dy
1|d% 33% , 30% %% |, ..
*5![.33:3* oafay’t 3xay? 3° |”

0 .9 B+ B
=(e 3% ¥ g(x,y)=(e )9(x,y),

where ) Qh, @'93 represent respectively
d ok Qr+s
22 9(%9): S 9(xy), PxT 3y 9(%.y).
Hence
glxtl, yel)-glx+l y)-glx, ytl) + (x,¢y)
R A e
“(e21)e®1)}g(x,y).

where the D’s are operators operating on the function g(x y).
Therefore

- /
99" o e oy T59):

where the operators are now operating upon the function

flx,y).
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{
To develop To@ /(e Y- 7) into a Taylor series it

. uv .
is necessary to develop (e % )(eZ7) intoa Taylor

series and then divide by « v. This becomes after &, & replace
« and v respectively,

5 9 B By § B &
24 24 T20B 144 7208 1440 19490

@5 @ 3 @ai ﬁ‘
‘61425 -TS“_!_;% T 672 *6!42@"} f(x.y),

/ / . .
where E‘ , @' represent mtegratlon. del  bil
] + 4

d b
Using these results 2 Z £ (x,¢)=glx, ¢)

or
c
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b+/ d+/ a+/ b/ dl bt/
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d L.Z_[H
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2493xd, 1, 249yl 1, 7200x7, a

c)af( ) del, bel 5 3 b4/ d+/
XY,
*/uaxaj ] ~7205¢°, f("'y)d“‘]
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