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Florida State University

1. Imtroduction. Let {P;}, i =0,1,2---, P, # 0, P, # 0O represent the prob-
ability of a random variable X taking on the values 0, 1, 2, ---. Katti (1967) shows
that a necessary and sufficient set of conditions for X to be infinitely divisible is that

for i = 1,2, --- . The aim of this paper is to derive a sufficient condition and to
present some additional results.
2. A sufficient condition.

THEOREM 2.1. A4 discrete distribution {P;} i = 0, 1, ---, Py # 0, Py # Oisinfinitely
divisible if {P;/P;_,}i = 1,2, --- forms a monotone increasing sequence.

Proor. Denote P;/P;_; by K;. By assumption, K; < K, £ ---. Note that since
P, and P, are nonzero, {K;} i = 1, 2, --- are positive and nonzero. Now,
i

Po_ PPy Py g
_ Pk,

(2) il
Py PP, P, =1

From (1),
iP, ‘Pm, [ iz j
®) e 5 (1) T me (1 0)

Jj=1

On replacing i by (i+1) in (3), we get
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or
(7 Ty 1/Kivq 2 ni[l_Kl/Ki+1] z0,

which leads to #;,; = 0 and proves that {P;}, i = 0, 1, --- is infinitely divisible.

Here it may be of interest to note that this inequality has been noticed in con-
nection with renewal theory by Kendall (1967), Goldie (1967) and Horn (1970).
For some additional results, reference may be made to Steutel (1967, 1968, and
1969). The importance of our paper therefore lies in dissociating this result from the
particular application and proving it for the general case of integer-valued
distributions.

ExampLE 2.1. Consider
®) P, =cO'[{(i+a,)(i+ay) - (i+a,)},

i=0,1,2,--- where 0 < 0 < 1, n is finite, a; > 0 for j =1, -+, n and c is an
appropriate constant so that ) /2, P; = 1. Here,

9 K =0 i+a,—1 i+a,—1\ = fita,~1
©) P i+a, i+a, i+a, )

Clearly {(i+a;—1)/(i+a;)},i = 1,2, --- is a monotone increasing sequence for all j
and hence {K;}i = 1,2, --- is a monotone increasing sequence. This proves that
{P;}i=0,1, - is an infinitely divisible distribution.

The logarithmic distribution with P; = c0'*!/(i+1) for i = 0, 1, --- can also be
shown to satisfy this sufficient condition and hence, it is also infinitely divisible.
Notice that the proof through the sufficient condition is far simpler than the
original proof in Katti (1967).

3. Applications. Most of the infinitely divisible discrete distributions given in the
literature have characteristic functions of the form (¢(¢))° where 0 is a parameter.
The importance of Theorem 2.1 is that it can be used to generate a number of
infinitely divisible distributions that do not have characteristic functions of that
form.

THEOREM 3.1. Let {P;}i = 0, 1, --- be an infinitely divisible distribution such that
Py #0,P; #0,K;, = P/P,_and {f(K)}i = 1,2, - forms a monotone increasing
sequence. Let f(K;) be a function such that f(K,) > 0 and {f(K)}i = 1,2, --- forms
a monotone increasing sequence, and lim;_ ,, f(K;)<1. Then,

(10) Qi == S (KD [T5=1/(K})
Sforms an infinitely divisible distribution.

The proof follows as a direct consequence of Theorem 2.1. Some particular forms
of f(K) are given below:
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CoRrOLLARY 3.1. If {P;}i=0,1,2,--- with P, #0, P, #0 is an infinitely
divisible distribution such that {K;} = {P/P;_,}i = 1,2,--- forms a monotone
increasing sequence, then {Q;}i=0,1,2,-.- defined as below form infinitely
divisible distributions:

1) (a) Q0=I;O+c, 0 == for i=1,2,-

+c 1+c
(12) (b) Q= Pi"/Z:?io p/ for i=0,1,2,-++; nfinite.
(13) (c) Qo =c/(1+c), Qi=P(l+c) fori=1,2,--,wherec = P,*|P,.
(14)  (d) Q;=iP/¥2,i'P; Sfor i=0,1,2,-++, for any j

for which Y 2, i’P; converges.

Substituting of particular functional forms in this corollary is left out for brevity.
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