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1. General Considerations.

The number of figures necessarily free from error in the result
of a piece of computation may be determined by studying the rela-
tion between the number of digits in the result and the number of
digits in the maximum error of the computation. It is the purpose
of this essay to derive rules for the determination of the number
of digits which are certain to be correct in computations based on
measurement, but it must be understood that these rules state the
minimum number of correct digits so that the result of a specific
piece of computation may be accurate for more places than the
rules indicate.

2. Notation.

Since the location of the decimal point has no connection with
significant figures in a given number, it is assumed that the decimal
point follows the last significant figure in each of the original num-
bers, the argument being somewhat simplified by this assumption.
Accordingly the greatest error in the statement of the original
numbers is £ 0.5. Let A and B be the true values of two num-
bers such that A=a /0 and B= 410", where 771 and 7 are
positive incegers and where 0.1 § @ < 1.0 and where 0.1 €< 1.0.
Then by the convention adopted above, the number of significant
figures in A and B are m and % respectively, and the observed
values are not less than A ~ 0.5 and &~ 0.5 and not more than
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2 ACCURACY OF COMPUTATION

A +05and B +05. Let€ represent the maximum error in the
computation and let €’ be the value of the largest term in the ex-
pansion of €.
3. Products.

The greatest error in the product of A and B will.occur when
each is in excess by 0.5, the value of this error being

€= (A+5)KB+5)-AB =, a-10" +% 6107+, 25
For @2 0.1, AB has 77772 digits to the left of the decimal point.
For a¢0.1,ABhas 77+ m~/ digits to the left of the decimal
point. The cases to be considered are

(nH =72 = |/
(1Imy =77 D>/
(11I) 7t -7 = |/

vy wm-~n >/

(I) Let 717 = 72=1. In this extreme case each factor con-
sists of a single digit and the product consists of one or two digits.
In this case, the figure in the unit’s place is always affected by the
maximum error and the figure in the ten’s place, when present, is
generally so affected. .

(I1) Let 772=72 > 1. Here AB=at.10 and

€=%(a+4) 105,25,

But0.1 { 24&£ <10

and therefore /0 "—’-f— "’? < € L /o n+# .

The following conditions are possible:
Either (1) @€ 0.1 and A B has 2y digits to the left of the
decimal point,
or (2) ab< 0.1 and AB has 27~/ digits to the left of
the decimal point.
Either (3) € has x digits to the left of the point,
or (4) ehas m+/ digits to the left of the point, the
first one heing 1 and all the others to the left of
the decimal point being zero. This can occur only
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when € is very near its maximum value. For
example, when 72=4, the value of € must be less
than 10000.25.

Then if conditions (1) and (3) are fulfilled, the result has o
more digits to the left of the decimal point than has the error. A
subsequent proof will show that this means that at least 72~/ places
in the result are free from error. Under conditions (1) and (4),
the difference in the number of digits is 7~/ , and at least n-2
are not affected by the error. Similarly under conditions (2) and
(3), -2 digits are not affected by the error. Conditions (2)
and (4) cannot occur simultaneously.

b
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The proof that conditions (2) and (4) are incompatible with
the conditions that 0.1 { @ < 1.0and 0.1 £ ¢ < 1.0 may be obtained
from fig. 1. The area within which these limits hold for a
and for # is the area of the square bounded by @ =10, a=0.1,
¢ =10, ¢=0.1, the numerical value of this area being 0.81. The
region within which @#<0.1 is the area below the hyperbola a#=0.1.
The region within which %‘: is larger than a specified value is
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the region above the line @+¢=# . Therefore the probability that
all of these conditions shall be simultaneously fulfilled is the ratio
of the shaded region in fig. 1 to the total area of the square, or
to 0.81. When Z£& 3 5, this probability is only 0.000,014,8 and
when "—*& >0.55, the probability vanishes altogether.

(III) Let 711-71=1. Then e_—i(roa,f-@) J0™.25 .

But //€ 10a+t<11.
Now either 72=1 or 77>1.
Let 7=1. Then 5.75 { € < 55.25.
Either (1) q# 0.1 and A8 has 3 digits to the left of the deci-
mal point,
or (2) a¢{0land AB has 2 digits to the left of the dec-
imal point.
Either (3) 10q+¢ £ 1.95 and 5.75 £ € { 10,
or (4) 10a+£—) 1.95 and 10 € < 55.25.

If conditions (1) and (3) are met, the product has 2 more
digits to the left of the decimal point than has the error. Thus one
or two places will in general be free from error. Under conditions
(1) and (4) or conditions (2) and (3) the number of such places
free from error is O or 1. By an analysis similar to that given
under (II) it appears that there is about one chance in ten that
conditions (2) and (4) should be simultaneously met, in which
case no place would be free from error.

Let 72=2. Then 55.25< € < 550.25.

Either (1) a¢>0.1 and AB has § digits to the left of the deci-
mal point,
or (2) af<0.1 and AB has 4 digits to the left of the deci-
mal point.
Either (3) 10a+¢ € 1.995and 55.25 € € < 100.
or (4) 10a+?¢ »1.995and 100 { € < 550.25.

1f conditions (1) and (3) are met, the product has either 2

or 3 places free from error. Under conditions (2) and (3) or
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conditions (1) and (4); the product has 1 or 2 places free from
error. Simultaneous fulfilment of conditions (2) and (4) will be
rare but not impossible. However in this case, the first digit of the
error cannot be larger than 5, hence, as shawn later, the number
of digits free from error in the result will usually be the number
in the product minus the number in the error, rather than one less
than that.

For 7 )2, the constant 0.25 forms a still smaller proportion
of the error. Hence for larger values of 7, if 7n-7=1, the pro-
duct may be expected to have 72 or 7n-1 places free from error.

(IV) Let m-n)l. Here m 33 and therefore the terms
44 16" and 0.25 are negligible in comparison with 4 @ 10" and
may be disregarded, since neither of them can affect the first place
in the error. Then €’ = fa/ i , and therefore
05 (10" )¢ €05 (10 ™).
Either (1) @%>0.1and AB has 72+72 places to the left of the
decimal point,
or (2) a$<0.1 and AB has 72 +7-1 places to the left of
the decimal point.
Either (3) a(.2and €’ ¢ IOm-,so that € has 77z-1 places to the
left of the decimal point,
or  (4) a32and107C€’ < 05 (10™), so that € has
places to the left of the decimal point.

Conditions (1) and (3) would leave either 72+1 or 7 places
free from error in the product. Conditions (2) and (3) or con-
ditions (1) and (4) would leave either 7 or 72-1 places free from
error. If conditions (2) and (4) are met, there would be 72-1
places in the product to the left of the first digit in the error, and
since this first digit is not more than 5, the error is not likely to
affect the preceding digit. See section 6.

In general, therefore, if there are 72 significant figures in the
less accurate of two approximations, the product of the two approx-
imations will have n or nd digits free from exror. The product of
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two such numbers showld be rounded off until it contains only as
many significant figures as the less accurate of the two numbers.
The last digit in the product may then contain some error.
4. Quotients.

The greatest error which can occur in a quotient arises when
the dividend is in excess by 0.5 and the divisor in defect by the

same amount.

A+.5 A d+a-10
Then €z —mm — — 3

B-.5 B &(26:0™-1)

We must consider separately the cases (I) 772z 72

an  m >n
) 772 <7
(I) Let m=72z . Then @+a.

€= ZGé.0)

(@) If 7m=n=1 there are 81 possible quotients of one-place
numbers, and an examination of these shows that in only thirty-one
of these cases the first digit i$ free from error.

(&) The case for 72 =72 )1 should be studied for specific
values of 72 . In general, however, the error is large as @ —> 1 and
#-> 0.1, and is small as @ > 0.1 and ¢—1.0. Also as 7 increases,
the influence of the constant term in the denominator becomes less.

Therefore in general

A 5 .6/

255 (L (el i 2 (A
Z 01 olfaz (0™)~ _] 10 —5 10

If a-10, 6—-901 and n is large, then 6< 0.6 ,,.1 and the

error has at least 72— 2 zeros to the left of the ﬁrst digit. In
this case, A hasone digit to the left of the decimal point, so that
the quotient will have at least 7z-/ digits to the left of the first
digit in the error.

If a-0.1, ¢-1.0, and 7z is large, then é> o:gi , and the
error has 71 zeros to the left of the first digit. In this case ,A— has
no digits to the left of the decimal, so that the quotient w1ll again
have 7-1 digits to the left of the first digit in the error.
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Furthermore, € = (%’:*/)(24"/01:!)' oR

€= 2.8—-, e T 2 6
Then if a 3 ¢, &m
to the left of the decimal point in the quotlent, and either -1 or
7 — 2 zeros preceding the first digit in the error.

If a(é, fo (€< 3

since 0.1 ) & > 10.
In this case we have no digits to the left of the decimal point in
the quotient, and either 7 or 77~/ zeros preceding the first digit
in the quotient.
(I1) Let m) .
(a) Let m-m=1.
. _trva__ima o ke "'2.'..}
Then €= Tt ) = (r+ ){(z{-/o)-)—(zélo Yo ¥
coe = (v 182 )(2@ 10") , the higher powers
of ( 2# /0™) " having no effect upon the first
digit in the error.
If a) £, there are 2 digits to the left of the decimal point
in the quotient and either 77-2 or 77—3 zeros in the error.
If a(+#,thereis 1 digit to the left of the point in the quotient
and either 77—1 or 77—2 zeros in the error.
Only in rare cases will there be as few as 77~3 zeros in front
of the first digit in the error. To secure this € must be greater than
105 ™ . 'This probability will differ for different values of 7. -For

example, if 7784, we have as bounding conditions,
a ) 20t olo1 ¢

610 and or1{alro,
The ratio of the area bounded by a= zoﬂi./a/#) $=.,) ,and
a= 10 to the area of the square bounded by &=./, a= /0,

&=./ , and be10 , Is 4- .101+V 80, 01020/

7]
F = /(zo#— 1016)d ¢ = c.00084
- o0.)

1~ higher powers of lOvn
” ( ( ‘f 5 . We then have 1 digit
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which is the probability that there would be only 2 - 3 zeros
following the decimal point in the error.
”-7
(b) Let +7-7)l. Then €= _E+ral0
& (26-10™1)
This situation should be studied for specific values of 7.

However an approximation may_be obtamed by letting
e Lra 1o™
= Z8E 107

since subsequent terms in the expansion do not affect the first digit.

=774/ 71~272 +/
If a) €, then €' (L9 __ _ 49 ", other terms which do

26-10™ = 24
not affect the first digit

’ H—lo " )
z& 0™

‘m 2 nm-27n
S 05(/0™"")
In this case the quotient has 772- 774/ digits to the left of the

decimal point, while the error has either 77-27%, 777—-2722 +1 or

Also €

72 -2n+ 2. Consequently there are either #-1, 722 ,or 722+ 1
digits free from error in the result.
-2~/
1#10" 1+10"
If a{t ,then Sz = <€ o Y s
In this case the quotient has 77-72 digits to the left of the decimal
point, while the error has either 777-277-1, »17-272, or 722-z9¢+1.

Again there are either 77-/ ,72, or 7 +1 digits free from error
in the result.

(I1I) Let 777{m.

Suppose P2+ /=72,

If @) ¢, the first digit of the quotient is imme-
diately to the right of the decimal point, while there are from 7722~1
to 772 +1 zeros between the point and the first digit in the error.

If a(¢ , there is one zero between the decimal point and the
first digit of the quotient, while in the error there are either 7 or
77+ 1 zeros.

In general, therefore, if there are n digits in the less reliable
of two approximations, there will be either n, n-1, or 7 +1 digits
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free from error in their quotient. In a few rare cases, a fortuitous
combination of digits, discussed later, may throw the error back
into the 72~ 2 place. In general the quotient should be rounded off
to contain only as many places as there are in the less accurate of
the two numbers.

5. Square Root.
When a numbe}' is in excess by 0.5, the error in its square
1.
root is (A+" ) A’/z

2x-1

’/4/} - '/37./4 + /zsA ) '/325”(2'(—3) /l f.... '

When a number is m defect by 0.5, the error in its square
root is (A-'"2 )

-k - 21
= ,/‘Ilq - ’/32A ’/.Z. /ZE’A _z...__ /135 (1""3)4 Z

2%k k!

Obviously the greater error occurs when the number is in de-
fect by 0.5, but in either case we may neglect all terms after the
first. Each term can readily be shown to be larger than the term
fellowing it, and the ratio of the first term to the second is so large
that the second term cannot affect the first digit in the error.

We must consider in turn the case in which 772 is even and
that in which 7 is odd.

(I) Let m=2n1,
Then A= a-10°" and has 21 digits to the left of the decimal
point. A'/zz a™ 16" and has digits to the left of the decimal.

r/z

Now Je]= % @' 10", But ty<gonl ez <79 .

- -
Since 0.25 (Il) 4){’6" £0.791 (10 ~ ), the error has /2. zeres
between its first digit and the decimal point.
Therefore when 7t is even, the root contains as many significant

figures as the number.
(II) Let mm=2nr-1.
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221 2L-2
Then A=a- /0 = loa - /10
ta Mz nt .
Then / :(ﬂa,)- 10 and has 2 digits to thf/: left of tlhe decimal.
- Z et
e'l=1 =12
le'] = % A H(10a)">

09 { = gy < = 025
(079) 107 ¢ |€') < 0.25 (10'")

The error then will affect the .z e place to the right of the decimal
point, and the number of digits free from error will be 2+2-/1=22-1
which was the number of places in the square.
(III) ‘There is also the case where the decimal point is so placed
that the second digit in the last period ts not known, as in V 324
or ¥ 0.46825. ,
Here |€'| = —% A - In this case also the number of
digits free from error in the root is the number of digits in the
original number.

In general, then, the number of digits free from error in the
square root of a number is the number of digits in the number.
6. Effect of the Error.

The following table will illustrate how an error of 7 places may

affect either n or 7+l places in the computation :

ERROR IN EXCESS | ERROR IN DEFECT
Result obtained by computation....... 6247159867253 | 624759867253
DTS 2% SO 33| 53| 12 33] 53] 12
True value ......oovviiinennnnnnenns 6214 1593317241 6280160397265
Computed value, rounded ............ 6200 |6000{7300 | 6200}6000}7300
True value, rounded ................ 6200 {5900/7200 | 6300}6000|7300

We will now show that the chances are approximately 3 out of 4
that an error of 7z digits affects 7z and not m+1 places in the result.
For convenience we may place the decimal point to the left of the
first digit in the error, the position of the decimal point being en-
tirely independent of the number of significant figures in the com-

putation.
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Let € = error.
d = portion of the number to the right of the decimal point.
C = portion of the number to the left of the decimal point.
A = the true value of the number.
Then ¢+ d = result of computation.
A= c+d - € = true value.
We will consider € to be positive when the observed value is in
excess and negative when it is in defect.
We will consider separately the case where the computed value is
in excess and the case where it is in defect.
Suppose the result of computation to be in excess

1. (a) Then if d)5and€)>d-.5 } the error will affect m+l1
(b) or d {.5and €)d+.5 places in the result.

2.(a) If d ) .5and €{d-5 the error will affect only n
(b) or d £ .5and €{d+.5 places in the result.

3.(a)If d ) Sand€=d~5 the error will affect either
(b) or d{ .5and € =d+.5 n or m+1 places depend-
(c) or d = S5and € Yo ing on whether the last
digit of C is odd or even.
This is on the assumption
of the usual rule, that in
rounding off the digit 5
the previous digit is made

even.

Since the number of digits in & is finite, the values of o and
of € form discrete series, so that we shall have to think of &=.5
not as an infinitesimal but as a finite portion of the scale, ranging
from d =.495 to d = .505 when 7=2, from &= 4995 to & =.5005
when =3, etc. If we map the region bounded by - 0, d-= 1, €=0,
€ = 1 the proportions of area representing conditions (1), (2)
and (3) represent the respective probabilities of these three sets of



12 ACCURACY OF COMPUTATION

conditions. As 7 increases, the width of the strip &=.5 becomes
smaller, the probability of (3) becomes smaller, and the probability
of (2) approaches ¥4 .

When 7=2 these areas are respectively

T(a)and 1 (&) coveeriniaaeeeiiiaaa.. 245025

2(@)and 2 (&) v 735075

3(@),3@#),and3(C) voviiiiniinninnnn. 0199
1.0000000

We may assume that the last digit in ¢ is as likely to be even
as to be odd, we may say that the probability that the error will
affect 72+1 places in the result is slightly more than /// when
there are two digits in €. This ratio will approach /// if the
number of digits in € increases.

A similar argument holds when the result of computation is

in defect.

7. Summary of Rules.

On the assumption that an error of 7 places affects only 72
places in the result we have the following rules:

If the less accurate of two approximate numbers contains 72
significant digits, their product and their quotient each contain 7z
or 72-1 significant digits.

The square root of a number contains as many significant fig-
ures as the number.

About once in four times, the error will affect one more place
than these rules state, for the reasons given in section 6.



