SIGNIFICANCE PROBABILITIES OF THE WILCOXON TEST

By EveLyn Fix! axp J. L. Hobagss, Jr.

University of California, Berkeley

0. Summary. Tables are presented from which exact values of the Wilcoxon
distribution may be obtained when the smaller sample size m does not exceed
12. The Edgeworth approximation to terms of order 1/m? is given and its ac-
curacy investigated.

1. Introduction. We are interested in the problem of obtaining significance
probabilities for the Wilcoxon unpaired two-sample test [1], [2]. Let m < n be
positive integers, and let Ry < Ry < --- < R, represent a random sample of
size m drawn without replacement from the first m + n positive integers. Let
Si=R;—dand U = S;+ S; + -+ + 8., and let = (u, m, n) denote the dis-
tribution function of U. It is the values of the function = that are required in
the Wilcoxon test. [Wilcoxon actually considered W = R, + --- 4+ R, =
U+ im(m + 1)].

Mann and Whitney [2] have tabled® = to 3D for n < 8, and have shown that
w, suitably normalized, tends to the normal as m, n — . White [3] has tabled
the largest value of u for which =(u, m, n) < 0.005, 0.025 for m + n < 30.
Auble [4] has published a similar table for m, n < 20, and significance levels
0.001, 0.005, 0.01, 0.02, 0.025, 0.04, 0.05, 0.1. These tables and the normal
approximation serve most ordinary needs in hypothesis testing. For some pur-
poses (such as relative efficiency studies, in which it is the relative error that
matters) the normal approximation is not sufficiently precise, and the restric-
tion n = 8 of the Mann-Whitney table is confining. The White and Auble
tables give significance probabilities in most cases with even less accuracy than
the normal approximation. [[3] contains several errors of one, apparently due
to rounding.]

The connection of = with a partition function is well known. If A(u, m, n)
denotes the number of ways (without regard to order) in which it is possible
to choose exactly m nonnegative integral summands, none greater than n, whose
sum does not exceed u [or, equivalently, the number of ways in which it is
possible to choose exactly m positive distinct integral summands, none greater
than m + n, whose sum does not exceed u + im(m + 1)], then

' m+n
m(u, m, n) =A(u,m,n)/< m >
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! This investigation was supported (in part) by research grant from The National In-
stitutes of Health, Public Health Service.

% According to a review in Mathematical Tables and Other Aids to Compulation, Vol. 6
(1952), p. 157, this table has been extended to n = 10 with 7D by H. R. van der Vaart. His
table does not seem to be widely available in this country.

301

Institute of Mathematical Statistics is collaborating with JSTOR to digitize, preserve, and extend access to [[&
The Annals of Mathematical Statistics. MIKOIRS ®

5 ()

v

o 2

WWw.jstor.org



302 EVELYN FIX AND J. L. HODGES, JR.

Simple recursion formulas permit the ready tabulation of 4, but the problem
of publication is formidable. The usefulness of a triple-entry table of exact
values of A over the range of interest would scarcely justify the many pages it
would require.?

Wilcoxon [1] presented without proof a formula which, for small values of u,
permits one to obtain values of A from those of the double-entry quantity
Ao(u, m) = A(u, m, ). This function 4, was studied and tabulated by Euler
[5]. [More precisely, Euler tabled ao(u, m) = Ao¢(u, m) — Ao(u — 1, m), which
is the number of ways of partitioning the exact value u into m parts.] In Sec-
tion 2 we derive an identity similar in nature to that of Wilcoxon, but valid for
all values of u. We also present tables of A¢ and of a related quantity 4., from
which values of A are readily obtained.

Our tables may be used provided m =< 12. This requirement that the smaller
sample size not exceed 12 is considerably less restrictive than that the larger
sample size not exceed 8, but still will leave many situations of interest un-
covered. We turn therefore to approximations, and develop in Section 3 a
polynomial expression for the sixth central moment of U. This permits us to
obtain simple formulas for the coefficients of the Edgeworth series for x to terms
of order 1/m’. A numerical investigation indicates this series to be reliable to
about 4D when m = 12.

2. A combinatorial identity. To simplify notation, we adopt the conventions
that A(u, m, n) and Ao(u, m) are 0 when w < 0, and that all variables of sum-
mation are integers. We observe

(1) A(u, m, n) = Aolu, m) — ; Alw —t, m —1, i).

This formula may be verified by observing that Ao(u, m) counts the partitions
Si+ 8+ -+ 8. £ uwhere0 £ 8 < --- £ Sn, while A(u, m, n) counts
those of these partitions satisfying the additional restriction S, =< n. Since
A(w —t, m — 1, ¢f)is the number of the partitions with S, = ¢, the sum in
(1) represents just the number of partitions counted by Ao(u, m) but not counted
by A(u, m, n).
We now apply (1) to itself repeatedly, obtaining the development
A(u, m,n) = Aolu, m) — > Aol — t, m —1)

t1>n

) + ZAo(u—tl'—ta,m—Z)

ta>t1>n

- X Aflu—ti—t—ty, m—3)+ .
tzg>to>t1>n
This formula may now be simplified by the change of summation variable
8; = t; — n — 4. If we write v — kn — ik(k + 1) = w, the (k 4 1)st term on

s Auble has attacked this problem by placing a table covering m, n < 20 on file with the
American Documentation Institute, from whom it may be purchased for $4.25 (microfilm)
or $12.50 (photostat). See [4], p. 14 for details.
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the right side of (2) may be written

(—1)"0§ 5}:& Adw — (s + --+ + &), m — k]

In this sum, the term Ao(w — », m — k) occurs as many times as there are
ways of partitioning » into just ¥ nonnegative integers, that is, ao(v, k) times.
The (k + 1)st term of (2) is thus equal to

(—1)* ; a(v, k) Aolw — v, m — k).

If we now write

3) Ay(u,m) = 'EZO a(v, k) Ao(u — v, m),

we can present (2) in the form

A(u,m,n) = go(—l)kAk(u — kn —3k(k + 1), m — k)

Y = Ao(u,m) — A(u —n — 1, m — 1)
+ Atu —2n —3, m —2) — A;(u —3n —6), m—3) + ---.
The series is extended until the first argument becomes negative. Formulas (3)
and (4) express the restricted partition function A in terms of the unrestricted
partition function 4, .
We present in Table I the values of Ayg(u, m) for m < 12 and v < 100 [Euler’s

table of ay covers m < 20 and u = 59]. These values were computed with the
aid of the familiar recursion relation

Ao(u, m) = Ao(u, m — 1) + Ao(u — m, m),
together with the boundary values 4¢(0, m) = 1 and A¢(u, 1) = u + 1. Values
of Ay for & > 0 can be computed from the relation

Ay, m — k) = z% Aolv, k) Aolu — v, m — k)

— 2 Al — 1, k) Ao(u — v, m — k),

v=0

but for convenience we also give in Table II the values of 4,(u, m) for m < 11
and u < 75. Table II was computed with the aid of

As(u, m) = Ao(u, m — 1) + Ay(u — m, m),  A4x0,m) =1,

whieh follow from (3). In the use of (4) for the range covered by our tables,
one often needs A; and occasionally 4;. These quantities are readily obtained
from Table II with the aid of

Ai(u, m) = As(u, m) — Asx(u — 2, m)

(5
) As(u, m) = Ax(u, m) + As(u — 3, m) + Ax(u — 6, m) + ---.
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These relations are so simple to use that tabulation of 4; and A4; is unnecessary.
Values of A, for k > 3 are seldom required. In general,

Ar(u, m) = D pnoApa(u — 7k, m).
We illustrate the tables by computing 7 (95, 12, 22). Using (5) and the tables,
we find
A0(95, 12) = 124,610,703,
A(72, 11) = 358,414,629 — 277,080,764 = 81,333,865,
4,(48, 10) = 9,263,517,
A44(23, 9) = 49,969 + 22,012 + 8,968 + 3,317
+ 1,080 + 296 + 62 + 8 = 85,712.

Combining, 4(95, 12, 22) = 52,454,643; this is the exact number of partitions
of 95 4+ 312-13 = 173 into just 12 distinct parts between 1 and 34 inclusive.
Since (}3) = 548,354,040, we find 7 (95, 12, 22) = 0.095 658 - - - .

3. Approximations. Our tables provide values of w(u, m, n) only for m < 12
and 4 = 100. As is shown below, the normal approximation at these limits is
subject to sizable percentage errors. In the search of better approximations for
m > 12, we turn to the Edgeworth series, which to terms of order 1/m’ is (taking

advantage of the symmetry of U) 5
t
(6) w(u, m, n) = 8(z) + efine” (@) + enne® (@) T emne™ (@),

where x is the normalized value of u. Using E(U) = jmn and u, =
mn(m 4+ n 4+ 1) / 12, and the usual continuity correction, we take

) z=(u+%—3mn)/\/mn(m+n+1) /12

The Edgeworth coefficients are given by
(3) 1 (s (5) 1 (s My
man = S\ T y man = w3\ 3 15 =
o 41(#3 ) om 61(#3 5#§+30>’

o 35 2
en =0 (2 — 3
8! \ u? ’

where u is the kth central moment of U. Mann and Whitney give

_mn(m +n + 1)[
o= 240

They show [their formula (14)] that

®

5(m'n + mn®) — 2(m’ + n’) + 3mn — 2(m + n)].

) e = mn(m 4_:;3; +1) [85m™*(m® + n%) + 70m’n® + P(m, n)]

where P(m, n) is a symmetric polynomial of 5th degree in m and n. When m = 1
and m = 2, the distribution may be given explicitly and the moments deter-
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mined. In this way it may be shown that
P(m, n) = —42 mn(m® + o°) — 14 m*n’*(m + n) + 16(m* + n*)
(10) —52 mn(m® + n*) — 43 m’n’ + 32(m® + 7°)
+14 mn(m + n) + 8(m* + n*) + 16 mn — 8(m + n).
If we substitute (10), (9) and (8) into (6) we find after simplification
m +n’+mn+m+n g
Somnm +n ¥ D ¢ @

' [2(m‘7+n‘() + 4m)n(m“’(+2n”) 4;) 6m™n’ + 4(,(”3 + n;)
+ mnim + n) + (m® + n?) + 2mn — (m 4+ n)] &
an -+ 210m™ni(m + n + 1)? ¢ ()

(m’ + n* + mn + m + n)’ ()

800m2ni(m + n + 1 )2 ¢

An appreciation of the accuracy of the Edgeworth approximations at the limit
m = 12 of our tables may be gained from an examination of Table III. Column
(a) gives the normal approximation; column (b) the first two terms of (11);
column (c) the entire approximation (11); the last column gives the exact value.

w(u, m,n) = &) —

_|_

TABLE III
m " ® (a) (b) (c) * (u, m, n)
12 12 55 .17039 .17359 .17367 .17368
45 .06301 .06380 .06388 .06384
35 .01754 .01671 .01666 .01662
25 .00363 .00285 .00280 .00278
12 24 100 .07218 .07303 .07308 .07307
80 .01655 .01588 .01584 .01583
60 .00254 .00202 .00199 .00198

It appears that (11) may be relied on to about 4D when m = 12, and its ac-
curacy should improve with large values of m. The normal approximation (a) is
subject to large percentage errors at the high significance levels, and is much
improved by the use of the simple term in ¢® (z).
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