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THE DISTRIBUTION OF THE RATIOS OF MEANS TO THE
SQUARE ROOT OF THE SUM OF VARIANCES OF
A BIVARIATE NORMAL SAMPLE

By S. A. PaTiL AnD S. H. Liao

Tennessee Technological University

1. Introduction. Let (X;, Y,)i=1, 2, -, m, be independent observations on a
random vector (X, Y) which has a bivariate normal distribution with

EX =EY=0, EX*=EY?=¢?, EXY=po?.
Let *

X=M“Z$”=1Xz, Y=m™'3L, Y, si?=m Y (X = X)?,
58 = m_IZ;"=1(Yi—7)2~

Recently Siddiqui [6] has considered the distribution of (m—1)*X/s,, (m—1)*Y/s,.
For m > 3, he obtained asymptotic results. We define Z = ms,?+ms,?, s* =
(@m—1)"'Z, so that s? is an unbiased estimator of ¢* based on both X and Y
observations. In this note we consider the distribution of (T, T,), where T, =
m¥s™'X, T, = m¥s~'Y. It is noted that (T,, T,) are independent of the scale
parameter. We have obtained the probability density function (pdf) of (T, T,)
and the distribution function of (T, T,). Also marginal and limiting distributions
are discussed.

2. The probability density function of Z. The following lemma is used to deter-
mine the pdf of Z.

LEMMA. Let (X, Y),i= 1,2, -, m;m > 3 be the observations from the bivariate
normal distribution with the zero means, correlation coefficient p and common
variance a*; then the distribution of Z, defined in Section 1, can be expressed as the
distribution function of [U,(1+ p)a®+ U,(1—p)a?], where U,, U, are independent
and identically distributed chi-square random variables with (m—1) degrees of
Sfreedom.

Using Lemma 2 of [1] it can be easily shown that
(H My(1) = Ee% = [1-2¢(1 + p)o?]~ "~ D[1-2¢(1 — p)g?] 2"~ D

which is the same as moment generating function of [U,(1 + p)a?+ U,(1—p)ac?].
The distribution of Z does not depend on the means of (X;, Y)).
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The pdf of Z can be derived by using this lemma. Let Z=Y,+Y,,with ¥, =
U,(1+p)?, Y, =U,(1— p)o?. By the independence of Y;, Y, the joint pdf of
Y,, Y, can be written as

_exp[—y1/(2(L+p)o?)— ya /(A1 ) 1m—-3)
@ 0= pE i monppE -
0<y, <o, 0<y, <.

Making the transformation z =y +y2, Y2 =2 where 0 < y; <z<oo,i=1,2
and 0 < z < o0, the joint pdf of Z and Y, is obtained. When integrated over y,
with m even and odd separately the pdf of Z follows. First, let m be odd, then

1(m—3) is an integer, say k
_ exp [ —z/(2(1+p)o?)] N —PY2
16 = oy hya - o O e |0
Expanding the binomial (z— y,)¢ and letting v = py,/((1—p*)o?) and integrating
with respect to v, the pdf of Z is
f(2) = Kyexp{—z/2(1 +p)0*)} X0 () (— 1) (2o~ G2k —i+1)
3 (=2 p P 1= Y20 T [pzl (L= p?)a™)]’
cexp[—pz/((1—p»oH)]] 0<z< oo,
where K; = [(T(k+1))*@(1—p»))*117"
For the purpose of evaluating f(z) when m is even, Z could be considered as a
linear combination of chi-square variates each of which has one degree of freedom,
in symbols,
Z = (149X 2+ X2+ + X5 )+ 02 (1= )X + Xy + X))

where X;,i=1,2,-++,2(m—1), are independent observations from a normal
distribution with mean zero and variance ¢>. Let Z’' = Z/((1+ p)a?), then,

Z = X12+X22+ +X(2m—1)+(1_p)/(1+p)(Xm2+X(2m+1)+ tee +X§(m—1))'

If f(z') denotes the density of Z’ and f; (t) denotes the density function of chi-square
variate with k degrees of freedom, then by [4] and [5], the density function of Z’
can be written as a linear combination of chi-square densities. From the density of

Z', the pdf of Z follows in the form

. hod z 1
@) f(@= i;)‘lif(zmni—z)((l +p)0‘2>(1+p)0'2 0<z< o0

where the g;’s are constants depending on m and p. Equation (4) can be reduced to

e q; 2\ (m+i=1) m+i=2 _—Zz
5) f(z)"i§02m+"-1r(m+i—1)((1+p)6) : exp[2(1+»0)02]

0<z< o0,
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_ _ 2 i 1+ 4(m—1)
a=Ca( L) ()
1+p/\1—p

3. The joint probability density function of (7';, T,). The joint pdf of X, Yis

where

oo m m (x*—2pxy+ y> o
6) fx, 9= 2n(1—p2)’fazeXp|: 202< =, 0 < X, j < o0.

Noting the independence of (X, Y) and Z, and making the transformation

1Y iy
7 o= ™ M

Y Tms 24 msy 2 27 [ms, 2 +ms,2 |
2(m—1) 2(m—1)
and integrating out z from the joint pdf of ¢, ¢,, z, the joint pdf of ¢, ¢, for m
odd and equal to 2k + 3 can be put in the form
< [1—p?

K, l_<1 ) . 2k—i+1_ o
[, 1) = 27,[(1_p2)%4(k+1)ié,o(’:')(_1)k [T] I2k—i+1)

‘ DT 1 1,2=2pt, £, + 1,270+
(8) {I‘(1+2)|:2(1+p)+ 8(k+1)(1—p2):|

i p VIG+Hj+2[ 1 +t12—2pt1t2+t22 TEHED
1-p? j! 2(1—p)  8k+1)(1—p?)

Jj=0

—o<ti<oo, i=1,2.

By the same procedure used to get equation (8), f(¢,, ¢,) can be derived from (5)
and (6) for m even in the form,

o (m+i—1)(1—pH)Hy, 1 12 =2pt; by +1,27 7D
i, 1) = Z mti+1 mt+i—1 2
n2 (m—=1)(1+p) 2i+p)  4m—1)(1-—p*)

) i=0
—o<t<oo, i=1,2.

4. The distribution function of T, T,. The distribution function of Ty, T, can
be obtained by integrating the density function with respect to ¢,, t, over any

region of the type, h; < t, < h,, h,’ < t, < h,’, finite or infinite. The integral of the
distribution function is denoted by

(10) Pm(ha h’a P) = jh—’oojh—oof(lla tz)dtl dt.?‘
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For m odd, substituting (8) into (10) P,,(h, ', p) can be written as
2

Py (hy Y p)—i—{z T(i+2)c; (“p”) B [2(1+p)]*?

4k +1)
2k—i 2 2k—i—j+1
(11) Py, ps by )= Z ZI(’ “2)( . >

=0

[2(1 _P)]i+j+2Pi+j(n2, p, 1, h’)},

where ¢; =($)(=1)*" Tk —i+1),

2_2pty b, + 1,770
P(na, P h h) 2)%J‘ f [ (ﬁ p2 ) ] dtl dtZ’

a=1,2,

ny = 4(k+1)/(1+p), ny = 4(k+1)/(1—p). In order to evaluate Py(n,, p, h, h") we
use the transformation

(12) reosf = (t, —pty)[(1—p?Y,  rsind =t,, then
Piny, p, h, h') = tn(i+1)"'(1+sgnh)(1+sgnh’)
—.f:(h, W, p) ﬁ?csc o 9(1) drd@_ﬂ‘r(h’,h,p) I;:ocsce $(r)drdo
where ¢(r) = 2r) " 'r(1+r2/n)~0*2,
c(h, b', p) = arctan [h(1 —p»)*/(h—ph')],  sgnh=4+1 if hz0,
=—1 if h<O.

(13)

We assume that for any real 4 and B (B # 0) 0 < arctan (4/B) < 2n and the angle
is to be interpreted as lying in the interval (0, 3n), (47, 7), (7, 3m) or (37, 2m)
according as the signs of 4 and B are (+, +), (+, =), (=, =), or (—, +).
Integrating with respect to r, (13) reduces to

Pi(nau pa h’ h’) = %na(i—i- 1)— 1[%(1 +Sgnh)(1 +Sgnh,)— Qi+ l(nau p, ha hl)
- Qi+ l(naa P> h,a h)]’

where Q.4 (1, py by B) = Q)™ %, py(L+h'?n7 Tesc?0) ™D d0. Using the re-
cursion formula for Q. (n,, p, h, h’) given in Dunnette and Sobel [3],

Pyn,, p, h, h') = dn,(i+ 1)~ '[(2n)” *arctan ((L—p?)*/—p)
+ 3 (n,m) Y T(s— DI () T L+ 12 ng) ¢
(15) (1 +sgn(h—ph') Luy, 1y s— D} +3h(n,m) 72
YT — ()™ (1 4k ng) =67
{L+sgn (' = p)ou e m(E s— D}

(14)
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where x(n,, b, I') = (h— ph')*[[ (h—ph')> + (1= p*)(n,+h'*) ], and
Lo nn3 s—1) = TOTGT—H] 7 5=y~ H1 - yy~*dy.

In the case of m even, the distribution can be put in the form
(16) P,(h, ', p)= 2o(m—=1)" m+i—1)(1+p)q; Ppii-2(n3, p, h, h'),
where n; = 2(m—1)/(1+ p).

5. Marginal density function of T . The marginal density of T is evaluated by
integrating over T, in (8) or (9) according as m is even or odd. For m odd and
equal to 2k +3,

Kl k k " 1— p2 2k— l‘j’l ) s
ﬂtl):m{i;o(i)(—l)k ( . > IQk—i+DI'G+3)

1 t12 —(i+3) k 2k—i
(7 ( + ) -y Y ( >( DGy

21+p) 8(k+1) i=0 j=

1——p2 2k—i—-j+1
< > IQRk—i+1)T(+j+3)

p
1 2 \"EHIY
'<2(1—p)+8(k+1)> } o0 <t <.
For m even,
© (m+i—DI'(m+i—4)g; 1 t12 —(m+i-%)
S = ‘% m+i 3 mti—1
(18) 2. 37 (m — 1)1+ py™ " L(m+ )\2(L +p)  4m—1)

—00 <t < 00.

6. The limiting distribution of (7, T,). If ¢ is replaced by t/{(2m—2)¢?} in
expression (1), upon taking the limit, it follows that

(]_—|-p)0' —4(m—1)
lim,,, o M z/(2m- 2)a2}(t)_hm'”_’°°|:1_(r_n—l—)a—l

1 - 2 —-3(m—-1)
11- (_g)_ai t-l =e.
(m—1)o
Hence Z/{(2m—2)a*} converges stochastically to one. Also, the sequence (m*X,
m*Y) converges in distribution to the central normal distribution with correlation
p and common variance ¢2. By Cramér [2] page 254, it follows that the limiting

distribution of Ty, T, is central normal distribution with correlation p, and
common variance g2.
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