A COUNTER-EXAMPLE RELATING TO CERTAIN MULTIVARIATE
GENERALIZATIONS OF ¢ AND F

By A. W. Davis

C.8.1.R.0., Adelaide, South Australia.

Summary. It is shown that the distributions of certain multivariate analogues
of ¢t and F are dependent on the population covariance matrix.
_ Suppose that z = (21, -, z,)" has the multivariate normal distribution
with mean vector ¥ and covariance matrix =. Let S, S* be independent Wishart
matrices also with covariance matrix X, based on n, n* degrees of freedom re-
spectively. Then if T is a p X p matrix such that

(1 T =S

natural candidates for the multivariate analogues of ¢ and F are
(2) t=T7(z - ¥),

(3) W = Ts*1T'™

Olkin and Rubin (1964), Theorems 3.2 and 4.2, have shown that if T is taken
to be upper or lower triangular, then t and W do in fact have distributions which
independent of . However, if T is taken to be symmetrical and positive definite,
T = S}, then they remark (Section 3) that the distribution of W is unknown for
general E. It seems worthwhile to present the following example, which shows
that for T = S! the distributions of t and W depend on X; the contrary is occa-
sionally asserted (see Bennett and Cornish (1964), p. 907).

Let p = 2, and assume that

2
-1 _ a 0
(4) X = [0 b2:| .
Since S' is positive definite, it may be written in the form
3 x, (xy)QQ:l 0 2 1
(5) S [(xy)*q, y 0<z,y< »,q¢ <1).

Noting the Jacobian

(6) a(8)/3(z, 4, @) = 4(1 — &)@}z +v),
it is readily found by transforming the Wishart distribution that S* has the dis-
tribution
f(8h das' = {(nab)"/aT(n — D}(1 = ¢)"(2y)" Nz + )
(7) -exp { —inld’s’ + (o’ + b))ayq’ + by} do dy dg,
(0<z,y < »,¢ <1).
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(See Olkin and Rubin, p. 266.)

Now
&(tt') = eW
(8) =gstzs?
_ [w/ad® + w/V, —n/a’ — vs/b2:|
T L-w/d = w/V,  w/d 4 /)
where

(9) n=8"1=¢)", wn=8y"A-9)", »n=_8ld/wl—¢)],
w = 8lg/ahy'(1 — @),  » = 8lg/a(1 — ¢)’).

It will be sufficient to show that the matrices in (8) are not independent of a
and b. In order to simplify the calculations still further, we shall take the case
n = 4, and consider only the elements &(#’), &(%’) on the main diagonal in (8).
The density (7) now takes the form:

(10) f(S*) ast = 277N (ab)*(1 — ¢")(zy) (= + v)
-exp { —2[a’s’ + (&’ + b*)ayq® + b*]} dw dy dg,

and we wish to evaluate v, , v2, v5 .
For », let us first consider

I(q) = [3 [o 2781 — ¢)(8Y) dz dy
(11) = 27 7(ab)* [ [7 (ahy! 4 oy
i kI [—2(a” + b)ayg'T* da dy.
Making use of the formulas
I(w)(w + 3) = 7'T(20) /27,
(12) Jo e do = T((\ + 1)/2) /2",
2o @T(k +N)/k!l = T\ (1 — 2)7, (ol < 1),
it is found that
(13) I(g) = (2d°/mb)* Zimok!™[—(d’ + b°)g*/2ab]*
{ar(k + 3) + (a + b)I(k +§ )}

(14) = (a*/2b)¥{adH(q) + $(a + b)o M)},
where
(15) #(q) = 1+ (a’ + b")¢"/2ab.

The series in (13) is convergent only for
(16) la* < 2ab/(a” + b*).
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However, since I(gq) and the expression (14) are both analytic functions of
the complex variable ¢ = u + 4 over the region u? — 1> > —2ab/(a? + b?)
in the ¢ plane, it follows by analytic continuation that I(g) is certainly equal to
(14) for all real q.

Noting that
(17) Js674(g) dg = (2ab)}/(a + b),
[3674(q) dg = %(2ab)}(d” + 3ab + b*)/(a + b)°,
we have
(i8) n =2 [s1(g) dg

202 — (b/(a + b)),

vs being obtained by interchanging a and b.
Similarly, it is found that

(19) vs = 2(ab/(a + b))%
Hence
(20) 8(t%) = n/a’ + v/b’ = 4 + 2(a — b)/(a + b),

8(t2) = vs/a’ + w/b’ =4 — 2(a — b)/(a + b),

and the matrices in (8) are not independent of a and b.
As a check on the working, we have:

(21) 8’ + ') = 8(z — §)'ST(z — &) =8,
which is independent of £ and in accordance with the known distribution of
Hotelling’s T°.
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