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ASYMPTOTIC EXPANSIONS OF THE DISTRIBUTIONS OF THE
LIKELIHOOD RATIO CRITERIA FOR COVARIANCE MATRIX

By NARIAKI SUGIURA

Unaversity of North Carolina and Hiroshvma University

1. Introduction. In our previous paper [14], we have proved the unbiasedness
of the modified likelihood ratio (= modified LR) tests (i) for the equality of
covariance matrix to a given matrix and (ii) for the equality of two covariance
matrices. We have also shown the unbiasedness of the LR tests (iii) for sphericity
and (iv) for the equality of mean vector and covariance matrix to a given vector
and matrix. .

In this paper asymptotic expansions of the distributions of the test criteria for
(i) and (iv) both under hypothesis and alternatives are derived, by inverting
the characteristic function directly. The asymptotic expansion of the non-null
distribution of the LR ecriterion for sphericity (iii), is obtained by using the dif-
ferential operator due to Welch [15], and also the limiting non-null distribution
of the LR test for the equality of k covariance matrices is derived in a similar
way. This method has been shown to be useful in other problems in multivariate
analysis by Ito [5], Siotani [11], Okamoto [8], and others.

All the limiting non-null distributions of these test criteria are shown to be
normal distributions, whereas the limiting distributions under hypothesis are
x'—distributions as in Box [2] or Anderson ([1], Chapter 10). It may be interesting
to note that the limiting non-null distribution of the likelihood ratio criterion for
the multivariate linear hypothesis is noncentral x*, the asymptotic expansion of
which was obtained by Sugiura and Fujikoshi [13].

2. Expansion of the distribution of the criterion for = = 2. Let p X 1 vectors
X1, -+, Xy be a random sample from a p-variate normal distribution with
unknown mean vector g and covariance matrix £ (positive definite). The LR
criterion for testing the hypothesis H,:Z = 2 against the alternatives K7:3 £ 3,
for some given positive definite matrix =, is given by

2.1) N = (e/NYP2ISE P etr {— ()20},

where etr means exp tr and 8§ = Doy X. — X)X, — X)), X =
(1/N) > %.1X,. This LR test is not unbiased. However, if we modify this
criterion by reducing the sample size N to the degrees of freedomn = N — 1,
it has some desirable property, that is, the unbiasedness is shown by Sugiura
and Nagao [14] and the monotonicity of the power function with respect to p
characteristic roots of ==, ' is established by Nagao [7] and Das Gupta [4].
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2052 NARIAKI SUGIURA

So we shall consider the asymptotic expansion of the modified LR statistic A*
instead of A.

(2.2) N = (e/n)"*8Zy ™ etr {— (3)207'S).

The limiting distribution of the statistic —2 log A* under the hypothesis is the
x’-distribution with p (p =+ 1)/2 degrees of freedom, which can be seen in Ander-
son ([1], page 267). The Ath moment of the statistic A* under alternative Ki
is given by

23) EN"|Ki) = 2¢/n)"""[T,(n(1 + £)/2)/T,(3n)]
. IEEO_llnh/2/lI _I_ hEEo_lln (1+h)/2’

where T, (z) = 7° P [[24T (x — (o — 1)/2). Hence the characteristic func-
tion of —2 log \* under the hypothesis H; is expressed as

24) Cm(t) = Gn/e)*"[Tr(n(1 — 20t)/2)/T,Gn)I(1 — 2d)™" 7408,

We shall use the following asymptotic formula for the gamma function as in
Box [2] or Anderson ([1] page 204).

(25) logT(z+ %) =log @r) 4+ (x+h —L)logz — =
—~ 2 (=1)Bea(B)/Ir 0 4 1)2'] + 0 ™7).
This holds for large values of || with fixed %.The Bernoulli polynomial B, (k) of

degree r is given by 7€"/(¢’ — 1) = D wp (+'/r )B.(h). Some of these are
listed below;
(2.6) Bi(h) = h — 3 Bs(h) = 1 — 31" + 3h

B,(h) =K —h+1 Bih) =k — 208* + B — &.
Applying formula (2.5) to each gamma function in (2.4), we get
(2.7) log Cr () = —ip( + 1) log (1 — 2at)
— 2 (=2) B /Ir(r 4+ D) (1 — 28)7 — 1} + 0(@m™),

where Bry1 = 2.23B.1((1 — «)/2). This formula implies the asymptotic
expansion of the characteristic function of —2 log \*.

Ca, () = 1 — 2t)2"VH1 + B {1 — 2it)™ — 1}
+ G (BB — 4B))(1 — 2t) — 6BS(1 — 2t)”
(2.8) + (3B’ + 4By)}
+ G)n*{(4By — 4ByB; + B)(1 — 2it)°
+ By(4B; — 3B)(1 — 2it)* + By(4Bs + 3B) (1 — 2it)™
— (4B, + 4B:Bs + B)}] + 0(n™),
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where

Il

B, =p(2p° + 3p — 1)/24
(2.9) By=—plp -1+ 1)+ 2)/32
B: = p(6p* + 15p° — 10p* — 30p + 3)/480.

Inverting this characteristic function, using the well-known fact that (1 — 24¢) ™"
is the characteristic function of the x’-distribution with f degrees of freedom,
we have the following theorem.

TraeorEM 2.1. Under the hypothesis H,:2 = Z,, the distribution of the modified
LR criterion —2 log \* defined by (2.2) can be expanded asymptotically as

P(—2log \* £ 2)
=P/ = 2) + Ba{P(Gs S 2) — P’ < 2))

+ Gn{ BB — 4B3)P (x4 S 2) — 6B’P (X, S 2)
(2.10) + (3By + 4By)P (x/* < 2)}

+ @)n{(4Bi — 4B:B; + B)')P(x}4s < 2) + B:(4B; — 3By’)

P (xj+4 < 2) + B2(4B; + 3B )P (x}42 < 2)

— (4B, + 4B:B; + BY)P(x," < 2)} +0(n™),
where x;° means the x*—variate with f degrees of freedom and f = p(p + 1)/2;
the constant B, is given by (2.9).

By a slightly different asymptotic formula, Korin [6] computed the percentage
points of —2 log \* recently. Now we shall consider the asymptotic expansion
of the non-null distribution of this eriterion —2 log A*. The characteristic function
of —2n7% log \* under alternative K; can be written from formula (2.3) for the
moment of \* as

(2.11) Cx, (t) = Gn/e)™ "I, (4n — n¥it)/T,(Gn)]
AZET T ML — 24tn Eemg T

I

Applying tzle asymptotic formula (2.5) for the gamma function to each term of
T',(3n — n%t)/T,(3n), we have

log [I', (3n — ntit) /T, (3n)]
(2.12) = nkitp log (2/n) — pf
+ p 2an Qi) (26) /(e + 1)@ + 2)] + (0 + 1)/ (@4}
— 2k (=2)Bo/lr(r + 1) (1 — n™20t)" — 1} + 0 (™" 7).

Since the asymptotic formula —log |[I — Z/n| = > ren™ tr (Z7)/r +0®@™*)
holds for any symmetric matrix Z/n, whose characteristic roots are smaller than
one in absolute value, we have



2054 NARIAKI SUGIURA

— (n — nit) log [I — 2utn =z
(2.13) = nfit tr 220" — £itr C2g ') — 2 tr =20
+ 31; R A (it )r+2
Atr @20/ 4+ 2) =t @20/ 4+ DY 0.
Substituting these two expressions into (2.11), we ean see that
log Ck, (t)
= —nlitflog 2=y + tr I — 227} — £ tr (I — =20
(2.14) + 2 @) (e + 1)/ (@) + 2p@)Y/[0¢ + 1)@ + 2)]
+ 2@ {tr @2)/ ¢ 4+ 2) — tr @)/ + 1))
— 2 (=2) B/l 4+ 1w { (1 — n72a) ™" — 1} + 0 (™),

which implies that the statistic A\** = —2n7* log \* — n%{tr @zt =1) —
log |=Z¢ |} converges in law to the normal distribution with mean zero and
variance r* = 2tr (I — =2,)% and further it enables us to expand the charac-
teristic f\lmction of \**/r up to any order asymptotically. We shall write it up to
order n .

(2.15) Croesr () = €71 + 7 4, + n" Ay,

where the coefficients A; and A, of each term are given by

Ay =dtrp(p + 1)/2 + )76 (p + 2 trs — 3 tr)

Ay = @)@+ D@ + p + 4) + G @)
Ap@ +p+2)—3p(+ 1) t+ 2@ +p —4) trs + 6 tr}
+ @) @) (p + 2 trs — 3 tn)’,

with the abbreviated notation tr; = tr (£, ')’. By inverting this characteristic
function, we can get the following theorem.

TarEOREM 2.2. Under the alternative K, 2 # =, the distribution of the modified
LR criterion —2 log \* defined by (2.2) can be expanded asymptotically as

P((1/n*r)[—2log \* — aftr (22" — I) — log [2207]}] < 2)
=3(@) — B e P E)p@+ 1)+ 472 @) (p+ 2t — 3tn)]
+1/@20)[97°2 P @)p(e + 1)@ + p + 4) + 24799 ()
(2.16) Ap@ +p+2)—3pp+ 1)t + 20" +p —4) trs + 6 try
+ 1672V ) (p + 2 trs — 3tn)’] + O (n7Y),

where tr; = tr (22 ) andr’ = 2tr (I — 220")%; @ © () meansthe rth derivative
of the standard normal distribution function & (2).
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It may be interesting to note that the asymptotic mean and variance of the
statistic —2n* log \* vanish, if we put = = 2 in the above theorem. This shows
singularity of the limiting distribution at the hypothesis. The statistic
—2n7* log \* converges to zero under the hypothesis; in fact, —2 log \* converges
in law to the x*-distribution.

3. Expansion of the distribution of the criterion for £ = Zg and u = po.
Let a p—variate random sample of size N from the normal distribution with mean
vector u and covariance matrix 2 be denoted by X1, X, - - -, X» . The LR statistic
for testing the hypothesis H2:Z = Zp and p = yo against alternatives K,:2 5 Z
or u ¥ wo, where =g and o are a given positive definite matrix and a given vector,
is expressed as

B1) A= (¢/N)"™" 827" etr [—326 (S + N (X — o) (X — m)'}],

where § = D %1 (Xo — X)(Xo — X) and X = (1/N) D % X.. For this
problem, it has been shown by Sugiura and Nagao [14] and Das Gupta [4] that
the LR test without modification is unbiased. So we shall consider the asymp-
totic expansion of the distribution of the LR statistic A. The Ath moment of A
under alternative K is expressed as

EDN' | K] = (2¢/N)™"[0,((n + Nk)/2)/T, (3n)]
(3.2) AZEMAL 4 REE TR etr [—3NAZT (0 — o)
cu = wo) (T — B2 T+ Az )T,

where n = N — 1. Similarly, as in Section 2, we can see that the asymptotic
formula of the characteristic function of —2 log A under H; is obtained by re-
placing —p (@ 4 1)/4, n, Baby —p (@ + 1)/4 — p/2, N, By = 3} B
(—7/2), respectively in the formula (2.7), which implies the following theorem.

TurorEM 3.1. Under the hypothesis Hy:Z = o and u = po, the distribution of
the LR criterion — 2 log \ given in (3.1) can be expanded asymptotically as

P(—2logN£2) = P(x/' = 2) + B/N ' {P(xjsa = 2) — P(xs" < 2)}
+ @)N{(3B," — 4B5' )P (Xja =< 2)
— 6B,"P(x}4s < 2) + (3B + 4By )P (x/ < 2)}
33) + ()N {(4B, — 4B/By + B,")P(xjss < 2)
+ B (4By — 3By")P(xj4s < 2) + By (4B5 + 3B,")
P(le < 2) — (4B, + 4B/B; + B,®)
Px/ = 2)} +0(n™),

where f = p + p(p + 1)/2 and the constant B, is given by B, = p(2p® +9p
A+ 11)/24, BY = —p(p + 1)(@ + 2)(p + 3)/32 and B/ = p(6p* + 45p°
+ 110p° + 90p + 3)/480.
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The limiting distribution of —2 log \ is stated in Anderson ([1] page 268). Now
we shall consider the asymptotic expansion of the distribution of —2 log A under
the alternative K». The characteristic function of — 2N* log A under K can

be obtained from the moment of \ in (3.2) as Ck,(t) = C%, (t)CE)(t), where
C& (1) = GN/e)V " [r, GnNYit)/T, (3n)]
(34) R TV — 20N i R

CE () = etr N2 (u — wo) (0 — mo)’
AT + 2Nz, @ — 2N 2 7Y

The first factor Cy, (t) has a similar expression to the characteristic function
Cx, (t) in (2.11). The same computation gives us the following expression

log C&; (¢)
= N’zt{tr @zt — 1) — log |22} — ftr @t —I)
(35) + 2B NTEQit){p + 3)/(4r) + 2p @) /[(r + 1) (r + 2)]

+ 2(it)" (tr (220 )/ (0 + 2) — e @20)T/ ¢+ 1))
— Xk (=2YBla/lrr + DNHA — N72it) " — 1) + OV 7).
Applying the formula (I — N7*Z)™ = > %8 N 2" + O (N*™") to the second
factor Cg) (t), we have
(3.6) log C& (1) = NYt(u — o) 20" (u — mo) + Dreo N2 27 (4t)™
(= w02 @) (= o) FONTT).
Hence we have an asymptotic formula for the characteristic function log Ck, (¢)
by adding the expression (3. 5) and (3.6). This shows that the statistic
)\ = —2N_710g)\ - N’ {tI‘ (220 - I) IOg IZE() I + (p, —_ ,uo) Zo (p. - ,uo)}
is distributed asymptotically according to the normal distribution with mean zero
and variance 7 = 2{tr ZZ¢ " — I)* + 2(u — w0)'Z0 =Z¢ ' (u — mo)} and further
the characteristic function of A*/r can be expanded asymptotically as
3.7) ¢ "1 4+ N4, + N4, + OV )},
where the coefficients A; and A, are given by
Ay = )3 titp(p + 3) + 47 °(it)’ (p + 6dy + 2 try — 3 try)}
Ay = O @’p 4+ 3)@ + 3p + 4) + 24 @) p(@ + D + 2)
+ 6p(p + 3)dy + 24ds + 6 trs + 2(p +4) (p — 1) trs — 3p(p + 3) trz}
+ 167°(1t)" (p + 6ds + 2 trs — 3 tr2)’],

with the abbreviated notations d, = (b — m0)Z0 (20 ") (0 — mo) and tr; =
tr (£, ")’ Inverting this characteristic function, we immediately obtain the
following theorem.
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TrEOREM 3.2. Under the alternative Ky:3 £ 3 or p 5 o, the distribution of the
LR criterion —2 log \ given in (3.1) can be expanded asymptotically as

P((1/N*r)[—21og N — Nitr (32" — I) — log 22, '] + do}] < 2)

=3(@) — N
4@ @) (p + 6da + 2 trs — 3tr2) + 37 @V (2)p(p + 3)]
(3.8) + 1/(72N)[165°8® (2) (p + 6ds + 2 trs — 3 t12)° + 2473 “ (2)

Ap(p+ 1)@+ 2) + 6p(p + 3)dy + 24d; + 6 trs + 2(p + 4)
“(p— 1)t — 3p(p + 3) tro} + 97 2P @)p(p + 3)
@+ 3+l +oWN,

where dr = (b — po)Z0 EZ0 ) (w — m), tr; = tr E2) and 7 =

2{tr =0 — I)* + 2di}; ® ” (2) means the rth derivative of the standard normal
distribution funciton ® (2).

4. Expansion of the distribution of the criterion for sphericity. The LR
statistic for testing the sphericity hypothesis H;:Z = o’ against the alternatives
K;:Z 5 o', where o” is unspecified, based on a p-variate random sample of size
N drawn from a normal population with covariance matrix Z, is

4.1) N =[S tr 8)7V,

where 8 = D> % (X. — X) (X« — X) . Unbiasedness of this test criterion was
established by Gleser [3] and Sugiura and Nagao [14], whereas we already know
that in order to get unbiasedness in the k-sample situation, the statistic

4.2) N = (8 (7 b 8) T,

is preferred to A by Sugiura and Nagao [14]. Under the hypothesis H;, the Ath
moment of \* is expressed as

(4.3) EN"|Hy] = p™T (3np)T, Gn (1 + £))/IT Gpn (1 + k)T, Gn)],

which implies the asymptotic expansion of the null distribution of this criterion
as in Anderson ([1] page 263),

P(—2p log Vg 2)
44) =PKx/=z2)+ 1/28pm)(p+2)(p — 1)(p — 2)
“(2p° 4+ 6p" + 3p + 2){P(x}u = 2) — P(x/” = 2)} + O(m™),

where f = {p(p +1)/2} — 1,m = pnandp = 1 — (2p° + p + 2)/6pn.The
correction factor p is so chosen that the term of order m ™ in the expansion
vanishes. It may be remarked that in the previous two sections we cannot use
the correction factor p as we can in this case. The reason is that the Ath moment
of the test statistic has two gamma functions containing 4 in (4.3), but only one
gamma function containing 4 in (2.3) and (3.2).



2058 NARIAKI SUGIURA

We shall now consider the asymptotic expansion of the non-null distribution of
the LR criterion —2p log \*. Since the hth moment of \* under alternatives can-
not be written explicitly, some different technique is necessary. It is provided by
using differential operators. Noting that S has the Wishart distribution W, (n, =)
under Kj, we can write the characteristic function of —2pm* log \* as

(4.5) Cx,(t) = 1/[0p(Gn)2""]
J‘ ,S, (n—p—1) /2—m}it etr (_%E—IS)/“E,nﬂ (tl‘ S/p)—mhitp] ds.

By the transformation S — HSH’ for some orthogonal matrix H of order p, we
may assume 2 = I' = diag (A1, - -+, \p) where \; are characteristic roots of =.
Put U = (1/m)8S, then the statistic U converges in probability to I' as m tends
to infinity. We can express the characteristic function as

(46) st (t) — mnp/2p—m§itp/[l1p %n)2np/2 ,P,n/2] f [,UI (n—p—l)/2—mh‘t/ (tl' U)—mh'tp]
-etr (— mIU) dU.

Transform the variable U to D and R by U = D'RD?* such that the matrix D is
diagonal, and the diagonal element is given by that of U. Then [0U/0 (D, R)| =
D] " and tr T7'U = tr I'" D, so we have

Cx,(t) = m"l’”p—"‘“‘?/nﬂp (n /2)2np/2 ,PIn/zl f l RI (n—p—1)/2—m¥it dR
4.7) f (tr D)m%itp D| (n/2)—mtit—1 otr (— (m/2)I‘~lD) D
= m"™ T, (4n — mit) /[Ty (n/2)2"" DT ((n/2) — miit)”]
f (tl‘ D)mh‘tp ID, (n/2)—mtit—1 etr (_ (W’L/2)I'_1D) dD.

Put f(A) = (tr A)™* and 8 = diag (8/0M, -~ -, 9/9N,), where A = diag (M,
-++, A\p). Noting that the diagonal matrix D converges in probability to T as m
tends to infinitiy, we shall expand the function f(D) in the expression (4.7)
about D = T, that is, f(D) = etr [(D — T')3]f(A) |sa=r . This gives by taking
the integration regarding the operator 9 as constant, as in Okamoto [8], et al.

fID, (n/2)—mtit—1 etr (—%mP_ID)f(D) dD
4.8) = (2/m)™* D 1y — m¥it)? etr {—T0 — (dn — mhit)
log [T™ — 2m™d|}f (A) la-r .

Hence we have the following expression of the characteristic function for —2p
log \*.

49) Cx,(t) = Gm/p)™ T, ((3n) — mhit)/[T, Gn) [T™]
cetr {—T0 — (3n — mlit) log [T — (2/m)T0J}f(A) |ar.

The first factor can be expanded by using the asymptotic formula (2.5) for the
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gamma function with respect to m instead of n as
T, ((n/2) — mkit)/Tp(n/2)
410) = @/m)y™ L + Gm )@ + 2p — 2t + 4p)’} + (Fm )
@+ 20— 2)@" + 2p + 10) @) + 8p (" + 2p + 4) (@1)*
+ 16p” @)’} + 0 (m™)].

The problem is how to evaluate the exponential part of Cxa ) in (4.9). Since
af (A) = mlitp (tr A)f (A), we must regard the order of d as m’. Applying theform-
ula log [I — (2/m)Td] = —> % (2/m) tr (T9)/r + O(m ™) to (4.9)we
can write

(4.11) etr{—Td — ((n/2) — m¥t)log |I — (2/m)ral} f(A)

= exp [4o(3) + m 41 (8) + mT4:(3) + O(m VI (A),
where
Ao(@) = m™  tr (T0)* — 2itm™ tr (T0)
A1(9) = 4/(BmY) tr (19)° — 2itm™ tr (T9)* + (20° + p + 2)/ (6pm?) tr(T9)
A (8) = 2m ™ tr (T9)" — 8it/ (3mt) tr (T9)* + (2p* + p + 2)/ (6mp) tr (T9)™

Note that the result of applying each term 4¢(d), A1(9) and A2(d) to f(A)is
O()-f(A). We can expand the expression (4.11) as

4.12) {1+ A:10)m™ + m ™ (4:9) + 34:(0)%) + O(m™H)}
-{exp 40 (3)}f(A) [a=r.
We now evaluate [exp 4¢(9)]f(A).
exp {m™ tr (T9)" — 2itm™ tr T9}f(A)
@.13) =D 2ort ™ tr (19)F — 2itm tr T9)F(A)
= 1200 1 e () (—2it) /m* Y T o kY (ot - Ky 1)
U/t Bty JTEa NE o=t 1 (A),

where D @), means the sum of all possible combinations of non-negative inte-
gersky, - ,kpandly, -+ ,l,suchthatki 4 --- +k,=kandly+ --- + 1, =L
Since the equality ]2 6”‘“”"‘]" Q) = (m ztp)2k+z(tr A)’”}””_Z"_’ holds where
(a)y = a(a — 1) --- (@ — k + 1), we can simplify the above expression as

@14) > orl Tapier G) (—2it) (mbitp)pys/mt HP
S{tr T%/ (br A)}* (br T/tr A)' (br A)™,

We can easily see that (m*itp )r+x can be expanded asymptotically with respect
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to m as
(m%itp)ﬁk
@.15) = (mitp)™* — (mlitp)™ T $){ (k)2 + 2k + (r)a} + (mhitp)™* 7 ()
A3(k)s + 4Br + 2)(k)s + 6rBr + 1) (k) + 127°¢r — 1)k
+r@— 1)@ — 1) — 2)} + 0m "),
which makes it possible to simplify the summation in (4.14), giving
{exp 49(9)}f(A) = {exp Bo(A)}{1 + m*Bi(A) + m "By (A)}f (A),
By(A) = —pf(ptrT?/(tr A — 2tr T/tr A)
Bi(A) = —2(@t)*p(p tr I/ (tr A)® — tr T'/tr A)?
(4.16) — dtp tr T/ (tr A)?
CBy(A) = (1/6)[12p°Gt)*(p tr T?/(tr A)® — tr T/tr A)*
4+ 4pGt) (ptr T?/(tr A — tr T/tr A)?
-(13p tr I’/ (tr A)® — 4 tr T/tr A) + 3(it)
A11p" (tr T*)?/ (br A)* — 8p tr I* tr '/ (tr A)*}].

Applying the operator [1 + m4,(0) + m " (4:(3) + A1(8)*/2)] to this ex-
pression we see that the exponential part of (4.9) can be written asymptotically
as

4.17) {14 m7(Bi(A) + 41(9)) + m 7 (By(A) + A:1(9)Bi(A) + 4:(9)

+ 41(3)’/2) + 0 (m™*)} - {exp Bo(A)}f (A) la=r .
Noting that the formulas
m™V? tr(Ta)" {exp Bo(A)}f(A)
= (itp)’ (tr A)™¥*™" {exp By(A)} tr I
L4 (mbitp) M =10 —1)/2 4 2pf (ptrT*/ (trA)® — trT/trA)} + 0 (m™)]
m~ %P tr (T9)* tr (T9)* {exp Bo(A)}f(A)
= (tp)* tr T tr T {exp Bo(A)} (tr A)™ "1 4+ O(m7P)},

hold for any non-negative integers k and [, we can compute each term in (4, 17),
obtaining

exp {—T'9 — (3n — m¥it) log |[I — 2m™'To[}f (A) |aer
= {exp Bo(I)}f (0){1 + m*C1(T') + m7'C2 (') 4+ O (m ™)}
Ci(T) = (3)(@)'p{—3t— 1"+ 26— 3t} + 3)it(2p" + p + 2 — 6%)
4.18) Co(I') = @) ()°{3(8 — 1) + 3 — 26" + (F)p (i)’
{3(t — 1)" (26t — 2p” — p — 10) + 6 (fa — 1) (15t — 14t;)
+ 18t +2@2p" +p — 16)s — 320" + p — 4)b} + (7¢) ()’
{3968, — 288t; — 24(2p° +p + 8)a + (2 + p + 2)
(20" + p + 26)}
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with the abbreviated notation ¢; = p(tr I)/ (tr I')’. Combining this result
with equation (4.10), we can finally obtain the asymptotic formula for the char-
acteristic function Cx, (¢) of the statistic —2om " log \* given by (4.2).

Cx, (t) = exp [mkit log { (p~* tr T')?/|T|} — pf (p tr T°/(tr T')* — 1)]
A1+ m 7Dy (@) + m ™Dy (T) + O (m ™)}
Di(I') = (2p/3) (it)*{—3(t. — 1)" + 2t — 3t + 1}
+ Gt + p — 26)
419) Do(I) = B @3 — 1)" + 3 — 26}" + 1 — 6( — 1)°
+ 4t — 6t] + (9/3)(@t)* (2 — 1)*(266 — 3p" — 3p — 8)
+ 2@ — 1) (158, — 148) + 6t +2(p + 3) (@ — 2)ks
— @' +3p -+ +p+2 + @)@
{132t° — 96t — 4 (5p° + 4p + 14)t, + 3p* + 6p° + 23p°
+ 16p + 8},
which implies that the limiting distribution of the statistic
N = m[—2p log \* — m log {tr (I')/p)"/IT|}]
is normal with mean 0 and variance 7* = 2p{p (tr I’*)/(tr T')* — 1} as m tends to
infinity. This result has already been obtained by Olkin and Siotani [9]. Gleser
[3] also gives a similar result, which is corrected in [3a] (M should be understood
as \ in his correction).
By inverting the characteristic function of A*/7 we have the following theorem,
from (4.19).

TuroreM 4.1. Under the alternative Ks:= # o°I, the asymptotic expansion of the
non-null distribution of the LR criterion —2p log N* given in (4.2) for sphericity is
expressed as

P ((1/m*r)[—2p log \* — m log { (tr =/p)"/[2}] < 2)
=®@) — m[@2p/3")3% @){~3( — 1)’ + 26 — 36 + 1]
+ 312V @)@ + p — 2b)]
+ m7[(2p"/97°)2® ()
(4.20) B — 1)" 4 36 — 26 + 1 — 6(t — 1)* 4 4t — 68}
+ (p/37*)3% (2){ (t: — 1)* (26t — 3p” — 3p — 8)
+ 2@ — 1)A5k — 148) + 6t + 2(p + 3)(p — 2t
~ @'+ 3 e+ P+ + 2+ G )2 e)
{1326 — 96t; — 4(5p° + 4p + 14)t, + 3p* + 6p° + 23p°
+ 16p + 8}] + O (m™),
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where t; = p" T (4r=7)/(tr =), 7 = 2p(k — 1) and & (2) means the rth derivative
of the standard normal distribution function ® (2).

5. Limiting non-null distribution of the LR criterion for %, = --. = 3.
Let Xo1, -+, Xan, be a random sample from p-variate normal distribution with
mean vector u, and covariance matrix =, foro = 1, 2, --- , k. The LR statistic
for testing the hypothesis H,:Z; = 2, = ... = 3, against the alternatives
K:Z; # Z; for some ¢, j(z # j), is given by
(.1) N = {1t 1Sa/Nal ™"} /IS /NI,
where Se = D08 Xoy — Xo) Xy — X, X, = Y2, X4i/N. and
S = >k18:, N = > %_1N,. If we modify this criterion by reducing the
sample size N, to the degrees of freedom n, = N, — 1,

(5.2) N = (I [Sa/nal™®} /1S /nl™®

withn = D %17, we have an unbiased test in the univariate case (Pitman [10]),
and in the two-sample case for arbitrary p (Sugiura and Nagao [14]). The
asymptotic expansion of the distribution of this criterion under the hypothesis
is stated in Box [2] or Anderson ([1] page 255). The limiting non-null distribution
of the statistic —2n* log \* can be obtained from the characteristic function by
the same argument as in the previous section. However, so far as the limiting
distribution is concerned, it is simpler to use the following lemma, which is a
direct extension of Siotani and Hayakawa [12].

LemMA. Let n,U, have the Wishart distribution W,(Me, Zo) and ne = pant
for fized po such that D w1 pa = 1. Suppose a real-valued function f(Uy, - -+, Uz)
18 conttnuously differentiable with respect to each variable. Then the statistic

(53) n%{f(Uly"'7Uk)_f(zla"'rzk)}

s distributed asymptotically for large n according to the normal distribution with
mean zero and variance 2 Y1 po > tr { (0°°f)Za}, where 0°“f means the symmetric
matriz having { (1 + 8a)/2}% /ouls’ as its (a, b) element for U, = (US) and
Kronecker delta &, .

Putting f(Uy, -+, Ug) = log|D et paUasl — 2 ue1pe log |U,| in the above
lemma and noting that the equality ({(1 + 8:;)/2}9 log |4|/das;) = A~ holds
for any positive definite matrix A, we have the following theorem.

TuaEOREM 5.1. For testing the hypothesis Hy:Zy = -+ = Zy against all alterna-
tives, the non-null distribution of the modified LR statistic

(54) —2n7 ¢ log N* — nf log {|Z]/ T Thmt 24/}

is asymptotically normal with mean zero and variance 2 Y i pa tr (T2 — I,
where $ = Y i paa -

_ Acknowledgment. Thanks are due to the referee for his useful comments in
revising the paper.
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