NOTE ON A FORMULA FOR THE MULTIPLE CORRELATION
COEFFICIENT

By H. M. Bacon

There are many useful formulas available for the calculation of the multiple
correlation coefficient in a k variable problem.' Since it frequently happens
that the regression equation is the primary object of the statistical analysis,
the well known formula

2
r1.93...k = Bre.aa...kT12 + Pz.as...kTis + -+ +Puk.2s. .. k=1 T1k

can be used to considerable advantage. While many different demonstrations
of this formula are perfectly familiar, the one given in this note may prove
of some interest.

First let us recapitulate briefly certain facts about the regression coefficients
and the multiple correlation coefficient. Suppose we have k sets of N numbers
each:

Xu X - - Xy
.le X22 * . X2N
Xkl Xk2 . . Xk,\' .

Let &, be the mean of the j-th set, and let z;; = X;; — ;. We then have k
sets of N deviations from means, and we shall suppose the following k sets to
be linearly independent:

Tu T2 - - Tin
To1 Tee - - Ton
Trkr Tez - - Tky -
We shall consider only the regression of the ‘“variable’” z, upon x; , 5, - - , T« .

Clearly the results obtained can be made to describe the regression of any one
of the variables upon the other ¥ — 1 variables by rearranging the subscripts.
As usual let Az, As, - -+, A\ have values which will make the sum of squares

Fa,Ns, -+, M) = Z(@1 — No®ai — Nggi — -+ - — Nlrs)’

a minimum. For simplicity we shall omit stating limits of summation and
understand hereafter that £ means “sum for z from7 = 1toz = N.” Neces-

!For example, see W. J. Kirkham, ‘‘Note on the Derivation of the Multiple Correla-
tion Coeflicient”’, The Annals of Mathematical Statistics, Volume VIII (1937), pp. 68-71.
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sary conditions (which are easily shown to be sufficient) are that Az, Az, -+« } A&
must satisfy the equations

oF = —22(x1 — NeZai — NaZgi — - -+ — MNeZii)Toi = 0
Oz
aF

1) v —2Z(Ty; — No®ai — Na3i — + -+ — NeZri)Tsi = 0
oF
_= '—22(271,' - )\21‘2.’ - )\3.’133,‘ — .. = )\kxk,-)xk; = 0.
oA

These equations are simply the “normal equations” for determining the re-
gression coefficients. Solving them we obtain

)\2 = b12-34- ok

)\3 = b13-24~~-k

N = bue.os...k—1) -
The equation of regression of x; on z2, x3, - - - , zx is therefore
Ty = bigst..x®2 + bizos..a®s + -+ 4 birosse.. -k .
If we let
Ui = bia.sa..w®2i + bisos..ass + - -+ + blk-23-~-(k—l)xk

fori = 1,2, ..., N then z;; — u; is the residual of the 7-th z;. The coeffi-

cient of multiple correlation of z; in terms of z;, 3, - - - , xx is defined to be
the simple correlation coefficient of the #’s and u’s:

2T U

TLogt...p = —

1.234. .-k \/EﬁlZuf

In case it is desired to express the 2’s in terms of their standard deviations,
the following equation is used:

& Zo T3 Tk
— = Bio.at..k — + PBzaa...k — + -+ Buos.. k1) —
o1 g2 g3 Ok
or
21 = Piz.as...k2 + Biz.as...k2 + -+ + B2z .. k—-1) %
where
(1]
Big-ss-. .k = brz.sa...x —
o1
(&)
Bis.2a...k = big.oa...kx —
(2 -

(7]
Bik-23. .- (k=) = Dix.23...(k~1) =
1



MULTIPLE CORRELATION COEFFICIENT 229

and
2 = .’I;,
4]
Now if Z4;B; = 0, the set of numbers 4, , 4, --- , A 5 is said to be orthogonal
to the set of numbers B, , By, --- , By. Hence the conditions of equations (1)

may be described by saying that the values of A2, Az, ---, A\x must be such
that the set of residuals x;; — wu; is orthogonal to each of the & — 1 sets of
numbers Z;, 3, - -+, Zxi . But if the set of residuals is orthogonal to each
of these sets, it is orthogonal to any linear combination of them. Since the
set of w’s is such a linear combination, we have

2(231,' -_ u;)u,- =0

and hence
2
(3) XU = 2u; .
Since Ui = b12.34...kx2,- + b13.24...k£€35 + e + blk-23~-~(k—1)-TIn' it fOllOWS at once

by multiplying both sides by z:; and summing that
4) Zzius = bizas. 1 ZT®e + bizoa xZTixs + oo+ bikzs... 1) ST1iThs .
Writing

212 = N 7109712

221:%5: = Noyogrs

Zziixki = Noyorru:

noting the relations between the b’s and the B’s expressed in equations (2),
and observing that we may write
_ Cruw)' _ Cruw)’

Zruu = =
2T U; Su?

because of equation (3), we may therefore rewrite equation (4) as follows

(Zzuu)’

o1 gy
7— = Bizst..x — Nowoerie + Bisas..x — Noyogrg + - - -
Zu; a2 g3

a1
<o+ Bk (k-1 O__No'lokrlk~
&

Now divide both sides by Zzi; = No} obtaining

_ (Zruw)’

= Pro.sa.. k712 + Brszse. ks + -+ + Bik.23. . (k=1) T1k -
.2 2
leizu;

2
T1.234.. .k

This is the formula which was to be established.

STtANFORD UNIVERSITY.



