ON THE CONSTITUENT ITEMS OF THE REDUCTION AND THE
REMAINDER IN THE METHOD OF LEAST SQUARES

By S. Vaipa
London

1. Consider a set of variates y;, (# = 1, 2, - -+, n), which are normally and
independently distributed with variance 1. Let also a matrix (zi) with ¢ =
1,2,---,n;k=1,2, ---, sandrank sbegiven. Findb,, ---, b,in terms of y;
%0 that

Y= Z (y: — ; T bx)’

is a minimum. This minimum value shall be denoted by . .

It is known (see e.g. R. A. Fisher, ‘‘Applications of Student’s distribution”,
Metron Vol. 5, Part 3 (1925)) that ¢, varies as does x* with n — s degrees of
freedom and that it is possible to express Yfin as the sum of n — s squares of
linear functions of the y;. In the following lines Z y: will be expressed as the

sum of n squares of such functions which are independent and of variance 1.
The sum of the first s squares will equal Z y? — Yain and therefore the remaining

n — s squares equal Yiin .

Thus a simple way will be found of writing down explicitly the linear functions,
whose existence only was proved by Professor Fisher in Metron.

2. We first calculate Y2 .

2
% =0,forl =1,2, ---,s, gives the normal equations
; .

1) El TalY: = Z Z ZaZabr

=1 k=1

which can be written

(2) Z TalYs = ’; X by

1==]
with
X = z_; T ik »
It follows from (1) that

B) m=2-3

n 8 8
=1 =1 l=1

TaZabiby = Z yf - Z Z Xubibe
k=1 1=l =1 k=1
where the b are solutions of (1).
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3. A second expression for Y. can be found as follows:
Introducing

¢ =, xabe
k=1
we obtain from (1)
(3) leilci = legzy;, (l= ]_, 2’ “'3).

Now if z;, , (w = s+ 1, - - - n), are any n — s independent solutions of

;z.-uxu=0, (l=1,27""8):
then the ¢; satisfy also
4) > ziwe: = 0, w=8+1---n).

te=]

Let such a set of z;, be chosen. Then (3) will be solved by

(5) C; = yi - Z )\vziv
v=8+1
with A, as indefinite factors and these ¢; satisfy (4), if
Dozl = D, 2 ZwZwh, (W=s+1,---m), or D zuy

=1 =841 1=] te=m]

®) )
= E wav
v=g$-1
with
Zuw = Z ZiuRiv «
=1
Because of (2) the equation (A) can be transformed into
‘//rznin = Z yf - Z Exuy.'bl = Z yf - Z YiC; = Z Z N2 Ys
=1 =1 i=1 =1 =1 1m=]l y==g4-1
which is, because of (6)
(B) wxznin = E E Zuv)\u)\'v,

u=8+1 v==s+41

where the \ are solutions of (6).
The comparison of (A) and (B) gives

n

Sy =20 Xubibi+ 2, D Zuwhu),

=1 1=1 k=1 u=s+1 v=s+1



LEAST SQUARES 383

where the first form on the r.h.s. shows the reduction of ) y; by the method of

=1

least squares and the second form constitutes the remainder.

4. These two forms must now be expressed in terms of the y; .
We introduce the notations

Xy - Xu
X9 = X, X - Xudoe| X = R "
X1 X Xa o Xes
and
Z = Zorie1, 7t = Zetre Zurens ete.
Zs+2 s+1 Zs+2 8+2
It is well known (and can easily be verified) that.
8 8 1
> Xubby = 5o Xubi+ -+ + X1.b,)°
=1 k=1 X
1 XX XuXi, :
+ xX®x® ( X1 X2 bat it X1 X5 b

1 8
+-~+W>X”’bf

which may be written
2

vy , Xu 2 Xubi
x® <Z Xlkbk) + X0 Xx® .

k=1

+...+—X—(8_1)—X(;) ..................

Using (2), this can be expressed in terms of the y; instead of by as follows:
n 2
2 X qu Y
1 (i ) n =1
v 1Y T v@
xO\& Taly X0 x® .
X Z;xn Y

) n 2
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Similarly by (6) the second form can be transformed into

1 i 2 1
(8)'/’!2nin=z_(s~+1)(;zn+1yi)+“‘+W) ....................... .

Zns+l Zns+2 cet El Zin Ys
The rank of (x:) is s, so that the order of the suffices can always be chosen
s0 as to make the above denominators different from zero.
Thus both the reduction and the remainder have been expressed by sums of

squares, whose numbers correspond to the “‘degrees of freedom” s and n — s
respectively.

b. It remains to be shown that the linear functions of the y; appearing in each
form are mutually orthogonal and that in every one of them the sums of the
squares of the coefficients are unity.

Now if we call the n linear forms which occur above Y a:y;, ¢ = 1,2, - -+ ,n),
=1
then our proof implies that
n n n 2 n n N
Z yi = Z [Z a;,-y,-] = Z Z 2 Qi Gar Y5 -
=1 1=l | _7=1 1=1 j=1 k=1l

This is an identity for any y., hence we must have

S ajax=1 if j=k and

=1
=0 if j=#k.
We have thus shown that the matrix (a:;) is orthogonal and it follows that

M aja =1 if j=k and

=1
=0 if j#k.

6. In practical applications the x4 will be given and if the expression (7) or
(8) is to be written down we must first solve the set of equations

> Zwwa =0, I=1,2,3).

We may assume that
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There exist, of course, an infinity of solutions. A very simple one can be found
if the matrix (z:) is completed into a square matrix by adding 1 in the diagonal
places and 0 elsewhere. We obtain

Zu Ts1  Tet1l Tns
T1s Tss Tsyls Tns
# 0.
0 -0 1 0
0 -0 0 1
The minors of the terms of any of the s + 1th, - - - nth line give one of n — s

independent sets of solutions for the 2. .
If, eg. s = 1, then the 2, are
—Zy xu O O ---
—2g 0 zu O ---

—zqa O 0 xu--

ete.
_ and the Z are
2 2
T + za, T1X31 , Ta1%41
2 2
Z21%31 i + Tan, X31741
2 2
T1%41 T34 1 + T
etc.

Hence, for s = 1, n = 2,

1
Ymin = E Yi — PR 2 (zuyr + leyz) ) + oy 7 (—zayr + Tuys)’

andfors =1,n=3

o iyg (xuyr + Tays + Tays)?
in = P 2 2 2
e = 1 + T2 + Ta
2 2 2
i1+ 2 — Tay + Tuye
1 T21%31 — T + TuYs

2, 2 ( — Tay1 + 2311’!/2) + 2 2
xu + a1 T + T L2131

(xh + 231

2 2
X21 %31 1 + Ta
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If, however, s = 2, n = 3, then easy calculations lead to

z (xuyr + Taye + 2a1ys)?
‘//lznin = Eyf - 2 2 2
= i + Ta + Ta
T T Tuyi + Tay: + Tays

TuZie + TaZe + TaTse TieYr + T2 Yo + Ta2ys
2 2 2
211 + a1 + T3 TuTie + TaaTer + Ts1lae

2 2 2
(11 + z21 + a1

2 2 2
T2 %11 + TeaZoy + Taa a1 X1z + Ta2 + Tae

L2131 T31T11 1 T21 ?
= Y1+ Y2 + Ys
To2 T32 L32 T12 Z12 T2
. < L2131 : Ts1 11 ? 211 21 2)
. Loz T32 T32 T12 T12 T2
As a specialized case consider s = 1, and zy = €1 = -++ = Zm = 1. Then
the Z are
2111----11
1211----11
1111----21
1111 <12
and
. n 2
m 1 n n :
b=t = (Su) = 2 (e -&"
1= 1= 1= n .

The sum of squares into which ¥hin can be transformed is then found to be
1
%(— n+ y2)2+2_—3(— v — y2 + 2y5)°

1
tai(-n—n —ys 4+ 3y)’ + -t

1 This is the result contained in a paper by J. O. Irwin, ‘Independence of the constit-
uent items in the analysis of variance” Suppl. Roy. Stat. Soc. Jour. Vol. 1 (1934).



