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APPROXIMATION OF SMOOTH CONVEX BODIES BY
RANDOM CIRCUMSCRIBED POLYTOPES

BY KAROLY BOROCZKY, JR.! AND MATTHIAS REITZNER?
Rényi Institute of Mathematics and Universitdit Freiburg

Choose n independent random points on the boundary of a convex body
K C R The intersection of the supporting halfspaces at these random points
is a random convex polyhedron. The expectations of its volume, its surface
area and its mean width are investigated. In the case that the boundary of K
is sufficiently smooth, asymptotic expansions as n — oo are derived even in
the case when the curvature is allowed to be zero. We compare our results to
the analogous results for best approximating polytopes.

1. Introduction and statement of results. Let K be a compact convex set
in R? with nonempty interior and with boundary of differentiability class 2.
Choose n random points X1, ..., X, on the boundary 0K, independently and
identically distributed with respect to a given density function dg. Denote by
H, (X;) the supporting halfspace to K at X;, and define the random polyhedron
as the intersection (;—;  , H+(X;). If n is sufficiently large, then with high
probability the random polyhedron is a quite precise approximation of the convex
body K. Clearly, if dx > 0 the random polyhedron tends to K with probability
one as n tends to infinity and, by continuity, volume, surface area and mean width
of the random polyhedron tend, respectively, to the volume, surface area and mean
width of K. It is of interest to determine the rate of convergence.

In this paper we investigate the expectation of the difference of volume V,
surface area S and mean width W of the random polyhedron and the convex
body K. It should be noted that with small but positive probability the random
polyhedron is unbounded. Hence, with positive probability, the volume of the
random polyhedron will be infinite and the expectation will not exist. To ensure
that the random polyhedron becomes bounded we intersect it with a large cube C
which contains the convex body K in its interior. Thus we define

n
Py :=()H(X)NC
i=1
and investigate V (P(,)) — V(K), S(P)) — S(K) and W (P(,)) — W(K). Note that
our results will not depend on the actual choice of C.
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Approximation of convex bodies by polytopes has been considered frequently
for nearly 100 years. Most of the investigations focused on the one hand side on
best-approximating inscribed and circumscribed polytopes, and on the other hand,
on inscribed random polytopes. Interestingly enough, it turns out that only a few
papers deal with circumscribed random polytopes and that volume, surface area
and mean width of random circumscribed polytopes have not been investigated at
all so far. In this paper we fill this gap and then compare our results to those for
best-approximating circumscribed polytopes.

The problem to construct a best-approximating circumscribed polytope can be
formulated in the following way: Choose n points X1, ..., X, on the boundary
of K such that the polytope P(t;f’)St = NH(X;) is as close as possible to K, that
is, the difference of the volume of P('ff)“ and the volume of K should be minimal

among all possible choices of points X; € K. For convex bodies K € €% with
positive Gaussian curvature, Gruber [8] proved

as n — 0o, where divy_; is a constant depending on the dimension only. Here
Q(K) denotes the affine surface area of K,

Q@3=AKH#KﬂUMHML

where Hy_1(x) denotes the Gaussian curvature of 0K at x and dx denotes
integration with respect to the (d — 1)-dimensional Hausdorff measure on 9K.
Formula (1) has been generalized to K € C? (allowing the Gaussian curvature to
be zero) by Boroczky [2].

It turns out that the corresponding result for random polytopes has the same
order of approximation as occurs in (1). But, for random polytopes we can
even prove an asymptotic expansion for EV (P,)) — V(K) if the convex body
is sufficiently smooth. In general the existence of asymptotic expansions for
best-approximating polytopes seems to be unknown, except in the case d = 2
(Ludwig [12] and Tabachnikov [25]), but see also Remark 2 at the end of this
section.

THEOREM 1. Let K € C? and choose n random points on dK independently
and according to a continuous density function dx > 0. Then

1 o/ 2
EV(Puy) — V(K) = Exd_z{(d ”r<ﬁ + 1)

. ) / dyx ()~ "V Hy oy () dxp =2 @D
K

+o(n=2/@=D)
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as n — oo. Moreover, if K € Ck with positive Gaussian curvature, k > 3 and
dx € C*% with dg > 0, then

EV (Puy) — V(K) =cY (K)n™2/@=D 4 ¥ (Kyn=3/@=D 4 ...
+el (K~ *k=D/E=D 4 g (p=k/@=1)

as n — 00. The constants c,‘é(K) satisfy cgm_l(K) =0form <d/2ifd is even,
and c;/m_l(K) =0forallmifd is odd.

The asymptotic formula (2) was already treated by Kaltenbach [11] if K € @3
with positive Gaussian curvature. Recently, an estimate for the variance of
V(P@w)) — V(K) led in [19] to a stronger version of (2): for any positive density
function dk a strong law of large numbers holds for V (P,)) — V(K).

Using Holder’s inequality it is easy to observe that for given K the right-hand
side of (2) is minimized if the density function dx equals

Hd_l (x)l/(d+1)

dmin — )

Hence choosing random points on d K according to d?i“ by Theorem 1 gives

I 2/@-1 2 1), —2/(d—
EV(P(,,))—V(K):EK[J_{( )F<—d_1+1>Q(K)(d+1)/(d Dp=2/@=1

+o(n~2/@D)

as n — oo, which should be compared to formula (1) for best-approximating
polytopes. In particular, (1) and (2) immediately imply for K € G2

—2/(d—1
EV(Pw) = V(K) .4 T2+ 1)

ango besty - di
V(P(n) ) — V(K) 1Vg—1

which is independent of the convex body K. Thus it is of interest to compare the
arising constants. With respect to divy_1, its value is only known for d = 2, 3, but

its asymptotic behavior as d — oo has been determined by Zador [26], see also
Conway and Sloane ([5], page 58),

3)

’

1
divy_ = Ed + o(d).

On the other hand, Stirling’s formula yields
~2/(d-1) 2 1
N—m+1)=—-d d
fa-1 (d—l + ) 2em +o(d)

as d — oo, which implies that the right-hand side of (3) tends to one as
the dimension tends to infinity. In particular, as the dimension tends to oo,
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approximation of convex bodies by random circumscribed polytopes is as
good as approximation of convex bodies by best-approximating circumscribed
polytopes.

In order to state the corresponding results for the surface area of random
polytopes we need the following notion: for K € €2 denote by ki (x), ..., kg—1(x)
the principal curvatures of K at x. In particular, the mean curvature Hj(x) is
d—-1)"1 > ki (x) and the Gaussian curvature Hy_1(x) is [ ] k; (x).

The result for the surface area is surprisingly complicated and reads as follows:

THEOREM 2. Let K € C? and choose n random points on dK independently
and according to a continuous density function dx > 0. Then

ES(Pu)) — S(K)

_ _ 2
—d— I)Kd_(‘f“)/(d 1>F<ﬁ + 1)
4)

<[ dK<x>—2/<"—”Hd_1(x)”“’—”{H1<x>
0K

+o(n~2/@-D)

as n — oo where

1 2 ) —(d+1)/2
M(x) = m /Sd?z (;ki(x) V; ) (Xi:ki(x)vi> dv
with v = (vy,...,v4—1). Moreover, if K € C* with positive Gaussian curvature,
k>3 and dg € C*=2 with dx > 0, then
ES(Py) — S(K) = c3(K)n=2/@=D 4 S (kyn=3/@=D ...
+ le_l([()n—(k—l)/(d—l) + O(n—k/(d—l))

7M(x)} dxn=%/@=D
2d+1)

as n — oo. The constants C,Sn (K) satisfy cgm_l(K) =0 form <d/2ifd is even
and c5, (K) =0 forall m ifd is odd.

Note that the right-hand side of (4) is minimized if dx equals the following
complicated density function:

Hd_l(x)l/(d+1){H1 x)+1/2d + 1))M(x)}(d—1)/(d+1)
Jox Ha—1(0)V@D{(Hy (x) 4+ 1/2(d + 1)) M (x)}d=D/@+D gy~

It is a difficult open problem to deduce an analogous formula for best-
approximating polytopes.

As a third notion of “distance” between P(,) and K the difference of the mean
width can be investigated; as for best-approximating polytopes, choose X; € 0K
such that P(l,’f)“ is close to K in the sense that W(P(l,’f)“) — W(K) is minimal.

A (x) =
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The deduction of the asymptotic behavior of W(P&e)“) — W(K) for K € C? with
positive Gaussian curvature is due to Glasauer and Gruber [7],

W(PESY) — W(K)

(d+1)/(d-1)
) —2/d=1)

1
) =——d¢F(f Hyy (r)@/6@+D gy
dkg oK

+o(n~2/@-)

as n — oo and the generalization to K € €2 is due to Boroczky [2]. The constant
del;— depends on the dimension only.

In the paper [7] an idea of Glasauer relates the mean width of a convex body K
to a certain integral over the polar body K* of K. This can be used to determine
the asymptotic behavior of the expected mean width EW (P(,)) of the random
polytope. Note that this method requires a stronger differentiability class for
proving asymptotic expansions.

THEOREM 3. Let K € C? and choose n random points on dK independently

and according to a continuous density function dg > 0. Then
EW(Pu)) — W(K)

2
(6) _ (d —_ I)F(d + 1 + m) / dK(_x)_Z/(d_l)Hd_l(_x)d/(d_l) dxn_z/(d_l)
d(d + VgD Jok

+o(n=2/@=D)

as n — 00. Moreover, if K € Ck+2 ywith positive Gaussian curvature, k > 3 and
dg € C* with dx > 0, then

EW(Py) —W(K) = ch(K)n—Z/(d—l) + ch(K)n_3/(d—1) L.
+C/?/_1(K)n_(k—1)/(d—1) + O(n_k/(d_l))

as n — 00. The constants c,‘:lV(K) satisfy cgn_l(K) =0form <d/2ifd is even
and Y (K) =0 forallm if d is odd.

By Holder’s inequality, the right-hand side of (6) is minimized if dgx equals
Hy_ (x)d/(d+l)
Jox Ha—1 ()@@ g

A" (x) =
Then by Theorem 3,
EW(Pu)) — W(K)

2
_ (d —_ 1)F(d+ 1 + m) (/ Hd_l(x)d/(d+l) dx
d(d + Dlegre /D ok

+o(n~¥@-D)

p—2/@=1)

(d+1)/(d-1)
) )
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as n — 0o. We compare this result to the one for best-approximating polytopes (5).
Since in both cases the order of approximation is n~>/“@~1 and also the
dependence on the convex body K is the same, we only have to compare the
coefficients occurring in (5) and (6). The asymptotic behavior of del;_; as d — oo
was determined by Mankiewicz and Schiitt [13, 14],

1
dely—1 = —d +o(d).
2em
On the other hand, by Stirling’s formula,

d-Drd+1+72p) 1
(d+ /4D 2e

d+o(d)
T

as d — oo, which implies for convex bodies K € G2 with positive Gaussian
curvature

o EW(Pw) —W(K) _(@d—-DId+1+ 727)

n=o0 W(PPS) = W(K) — (d+ D2 "V dely

Thus, also for the mean width, approximation of convex bodies by random
circumscribed polytopes is as good as approximation of convex bodies by best-
approximating circumscribed polytopes as the dimension tends to oo.

—1 asd — oo.

REMARK 1. For convex bodies of class C*° and with positive Gaussian
curvature, Theorems 1 to 3 yield asymptotic expansions for EV (P,)) — V(K),
ES(Pn)) — S(K), and EW (Pg,)) — W(K) as n — oo.

REMARK 2. As already mentioned, in case of best approximation of a planar
convex domain K by circumscribed polygons of n sides, Tabachnikov [25] verified
the analogue of Theorem 1; namely, the existence of a Taylor expansion in terms
of n=2 if K € > with positive Gaussian curvature. In light of Theorem 1, it might
be surprising that one does not have the Taylor expansion in terms of n~! in case of
best approximation of the unit three-ball by circumscribed polytopes with n faces.
This was proved by Boroczky and Fejes T6th [3].

REMARK 3. Analogous results for best-approximating inscribed polytopes
are due to Glasauer and Gruber [7] and Gruber [8] (investigating the asymptotic
behavior of best-approximating inscribed polytopes with n vertices as n — 00).

Analogous results for inscribed random polytopes mostly deal with random
polytopes chosen in the interior of the convex body K (cf., e.g., Bardny [1] and
Reitzner [17]). Only recently, systematic research investigating random polytopes
with vertices chosen on the boundary of K was done (after work of Buchta,
Miiller and Tichy [4] and Miiller [15, 16]; also see Schiitt and Werner [23, 24]
and Reitzner [18]).
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2. Tools.

2.1.  The first tool is a precise description of the local behavior of the
boundary of a convex body K € @2. For convex bodies K € G2 with positive
Gaussian curvature the following lemma was proved in [18]. The generalization to
convex bodies K € C? is a straightforward task and thus we omit the proof.

Fix K € C2. Consider that part of the boundary of K where all principal
curvatures k;(x) are bounded away from zero by a given constant, say & > O.
Denote the set of such boundary points by 0K = 0K (¢). At every boundary
point x € 0K there is a paraboloid ng)—given by a quadratic form ng)—
osculating K at x. ng) and ng) can be defined in the following way: identify
the hyperplane tangent to K at x with R¢~! and x with the origin. Then there
is a convex function @ (y) € €2, y = (y',..., ¥4 ") e R?"! representing 9K
in a neighborhood of x, that is, (y, f(x)(y)) € K. Denote by fi;x)(O) the second

partial derivatives of £ at the origin. Then

by (=3 ) £ Oy
iJ
and

08 =10, 2) 12> b ().

The essential point in the following lemma is the fact that these paraboloids
approximate the boundary of K uniformly for all x € d K. Note that “flat” parts
of 9K cannot be approximated by paraboloids. Thus this approximation works
only in suitable neighborhoods U” of x € 3K which do not intersect those parts
of d K where the Gaussian curvature vanishes.

LEMMA 1. Let K € C? and & > 0 in the definition of 3K, be given. Choose
8 > 0 sufficiently small. Then there exists a A > 0 only depending on 6, ¢ and K,
such that for each point x of 0K the following holds: identify the hyperplane
tangent to K at x with R4~ and x with the origin. The A-neighborhood U of x
in 9K defined by projga—1 U* = AB=1 can be represented by a convex function

FO(y) e @2, y e AB4~!. Furthermore

®) (1487650 < fO0) < (1 +8)b5(y) fory e B!,
©) 1+ lgrad fOG)P < (1+8) fory e 1B,
(10) (148)"'dx(x) <dx(p) <(1+8)dx(x)  forpeU*
and

(A1) (148)7260() < (3,0) - ng(y) < (14+8)2b57(y)  fory e AB*,

where ng(y) is the outer unit normal vector of K at the boundary point

O, FP0).
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We need the following refinement of (9):

SUPPLEMENT TO LEMMA 1. For é > 0 and thus A > 0 sufficiently small the
following holds for each x of 0K ;:

2
EIRED <§ ifiﬁ-")yf)
i J

(12)

2
< \/1 +> Por-1=a +5>%Z(Zfi§X)y1)

J
fory e AB4T1

This can be readily proved using the methods of the proof of Lemma 2

in [18] and using the facts that /1+ )", fi(x)(y)2 — 1 can be replaced by
(1/2) 5 £ (y)?, that

SR = 2@+ A 09y
J

for a suitable 6, and the continuity of fi;x).

2.2.  The next tool is a description of the boundary of a convex body K € C*
with positive Gaussian curvature for k > 3. It is a straightforward generalization of
a result of Schneider [21] concerning convex bodies of class C3 to convex bodies
of class C.

LEMMA 2. Let K € C* with positive Gaussian curvature, k > 3, be given.
Then there are constants o, 8 > 0 only depending on K such that the following
holds for every boundary point x € dK: identify the support plane of K at x
with R4~ and x with the origin. Then the a-neighborhood of x in 3K can be
represented by a convex function f(y) of differentiability class C*, y e R4~
Furthermore the absolute values of the partial derivatives of f(y) up to order k
are uniformly bounded by .

2.3.  The third tool concerns the Taylor expansion of inverse functions. It is a
refinement of well-known results on the inversion of analytic functions (cf., e.g.,
[10], Sections 1.7. and 1.9.) due to Gruber [9].

LEMMA 3. Let
2=2z2(w, 1) = by (W)™ + -+ + b (w)i* + Ot

for 0 <t <a,2<m <k, be a strictly increasing function in t for each fixed w
in a given set. Assume that by, (-) is bounded between positive constants, that
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bm+1(), ..., bg(-) are bounded and that the constant in O(-) may be chosen
independent of w. Then there are coefficients c1(-), ..., Ck—m+1(-), and a constant
y > 0 independent of w, such that for each fixed w the inverse function t(w, -)
of z(w, -) has the representation

t=1(w,z) =c1(w)z/"™ 4 - 4 cp_py 1 () &V g (Fkm D m)

for 0 < z <y. The coefficients c1(-), ..., Ck—m+1(-) can be determined explicitly
in terms of by, (+), ..., bi(-); in particular,
_ _ bm+1(')
AO= g SO T, e
3() = — bm+2(") (m + 3)by41()?
b, () m T 2y CemAR) m
()=— bm+3(°) (m + D by1()bm2()
A = by () m m2b,, (-) ] m

_ m+2)m + Dbyt ()
3m3bm(,)(3m+4)/m

The coefficients are bounded and if by, (-),...,br(-) are continuous, so are
c1(:)y ..., Ck—m+1(-) and the constant in O(-) may be chosen independent of w.

REMARK. It is easy to check the following additional property of the coef-
ficients ¢; (+): if by, (W), by42(w), by4a(w), ... are even functions, and by, 1 (w),
bm+3(w), by4s5(w), ... are odd functions of w, then c1(w), c3(w), c5(w), ... are
even functions, and cy(w), ca4(w), ce(w), ... are odd functions of w. Further if
bm+1(w), by+3(w), by 45(w), ... vanish, then also cz(w), c4(w), cg(w), ... van-
ish.

3. Proof of Theorem 1. The proof is divided into two parts. In Sections
3.1-3.5 we prove the existence of an asymptotic expansion

EV(Puy) — V(K)=cy (K)n 2/ @=D 4 ¥ (Kyn=3/@=D 4 ...
+c,§/_1(K)n_(k_1)/(d+l) + O(H—k/(d—&-l))
as n — oo for convex bodies of differentiability class Ck with positive Gaussian
curvature, k > 3, and show the properties of the coefficients ciV (K) stated at the

end of Theorem 1, and in Sections 3.6-3.9 we prove the first part of Theorem 1
concerning convex bodies of differentiability class C2.

3.1. Let K € G? be given and choose n random points Xp,..., X, on 3K
according to the density function dg . The intersection of the supporting halfspaces
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H, (X ) is a random polyhedron which contains K and by definition

n
Py =) He(X)NC,
i=1
where C is a large cube which contains K in its interior. Thus P, has n facets F;,
J =1,...,n, generated by the supporting hyperplanes H(X ;) = dH(X;), and,
maybe, further facets generated by the boundary of C.

It is clear that we can restrict our attention to random polytopes P(,) with
Py — K as n — oo. To make things more precise we assume that the Hausdorff
distance d(P(,), K) is less or equal ¥, that is, P, is contained in K + 9 B,
where 9 > 0 is chosen sufficiently small such that K + 9 B¢ is also contained
in C. We add a suitable error term which takes into account those cases where
d(Ppy, K) > 9.

Let K € G with positive Gaussian curvature, k > 3. Denote by H j(x) the jth
normalized elementary symmetric function of the principal curvatures of K at x;
thus Hyp(x) =1 and

d—1\"
Hj(x)=< . ) Y k@) ().

J 1§i1<~~~<ij§d—1

In particular, Hy_1(x) is the Gaussian curvature and H;(x) the mean curvature
of K at x.

Consider two convex bodies K and L, K € @2, with K C L. Then from a
local version of Steiner’s formula for parallel bodies (cf. Sangwine-Yager [20])
it follows that

1 d—1 d
a3 v v =2 (8) [ et @,

d m=0 n aK
Here r(x) is the distance of the point x to dL in direction normal to 0K, that is,
if ng (x) denotes the outer unit normal vector of 0K at x then x + r(x)ng(x) is
contained in dL.

We are interested in the particular case where L is the intersection of supporting
halfspaces of K. Hence r(x) is determined by the intersection of the ray {x +
snk(x), s > 0}, with a hyperplane H (y) tangent to the boundary of K at y € K.
For each point y € K this point of intersection is determined by ry (x) > 0 where

ry(@) = supls | x +sng (x) € Hy ()},

and where ry(x) = oo if the intersection of the halfline x + sng (x), s > 0, with
the halfspace H, (y) is unbounded.

Let X1, ..., X,, be random points chosen according to the density function dg
on the boundary of K, and let L = P,y =) H;(X;) N C. Fix x € 3K and denote
by rmin(x) the “first” point of intersection on the ray {x + sng (x), s > 0}, that is,

Fmin(X) = min er(x).
j=1,...n
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To determine the distribution of rpi, we introduce the following notion: fix
x € 0K and define G(x, s) as that part of d K which is “visible” from x 4 sng (x),
that is,

G(x,s)={y€dK |ry(x) <s},
and let g(x, s) be the weighted surface area of G (x, s),

g(x. 5) =/ dx (y)dy.
G(x,s)

By definition this is just the probability that 7y (x) < s for arandom point Y chosen

according to the density function dg on dK. Since the points X,..., X, are
chosen independently,
(14) P(rmin(x) > 5) = (1 — g(x, 5))".

The fact that for s — oo the function g(x, s) does not tend to one corresponds
to the fact that even for n large with positive probability the random polyhedron
() Hy (X ) is unbounded.

Now note that d(P,), K) > ¥ if there is a point x € dK such that either
X 4 rmin(x)ng (x) is a vertex of P,y with ryin(x) > ¥ or rpin(x) = o0o. Since
for given K the function g(x, ©}) is bounded from below by a positive constant n
for all x € 9K, it is immediate that

(15) P(d(P(y, K) > 9) < (Z) (1= =001 -n").
This and (13) now implies

EV(Pn)) — V(K)
1 d—1

d . —m
(16) = X () [ Enintmiao. 0D Ha o d

m=0
+o(mi1—n"),
where we already know that
0
E((min{rnin(0), 9)') = [ 7597 dB(ruan() < 5) + O (a1 = )",
It is an easy observation that—for K € @2 with positive Gaussian curvature and

for fixed x—the function g(x, s) is differentiable, increasing, and thus the inverse
function s(x, g) of g(x, s) exists [cf. (25) and (27)]. Hence

E((min{rmin (x), #)*~")

% o n_10g(x,s) n
(17) =n'/0 sd (l—g(X,S)) leS‘f’O(nd(l_n) )

n
- n/o s, @)1 — )" tdg + 01 —n)").
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Combining (16) and (17) yields for K € C? with positive Gaussian curvature
EV(Pu)) — V(K)
1 d—1

d K d—m1 _ yn—1
(18) —dmzz()(m)/aKn/() 5 (1 — )" dg iyt () dx

+ 041 —n)").

32. Let K € C* with positive Gaussian curvature, fix u and let x be the
point on 0K with outer unit normal vector u. In this section we give a local
representation of K and the outer normal vectors in a neighborhood of x using
cylinder coordinates. Thus a point in R? is denoted by (rv,z) with r € RY,
v € §472 and z € R. Identify the support plane of dK at x with the plane z = 0 and
x with the origin such that K is contained in the halfspace z > 0. Since K € €,
by Lemma 2 there is a neighborhood of x in d K such that d K can be represented
by a convex function f(rv) which in polar coordinates reads as

(19)  z=frv) =byW)r* + b3()r* + - + b1 ()" + 0 ).

The coefficients are bounded by a constant independent of x and v and are
continuous in v for fixed x. The constant in O(-) can be chosen independent
of x and v. By choosing a suitable Cartesian coordinate system in R¢~! the
coefficient b (v) can be written as

by(v) = %(kl vl kao1vio)),

where v = (v1,...,v4—1) and since for all boundary points of K the princi-
pal curvatures k; are bounded from below and above by positive constants,
the same holds for b>(v). Since (19) is the Taylor expansion, the coefficients
by (v), by(v), bg(v), ... are even functions and b3(v), b5(v), b7(v) are odd func-
tions of v € §972.

On the other hand, the Taylor expansion of f(y), y € R?~!, implies the Taylor
expansion of f(y);, i =1,...,d — 1, where f(y); is the ith partial derivative
of f(y). In cylinder coordinates this Taylor expansion reads as

20)  FOrv)i =cii)r +cior2 4+ cira k2 4 0* .

The coefficients are bounded by a constant independent of x and v and are contin-
uous in v for fixed x. The constant in O(-) can be chosen independent of x and v.
The coefficients ¢; 1(v), ¢; 3(v), ... are odd functions and ¢; 2(v), ¢; 4(v), ... are
even functions of v € §972.

For computing g(x, s) we need to determine those points (rv, z) € 0K with

s>rv-grad f(rv) — f(rv)
and thus by (19) and (20) we need the solution of the equation
s =dy()r?* +d3()r® + -+ di_ () 4 0.
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The coefficients are bounded by a constant independent of x and v and are
continuous in v for fixed x. The constant in O(-) can be chosen independent of
x and v. By choosing a suitable Cartesian coordinate system in R?~! it is easy
to see that the coefficient d>(v) equals by (v) and thus is bounded from below and
above by positive constants. The coefficients d3(v), ds(v), ... are odd functions
and da(v), d4(v), . .. are even functions of v € S92,

Inverting this series using Lemma 3 gives

QD) r=r,s)=e ()s*+er(v)s+---+ex_a(v)(v)s* D2+ O(s(k_l)/z).

The coefficients are bounded by a constant independent of x and v and are
continuous in v for fixed x. The constant in O(-) can be chosen independent of
x and v. The coefficients e;(v), e4(v), ... are odd functions and e (v), e3(v), ...
are even functions of v € S9~2. Note that » = r(v, s) is the radial function of the
projection of the set G (x, s) of “visible” points onto R?~!.

3.3.  Now we prove that the function g(x, s) has a Taylor expansion in s'/2.
By definition

g(x. 5) =f d () dy.
G(x,s)

We rewrite this integral using cylinder coordinates

(22) g(x,s)=/ / dK(rv)\/l—|—|gradf(rv)|2rd_2drdv,
S§4-2 Jr<r(v,s)

where r (v, 5) is defined in (21).

First note that dx € C*~2 and thus we obtain a Taylor expansion for di in terms
of r where the first term equals dg (x), which implies the existence of functions
dg.m(v) with

(23)  dg(rv) =dg(x) +dg 1) + - +dg -3 + 0.

All coefficients are bounded by a constant independent of x and v. The
constant in O(-) can be chosen independent of x and v. The coefficients
dg 2(v),dg 4(v), ... are even functions and the coefficients dg 1(v), dg 3(v), ...
are odd functions of v € §471.

Second, by (20),

|grad £ (rv)|? = & (0)r? + &) + -+ &1 ()rk =+ 0 (b,

where the coefficients are bounded by a constant independent of x and v
and are continuous in v for fixed x. The constant in O(-) can be chosen
independent of x and v. The coefficients ¢>(v), c4(v), ... are even functions and
&3(v), &5(v), . .. are odd functions of v € =2 Therefore the element of surface
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area /1 + | grad f|2 has the Taylor expansion up to order O (r¥):

J1+ | grad £ (ro)?
=14+ Hr* + @ + -+ fici o).

(24)

All coefficients are bounded by a constant independent of x and v and are
continuous in v for fixed x. The constant in O(-) can be chosen independent of
x and v. The coefficients f>(v), f4(v), ... are even functions and f3(v), f5(v), ...
are odd functions of v € §972.

Thus the integrand (22) has the Taylor expansion

di (ro)/1 + [grad £ (ro)|? 472

where all coefficients are bounded by a constant independent of x and v and are
continuous in v for fixed x. The constant in O(-) can be chosen independent of
x and v. The coefficients g>(v), g4(v), ... are even functions and g; (v), g3(v), ...
are odd functions of v € S92 and go(v) = dk (x) is independent of v. Thus the
integrations in (22) and the definition of r(v,s) in (21) imply the existence of
coefficients g; with

g=g(x,9) =gis“ 7 4 g2 oo g os TV
+ O(S(d+k_3)/2),

where the coefficients g, g4, ... vanish, g; is bounded away from zero, all
coefficients are bounded by a constant independent of x, and the constant in O (-)
can be chosen independent of x.

(25)

3.4. In the last step we investigate the moments E((min{rpyi,(x), ﬁ})d_m)
and thus by (18)

7 d—m 1— n—1
n ) sCnT(—g)" dg.

It is easy to see that this can be written as
(26) n /'7(1 _g)n—ng(d—m)/(d—l)(PL(k—3)/2J (g2/(d—1)) + O(g(k—Z)/(d—l))> dg,

0
where PLE=3/21(7) is a polynomial in the variable z of degree |[(k—3)/2].
Inverting the Taylor expansion (25) using Lemma 3 gives

s=s5(x,8) =587V 45387V 4 g gWTD/EED

27)
+0(gHID),
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where s3, 55, ... are vanishing. Defining pLk=3)/2] (-) by
d— 2(d— -1 k—3)/2](.2/(d—1 k—2)/(d—1
gd—m =g (d—m)/(d )(PL( 3)/ J(g /( ))+ O(g( )/ ( )))

proves (26). The coefficients of PL&=3)/21(.y and the constant in O(-) are bounded
independent of x.
Finally, the integral

n
/O (1 — gy~ g2/ =D (LAY (/D) 1 o (gk=2/@=1)) g

can be evaluated by the substitution e’ := 1 — g. Consider the integral of a single

term g//“=D_Up to an error term which decreases exponentially in n this is the
following Laplace transform:

/n(l —g)" g Vg
0
[e.e]
:/ eI — e/ gr 4 0(n? (1 — y)")
0
=L{(1 —e H=DYn)y + 0?1 — ")
l
=L tl/(d_l)(l—it )} o(n?(1—n").
{ s+ Jm ot =)
Using an Abelian theorem (cf., e.g., Doetsch [6], Chapter 3, Section 1) we obtain

[ [ [
_ 1)y —t/@-n-1 _ F( 2) —1/d-1)-2
<d—1+ )" 2d—1 \a—1°)"

+ -+ 01— n").

(28)

In particular,
£{O(tl/(d_1)+j+1)}(n) = O(n_l/(d_l)_j_z) asn — 0o.

Therefore, terminating the Taylor expansion of (1 — e~)//(@=D after the term
of order //(@=D+J and taking into account the error term O (f'/@=D+i+1y of
the same order as the first term omitted, results in an expansion of the Laplace
transform up to order n~l/(@=D=j=1 with an error term of order O (n—//(@=1—-i=2y,
Choose j as the smallest integer such that//(d — 1)+ j+ 1 >2(d —m)/(d — 1) +
(k—2)/(d —1). Then

n/"(l gy g2@=m/@=D (plk=3)/2](g2/d=D) | o (*k=D/@=DY) g
0

= hon2d-m)/d=1) 4 p p—@d=m)+D)/d=1)

4+t hk_3n—(2(d—m)+k—3)/(d—1) + O(H—(Z(d—rn)-&-k—Z)/(d—l))’
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where the coefficients h,, = h,,(x) and the constant in O(-) are bounded
independent of x. Combined with (18) this implies
EV (P()) — V(K)
=cy (K)n™ 247D 4 Y (Kyn /@D g o (Kn~ kDAY
+ O (nk/@+D),
3.5. The following facts concerning the coefficients cY (K) are easily
checked:

if d — 1 is even then the expansion of the Laplace transform in (28) is a series
in powers 2/(d — 1) of n~'—observe that [ is even—which yields that for odd d,

Y (K)y=cl(K)=---=0.
Let d — 1 be odd. Then (28) proves that for d even,
Y (K)y=---=cy_|(K)=0.

3.6. Now we come to the proof of the first part of Theorem 1 concerning
convex bodies of differentiability class 2.

In a first step we prove that in general g(x, s) is at least of order s%/(?~1 for
K € C? [cf. (25)]. This follows from the fact that all principal curvatures of 3 K
are bounded by a constant and thus each boundary point x of K is contained in
a ball of radius p > 0 which is itself contained in K. Fix x € K. Identify the
support plane of dK at x with the hyperplane R?~! and represent the boundary
of K locally at x by a function f(y), y € RY~!. By definition

g(x,5) = /G - dx (Y1 + | grad £ ()2 dy

> xgr}{ dg ) Va—1({y: (v, f(0) € G(x,9)}).

It is clear that the set {y: (y, f(y)) € G(x, s)}—which is the projection of G (x, s)
onto R4~!—contains the intersection of R¢~! with the convex hull of K and
(x — seg), and thus also the intersection of R?~! with the convex hull of K N H (¢)
and (x — seg) for any hyperplane H(f) parallel to RY~! with distance ¢ to the
origin: H(t) = R4~ 4 re,. Choose in particular ¢ = s: then

(29) g(e.$) = min dg (0)(3)" " Va1 (K N H(s)).

To estimate V;_1(K N H(s)) note that this intersection contains the intersection
of H (s) with the ball of radius p. This immediately implies
(30) g(x,s) = cs\=V/2

for s < p, where ¢ depends on K and dk.
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Now an easy argument proves that it is enough to take into account the term
m=d —1in (16),
E((min{rmin(x), #H¥) < 15 + 9 P(rmin > 1)
for t < 9. Choose in particular t = n~3/2@=1) Then by (14),
E((min{rmin (x), 9})F) < n =3/ @@=D) gk — en =341 = 0 (n=3/(@=D)
for k > 2, and thus

Gl EV(Pwm) - V(K) = /M E((min{rmin(x), #})) dx 4+ O (n~3/@=1),

Since the Gaussian curvature H;_1 and thus the principal curvatures k;, i =
1,...,d — 1, now are allowed to become zero, we again split the boundary of K
and thus the integration in (18) into the parts 0 K+ and d K¢, where (cf. Section 2.1)

0Ky =0K(e):={x€dK ki(x)>¢e,i=1,...,d — 1}
and
9K =K\ K,

for given ¢ > 0. Note that by definition d K (¢) is contained in d K (¢/2). Now
we choose the maximal distance ¢+ between P,y and K [used in (15)] such that
the following two conditions are satisfied:

(1) the set G(x, ) for x € 9K (¢) is contained in 0K 1 (¢/2), and

(ii) for any boundary point x € d Ko with principal curvatures k; (x) there is
a paraboloid Q with principal curvatures k; (x) + ¢ which touches 9K at x from
“inside” and is contained in K up to height ¢.

For abbreviation we fix ¢ and write from now on 0K, and 0Kg instead
of 3K () and dKo(e). This definition of ¢ now guarantees that the method
developed in Sections 3.1-3.4 also works for x € K. In particular, for x € 0K 1
and s < 9 the function g(x,s) is differentiable, increasing, thus the inverse
function s(x, g) of g(x, s) exists and (17) holds. For x € d Ky we have to modify
formula (17) slightly by using partial integration. Combining this with (31) yields

EV(P@n)) — V(K)
n 5
_ _o\n—1 _ n
(32) _./BK+n./0 s(x,2)(1—g) dgdx+/aK0/0 (1—g(x,s)) dsdx

+ O (n~¥=hy,

Denote the first expression concerning the difference of the volume for x € 0K 1
by EAV, and the second expression concerning x € dKog by EAVy. We prove
estimates for both expressions: the estimate (36) for EAV, gives the right
asymptotic behavior and the estimate (37) proves that EAVj is of smaller order.
Combined this implies Theorem 1.
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3.7. Firstfix x € 0K . For abbreviation write b, (-) and f(-) instead of béx) )
and f“)(.). Identify the support plane of dK at x with the plane z = 0 and x with
the origin such that K is contained in the halfspace z > 0. Since x € d K there is
a neighborhood of x in d K such that d K can be represented by a convex function
f (rv) which satisfies Lemma 1. [We apply Lemma 1 with arbitrary, but sufficiently
small § > 0 such that U” is contained in d K (g/2).]

Equations (8)—(11) imply that for given s the solution of the equation

s=rv-grad f(rv) = f(rv) = (y,0) -nK(y)\/l +1grad fO(Y)* = £ ()
with y = rv satisfies
(33) A+8) o) 252 <r <1+ 8227 2hy(0) /212

for r < A and § sufficiently small. Recall that r = r (v, s) is the radial function of
the projection of G (x, s) onto RZ~!,
As in (22) we have

2(x, s) :/ / di (ro) 1 + | grad £ (rv)2 r4 2 dr dv
S§4-2 Jr<r(v,s)
and hence for r < A by (10) and (9),

(1 +8) g (x) / r=2dr dv
S§4-2 Jr<r(v,s)

<g(x,s) §(l+5)2dK(x)/ / r?=2dr dv,
§4=2 Jr<r(v,s)
where r(v,s) satisfies (33). The integral in the last expression equals the
(d — 1)-dimensional volume of the convex body with radial function r (v, s) which
by (33)—up to a factor (1 + 8)T1s1/2—js the indicatrix of K at x. Therefore

(148) 722Dy dg (x) Hy—y (x)~1/2s@7 172
(34)
<g=g(x,5) < (1+8)2“ Dy 1dg (x)Hg1(x)""/2s D72

for s sufficiently small, where x4_; denotes the (d — 1)-dimensional volume
of B4,

Now fix x € dKy. To estimate V;_1(K N H(s)) in (29) note that for s < ¥
this intersection contains the intersection of H (s) with a paraboloid with principal
curvatures k; (x) + €. Since the principal curvatures are bounded from above, and
at least one principal curvature is at most ¢, this implies

G glx,s) > ce~1/25d=1)/2

for s < ¢}, where ¢ depends on K and dg.
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3.8. Inequality (34) is equivalent to
—4dj(d—1)1,~2/(d~1 Yy _ B
(14 8)~4/@=D 1, 721D g () =2/@=D g, | ()1 d=D g2/ =)

— — —2/(d-1 — — — —
<s<(1+ 3)2(3d 2)/d 1)%Kd—{( )dK()C) 2/(d I)Hd_l(x)l/(d 1)82/(d 1)’
which by (28) implies, for

n
n [ se)a—g)r " ds.
the following upper and lower bound:

_ nl —2/@-1 2 /(d— _
(1 +6)~%/@ 1)5Kd_{( Vg (o) 2D B ()l /@=D)

2
« F(d e 1>n—2/(d—1) +O(n2Ed=D-1y

n
< ”/o s(g)(1—g)"'dg

“nvid—n 1 —2/(a—1 2 /(d— _
< (1 4 8)26d-2/ 1)5"(1—{( Vi (x)" @D ()@=

2
« F<d o+ 1>n—2/(d—1) +O(n2/Ed=D-1y,
where the constant in O(-) is bounded independent of x € 9 K. This proves

| 2
(1+5)—4d/(d—1)§Kd_2{(d I)F(d—l—i_l)

< / di ()" 24D H, | (0)V/E@=D gy p=2/@d=D O(n—Z/(d—l)—l)
K
(36) ! | )
2(3d—-2)/(d—1 =2/(d-1)
<EAV, < (14 8)>34=2/( >5Kd_1 F(ﬁ + 1)
% di ()Y @D H, | (0)V/E@=D gy p=2/d=D 4 O(n—Z/(d—l)—l)
3K,
for arbitrary 6 > 0.
For x € d K¢ inequality (35) and formula (28) imply

v 1
/ (1 - g(x7 s))n ds < / (1 —C g_l/zs(d—l)/Z)n ds
0 0

< 1“(% n 1)c—z/(d—ng1/(d—1>n—2/(d—1>_

This proves
(37) EAVy < F(i + 1>c_2/(d_1)/ gV @=D gy p=2/d=1),
d—1 9Ky

where ¢ depends on K and dg.
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We combine our results. By (36) and (37) we have

1 o/ 2
—ad/d-1 ) —2/@-1
(1+8)~ 4/ >§Kd_1 F<—1+1>

x / dx ()C)—Z/(d—l)Hd_1 (x)l/(d—l) dxn=2/d=1
K

+ O(n—4/(d—1)) + 0(81/(d_1))
<EAV, +EAV,

1 _ _ 2
5(1+8)2(3d_2)/(d_1)5’(d—2{(d DF(d—l +1)

x / dx )Y @D L )V @D gy =2/
0K

+ O(n_4/(d_1)) + 0(81/(d_1)),

which by (32) proves Theorem 1 since § and ¢ can be chosen arbitrarily small. [

4. Proof of Theorem 2. We present the proof of Theorem 2 in an order similar
to that of the proof of Theorem 1. We only work out in detail those parts of the
proof which differ from the proof of Theorem 1.

4.1. In afirst step we develop a formula analogous to (13) for the difference
of the surface area of two convex bodies K and L with K € €% and K C L. By (13)
we have for the volume of L + r B¢

d—1

dy _ 1 (d
V(L +1B )_V(K)+de::O

m

) [ et
0K

where 7 (¢, x) denotes the distance of the point x € dK to d(L + ¢ BY) in direction
orthogonal to 0 K. [Note that r(0, x) = r(x).] Let x; be the unique point in L
such that x; = x + (0, x)ng (x). Then

1
r(t,x)=r0,x)+ mt 4+ o(1)

as t — 0 and thus

ar(t, x) _ 1
ot li—o ng(x)-np(xp)’
This and the fact that (¢, x) < (0, x) + (ng (x) - nz(xz)) "t immediately imply
S(Ly= V(L +1tBY)
ot 1=0
1 d—1

= - d _ d—m—I;
d (’71) ./3K(d mr (0, x) k(- nL(xL)Hd—l—m(X)dx

m=0
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which in turn proves the following lemma:

LEMMA 4. Let K and L be two convex bodies with K € C* and K C L. Then
S(L) — S(K)

(38) = (é — 1) dx
dak \ng(x)-np(xr)

Sd-1 d—1-m 1 d
+z—:o m aKi’(X) ————————Hy1-m(x)dx,

ng(x)-np(xp)

where r(x) denotes the distance of the point x to d L in direction orthogonal to 0 K
and x;, =x +r(x)ng(x) € odL.

Let K € C? be given and let L be P,). Then for given x € dK we are interested
in the expectations

E( ! — 1) and E(min(rmin(x), 8)’ ! )
nk(x)-np, (xp,)) nk(x)-np, (xp,)

Let again P, satisfy d(P(,), K) < ¢ whence by (15) we have to add an error
term O (n?(1— n)"). Further we assume without loss of generality that the point X
satisfies rx, (x) = rmin(x) which means that ry, (x) > rx,(x) forall i =2, ..., n.
By definition this happens with probability (1 — g(x, rx, ()" L. 1t is also clear
that in this case xp, lies in the supporting hyperplane H (X) and thus the outer
unit normal vector to P(y) at xp,, equals ng (X1).

E (min (Fmin(x), 9)’ 1 )

nk(x)-np, (xp,)

:”AKmm“ﬂ”””j (1— g, ry@))" 'dx (v)dy

ng(x)-ng(y)
+om'1—m").
‘We define

1
hx, )= /rvmfs ng(x)-ng ) dx(y)dy

[which is close to g(x, s) for s sufficiently small]. Observe that for K € C? with
positive Gaussian curvature the function £ (x, s) is differentiable for s sufficiently
small. Thus in this case we obtain

i 1
E i min 0 / )
(mln(r (x),9) nk () - 1py, (P

39
& n—1 ah(x,s)

as

9
_ i(1— (1 —n)"
_"/o sI(1—g(x.s)) ds + 0(nd(1 — ")
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for s sufficiently small. Analogously

E( ! — 1)

nK(X) : nP(n) (xP(n))
L n—10(h(x,s) —g(x,s))
—”/0 (I -gx,9) o

Combining (38), (39) and (40) we obtain for K € C? with positive Gaussian
curvature

ES(Pu) — S(K)
v —
=/ n/ (1 = g,y 2GS —glrs)
0K 0

(40)
ds + 0(n(1 —n").

as

W B el e

dh(x,s)
X

dsHy 1_,,(x)dx
+ 0 —n)").

42. As in Section 3.2 let K € C* with positive Gaussian curvature, fix u,
let x be the point on d K with outer unit normal vector u, and denote by (rv, z) a
point in RY, v € §972, r € RT, z € R. Identify the support plane of 9K at x with
the plane z = 0 and x with the origin. In Section 3.2 we proved

r=r,s)=e ()s"*+ex(v)s + -+ ex_2(v)(v)s k2% 1 O(s(k_l)/z).

The coefficients are bounded by a constant independent of x and v and are
continuous in v for fixed x. The constant in O(-) can be chosen independent of
x and v. The coefficients e;(v), e4(v), ... are odd functions and e (v), e3(v), ...
are even functions of v € §972.

4.3.  Analogously to the expansion of g(x, s) in Section 3.3 we now expand
the functions A (x, s) and (h(x,s) — g(x,s)):

1
h(X, S) - /Sd_2 /rﬁr(v,s) nK()C) . nK(rv) dK(I“U)

(42)
X \/1 + |gradf(rv)|2rd_2dr dv.

Since (ng(x) -ng(rv))~!' = \/1 + | grad f(rv)|?, formulae (23) and (24) show
that

dg (rv)(1 + | grad f (rv)|*)rd—2
= hO(v)rd_z + hl(v)rd_l +-- 4+ hk_3(v)rd+k_5 + O(rd+k_4),
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where all coefficients are bounded by a constant independent of x and v and are
continuous in v for fixed x. The constant in O(-) can be chosen independent of
x and v. The coefficients Ay (v), ha(v), ... are even functions and /1 (v), h3(v), ...
are odd functions of v € §¢72. Thus the integrations in (42) and the definition
of r(v, s) in (21) imply the existence of coefficients /; with

h=h(x,s)=h1s9 D2 4 hys?/? 4. hy_ps k=972
+ O(S(d+k_3)/2),

where the coefficients h», k4, ... vanish, h; is bounded away from zero, all
coefficients are bounded by a constant independent of x, and the constant in O(-)
can be chosen independent of x.

In the same way (23) and (24) imply the existence of coefficients i, with

(43)

hx,s) — g(x,s) = hys@HD2 4 prg@H D2 4y e (k=22
+ O(s@H=D2),

where the coefficients h, , h, ,... vanish, h| is bounded away from zero, all
coefficients are bounded by a constant independent of x, and the constant in O(-)
can be chosen independent of x.

(44)

4.4.  The arguments used in Section 3.4 show that there are asymptotic
expansions for

E( ! _ 1)
nk(x)-np, (x)p,
v n—10(h(x,s) —g(x,s))
— 1— !
n/o (1—g(x,s))

ds + 0(n?(1—n)")

as
and
E(min(r in(x), )’ ! )
T g (x) - np,, (xp,,)
LA _10h(x,
:n/ sT(1—g(x, )" 19h(x, 5) ds+ 01— m")
0 s
which yield
ES(Pu)) — S(K)
— SV 4 S (K@D g S (Kyp— kD@D
+ O(n_k/(d“)).
4.5. 1If d — 1 is even, then cg(K) =c§(K) =..-=0and for d — 1 odd we

have cg(K) =... =c3_1(K) =0.
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4.6. Now we come to the proof of the first part of Theorem 2. By (30) and by
the argument presented in Section 3.6, we get

ES(Py) —S(K)=| E ! 1)dx
2 L )

nK(X) : nP(,,) (-xP(,,))

d—1 E i min ,19 d
+ ( )./BK (mln(r (x) )nK(x).nP(n)(xP(n))> *

+0(n=3D),

Again we split the boundary of K into the parts 0K, = 0K (¢) and 0Ky =
0Ko(e) for given £ > 0. Choose the maximal distance ¥ between P,y and K
[used in (15)] such that the following conditions are satisfied:

(i) the set G(x, 1) for x € 0K (¢) is contained in d K1 (¢/2),
(ii) for any boundary point x € d Ko with principal curvatures k; (x) there is
a paraboloid Q with principal curvatures k; (x) 4+ ¢ which touches 9K at x from
“inside” and is contained in K up to height ¢ and
(iii) ¥ < p, where p is the radius of the ball touching d K from inside at every
boundary point (cf. Section 3.6).

This guarantees that the method developed in 4.1-4.4 also works for x € 0K, for
x € 0K, and s <9 the functions i (x, s) and i (x, s) — g(x, s) are differentiable,
increasing, and thus the inverse functions s(x, &) [resp. s(x, h — g)] exist. Thus

ES(P@ny) — S(K)

= e — _ n—1 .
_/m"/o (1—g(x,s(x,h —g))"" d(h—g)dx

45) +(d— 1)/8K n/omh)s(x,h)(l —e(us(uh)) " dhdx

. ) )
N E( ltd-1 Min(7min (x), ) )dx
Ko l’lK(.X) : nP(,,) (XP(,,)) nK(X) : nP(n) (XP(n))

+0(n ¥E-D),

where 7, —g) and () are suitable positive constants. Denote the first expressions
concerning the difference of the surface area for x € 0K+ by EAS, and the
expression concerning x € d Ko by EASy. We prove estimates for both expressions
which imply Theorem 2.

4.7. Fix x € 0K and recall the notations introduced in Section 3.7. Here we
need analogous results for 2 (x, s) and & (x, s) — g(x, s). As in (42) we have

h(x,s):/ / d (ro)(1 + | grad £ ()| 2)r=2 dr dv
§4-2 Jr<r(v,s)
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and hence for » < X by (10) and (9),

(14 8) 'dg (x) / r4=2 dr dv
S§4-2 Jr<r(v,s)

<h(x,s) < (1+8)3d1<(x)/d 2f 42 dr dv,
Sé—= Jr

<r(v,s)
where r (v, s) satisfies (33). This leads to
A4+ 8) 32, 1dg (x)Hy_ (x)~/2s@=D/2

(46)
<h=h(x,s) <(1+8)* " ey_ydg (x)Hy_y(x)~1/2s@=1/2,

where k41 denotes the (d — 1)-dimensional volume of B4~!.
By (42) and (22) we have

h(x,s)—g(x,s)= /Sd_z /< “ )(\/1 + Igradf(ru)|2 _ 1>dK(rv)

X \/1 + | grad £ (rv) |2 r¥ 2 dr dv.
Hence for x € 0K and r < A by (10), (9), (12) and (33),

(14873 ka—1dg ()M (x)s @D

2(d + 1)
47) <h—-g=h(x,s)—gx,s)

d—1
<+ 5)2d+5mKd—ldK (X)M(X)S(d+1)/2,

where k41 denotes the (d — 1)-dimensional volume of B4~! and

2
o 1 (0, —(@d+1)/2
M(x):= R ﬁd_zgi:(;f,.j v,> by (v) dv.

Choosing a suitable Cartesian coordinate system in R?~! this integral takes the
form

| —(d+1)/2
R —  (x)2 02 , 2
M(x):= D /Sd?z (;kl (x)7v; ) (;kl (x)vl> dv,

where k1 (x), ..., kg—1(x) denote the principal curvatures of 0K at x € 9K .

Fix x € dK¢. Because P, is close to K the boundary of P, consists of
supporting hyperplanes and because d K is touched from inside by a ball B of
radius p it is immediate that

ng (x) - np, (xp,) =nk @) ng(Xp) =ngx) ng(Xp)
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with a suitable random point X; € dK and where f(k € dB is chosen such that
the tangent hyperplane to 9B at )~(k contains the point x 4 rx, (x)nk (x), that is,
it intersects the halfline {x + sng (x), s > 0} in the same point as the hyperplane
tangent to d K at Xj. Since

o p
ng(x) -np(Xg) =———
o+ ry(x)
for rx, (x) < p, we obtain
1
(48) — 1 < cmin(rmin(x), )
nK(X) : nP(,,) (xP(,,))
and
. 1 .
49) min (rmin (x), ) < cmin(rmin(x), %)

nK(X) : nP(,,) (xP(n)) -

with a suitable constant ¢ depending on K.

4.8. Inequality (46) is equivalent to
—_ -1 _—2/(d-1 — — — —
(1+9) 22d+1)/(d I)Kd—{( )dK (x) 2/(d I)Hd_l(x)l/(d 1)h2/(d 1)

<s<(l +5)2(3d—2)/(d—I)Kd—_2{(d—1)dK(x)—Z/(d—l)Hd_l(x)l/(d—l)hZ/(d—l)
and inequality (47) to

- d—1 D -
148 2(2d+5)/(d+1)< ) (D) gy () =2/ @ +D

2d+1) =
X M (x)~2@+D( — g)2/@+D)
d—1 \"Y@+h
cs<(l4s 2(3d+5)/(d+1)< ) 2/d+D) g ()=2/@+D)
<s=<(1+9) 3d+ D Ky 1 K (x)
X M ()~ 2@+ _ g)2/@+D)
Formula (34) combined with (46) gives
A+8) M h<g< (148> 2hn
and (34) combined with (47),
B B d—1 \~@-D/d+D 2 /(d+1
(14 8)~5d+1 6/(d+1)(2(d X 1)) LD g ()2 @D

2D g (2@

d—1

d—1 \—@-D/@+D)
<g< Jrd)551—1—4/(d+1)< )

2(d+1)
% Hd—_ll/ZM(x)—(d—l)/(d—H)(h _ g)(d—l)/(d+1)‘
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Now (28) implies the following upper and lower bound:
(1 +5)—5d—12—12/(d—1)Kd—_2{(d—1)dK(x)—z/(d—l)

2
X [_Id_l(x)l/(d—l)r(ﬁ + l)n—Z/(d—l) + O(n—Z/(d_l)_l)

<n /Omh) s h)(1— g(x, s(x, k)"~ dh

<+ 8)5d+15+10/(d—1)Kd—_2{(d—1)dK(x)_z/(d_l)

% Hd_l(x)l/(d—l)r*(% + l)n—Z/(d—l) + O(n_z/(d_l)_l),
where the constant in O(-) is bounded independent of x. And analogously

—sd—9—a/d—1) 4d—1  _2/w@-1) 2/
1 4 §)~3d-9-4/(d-1) /( d 2/(d—1)
(I+9) 72((1—{—1)’([1_1 Kk (x)

2
X Hd_l(x)l/“’—”M(x)r(ﬁ + 1)n—2/<d—1) + O (@D

N(h—g n—
sn/o(h (1= g, s h— )" d(h — g)

p d=1 /@1 Yy
< (148912 1)2(d+1)Kd_{( Vg (x) 2D

2
X Hd—l(x)l/(d_l)M(x)l‘(ﬁ 4 1>n_2/(d_1) + O(n—Z/(d—l)—l)’
where the constant in O(-) is bounded independent of x. This proves

~ _ 2
(14 8)~54-12-12/@=D) g _ I)Kd_(‘fﬂ)/(d l)r(ﬁ + 1)

x | dg )TV g (@D
K4

X {Hl (x)+ M(x)} dxn—2/@d-D 4 O(n—4/(d—1))

2d+1)
(50) <EAS;

_ _ 2
< (14 §MHISHOME=D g _ ) D/ 1)F<d -+ 1)

X dK(x)—Z/(d—l)Hd_l(x)l/(d—l)
K¢

X {Hl(x) + M(x)} dxn=2/@d=1) 0(n—4/(d—1))

2(d+1)
for arbitrary 6 > 0.
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For EA Sy formulae (48), (49) and (31) imply

1 (o (), 9
IEAS():/ E( 4 (d — 1y unCmin (), 9) )dx
3Ky \ng(x)-np, (xp,) nk(x)-np, (xp,))

< dc/ E(min(rmin(x), 9)) dx
Ky
< dcEAV,.

The asymptotic behavior of EAVy was already determined in (37). Together
with (50) this implies

B _ 2
(1 +5)_5d—12—12/(d—1)(d _ I)Kd_(nfﬂ)/(d l)r(ﬁ + 1)

X / dK(_x)—Z/(d—l)Hd_l(x)l/(d—l){Hl(x) 4 M(x)}dxn—Z/(d—l)
0K

1
2(d+1)
+ 0(n=¥@=D) L g(g!/[d=D)

<EAS, +EAS,

<Q Jr5)5(1+15+10/(d—1)(d . I)Kd—_(cfﬂ)/(d—l)

2
x r<— + 1)/ dg (x)"H 4=V, (/@D
d—1 aK

X {Hl(x)+ M(x)}dxn_z/(d_l)

2(d+1)
+ O(n—4/(d—1)) + 0(81/(d_1))

which by (45) proves Theorem 2 since § and € can be chosen arbitrarily small.

5. Proof of Theorem 3. To obtain Theorem 3 we follow an idea of Glasauer
described in [7]. We may assume that O € int K and thus also O € int P(,). Then

2
W(Pw) = WK) = 2= [ (@) = ) du

2 1 1
= —/ < — )du
dkg Jsd-1 PPy, (w)  pg+(u)

- - / ] ~@+D g
dkg Jrk=\P;,

= W*(P(Z)) - W*(K*)»
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where K* is the polar body of K and pg is the radial function of K. Here we
define for a convex body L

2
(51) W*(L) := — / x|~ dx,
dig JLe

where L ={x e R |x ¢ L and [0,x] N L # @&}. In particular, if the convex
body L contains the origin in its interior then L¢ =R? \ L.

If K € @2 with positive Gaussian curvature, then choosing 7 random points
on the boundary of K with respect to the density function dx corresponds to the
choice of n random points on the boundary of K* with respect to the density
function

(52) A (%) i= dg (x) Hg—1 () 7 HIx* 79 (x* - nge= (x)),

where x* € 9 K* is the unique point such that x - x* = 1. This choice of d. ensures
that d¥. is the corresponding density function on d K*. Using polar coordinates
with respect to the convex body K* and then parametrizing the convex body K by
its outer unit normal vector—observe that ng (x) = ﬁ—we have

[ i edet = [ a0 Ha 07 T e ) d
=/ dx () Ha—1(0)"" du
gd—1

=/ dg(x)dx =1.
0K

But if K € @? and the Gaussian curvature vanishes at certain boundary points,
dy. will not be defined properly by (52). For this case let Dg be the distribution
function with density dx and define for d K* the distribution function D%. by

(53) D+« (cone{0, v(A)} NIK™) = Dk (A)

for a Borel set A C 0K, where cone{0, B} denotes the cone {x:x =ty, y € B,
t > 0} and v denotes the spherical image map. Note that D% needs neither to be
differentiable nor to be continuous, in particular, if d K contains flat parts.

Thus investigating W (P,)) — W(K) of a random polyhedron P,), generated
by choosing n random points on the boundary of K with respect to Dg and
intersecting their supporting halfspaces, is the same as generating a random
polytope P, in K* by taking the convex hull of n random points on the boundary
of K* chosen with respect to D% and investigating W*(P,) — W*(K™).

Observe that the functional W*(P,) — W*(K™) is closely related to the volume
difference V(K*) — V(P,). This means that the method used by Reitzner [18] for
investigating the limit behavior of V(K) —EV (P,) as n tends to infinity can also
be used for the functional W*. In [18] the limit V(K) — EV (P,) was investigated



268 K. BOROCZKY, JR. AND M. REITZNER

for K € @2 with positive Gaussian curvature, but it should be noted that for convex
bodies fulfilling weaker differentiability assumptions this limit was determined
before by Schiitt and Werner [24] in a long and intricate proof.

Now most of the proof of Theorem 3 is contained in Lemma 5 and Lemma 6.
In order to state Lemma 5 and to prepare for the remaining argument in the case
K € G2 we split the integral defining the mean width. Set Si_l =v(dK+(g)) and
Sg = gd-1y Si_l. (Recall that v denotes the spherical image map.) Further 0 K
and Si_l correspond to a part 0K} = {x* € K™ | x(x*) € 0K} of the boundary
of K* where the principal curvatures are bounded from above by a constant, and
thus d K'Y is locally of differentiability class ©? with positive Gaussian curvature
(cf. Schneider [22], page 111). Observe that for x € d K the Gaussian curvature
is positive and thus D%. restricted to dK} has a density function d. defined
by (52). Analogous to (32) and (45) we define

W(Pu)) — W(K)
=EAW, +EAW,

2

2
~ dig /Si‘l (R () = g () du + dra /sg—l (h P, (W) = hk W) du

2 1 1 2 1 1
et o s e )
dicg Js{~' \ppy () pr(u) dicg Jsi~' \ppy () p=(u)
=EAW] + EAW.
Using this notation we have the following lemma:
LEMMA 5. Let K € C? and choose random points X1,..., X, on 0K*
independently and according to the distribution function D%. defined by a

continuous density function dx > 0. Denote by P, the convex hull of the random
points X1, ..., X,. Then

EAW* = cY /BK* die (x*) 72/ @=D ¥ =@ED g (o)1 @=D) gy p=2/d=1)
x

+o(n=2/@=D)

as n — oo, where

w

d-DId+1+ %)
C =

d(d + Dy ¢~

The analogous result for K € C* with positive Gaussian curvature can be stated
more directly since in that case the convex body L = K* is also of differentiability
class C¥ with positive Gaussian curvature and d; = df. is well defined by (52).
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LEMMA 6. Let L € C*+2 wirh positive Gaussian curvature, k > 3, and choose
random points X1,..., X, on 0L independently and according to a density
function dy € CK with d; > 0. Denote by P, the convex hull of the random points
X1,...,X,. Then

EW*(P,) — W*(L)
— CgV* (L)n—z/(d—l) + C;/V* (L)n_3/(d_1) R Cl‘c/V—*l (L)n—(k—l)/(d—l)
+ O(n /=)

as n — 00. The constants c,‘fl/* (L) satisfy cgn*_l(L) =0form <d/2ifd is even
and ¢} (L) =0 for all m if d is odd.

Since the proof of Lemma 5 (resp. Lemma 6), is similar to the proof of Theorem 1
(resp. Theorem 2) in [18], we will omit the proof. We only want to remark on the
following: since (51) also makes sense for (d — 1)-dimensional polytopes we have

W*PE) = Y.  W*(Fy.

F,, facet OfP(Tz)

Now Lemma 5 follows from the fact that ||x|| =+ is a continuous function if
x is contained in a suitable neighborhood of d K. The essential step in the proof
of Lemma 6 is to observe that for the convex hull conv[Xy, ..., X4] of points
Xi,...,Xgin K,

W*(conv[Xq,..., X4 S(conv[Xy, ..., X4])

is an analytic function with respect to the coordinates of the point (Xy,...,
Xq) € R, [Recall that S(-) denotes the surface area.] Note that the proof of this

Lemma (as in [18]) requires the stronger differentiability class C*t2 for K and C*
for dj .
Using Lemma 5 we determine the asymptotic behavior of EAW,,

EAW.(K) =EAW!(K*)

=c§Vf *dK*(X*)_Z/(d_l)||x*II_(d“)Hj_l(x*)l/(d_l)dx*n—z/(d—l)
aK*
+ o(n=2/Ud=1)
=C§Vf g )T Hy e D H (e
aKY
—(d+1)/(d—1
X (nx (x(x*)) - ngx(x*)) @d+1)/(d—1)
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since nk (x) = x*/|lx*||, where HJ_,(x*) denotes the Gaussian curvature of K*
at x*. Using polar coordinates with respect to K* the integral equals

dg (x) @D, ()Y @D x| /@b

-1
St

X (ng(x) .nK*(x*))—(dH)/(d—l)dun—Z/(d—l) +0(n_2/(d_1))

and parametrizing d K by its outer unit normal vector gives

- dx (X)_Z/(d_l)Hd—l(x)l/(d_l)H;_l(x*)l/(d_l)
+

X (ng(x) - ”K*(X*))_(d+l)/(d_l)Hd_1(x)d/(d—l)dxn—Z/(d—l)
+0(n_2/(d_1)).
Since
Hy_1(x) HE | (x*)(ng (x) - ng=(x*) "D =1
(cf. Kaltenbach [11]), we obtain

EAW+ = C;V\/. dK(x)—Z/(d—l)Hd_l(x)d/(d—l) dxn—Z/(d—l) +0(7’l—2/(d_1)),
0K+

To deal with EAW, we choose the maximal distance ©# between P(,) and K
such that the following conditions are satisfied:

(i) the set G(x, v) for x € dK (¢) is contained in 0 K 1 (g/2),
(ii) the set G(x, ¥) for x € dKo(¢) is contained in d K (2¢),
(iii) for any boundary point x € d K¢ with principal curvatures &; (x) there is
a paraboloid Q with principal curvatures k; (x) + & which touches dK at x from
“inside” and is contained in K up to height ¢ and
(iv) ¥ < p, where p is the radius of the ball touching d K from inside at every
boundary point.

Now fix P,). As in the case of the surface area we show the existence of a
constant ¢ depending on K and dg such that

(54) EAWy =EAWy(e) < cEAV(2e).

Here EAVy(2¢) corresponds to EAVy in (32) with 0 Ko(¢) replaced by d Ko(2¢).

To prove (54) we denote by v;, j =1,..., N, the vertices of P(,), denote
by x; the point on dK nearest to v; and by s; the distance from v; to K,
that is, v; = x; + s;nk (x;). Now without loss of generality we assume that the
vertices are numbered such that the first J vertices form a “maximal sequence
of disjoint sets G(x;,s;) meeting dKo.” That is, for j € {I,...,J} the set
G(x}, s;) satisfies the following: G(x;, s;) meets dK¢, G(x;, s;) is disjoint from
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Ui:l,...j—l G(x;,s;), and for all k > j either s; < s; or the set G(xg, sx) meets
Ui=1,...j—1 G(xi, 5i) or is contained in d K ;. Further for all j > J either G(x;, s)
intersects U;—;  j G(x;i,s;) or G(x},s;) is contained in 9K ;.

For abbreviation, put U; = v(G(x, s;)) and

Uj=v(JG (i, 50):Glxi,s) N G(xjo5) £ 2, i > ).
Then

2
EAW = - /sgl (AP, @) = hi () du
J
i ;/;]j(hp(n)(u) — hi () du

P _
d— Z sjVa-1(U;).

We show that V,;_ 1(U ) is of order s](d h/2 . Indeed, if y € G(x,s) then there
is a point yp on the boundary of the ball B of radius p touching 0K at x from
inside, such that ng (y) = np(yp). Clearly the hyperplane to d B at yp intersects
the segment [x,x + sng (x)] and thus yp is “visible” with respect to B from
Xx + sng (x). Now an elementary calculation shows that

P

cos Z{np(yp), np(x)} @) 1

which immediately implies
Zing () nx () <cs'/?

for y € G(x,s). Hence for y € G(x;,s;), this proves that the angle between

nk(y) and ng (x;) is bounded from above by cls}/2 and for y € G (x;, s;) where
G (x;, s;) intersects G (x, s;) this proves that the angle between ng (y) and ng (x;)

is bounded from above by 3cls1/ From this V,;_ 1(U ) < czs(d b7z and thus
d+1)/2
EAWy <cj3 Z 5;
j=1
follows immediately with a constant c3 depending on K. To prove (54) it remains
to show that

J
(55) EAVo(Q2e) > ey Y s\,
j=1
with a constant ¢4 depending on K. To see this observe that the convex hull of v;
and G(x;, s ;) contains a cone whose height is s; and base is a (d — 1)-dimensional
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ball of radius ,/ps/2 [cf. the deduction of formula (29)]. Since EAVy(2¢) is
bounded from below by the sum of the volumes of the convex hulls of v; and
G(xj,s;), formula (55) follows.

Combining Lemma 5, (54) and (37) (with ¢ replaced by 2¢) gives

EAW+ + EAWO = C;V /B‘K dK(X)_z/(d_l)Hd_l()C)d/(d_l) dxn_z/(d—l)

+o(n=2/@=D) 1 o(e1/1@=D)

which proves the first part of Theorem 3.
The second part of Theorem 3 follows immediately from Lemma 6.

Acknowledgments. We thank Professor P. M. Gruber, Dr. M. Ludwig,
Dr. D. Hug and our referee for helpful remarks.

(1]
(2]

(3]
(4]
(5]

(6]
(7]

(8]

(9]
[10]

[11]
[12]
[13]
[14]
[15]
[16]

[17]

REFERENCES

BARANY, I. (1992). Random polytopes in smooth convex bodies. Mathematika 39 81-92.

BOROCZKY, K., JR. (2000). Approximation of general smooth convex bodies. Adv. Math. 153
325-341.

BOROCZKY, K., JR. and FEJES TOTH, G. (2002). Stability of some inequalities for three-
polyhedra. Rend. Circ. Mat. Palermo. (2) Suppl. 70 93—108.

BUCHTA, C., MULLER, J. and TICHY, R. F. (1985). Stochastical approximation of convex
bodies. Math. Ann. 271 225-235.

CONWAY, J. H. and SLOANE, N. J. A. (1988). Sphere Packings, Lattices and Groups. Springer,
New York.

DOETSCH, G. (1955). Handbuch der Laplace-Transformation II. Birkhéduser, Basel.

GLASAUER, S. and GRUBER, P. M. (1997). Asymptotic estimates for best and stepwise
approximation of convex bodies III. Forum Math. 9 383—404.

GRUBER, P. M. (1993). Asymptotic estimates for best and stepwise approximation of convex
bodies II. Forum Math. 5 521-538.

GRUBER, P. M. (1996). Expectation of random polytopes. Manuscripta Math. 91 393-419.

HENRICI, P. (1974). Applied and Computational Complex Analysis. Pure and Applied
Mathematics. Wiley, New York.

KALTENBACH, F. J. (1990). Asymptotisches Verhalten zufilliger konvexer Polyeder. Disser-
tation, Freiburg im Breisgau.

LUDWIG, M. (1994). Asymptotic approximation of convex curves. Arch. Math. 63 377-384.

MANKIEWICZ, P. and SCHUTT, C. (2000). A simple proof of an estimate for the approximation
of the Euclidian ball and the Delone triangulation numbers. J. Approx. Theory 107
268-280.

MANKIEWICZ, P. and SCHUTT, C. (2001). On the Delone triangulation numbers. J. Ap-
prox. Theory 111 139-142.

MULLER, J. (1989). On the mean width of random polytopes. Probab. Theory Related Fields
82 33-37.

MULLER, J. (1990). Approximation of a ball by random polytopes. J. Approx. Theory 63
198-209.

REITZNER, M. (2004). Stochastical approximation of smooth convex bodies. Mathematika. To
appear.



(18]
(19]
[20]
[21]
(22]
(23]

[24]

[25]

RANDOM CIRCUMSCRIBED POLYTOPES 273

REITZNER, M. (2002). Random points on the boundary of smooth convex bodies. Trans. Amer.
Math. Soc. 354 2243-2278.

REITZNER, M. (2002). Random polytopes are nearly best approximating. Rend. Circ. Mat.
Palermo (2) Suppl. 70 263-278.

SANGWINE-YAGER, J. R. (1995). A generalization of outer parallel sets of a convex set. Proc.
Amer. Math. Soc. 123 1559-1564.

SCHNEIDER, R. (1981). Zur optimalen Approximation konvexer Hyperflachen durch Polyeder.
Math. Ann. 256 289-301.

SCHNEIDER, R. (1993). Convex Bodies: The Brunn—Minkowski Theory. Encyclopedia of
Mathematics and Its Applications 44. Cambridge Univ. Press.

SCHUTT, C. and Werner, E. (2000). Random polytopes with vertices on the boundary of a
convex body. C. R. Acad. Sci. Paris Sér. I Math. 331 1-5.

ScHUTT, C. and Werner, E. (2003). Polytopes with vertices chosen randomly from the
boundary of a convex body. In Geometric Aspects of Functional Analysis (V. D. Milman
and G. Schechtmann, eds.) 241-422. Springer, Berlin.

TABACHNIKOV, S. (1995). On the dual billiard problem. Adv. Math. 115 221-249.

[26] ZADOR, P. L. (1982). Asymptotic quantization error of continuous signals and their
quantization dimension. Trans. Inform. Theory 28 139-149.

RENYI INSTITUTE OF MATHEMATICS MATHEMATISCHES INSTITUT

P.O.Box 127 UNIVERSITAT FREIBURG

1364 BUDAPEST ECKERSTRASSE |

HUNGARY 79104 FREIBURG

E-MAIL: carlos @renyi.hu GERMANY

E-MAIL: Matthias.Reitzner@tuwien.ac.at



