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ON THE EXACT DISTRIBUTION OF A CLASS OF
MULTIVARIATE TEST CRITERIA
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1. Introduction and summary. It is known that the moments of several test
criteria in multivariate analysis can be expressed in terms of Gamma functions.
Various attempts have been made to determine the exact distributions from the
known expressions for the moments. Wilks [11] identified such a distribution with
that of a product of independent Beta variables, and he gave explicit results in
some particular cases. Later, Nair [5], using the theory of Mellin transforms, ex-
pressed the distributions as solutions of certain differential equations, which he
solved in some special cases. Kabe [3] expressed them in terms of Meijer G-func-
tions. Asymptotic expansions of the distribution functons have been given by
several authors; notably by Box [2], Tukey and Wilks [8], and Banerjee [1]. In
this paper we give exact results in some important cases, in which it is found
that the distribution is identical with that of a linear function of Gamma
variates.

2. The distribution of a linear function of gamma variates. Let X, X,
---, X, be n independent random variables having the frequency functions

(21) f(xj) = {x?i—l/Zpir(pj)}e—%Zi; 0< z; < Ooij = 17 27 e, M

Then the characteristic function (c.f.) ¢(¢) of the variable Z = > (X,/a;),
as being given positive constants, is

(22) o(t) = I] a?i(a; — 2it)7".
j=1
By inverting this c.f. we find that the ffequency function (fr.f.) of Z is given by
the expression
f(2) = {af'af? -+ a7 /2PP (X p)}e T T ey Dey oy Pas
pr ;3 — @)z, 3(an — ag)z, o, F(en — an)el,
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where

(24) Fi" pa,ps, -y 0ns 2opis hlan — a0z, 3lan — ag)z, « -+, 3oy — aw)?)

= 3 e Py Bla = a)2)® (e = an)e)™
q2=0 =0 (Zpi)qz+'--+<m g ! !
is a hypergeometric series with n — 1 factorials in the numerator and one fac-
torial in the denominator. In (2.4) we assume that &y — a;,75 = 2, --+, n, is
positive.

The fr.f. of Z has also been obtained, as an nple series, by Robbins [6] (when
each p; = 3), and by Robbins and Pitman [7] (p,’s unequal). The advantage
of the result (2.3) over those quoted is that (2.3) is an (n — 1)ple series and
that when a; = oy = -+ = @, = « the series (2.3) yields the well-known result

(2.5) 1) = {a 21:,/221»,1-(21)] oz, zp,_l

which, however, does not readily follow from the results in [6] and [7]. We give
below a proof of (2.3) for the case n = 2. When n >2 the proof follows on similar
lines. For n = 2, the fr.f. of Z is given by

f(2) = aft ab? fm (2#)—1 g it
o (on — 208)" (ag — 24t)7*

_ oo [ (2m) e
(2.6) T, N\ pitra (a1 — ap) ]2 dl
(a1 bl 2’Lt) I:]. - m]

) -1 —itz _ —D2
= afiapr [ 2 e [1 — M] .

oo (aq — 24)P11P2 (o1 — 2at)

On expanding the expression in square brackets and integrating term by term,
we find that

f(z) = {af‘a§’2/2p‘+ml‘(pl + pz)}e—%alzzp1+p2_1
PP s o+ P2 3 — ar)e].

Here we assume o; > oy, however, if oy < o, then it follows that

f(z) = {Olf'lafz/Qmﬂ’zI‘(pl + p2)}e—%a2zzp1+p2_1
GF1p s oo+ pe s 3(ee — an)el.

3. Exact distribution of L. There is a wide class of test criteria in Multivariate
Analysis, whose moments can be expressed in terms of Gamma functions. Con-
sider, e.g., the criterion L for the simultaneous testing of the sample means.
The hth moment of L ([4], p. 340) is

2.7

(2.8)

/ A I'(3[n — m]) A TG —ml —3k—1] + &)
(31 wm(l) = mr_Il Tiln — m] —i[k — 1 )III T'(i[n — m] 4+ h) )
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The c.f. ¢(t) of the variable ¥ = —2 log L is easily found to be

L' (3[n — m]) T TG —m) — 3 [k — 1] — 2i1)
(32) ¢ = mll TG —m =3 G= i Tam—wm —2
When the integers p, k take some special values, the second factor on the right-
hand side of (3.2) may be split up into several factors as shown by Wald and
Brookner [9], and Banerjee [1]. We consider the following values of p and k.
Cask 1. Let & be odd (=2s + 1) and p odd or even. Take p odd (= 2s — 3,
say). Now, if 7 be any positive integer then we know that

(3.3) [Tz +7r/T@)] =2@+1) - (x+r—1).

Applymg (3.3) to the second member on the right-hand side of (3.2), we have
in the notation of Banerjee [1]

I”I T(iln —m] — L [k — 1] — 24t)
m=1 T'(i[n — m] — 2ut)

(34) = A7,

where
Ap = Gn — 3] — 2i)3[n — 5] — 2it)* - -+ (R[n — p — 2] — 24)i®HD
+(3n — 25 — 1] — 20) " (3[n — 25 — 8] — 2i) ' ...
-(3ln — 25 — p] — 24)
(3.5) (3 — 4] — 2it) (3ln — 6] — 2i0)% - - - (3n — p — 1] — 2t) 1D
<(3[n — 25 — 2] — 24)t® D
-(3ln — 25 — 2] — 2it)* P (3[n — 25 — 4] — 24}V ...
“(3ln —p 4+ 1 — 25] — 24t).

The total number of terms in A, is p(k — 1) and the number of different factors
if 4s — 5.
The c.f. of the variable ¥ may now be written as

T'(in — m]) -1
(36) o0 = M e =

It is obvious from (3.6) that Y has the c.f. of a linear function of Gamma vari-
ates; using (2.3) we have for the fr.f. of ¥ the expression

T'(3[n — m])27tr¢D —1(n—3)y 3p(k—1)—1
1) = lr(l[ = —1G - DTGk =1
(3.7) Fi9[2,8, -+ 3 (p 4+ 1), 3(p + 1), 1(p + 1),

%(p - 1))3)2) 1) 112)3) }%(p - 1)7%(1’ - 1)13)21 1)
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Further, we notice from (3.4) that for odd p there is a single factor in the central
position of the factors of A, . In case p is even there will be two factors in this
central position and the result (3.7) will be slightly changed.

Cask 2. For k and p both even the terms of the second factor of (3.2) may be
grouped two by two by applying the duplication formula for the Gamma func-
tions and the case reduces to Case 1.

Cask 3. For k even and p odd the terms may be grouped two by two as in
Case 2 and the last term may either be expanded by a known formula (see,
e.g., [10], p. 260) for the expansion of I'(z + 7)/T'(z) when 7 is not an integer,
or else it may be approximated by the formula
(3.8) I'(x + r)/T(z) =2
and the case reduces to Case 1.

We wish to consider the computational aspects of the result (3.7) in a future
communication. :
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ON THE PARAMETERS AND INTERSECTION OF BLOCKS OF
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1, Summary. In this investigation we derive a few properties of the intersec-
tion of blocks in a balanced incomplete block (b.i.b. for conciseness) design with
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