TABLES FOR TESTING RANDOMNESS OF GROUPING
IN A SEQUENCE OF ALTERNATIVES

By Friepa S. SWEDp anND C. EISENHART
Unaversity of Wisconsin
When two different kinds of objects are arranged along a line they will form
two or more distinct groups of like objects. Thus, in the arrangement: aabbbab,

there are 3 a’s anid 4 b’s forming 4 groups. In general, if there are m objects
of one kind and 7 objects of another kind, there are in all

C:-M — Cr:+n

different arrangements possible. There will be no loss of generality if we assume

that m < n. .
If u is defined to be the number of distinct groups of like objects in any one
arrangement, then the proportion of arrangements yielding %’ or less groups is'

qu,

where
fu=20771-Ci5l, when wu = 2k, ie.uiseven,
and
fu=Cr3-Ci% + Ci%-Cisl, when w =2k — 1, ie. uisodd,
fork=1,2,---,m+ 1. Forexample, if m = n = 5, then

_ f2 _2{Cs-Co} 1
P{u_2}__éo__.?__l—2_6’
Ci-Co+ Co-C7 8

In a random arrangement (1) is the probability of » < u'.

The following tables have been prepared for use in testing data for random-
ness and for testing whether two samples are from the same population. Table
I gives P{u < u'} to 7 decimal places for m < n < 20 with a range of m from
2 to 20 inclusive whereas Table II gives correct values for u. for e = .005, .01,
.025, .05, .95, .975, .99 and .995, where wu. is the largest integer, u’, for which
P{u < u'} < ewhen e < .50, and is the smallest integer, ', for which P{u < v’}
> ¢ when ¢ > .50. This table was obtained from Table I and covers the same

1 W. L. Stevens, “Distribution of Groups in a Sequence of Alternatives” (Annals of
Eugenics, Vol. IX, Part I (1939) pp. 10-17).
A. Wald and J. Wolfowitz, “On a Test Whether Two Samples are from the Same Popu-
lation’’ (Annals of Math. Stat., Vol. XI, No. 2, June (1940) pp. 147-162).
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range of values of m and n. Table III gives values of u, for m = n from 10 to
100. These values of u. were.obtained by using the normal approximation given
on page 151 of the Wald-Wolfowitz paper together with a correction for con-
tinuity not given in their article—this correction improved the approximation
for small values of m and n. The values of u, for m = n = 10 through 20 are
included in Table IIT although they can be obtained from Table II in order to
check on the adequacy of the approximation. These values obtained with the
approximation check with those of Table II except for the five underscored
values. It appears that the approximation will be adequate in general for
m=mn 2> 20.

To illustrate the use of these tables to test randomness of an arrangement,’
consider a case where one might suspect nonrandomness and, more specifically,
expect too few groups. The arrangement of diseased and healthy plants in a
row of a field might be such a case. For example, we might have the following
plant arrangement:

HHHHHHHHHHDHDDDDHHHHHHHAHH,

where

m = 5, the number of diseased plants present,
n = 20, the number of healthy plants present,
u' = 5, the number of groups actually formed.

From Table I the probability associated with this arrangement is found to be
.018,3512, which is the probability of v < u’. Since P < .05, we might elect
to regard this as evidence of a tendency for the disease to be nonrandomly
distributed among the plants in a row, knowing that if we look for an explana-
tion of “‘clustering’”’ whenever P{u < u’} < .05 we may expect to follow a false
scent not more than one time in twenty in the long run.

When a control chart® suggests the presence of assignable causes of variation
in a manufactured product flowing from a production line, an examination of
various types of runs, e.g. the lengths and relative frequency of runs above and
below the median of a sequence of values, may assist in diagnosing the nature
of the cause. Dr. Walter A. Shewhart has given us such an instance: A se-
quence of observations dealing with corrosion suggested the presence of an
assignable cause of variation. By the use of run charts an assignable cause of
variation was tracked down in the measuring apparatus and an attempt was
made fo eliminate it. The original sequence examined with regard to runs
above and below the median of the sequence exhibited an unexpectedly large
number of runs of length 7 or more and as a result a significantly low value of

t W. L. Stevens (ibid).

3 American Defense Emergency Standards Z1.1 and Z1.2 entitled “Guide for Quality
Control” and “Control Chart Method of Analyzing Data’> and American War Standard
Z1.3 entitled ‘“Control Chart Method of Controlling Quality During Production” (pub-
lished by the American Standards Association, New York City).
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u, and, if the assignable cause were not completely eliminated in the new design,
we might expect too large a proportion of long runs above and below the median,
and, hence, too few total runs. A sequence of 40 observations taken with the
new measuring device yielded a total of 15 runs above and below the median of
the sequence which is significantly fewer than would be expected to arise under
a state of statistical control, since for m = n = 20, P{u < 15} = .038. This
sequence is of special interest since the occurrence of too few runs suggested
the assignable cause had not been entirely eliminated although no especially
long runs, say of length 7 or more, occurred in this sequence, so that from the
point of view of length of runs without regard to their number the assignable
cause might have been judged to have been eliminated.

As an instance where too many groups would be the probable alternative to
randomness consider the arrangement of occupied and unoccupied seats at a
lunch counter about half an hour before the popular lunch hour begins. In
such a case the critical region would be » > ' and the appropriate probability
would be P = 1 — P{u < v’ — 1}. Such a situation was observed and yielded
the following arrangement of empty and occupied seats along the lunch counter:

EOEEOEEEOEEEOEOE,

m = 5,
n =11,
w =11,

P =1 — .942,3077 = .057,6923;

and though this probability is not quite significant, the arrangement observed
has the maximum number of groups of empty and occupied seats for the m and
n of the size observed since no two occupied seats are adjacent. However, if
another customer had entered and sat either in the 5th empty seat from the
left or in the 8th empty seat, the number of groups would have been increased
by two and the situation would be:

m = 6,
n = 10,
uw = 13,

P =1 — .989,5105 = .010,4895.

This P value is significant, and for this assumed case, as well as for the actual
case observed, the arrangement of E’s and O’s has the maximum number of
groups of like objects. Certainly both of these cases exhibit too many groups
to be considered random arrangements.

The use of these tables to test whether two samples constitute independent
random samples from the same population’ can be illustrated by using the data
of Snedecor’s Example 4.11 on page 75 of his Statistical Methods (3d edition)

4A. Wald and J. Wolfowitz (ibid) have pointed out that exceptionally small values of
u’ are to be regarded as evidence for rejecting this null hypothesis.
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which gives daily gains in two lots of steer calves on two different ratiens. The
daily rates of gain given for the two lots are:

1. 1.95, 2,17, 2.06, 2.11, 2.24, 2.52, 2.04, 1.95;
V. 1.82,1.85,1.87, 1.74, 2.04, 1.78, 1.76, 1.86.

Arranging these rates in order of magnitude, designating a calf on ration I by
italics and one from V by ( ), we have

(1.74), (1.76), (1.78), (1.82), (1.85), (1.86), (1.87), 1.95, 1.95,
(2.04), 2.04, 2.06, 2.11, 2.17, 2.24, 2.52.

Whence
m = 8§,
n =9,
o = 4,

P = ,008,8578.

Accordingly, at either the .05 or .01 level of significance rejection of the null
hypothesis that the two samples constitute independent random samples from
the same population is indicated.

For these data we note the fact that having two identical values, i.e. 2.04, in
the two lots did not alter the number of groups regardless of whether they were
recorded as (2.04), 2.04 or as 2.04, (2.04). However, such duplications in general
may be more bothersome, since they may yield different values of u’ depending
on the order in which they are considered. In such instances both possible
orders should be considered.

The merit of this test is that it employs a minimum of assumptions—merely
that the common population be continuous, and that the samples be drawn at
random independently. Its principal defect is its lack of power. As a conse-
quence gross disparity between the samples is generally required to render
' < u.. Therefore, when additional assumptions are tenable, tests utilizing
them should be employed.

Most of the computing and checking of these tables was done by Frieda S.
Swed, Philip Ritz and Beatrice E. Kelley with some assistance from Jay Grod-
man, Edward Halamka and Mrs. Henry Wallman. Also, Duane Borst and
Francis Cox helped with the typing and the proofing of the tables.
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TABLE I (Concluded)
" =1y » = 20
' L]
N 2 3 b 5 6 N 2 3 u 5 6
19 £000,0000 .000,0000 .000,0000 +000,0002  +000,0015 20 .000,0000 .000,0000 4000,0000 ' ,000,0001  .000,0005
20 000,000 ,000,0000 ,000,0000 .000,0001  .000,0009
" =2
o= 19 X
u' 7 8 9 10 1
N 7 8 9 10 n 2
20 1.000,0029 .000,0165 .000,0710 .000,2890 000,429
19 |.000,0086 .000,0462 .000,1875 .000,717%  ,002,2009
20 [.000,0050 .000,0280 ,000,1169 .000,4611 001,459
® =20
e=19 N SR 13 1 15 16
u'l 12 13 14 15 16
a\e 20 [.002,9046 ,007,u821 ,018,1627 .037,9982  .O74,8356
19 [.006,3548 ,015,3550 .O34,8553  .068,28uLk  ,125,5915
20 |.oobk,3501 .010,8549 .025,4705 .051,5699 .098,1013 = 20
u' 17 18 19 2 2
n =19 2.
u 17 18 19 2 a 20 |.130,0916  .212,9756  .314,278%  (438,0928  ,561,9072
n
19 |.204,3888 .312,7350 .433,1196 ,565,880L  ,687,2650 =2
20 [.164,9901 .260,9611 .372,9273  .503,2583  .627,0727 ==
N 22 23 2 25 2
® =19 20 [.685,7216 787,024  .869,9084  .925,16u4  ,962,0018
ut 22 23 2u 25 26
n
.19 [.795,5112  .874,4085 .9311‘.7156 .955.&1047 .95):.51:5?‘ o 3220
20 |.744,3706  .835,0099  .904,8070  LOuB,U301  .975,573 ut 27 28 20 ) 3
D
a =19 ¢ 20 1.981,3373 292,517  .997,0954  .999,0571  .993,7110
. 27 28 29 30 n
n " n =20
g [.993,5452  .997,7991  .999,2825  .939,8125  .999,9538 .
3 fossitiy  idos.8208  .09si5u09  L09%.57H  .399.8331 N 32 B b 3 3
20 1.999,9290 .999,9835 .003,2471  ,939,9995  .399,2233
n=19
E D 33 3u 3 36 mn =
= el o3 38 33 %
n
19 }999,991%  .999,9985 «999.,9998  <999,9399 1.
20 }393.9749 .999,99% .999,9993 .999.9999 1. 2 . 1, ~ 1.



TABLE II
Sigrificance Levels of u

¥Yhen E < .50, ug is the largest integer, u', for which

P{u .‘.‘.u'}ﬁ E ; wher € > .50, u 1s the smallest integer, u', for which

Piufu'}z €.

\1.975 u, °, 95
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