ESTIMATION OF LOCATION AND SCALE PARAMETERS BY ORDER
STATISTICS FROM SINGLY AND DOUBLY CENSORED SAMPLES!
PART II. TABLES FOR THE NORMAL DISTRIBUTION FOR SAMPLES

OF SIZE 11 = n = 16

By A. E. SArHAN AND B. G. GREENBERG

University of North Carolina

1. Introduction. In a previous paper [2], estimation of the mean and standard
deviation from singly and doubly censored samples drawn from the normal
distribution were considered for samples n < 10. The generalization of an al-
ternative estimate for these parameters was also obtained.

In the present work, all calculations and tables obtained for the corresponding
items in Part I are extended up to n < 15.

The method is to obtain the best linear unbiased estimates of the mean and
standard deviation by taking the best linear combination of the ordered ob-
servations. The variances and covariances of the order statistics for samples
11 < n =< 15 which are required in carrying out these calculations are obtained
from Table I in [2].

Further investigation of the efficiency of the alternative estimate under varied
degrees of censoring shows that the alternative estimate proposed by Gupta
[1] is better than previously supposed when judged by doubly censored samples
rather than singly censored samples alone.

2. Tables. Table I gives the coefficients for the best linear estimates of the
mean and standard deviation for the normal population from samples of size
11 = n = 15 undergoing all possible conditions of Type II censoring. Estimation
from complete or singly censored samples are simply special cases and are given
in the table

(r1=r:=0,and ryorr, = 0).
The best linear estimates of the mean and standard deviations are obtained by
using

n—ra

= 2 auyw,
dampytl
n—rg

o* = Z 2 Yq) ,
femry+1

where
Yo < Yo <, < Yw -
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Table I. (Continued)
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n =1l Table I, (Continued)
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Table II. Variances and Covariances of the Estimates of the

of Sizes 1. £n <15
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Mean (u*) and Standard Deviation (gr#) for Censored Samples

from Normal Populations
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This table is a continuation of Table II in [2]. The entries in Table I, as well as in
Table II of this present paper, have been rounded to four decimal places for
convenience. Readers who desire more precision may obtain copies of the original
tables containing eight decimal places from the authors. The results in the eight-
decimal-place table are exact to seven places but rounding may cause some of the
figures in the eighth place to be a few units in error.

If the coefficients of an estimate are sought for a value of r; not given in the
table, the same procedure can be followed as that mentioned in Part I of this
series.

The variances of the estimates and their covariances are given in Table II in
terms of o°. This table is a continuation of Table III in [2] and the results are
given to only four decimal places for convenience.

Table III shows the efficiency of the estimates for every case of censoring
relative to the corresponding estimate obtained by complete samples.

3. Alternative estimate. The alternative estimate was proposed by Gupta
[1] to replace the best linear estimate when sample sizes are greater than 10 and
censoring was from one side only. This estimate was generalized to the case of
double censoring in Part I of this present series. The variance of the alternative
estimates and their efficiencies relative to the best linear estimate for samples of
sizes 12 and 15 under every case of censoring are given in Table IV,

The authors know of no instance where the alternative estimates have been
compared previously for sample sizes this large.

4. Comments. The conclusions mentioned in [2], Section 5, hold true here and,
in fact, appear much stronger for increasing sample size. Several points are worth
emphasis: _

(1) In estimation of the mean, the relative efficiency holds up—about 65 per
cent or better—as long as the median value remains known. (For an even #, it is
about 70 per cent or better as long as the two middle values are uncensored.)
This result was anticipated because the asymptotic efficiency of the median is
2/m = 63.7%.

Another way of presenting this same finding can be seen clearly from Fig. 1
which shows the relative efficiency of the best linear estimate of u under all
conditions of censoring a sample of size 15 from the normal distribution. Each one
of the curves shows the efficiency of the estimate of the mean for a certain
number of known elements [k = n — (r; + 2)] for all possible values of r, and
r, . The efficiency attains its maximum whenever the middle element is known.

(2) From Table III, one can see that, for fixed values of censoring from one
side, the efficiency of the estimate of the standard deviation decreases approx-
imately in equal amounts with each increment in the number of censored ele-
ments on the opposite side.

This is illustrated by Fig. 2 which shows the relative efficiency of the best
linear estimate of o under all conditions of censoring a sample of size 15 from the
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normal distribution. In this figure, the graphs for = 0, 1, ---, 12 show a
parallelism as r; changes. Thus, for any corresponding value of 7 the efficiency
decreases by about the same amount for each change in the value of r; .

(3) Using Table IIT again and reading the entries for ¢* in diagonal fashion,
one can see that, for a given n and fixed uncensored sample size (r, + 72 =
constant), the efficiency of the best estimate of ¢ is remarkably constant in-
dependently of how r; and r, are chosen. In other words, there is practically no
difference in efficiency irrespective of the proportion of the relative censoring
from either side.

This can be observed very clearly in Fig. 2. The approximate horizontul lines
show constancy of the relative efficiencies of o* for the known elements (k) of the
sample whatever may be the individual values of 7, and r; .

(4) From Table III (and graphs similar to Fig. 2), one can construct the
following table showing how the efficiency in estimating o* varies with the
number of uncensored values for each sample size to serve as a rough guide in
censoring.

Rough guide for assessing approximate efficiency (per cent)* of estimate of o

Sample Size *Number of uncensored observations in sample, or &k = 7 — (r1 + r2)
" 2 3 | 4 l 5 ’ 6 7 8 o |10 | n I 12 ’ 13 l 1 | 1s
11 6 13 21 30 | 39 50 | 61 73 ] 86 ! 100 ‘ ’ ’
12 6 12 19 27 35 44 54 64 75 | 87 | 100 |
13 5 11 17 24 i 31 39 48 57 | 67 | 77 | 88 | 100
14 5 10 15 22 | 28 | 36 | 43 51 59 | 69 78 | 89 j 100
15 4 9 14 | 20 | 26 | 32 | 39 | 46 | 54 62 71 80 ’ 90 | 100

* These values are rounded averages of different combinations of censoring and are
within 2 or 3 per cent in almost all cases.

The information in this rough guide for censoring is also illustrated in Fig. 3.
The efficiency in estimating ¢* for varying proportions of censoring is shown in
the graph for samples of size 10, 15, 20 and large n. The latter value was obtained
from Gupta [1] and represented single censoring. However, as stated previously,

"the efficiency in estimating o* depends primarily upon the proportion of un-
censored elements irrespective of the side and can be used in this way.

(5) Figs. 4 and 5 show the efficiencies of the alternative estimate from a
sample of size 15 relative to the correspondingly best linear estimate for the
mean and the standard deviation respectively.

Judging from these figures, the worst efficiencies of the alternative estimate for
estimating both the mean and standard deviations are attained for singly cen-
sored samples (i.e., only r; or . = 0). Thus, the alternative estimate is relatively
more precise when applied to doubly censored samples. The alternative estimate
was proposed by judging the results of a comparison of efficiencies using a singly
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Fic. 1. Relative efficiency of the best linear estimate of x under all conditions of censor-
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Fia. 3. Approximate efficiencies in estimating o* for censored samples of size 10, 15, 20
and large n.

censored sample. The present graphs show that the alternative estimate is even
better than previously supposed.

Also, one can observe that for r, = 0, the alternative estimate of ¢ is more
efficient than the corresponding estimate of the mean. In fact for other values of
7 , the efficiencies are much more concentrated for the former than for the latter.
Again, the drop in efficiency for the estimate of the mean is much sharper than
that for the standard deviation. This shows that the alternative estimate also
appears better if one judges its value by considering its efficiency in estimation
of the standard deviation rather than of the mean alone.

Addendum. The extension of Tables I, II, and III of this paper are now avail-
able for 16 < n < 20 in eight decimal places. Copies may be obtained from the

authors.
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