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CONTROL OF END-TO-END DELAY TAILS IN A MULTICLASS
NETWORK: LWDF DISCIPLINE OPTIMALITY

BY ALEXANDER L. STOLYAR

Lucent Technologies, Bell Labs

We consider a multiclass queueing network with N customer classes,
each having an arbitrary fixed route through the network. (Thus, the network
is not necessarily feedforward.) We show that the largest weighted delay first
(LWDF) discipline is an optimal scheduling discipline in the network in the
following sense. Let wi be the (random) instantaneous largest end-to-end
delay of a class i customer in the network in stationary regime. For any set of
positive constants α1, . . . , αN , the LWDF discipline associated with this set
maximizes (among all disciplines) the quantity

(1) min
i=1,...,N

[
αi lim

n→∞
−1

n
logP(wi > n)

]
= lim

n→∞
−1

n
logP(r > n),

where r
.= maxi wi/αi is the maximal weighted delay in the network. [This

result is a generalization of the single-server result proved by A. L. Stolyar
and K. Ramanan in Ann. Appl. Probab. 11 (2001) 1–48.]

As the key element of the proof, we establish the following critical node
property: In a LWDF network, there exists a most likely path to build large r ,
which is a most likely path to do so in one of the network nodes in isolation.
Such a most likely path has a very simple structure: its parameters [and
the optimal value of (1)] can be computed by solving a finite-dimensional
optimization problem for each network node.

1. Introduction. Consider the following queueing network control problem.
Find a scheduling (queueing) discipline such that

P {wi > Ti} ≤ δi, i = 1, . . . ,N,(1.1)

where N is the number of traffic flows, wi is the steady state end-to-end delay for
flow i, Ti > 0 is a predefined delay threshold (or deadline) and δi is the maximal
acceptable deadline violation probability.

This problem appears in many applications, in particular in modern data
communication networks where (1.1) is one of the typical quality of service (QoS)
or service level requirements.

It has been shown recently that, in a single-server system, the largest weighted
delay first (LWDF) scheduling discipline defined below [or a related discipline,
such as generalized longest queue first (GLQF)] is an optimal discipline to satisfy
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requirements (1.1) in the large deviations [31] and heavy traffic [11, 25, 32]
asymptotic regimes.

The LWDF discipline, with positive parameters α1, . . . , αN , is defined roughly
as follows. It always picks for service the customer (message)

c∗ = arg max
c

W(c)/αi(c),(1.2)

where the maximum is taken over the customers c available for service, W(c) is
the customer’s current delay (i.e., age in the system) and i(c) is its class (i.e., the
index of the flow it belongs to).

The large deviations regime is when the system load is fixed, but δi ↓ 0
and Ti ↑ ∞ in such a way that

− log(δi)/Ti → α−1
i > 0.(1.3)

More precisely, conditions (1.1) are replaced by the following asymptotic “tail”
conditions:

β(wi) ≥ α−1
i , i = 1, . . . ,N,(1.4)

where we use the notation

β(X)
.= lim

n→∞−1

n
logP (X > n)

(assuming the limit exists).
Finding a discipline which would satisfy conditions (1.4) is equivalent to

solving the following optimization problem:

max
G

min
i=1,...,N

αiβ(wi),(1.5)

where the maximization is over scheduling disciplines G. Indeed, a discipline G

satisfying (1.4) exists if and only if the maximum in (1.5) is 1 or greater.
It has been proved in [31] that, in a single-server system, the LWDF discipline

with parameters αi is an optimal solution of problem (1.5). In this paper we extend
that result to a network setting. Namely, we prove the following.

MAIN RESULT. The LWDF discipline (with parameters αi) is an optimal
solution of problem (1.5) in a queueing network of arbitrary topology.

We emphasize that, with the network LWDF discipline, scheduling rule (1.2)
is applied by each node to the set of customers in the node’s queue (at the time
of scheduling), and the delay (age) W of a customer is the time elapsed from its
arrival at the network.

An important feature of the (network) LWDF discipline is that it is sufficiently
“local” in that each node only needs to know the ages of the customers present
in the node at the time of scheduling. In real applications, the LWDF discipline
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can be implemented by making each customer carry its age and making each node
appropriately increment ages when forwarding customers to other nodes. With
such an implementation, the scheduling is completely decentralized.

We prove our main result using large deviations techniques. As in [31], we note
that if for a given discipline G all β(wi) are well defined, then

min
i=1,...,N

αiβ (wi) = β(r),(1.6)

where r
.= maxi=1,...,N wi/αi is the maximal weighted delay (in stationary regime).

It is well known in large deviations theory that the value of β(r) is determined by
a most likely path to build large r in the system. [Roughly, a most likely path is a
most likely—lowest cost—trajectory of the input flows in the corresponding fluid
system, such that the system starts from zero state and r reaches level 1; β(r) is
the cost of this path.]

Consider a fixed network node in isolation, which employs the LWDF
discipline. (A node in isolation is a single-server system obtained from the network
by removing all other nodes and removing all flows not passing through this node.)
We know from the results of [31] that, for such a single-server system, there exists
a most likely path which has a simple special structure. Parameters of this simple
path (and its cost) can be computed by solving a finite dimensional optimization
problem.

The key element of our analysis is the following (quite surprising) property.

CRITICAL NODE PROPERTY OF THE LWDF NETWORK. In an LWDF
network, there exists a most likely path to build large r , which is a most likely
path to do so in one of the network nodes in isolation.

More precisely, consider a simple most likely path for each node in isolation,
and pick a path which has the lowest cost among them. Then this path is a most
likely path for the network.

This means that a most likely path for the LWDF network [and the maximum
in (1.5), attained on the LWDF discipline] can be found by solving a finite
dimensional optimization problem for each network node.

To find a most likely path for the LWDF network, we use a novel approach to the
crucial “path reduction” problem, that is, the problem of reducing an arbitrary path
to a simpler and lower cost path such that the desired property still holds. (In our
case the desired property is that r reaches value 1.) The standard “finite interval”
approach is to find “special” time points such that the (fluid) input flow trajectories
between those points can be replaced by linear ones, which “simplifies” the path
without increasing its cost and without “compromising” the desired path property.

In contrast, our technique is based on an “infinitesimal interval” argument.
Roughly speaking, we take an arbitrary (fluid) path such that r reaches 1, and
for each y ∈ [0,1] we look at the infinitesimal cost c(y) dy of raising r from y



1154 A. L. STOLYAR

to y+dy when r crosses level y for the first time. Looking at the network evolution
(“derivatives”) at the time of such passage, we can construct a simple path which
has the cost c(y). This path is associated with one of the nodes j and is such that
r reaches level 1 in both the “node j in isolation” system and in the entire network.
On the other hand, the cost of the original path is lower bounded by

∫ 1
0 c(y) dy.

Thus, loosely speaking, by picking y with the smallest c(y), we obtain a simple
path with cost not exceeding that of the original path, and still having the desired
property. This means that a most likely path for the network is one of such simple
paths. We believe this technique of finding a most likely path may be useful for
other models too.

For a network of arbitrary topology (i.e., not even feedforward), optimality
of the LWDF discipline and the critical node property are very surprising. One
might expect that a most likely path to build large delays in the network would
typically involve the interaction and “cooperation” between nodes. (E.g., it is
shown in [26] that a most likely path to build a large queue, even in a simple
feedforward network with first-in-first-out (FIFO) discipline, may involve such
node interaction. Moreover, in a nonfeedforward network, even the issue of
stability is nontrivial.) However, our results show that the LWDF discipline is
very well behaved: the network is stable and, moreover, the optimal value of
problem (1.5) is not “worse” (i.e., not less) than it would be for one of the nodes
in isolation.

A prior result that suggests that the network LWDF should not “behave badly”
is the stability of the longest-in-system (LIS) discipline [3], which is a special
case of the LWDF with all αi ’s equal. (This paper was under review when we
became aware of [6], where the LIS stability result is generalized to show stability
of a more general multiclass network with earliest-due-date-first-served (EDDFS)
discipline. The main difference between LWDF and EDDFS is as follows: with
LWDF, customer mutual priorities may change with time, if weights αi of different
flows are different; with EDDFS, mutual customer priorities do not change.) We
also mention a recent network stability result for the GLQF discipline [18], which
is related to LWDF but differs from it in that a flow with the largest weighted total
queue in the entire network gets a priority along the flow’s entire route.

The large deviations queue length asymptotics for the GLQF in a single-server
system with two input flows were obtained in [4]. The issue of GLQF optimality
was not considered there. More important, the technique of finding most likely
paths in [4] would be hard to extend beyond the single-server–two-flows case.
A different technique, used in [31], allows us to consider the case of arbitrary
number of flows and prove optimality of both LWDF [in the sense of (1.5)] and
GLQF (in the sense of an analogous problem involving queue length distributions);
however, the technique is still confined to the single-server case. The technique of
finding a most likely path used in this paper, based on the infinitesimal interval
argument, allows us to extend the LWDF optimality results to a network.
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We refer the reader to [4] or [31] for a more detailed review of work related
to large deviations asymptotics of the delay and queue length distribution tails.
A good review of large deviations methods in the analysis of communication
systems, including earlier results on GLQF, can be found in [28].

Our main result, Theorem 3.2, consists of two statements. The first one is
the upper bound on the maximal weighted delay distribution exponential decay
rate β(r) for the LWDF discipline. The second statement is the (same) lower bound
on β(r) for an arbitrary discipline. We prove the lower bound under very general
assumptions on the input flow process. To prove the upper bound for the LWDF, we
make a Markov assumption on the input flows. We need a Markov assumption to be
able to use classical Wentzell–Freidlin constructions [13] in the proof. In [31], for
a single-server system, both the lower and the upper bounds are proved without an
additional Markov assumption, because there Loynes construction [17] was used
(in a way analogous to [19]) to represent a stationary system state process via
the input flow process. Loynes construction does not apply to a general topology
network. However, it does apply to a feedforward network (see [19]), and hence
for feedforward networks our results (both lower and upper bounds) hold without
the Markov assumption.

Let us discuss our results in the context of the original network control
problem (1.1). Existing approaches for providing end-to-end network delay
guarantees of the form (1.1) include using the generalized processor sharing (GPS)
and the earliest deadline first (EDF) disciplines. If the GPS is employed in a
network, then setting of appropriate GPS weights in each node is required to
achieve statistical multiplexing gains (see [12, 15]). The EDF discipline is known
to be optimal for providing deterministic, worst case, delay guarantees in a network
(see [14, 16]), but it also needs parameter tuning when used in conjunction with
statistical multiplexing (see [2]). The obvious reason for that is the fact that the
EDF scheduling rule does not take into account desired bounds δi on the violation
probabilities in (1.1), at least not directly.

The LWDF discipline with parameters αi set to

α−1
i = − log(δi)/Ti,(1.7)

as suggested by (1.3), has the following advantages:

1. The LWDF asymptotic optimality shows that it typically has larger feasibility
region than GPS, that is, is able to support more flows with the desired QoS.

2. Scheduling is completely decentralized, as long as messages can carry their
ages.

3. The LWDF needs no parameter tuning since it directly takes into account both
Ti and δi (unlike EDF).

4. There is no need to choose GPS weights (unlike GPS).

The technique used in this paper also allows us to prove optimality of the GLQF
in a network. (Following [31], we call this discipline largest weighted unfinished



1156 A. L. STOLYAR

work first (LWWF) and consider two different versions of it.) The optimality is in
the sense of the problem

max
G

min
i=1,...,N

αiβ(qi),(1.8)

where qi is the amount of unfinished work (i.e., total queue length) of class i in
the network in stationary regime. The proof of this result is omitted since it is just
a simplified version of the proof of our main result.

The paper is organized as follows. In Section 2 we introduce basic notation,
definitions and conventions used in the paper. We describe the network model,
define the LWDF discipline and formulate our main result, Theorem 3.2, in
Section 3. In Section 4 we, first, consider properties of the LWDF discipline in the
network with discrete input flows, then extend the definition of the LWDF to fluid
input flows and, finally, study properties of the sample paths of the fluid LWDF
network. Section 5 is central to this paper: we find a most likely path to build large
maximal weighted delay in the fluid LWDF network, and we prove the critical node
property. We prove the lower bound on the β(r) for any scheduling discipline in
Section 6. In Section 7 we establish further properties of the family of sample paths
of the fluid LWDF network. In Section 8 we consider large deviations properties
of the sequence of scaled processes for the original (discrete) LWDF network. In
Section 9 we consider the LWDF network with Markov input flows and, finally,
in Section 10 prove the upper bound on β(r) for such network. In Section 11 we
present the LWWF (GLQF) optimality result [for problem (1.8)]. The Appendix
contains the proof of one technical result.

2. Basic notation and definitions. We denote by R the set of real numbers,
and by �(·) the Lebesgue measure on R. For an integer k ≥ 1, we define R

k+
.=

{y = (y1, . . . , yk) ∈ R
k :yi ≥ 0, for i = 1, . . . , k} and R

k−
.= {y ∈ R

k :−y ∈ R
k+} .

We let a ∧ b and a ∨ b denote respectively the minimum and the maximum of
real numbers a and b. For a finite set S, |S| denotes its cardinality. The infimum
of a function over an empty set is interpreted as ∞.

The derivative, right derivative and partial right derivative of a function h

on variable t (where they exist) are denoted by h′, (d+/dt)h and (∂+/∂t)h,
respectively.

A pair of integer indices (i, k) is sometimes written as (ik), where it cannot
cause confusion; similarly, in subscripts, we often write hik instead of hi,k .

Let D (respectively D(b), for a fixed b ∈ R) be the space of RCLL functions
(i.e., right continuous functions with left limits) on (−∞,∞) (resp. [b,∞)).
Unless otherwise specified, we assume D and D(b) are endowed with the topology
of uniform convergence on compact sets (u.o.c.). We use h(t−) to denote the left
limit limu↑t h(u) of the function h at the point t . As measurable spaces, we always
assume that D and D(b) are endowed with the σ -algebra generated by the cylinder
sets.
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We now define some subspaces of D and D(b), related as follows:

A ⊂ C ⊂ I ⊂ D, S ⊂ I,

A(b) ⊂ C(b) ⊂ I(b) ⊂ D(b), S(b) ⊂ I(b).

Let I be the subset of nondecreasing functions in D , C be the subset of continuous
functions in I, let A be the subset of absolutely continuous functions in C and let
S be the subset of functions in I which are nondecreasing, piecewise constant and
have only a finite number of jumps on any finite time interval. Let I(b), C(b), A(b)

and S(b) be similarly defined subsets of D(b). Also, if S is one of the spaces defined
above, then let S+ denote the subset of nonnegative functions in S, for S ⊆ D(b)

let Sc denote the subset of functions h in S such that h(b) = c and let S+,c =
S+ ∩Sc. (E.g., I(b),+ is the subset of nondecreasing nonnegative functions in D(b),
and A(0),+,0 is the subset of nondecreasing absolutely continuous functions h in
the interval [0,∞) such that h(0) = 0.)

Somewhat of an exception from our notational conventions will be the space
S+,0 ⊆ S+ (where S can be I,C,A or S) which consists of the functions h

such that h(t) = 0 for at least one t (which implies of course that h(s) = 0, s ∈
(−∞, t]).

We assume that the subspaces inherit the topology and σ -algebra of the original
space. Given any space S, we assume that the k times product space Sk has the
product topology and product σ -algebra defined in the natural way.

For any s ≥ 0 and h = (h1, . . . , hk) ∈ Dk, we define the norm

‖h‖s
.= max

i=1,...,k
sup

−s≤t≤s
|hi(s)|.

For h ∈ Dk
(b) the norm ‖h‖s is defined similarly with −s replaced by b in the above

display. Thus the u.o.c. convergence in Dk or Dk
(b) is equivalent to convergence in

the corresponding norm ‖ · ‖s for all s > 0.
We will also need to consider the following weak convergence of nondecreasing

functions. Let the functions h and h(n), n = 1,2, . . . , be elements of the space I(b)

(or I). Then we say that the sequence {h(n)} converges weakly to h, and we denote
this fact by

h(n) ⇒ h as n → ∞,

if h(n)(t) → h(t) in every point t of the open interval (b,∞) [resp. (−∞,∞)],
where h is continuous. (We emphasize that in the case of the space I(b), the
convergence at the boundary point b is not required.) The convergence(

h
(n)
1 , . . . , h

(n)
k

) ⇒ (h1, . . . , hk)

in a product space is equivalent to h
(n)
m ⇒ hm for all m.
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We define the scaling operator �c, c > 0, for h ∈ Dk (or Dk
(b)) as follows:

(�ch)(t)
.= 1

c
h(ct).(2.1)

For a scalar a, �ca
.= a/c; and �c(Y1, . . . , Yk)

.= (�cY1, . . . ,�
cYk), where each Ym

can be either a function or a scalar.
Given an operator A :S → S′, where S and S′ belong to the function spaces

defined above, we say that A is scalable if, for every h ∈ S and c > 0,

A(�ch) = �c(Ah).(2.2)

For any scalar function h = (h(t), t ∈ C), C ⊆ R, we define the shift
operator θa, a ∈ R, and the truncation operators ζ

a2
a1 , ζ a2 , ζa1 , a1, a2 ∈ R, in the

standard way:

(θah)(t) = h(a + t), t ∈ {s ∈ R | a + s ∈ C},
(ζ a2

a1
h)(t) = h(t), t ∈ C ∩ [a1, a2],

(ζ a2h)(t) = h(t), t ∈ C ∩ (−∞, a2],
(ζa1h)(t) = h(t), t ∈ C ∩ [a1,∞).

For a set of functions (with possibly different domains), the shift and truncation
operators are applied componentwise.

Let �
.= (
,F ,P ) be a probability space. We assume that � is large enough to

support all the independent random processes that we use in the paper. We denote
by P∗(B) the inner measure (with respect to the probability P ) of an arbitrary
subset B ⊆ 
. If B ∈ F , then P∗(B) = P (B). Given any subset B of a topological
space, we use B̄ and B◦ to denote its closure and interior respectively.

Typically, we follow the convention of using bold font for stochastic processes
and lightface Roman font for deterministic processes.

We now give the definition of a large deviation principle (LDP) ([10], page 5).

DEFINITION 2.1 (LDP). Let X be a topological space and B a σ -algebra
on X (which is not necessarily the Borel σ -algebra). A sequence of random
variables {Xn} on 
 taking values in X is said to satisfy the LDP with good rate
function I if, for all B ∈ B ,

lim sup
n→∞

1

n
logP (Xn ∈ B) ≤ − inf

x∈B̄
I (x),

and

lim inf
n→∞

1

n
log P (Xn ∈ B) ≥ − inf

x∈B◦ I (x),

where I :X → R ∪ {∞} is a function with compact level sets.
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3. The model and main results.

3.1. The model. We consider a multiclass queueing network with a finite set
of nodes J . Each network node j is a single-server queue with the fixed service
rate µj > 0. There is a finite number of exogenous input flows (customer classes)
forming the set N = {1,2, . . . ,N}. (We use the same symbol N for both the set and
its cardinality.) A class i customer has its prescribed route through the network,

ĵ (i,1), . . . , ĵ (i, k), . . . , ĵ (i,Ki),

where Ki is the route length and ĵ (i, k) ∈ J is the node on the kth step of the route.
After completing service in node ĵ (i, k) the customer enters node ĵ (i, k + 1) or
(if k = Ki) leaves the network. We assume that the route for any class i has no
loops; that is, it does not go through any node more than once. (This assumption is
not essential; see the discussion in Section 3.3.)

A class i customer in the kth node of its route will be called a type (i, k)

customer, or an (i, k)-customer. The flow of (i, k)-customers [i.e., the flow of
class i customers arriving in node ĵ (i, k)] we will be called the (i, k)-flow.

Denote by G the set of all customer types and by Gj the subset of G listing the
types of customers to be served in node j ∈ J :

G = {
(i, k) | k = 1,2, . . . ,Ki; i ∈ N

}
, Gj = {

(i, k) ∈ G | ĵ (i, k) = j
}
.

We assume that the set f = (f1, . . . , fN) of exogenous input flow processes
satisfies the following assumption.

ASSUMPTION 3.1. (i) Each flow fi is a random process on � that takes values
in S(0),+.

(ii) The flows fi , i = 1, . . . ,N , are mutually independent.
(iii) For each i, and every a ≥ 0 and T ≥ 0, the sequence of processes

{θa[ζ a+T
a f (n)

i − f (n)
i (a)], n = 1,2, . . .} satisfies a LDP with good rate function J i

T

given by

J i
T (h)

.=

∫ T

0
Li

(
h′(s)

)
ds, if h ∈ ζ T A(0),+,0,

∞, otherwise,
(3.1)

where f (n) = �nf is the scaled version of f as defined in (2.1), Li is a convex
lower semicontinuous function taking values in [0,∞] and such that Li(λi) = 0
for some λi ∈ (0,∞), Li(x) > 0 for x �= λi and limx→∞ Li(x)/x = ∞.

The process fi (t) represents the cumulative amount of work of class i (in terms
of the required amount of service) that has entered the system by time t . A jump
in fi (·) at time t corresponds to a “customer” arrival, with the service requirement
of that customer equal to the size of the jump fi (t) − fi (t−). We assume that the
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service requirement of a customer is the same in each node on its route (also a
nonessential assumption; see Section 3.3). Thus, the service time of a customer by
node j is equal to the customer’s service requirement divided by µj .

Assumption 3.1 implies, in particular, that the mean exogenous arrival rate for
flow i is equal to λi . (If, in addition, fi would have stationary increments, then
λi would simply be the mean service requirement of the class i customers arriving
within any unit time interval.)

We always assume that the nominal load of every node j is strictly less than its
service rate, that is, ∑

(i,k)∈Gj

λi < µj ∀ j ∈ J.(3.2)

The function Li(·) is sometimes called the local rate function for flow i. We
will call the functional J i

T (h) the cost (associated with flow i) of a function h ∈
ζ T I(0),+.

For fixed T ≥ T1, the functional

JT,T1(f )
.=

N∑
i=1

J i
T −T1

(
θT1

[
ζ T
T1

fi − fi(T1)
])

(3.3)

will be called the cost of a function f ∈ IN
(0) in the interval [T1, T ]. Equivalently,

JT,T1(f ) = ∑
i∈N

∫ T

T1

Li

(
f ′

i (s)
)
ds

if all functions fi are absolutely continuous in the interval [T1, T ], and
JT,T1(f ) = ∞ otherwise.

We put JT (f )
.= JT,0(f ) to simplify notation.

For some results in this paper we will need the following stronger (Markov)
assumption on the input flows.

ASSUMPTION 3.2. The flows fi , i = 1, . . . ,N , are mutually independent.
Each flow fi can be described as a “Markov modulated Poisson flow.” Namely,
for each i, there exists an underlying (modulating) continuous time irreducible
Markov chain with finite set of states indexed by 1,2, . . . , νi . When this chain is
in state m, the customers arrive according to a Poisson process of the rate λim,
and the service requirements of the customers are i.i.d. equal in distribution to a
positive bounded random variable Yim.

Assumption 3.2 is stronger than Assumption 3.1 in the sense that if input
flows satisfy Assumption 3.2, then they also satisfy Assumption 3.1 for any fixed
combination of initial states of the modulating Markov chains (and there is only a
finite number of those combinations). Assumption 3.2 also implies the existence
and uniqueness (in distribution) of the “stationary increments” versions of the input
processes for which Assumption 3.1 holds.
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3.2. Main result. Given a sample path of the random process describing the
evolution of the network, let τik(t) denote the arrival time into the network of
the “oldest” class i customer present in the network at time t and not completely
served by node j = ĵ (i, k) by time t . By convention, τik(t) = t if there are no such
customers at time t ; τi0(t) ≡ t ; and τik(·) is a right-continuous function. We refer
to τi

.= (τi(t)), with τi(t)
.= mink τik(t) = τi,Ki

(t) as the class i backlog sample
path (or backlog process, depending on the context). Suppose we are given the set
of positive weights

αi > 0, i ∈ N.

Then we define the class i delay wi , the weighted delay ri and the maximal
weighted delay r in terms of the backlog sample path as follows. For every t

and i = 1, . . . ,N ,

wi(t)
.= t − τi(t),(3.4)

ri(t)
.= wi(t)/αi,(3.5)

r(t)
.= max

i
ri(t).(3.6)

Our goal is to find a discipline that is optimal in the sense that it maximizes
the exponential decay rate of the stationary distribution of the maximal weighted
delay r(·). It is shown in [31] that in a single node system, the largest weighted
delay first discipline is optimal. The main result of this paper, formulated below
in Theorem 3.2, is that the LWDF is also optimal in a network, if the LWDF is
understood as the network LWDF discipline defined as follows.

DEFINITION 3.1 (The network LWDF discipline for discrete input flows). For
any customer c present in the network, its (current) weighted delay is defined as
the ratio W(c)/αi(c), where W(c) is the customer delay (i.e., the time elapsed since
its arrival at the network) and i(c) is the customer’s class. The LWDF discipline
is a nonpreemptive, work conserving discipline that always chooses for service
in any node j the customer with the largest weighted delay (from the customers
present in node j ). In case of a tie, by convention the LWDF discipline chooses
the customer with the highest class index i.

We will need some additional definitions.
For each j , consider an artificial single node system which we will call node j

in isolation. Namely, consider the subset Nj ⊆ N of flows which have node j on
their route, and assume that node j is the only node in which those flows need to be
served. It follows from the results of [31] that in such single node system with the
LWDF discipline, the exponential decay rate of the maximal weighted delay r(0)

in stationary regime is equal to

lim
1

n
logP

(
1

n
r(0) > 1

)
= −J∗,j ,
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where J∗,j is defined as the optimal value of the following optimization problem:

J∗,j = inf
ν

1

γ

∑
i∈Ñj

(1 − αiγ )Li(xi),(3.7)

where

ν = {
Ñj ⊆ Nj, (xi, i ∈ Ñj )

}
,(3.8)

γ =
∑

m∈Ñj
xm − µj∑

m∈Ñj
αmxm

(3.9)

and minimization is subject to the constraints

xi > 0, i ∈ Ñj ,(3.10)

0 < γ < min
i∈Ñj

1

αi

,(3.11)

1

αi

≤ γ ∀ i ∈ Nj \ Ñj .(3.12)

Let us write

J∗ .= min
j∈J

J∗,j .(3.13)

(Note that the case J∗ = ∞ is possible.)
Consider the class G of work-nonabandoning queueing (or scheduling) disci-

plines G such that the following hold:

(a) customers are not allowed to skip any node on their routes;
(b) a customer can leave any node on its route only after it is completely served

by that node.

Now we are in position to formulate our main result.

THEOREM 3.2. (i) Consider the network with the LWDF scheduling disci-
pline, and suppose that Assumption 3.2 holds. Then a stationary random process
describing network evolution exists, is unique in distribution and is such that the
(stationary) distribution of the maximal weighted delay r(0) satisfies the condition

lim
n→∞

1

n
logP

(
1

n
r(0) > 1

)
= −J∗.(3.14)

(ii) Suppose that Assumption 3.1 holds. Then there exists T 0 ∈ (0,∞) such
that, for any queueing discipline G ∈ G, and any t > T 0, we have the following
lower bound:

lim inf
n→∞

1

n
logP∗

(
1

n
r(nt) > 1

)
≥ −J∗,(3.15)

where r(·) is the maximal weighted delay associated with the discipline G.
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In the second statement of the theorem, it is only assumed that r(·) is a well-
defined (but not necessarily measurable) function on the probability space. [That is
why we do not call r(·) a process, and use the inner measure P∗ in the formulation.]
Also, no assumption is made about the existence or nonexistence of a stationary
version of the process. For any stationary version, if it exists, (3.15) of course
implies

lim inf
n→∞

1

n
logP∗

(
1

n
r(0) > 1

)
≥ −J∗.

Theorem 3.2 shows that indeed the LWDF discipline in the network maximizes
the exponential decay rate of the stationary distribution of the maximal weighted
delay r(·). Moreover, the optimal decay rate J∗ is equal to the minimum of the
decay rates taken for each node j in isolation. As we already discussed in the
Introduction, this critical node property is quite surprising.

3.3. Comments on the model assumptions.

COMMENT 1. The assumptions that a customer service requirement remains
the same in all nodes of its route and that each route has no loops are not
essential. We make them to simplify the exposition. We could assume that class i

input flow is characterized by the function describing the number of exogenous
arrivals and the set of Ki (route length) functions describing the cumulative service
requirement (as a function of the number of arrivals) for each step k on the route
[but the node ĵ (i, k) may be same for different steps k]. All we need to make
our technique work is that marginally, for each node j on the class i route,
Assumption 3.1 holds for the function of time describing the cumulative amount
of work arrived in the network and intended for node j .

COMMENT 2. The specific Assumption 3.2 requiring that each input flow is
a “Markov modulated Poisson flow” can be greatly relaxed (or changed). The
essential purpose of a Markov assumption on the input flows (which is only used in
Sections 9 and 10) is to make the process describing the LWDF network evolution
Markov. This allows us to use Wentzell–Freidlin constructions in the proof of
the large deviations upper bound [Theorem 3.2(i)] for the network of arbitrary
topology, not necessarily feedforward. Beyond this main purpose, specifics of a
Markov assumption are less important. The form of our Assumption 3.2, on the
one hand, is general enough to cover many interesting applications and, on
the other hand, makes the exposition of the upper bound proof (in Sections 9
and 10) relatively simple.

COMMENT 3. As already mentioned in the Introduction, if the network is
feedforward, then the Markov Assumption 3.2 can be relaxed to Assumption 3.1
(plus the assumption of stationary increments) in Theorem 3.2(i). In this case,
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similarly to [31], the proof would use the form (derived in this paper) of an optimal
network simple element f 0 and a Loynes type construction of the stationary state
process (as in [19]).

COMMENT 4. In Assumption 3.1, the condition that J i
T defined by (3.1)

is a good rate function (i.e., has compact level sets) in fact follows from the
conditions imposed on the local rate function Li . To see this, let us fix function h ∈
A(0),+,0. Let hm be the piecewise linear approximation of h with step T/m. Then
we know that, as m → ∞, hm → h u.o.c., and (for the derivatives) h′

m → h′
almost everywhere. The lower semicontinuity of Li and Fatou’s lemma imply that
lim inf J i

T (hm) ≥ J i
T (h). It is easy to see (using the convexity of Li ) that, for any

sequence {h(n), n = 1,2, . . .}, such that h(n) → h uniformly, and for any fixed m,

lim inf J i
T (h(n)) ≥ J i

T (hm).

This implies lim infJ i
T (h(n)) ≥ J i

T (h) and therefore J i
T is lower semicontinuous.

It remains to show that the level sets of J i
T are precompact, which is easily

established using the superlinearity of Li , and we are done.

COMMENT 5. Throughout our analysis, we do not exclude the case J∗ = ∞.
This may seem redundant since, first, we will see that Assumption 3.2 im-
plies J∗ < ∞ and, second, the lower bound in Theorem 3.2(ii) holds trivially
when J∗ = ∞. We do this, however, because if Markov Assumption 3.2 is relaxed
(see Comment 2) or is replaced by Assumption 3.1 (if the network is feedfor-
ward, see Comment 3), then the case J∗ = ∞ is possible and the upper bound in
Theorem 3.2(i) is nontrivial. Therefore, our analysis (with possibly adjusted Sec-
tions 9 and 10) covers such cases too.

4. The largest weighted delay first discipline in the network.

4.1. The LWDF discipline for discrete input flows. Let us recall that we
denote by S+,0 the subset of functions h ∈ S+ satisfying the following additional
condition:

There exists finite c, such that h(t) = 0, t < c.(4.1)

Consider f ∈ SN+,0, which we will interpret as a realization of the set of
input flows f = (fi, i ∈ N), with each flow fi being defined only in the time
interval [bi,∞), where

bi = bi(fi)
.= 0 ∧ sup{t :fi(t) = 0}.

Clearly, bi ≤ 0. [Extending the domain of each fi to the entire real axis by
putting fi(t) = 0 for t < bi is a notational convenience.]

Given f ∈ SN+,0 (interpreted as described above), consider the evolution of
the network starting time 0. According to the definitions introduced earlier,
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τik(t), t ≥ 0, is the arrival time at the network of the “oldest” class i cus-
tomer which is not completely served by node j = ĵ (i, k) by time t . [By con-
vention, τik(t) = t if there are no such customers at time t ; and τik(·) is a
right-continuous function.] Let us also denote by f̂ik(t), t ≥ 0, the total amount
of service received by time t from node j = ĵ (i, k) by class i customers arriv-
ing in the network in the interval [bi, t]; and by fik(t), t ≥ 0, denote the total
amount of work of class i which arrived in the network in [bi, t] and arrived in
node j = ĵ (i, k) by time t . According to our conventions,

τ
.= ((

τik(t), t ≥ 0
)
, (ik) ∈ G

) ∈ S
|G|
(0) ,

f̄
.= ((

fik(t), t ≥ 0
)
, (ik) ∈ G

) ∈ S
|G|
(0),+,

f̂
.= ((

f̂ik(t), t ≥ 0
)
, (ik) ∈ G

) ∈ C
|G|
(0),+;

moreover, each function f̂ik(·) is Lipschitz continuous with the Lipschitz con-
stant µj, j = ĵ (i, k).

Now, suppose queueing discipline in the network is LWDF. Suppose also that
the following condition on τ (0) holds:

τi,Ki
(0) ≡ τi(0) = bi ∀ i.(4.2)

(This condition is nothing more than a convention that the input flow i is
considered only from the time of arrival of the oldest flow i customer still present
in the network at time 0.)

Then it is clear that evolution of the network in the time interval [0,∞),
that is, (f̂ , τ, f̄ ), is uniquely determined by the 4-tuple (f, f̂ (0), τ (0), f̄ (0)).
Moreover, in this case, the following properties hold:

(i) For every class i,

f̂i,Ki
(t) ≤ f̂i,Ki−1(t) ≤ · · · ≤ f̂i,1(t) ≤ fi(t), t ∈ [0,∞).(4.3)

(ii) For every (i, k) ∈ G,

τik(t) = sup
{
s ≤ τi,k−1(t) | fi(s) ≤ f̂ik(t)

}
, t ∈ [0,∞),

and, for every i ∈ N ,

bi = τi(0) ≤ τi(t) ≡ τi,Ki
(t) ≤ τi,Ki−1(t) ≤ · · · ≤ τi,1(t) ≤ τi,0(t)

≡ t, t ∈ [0,∞).
(4.4)

(iii) For any (i, k) ∈ G,

fik(t) = fi

(
τi,k−1(t)−)

, t ∈ [0,∞),(4.5)

and, for every class i,

fi,Ki
(t) ≤ fi,Ki−1(t) ≤ · · · ≤ fi,1(t) ≡ fi(t), t ∈ [0,∞).(4.6)
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(iv) For every (i, k) ∈ G,

f̂ik(t) ∈ [
fi

(
τi,k(t)−)

, fi

(
τi,k(t)

)∧ fik(t)
]
, t ∈ [0,∞).(4.7)

[Note that both cases fi(τi,k(t)) < fik(t) and fi(τi,k(t)) > fik(t) are possible: the
former case when there is more than one (i, k)-customer in node j = ĵ (i, k) and
the latter case when there is no (i, k)-customer in node j , but there is at least one
in the network “upstream” from node j .]

(v) At any time t , for any node j , there may be at most one flow (ik) ∈ Gj

such that

f̂ik(t) ∈ (
fi

(
τi,k(t)−)

, fi

(
τi,k(t)

))
.

(The latter condition is implied by the nonpreemptiveness of LWDF.)

Thus, the LWDF discipline defines a deterministic operator Ad which maps a 4-
tuple (f, f̂ (0), τ (0), f̄ (0)) satisfying additional conditions (i)–(v) (for t = 0) into
a triple (f̂ , τ, f̄ ) = Ad(f, f̂ (0), τ (0), f̄ (0)) which (along with f ) describes the
sample path of the system in the interval [0,∞).

A 4-tuple (f, f̂ , τ, f̄ ) such that (f, f̂ (0), τ (0), f̄ (0)) satisfies additional condi-
tions (i)–(v) (with t = 0) and (f̂ , τ, f̄ ) = Ad(f, f̂ (0), τ (0), f̄ (0)), we will call a
sample path of LWDF network with discrete input flows, or just a discrete sample
path (DSP). Any discrete sample path (f, f̂ , τ, f̄ ) satisfies conditions (i)–(v) for
all t ≥ 0.

REMARK. Operator Ad can be viewed as the queueing discipline itself,
LWDF in our case. It should be clear that the set of properties (i)–(v) is not
a definition of operator Ad—those properties obviously do not characterize the
LWDF discipline completely. All we will need to know is that, for any discrete
sample path, properties (i)–(v) do hold.

4.2. Extension of the LWDF discipline to fluid inputs. In this section we define
sample paths of a fluid system as limits of the discrete sample paths. The formal
procedure we use is very similar to that in [30, 31].

A 4-tuple (f, f̂ , τ, f̄ ) with f ∈ IN+,0, f̂ ∈ C
|G|
(0),+, τ ∈ I

|G|
(0) and f̄ ∈ I

|G|
(0),+,

we will call a sample path of LWDF network with fluid input flows, or just
a fluid sample path (FSP), if there exists a sequence of discrete sample paths
{(f (n), f̂ (n), τ (n), f̄ (n)), n = 1,2, . . .} such that(

f (n), f̂ (n), τ (n), f̄ (n)) ⇒ (f, f̂ , τ, f̄ ), n → ∞.(4.8)

(We remind that the weak convergence denoted by “⇒” means convergence in
every interior point of continuity of the limit, for each component function.)
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REMARK. It should be clear (and is important for our analysis) that some of
the component functions of a fluid sample path may be discontinuous. Moreover,
any discrete sample path is a fluid sample path.

We define operator A as follows. For every(
f, f̂ (0), τ (0), f̄ (0)

) ∈ IN+,0 × R
|G|
+ × R

|G| × R
|G|
+ ,

A(f, f̂ (0), τ (0), f̄ (0)) is the subset of triples

(f̂ , τ, f̄ ) ∈ C|G|
(0),+ × I|G|

(0) × I|G|
(0),+

having (f̂ (0), τ (0), f̄ (0)) as the initial condition and such that (f, f̂ , τ, f̄ ) is a
fluid sample path. Notice that A(f, f̂ (0), τ (0), f̄ (0)) may be an empty set.

REMARK. We see that the multivalued operator A is an extention (via the
above limiting procedure) of the operator Ad . Operator A can be viewed as a
“definition” of the LWDF discipline for the networks with fluid input flows.

We will say that (f, f̂ , τ, f̄ ) is a fluid sample path with zero initial condition,
or starting from 0, if

fi(0) = 0 ∀ i ∈ N

and

f̂ik(0) = 0, τik(0) = 0, f̄ik(0) = 0 ∀ (ik) ∈ G.

Lemma 4.1 below describes properties of fluid sample paths. To formulate it,
we need more notation.

For every t ≥ 0 and every class i ∈ N , denote

τi(t)
.= τi,Ki

(t),

τi0(t) ≡ t.

For every t ≥ 0 and every flow (ik) ∈ G, let

τ ∗
ik(t)

.= sup
{
s ≤ t | fi(s) ≤ f̂ik(t)

}
and let

wik(t)
.= t − τik(t), rik(t)

.= wik(t)/αi,

w∗
ik(t)

.= t − τ ∗
ik(t), r∗

ik(t)
.= w∗

ik(t)/αi .

It is easy to see that inequality

τik(t) ≤ τ ∗
ik(t)(4.9)

holds for all t ≥ 0. However, a strict inequality in (4.9) is possible. To illustrate
this, consider the case when fi(·) has a constant value (does not increase) in an
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interval [t1, t2], where t2 ≤ t and either t2 = t or t2 is a point of increase of fi .
If at time t function f̂ik(t) reaches value fi(t1), then, by the above definition,
τ ∗
ik(t) jumps to the value t2, that is, to the end of the “flat region” of fi , or to t ,

whichever is less. However, each DSP from a sequence which defines the FSP
under consideration may be such that f

(n)
i does increase in the interval [t1, t2], the

set of jump points of f
(n)
i (·) becomes asymptotically dense in [t1, t2] as n → ∞,

but f
(n)
i (t2) − f

(n)
i (t1) → 0. As a result, if service of flow (i, k) in a (nonzero

length) interval (t, t + δ) is “held back” by service of another flow, it is possible
that τik(·) does not jump at t , or jumps to a value which is strictly less than t2.
[Also, since τik is right continuous with left limits (RCLL), the strict inequality
in (4.9) will hold in some interval to the right of, and including, time t .] As a
simple example of such “holding back” situation, suppose that there is another
flow (i′, k′) served by the same node j = ĵ (i′, k′) = ĵ (i, k), and such that αi′ = αi

(this is just for simplicity) and t1 ≤ τ ∗
i′k′(t) < t2. In this case, τik(t) ≤ τ ∗

i′k′(t).
Let us write the following: for every t ≥ 0 and every node j ∈ J ,

r(j)(t)
.= max

(ik)∈Gj

rik(t),

f(j)(t)
.= ∑

(ik)∈Gj

fik(t),

f̂(j )(t)
.= ∑

(ik)∈Gj

f̂ik(t);

for any subset B ⊆ G,

f(B)(t)
.= ∑

(ik)∈B

fik(t),

f̂(B)(t)
.= ∑

(ik)∈B

f̂ik(t),

r(B)(t)
.= max

(ik)∈B
rik(t);

and

r(t)
.= max

j∈J
r(j)(t) ≡ r(G)(t), r∗(t) .= max

(ik)∈G
r∗
ik(t).

The following functions naturally have the meaning of queue lengths:

qik(t)
.= fik(t) − f̂ik(t), (ik) ∈ G,

q(j)(t)
.= ∑

(ik)∈Gj

qik(t), j ∈ J,

q(B)(t)
.= ∑

(ik)∈B

qik(t), B ⊆ G.
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Let us also introduce the following functions:

r̄ik(t)
.= sup

0≤s≤t

rik(s), (ik) ∈ G,

r̄(j)(t)
.= max

(ik)∈Gj

r̄ik(t), j ∈ J,

r̄(B)(t)
.= max

(ik)∈B
r̄ik(t), B ⊆ G,

r̄(t)
.= max

j∈J
r̄(j )(t) ≡ r̄(G)(t).

LEMMA 4.1. For any fluid sample path (f, f̂ , τ, f̄ ), the following properties
hold:

(a) Ordering properties. For every class i ∈ N and all t ∈ [0,∞),

f̂i,Ki
(t) ≤ f̂i,Ki−1(t) ≤ · · · ≤ f̂i,1(t) ≤ fi(t),(4.10)

τi(0) ≤ τi(t) ≡ τi,Ki
(t) ≤ τi,Ki−1(t) ≤ · · · ≤ τi,1(t) ≤ τi,0(t) ≡ t,(4.11)

fi,Ki
(t) ≤ fi,Ki−1(t) ≤ · · · ≤ fi,1(t) = fi(t).(4.12)

(b) Lipschitz properties. For every (i, k) ∈ G, the function (f̂ik(t), t ≥ 0) is
nondecreasing Lipschitz continuous,

f̂ik(t2) − f̂ik(t1) ≤ µj(t2 − t1), t1 ≤ t2,(4.13)

where j = ĵ (i, k).
For every (i, k) ∈ G, the function (rik(t), t ≥ 0) is “Lipschitz above,” that is,

rik(t2) − rik(t1) ≤ 1

αi

(t2 − t1), t1 ≤ t2;(4.14)

moreover, for any B ⊆ G, the function (r(B)(t), t ≥ 0) can be represented
as r(B)(t) = h1(t) + h2(t), where h1 is an absolutely continuous function with

h′
1(t) ≤ dmax

[where dmax
.= 1/(mini αi)], and h2 is nonincreasing purely singular (with respect

to Lebesgue measure).
For every (i, k) ∈ G, the function (r̄ik(t), t ≥ 0) is nondecreasing Lipschitz

continuous,

r̄ik(t2) − r̄ik(t1) ≤ 1

αi

(t2 − t1), t1 ≤ t2;(4.15)

and moreover, for any B ⊆ G, the function (r̄(B)(t), t ≥ 0) is nondecreasing
Lipschitz continuous,

r̄(B)(t2) − r̄(B)(t1) ≤ dmax(t2 − t1), t1 ≤ t2.(4.16)
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(c) Work conservation laws. For every j ∈ J , any t ≥ 0 and any a ≥ 0,

f̂(j )(t + a) − f̂(j )(t)

= µja + 0 ∧ inf
s∈[t,t+a]

[
f(j)(s) − f̂(j )(t) − µj(s − t)

]
,

(4.17)

and if in addition the infimum above is negative, then there exists ξ ∈ [t, t + a]
such that

q(j)(ξ) = f(j)(ξ) − f̂(j )(ξ) = 0(4.18)

and
τik(ξ) = τi,k−1(ξ) ∀ (ik) ∈ Gj .(4.19)

Suppose, for some j ∈ J , t ≥ 0 and a > 0,∑
(ik)∈Gj

fi(t + a) − f̂(j )(t) − µja < 0.(4.20)

Then there exists ξ ∈ [t, t + a] such that (4.18) and (4.19) hold.

PROOF. Consider a fixed FSP and a fixed sequence of DSP {(f (n), f̂ (n), τ (n),

f̄ (n)), n = 1,2, . . .} which defines it, that is, the convergence (4.8) holds. This
sequence will be referred to as a defining sequence. The proofs of all statements
make use of the fact that all component functions (of all DSP’s of the defining
sequence and the FSP) are RCLL and nondecreasing, and of the definition of weak
convergence.

(a) The ordering properties follow trivially from the corresponding properties
of each DSP.

(b) The Lipschitz properties are basically trivial. We only note that the
decomposition r(B)(t) = h1(t) + h2(t) is obtained from the fact that r(B) is
Lipschitz above and has bounded variation (which in turn itself follows from
the Lipschitz-above property).

(c) The conservation law

f̂
(n)

(j) (t + a) − f̂
(n)

(j) (t)

= µja + 0 ∧ inf
s∈[t,t+a]

[
f

(n)
(j) (s) − f̂

(n)
(j) (t) − µj(s − t)

](4.21)

holds for each DSP of the defining sequence—this is just a form of the standard
reflection mapping for the unfinished work. If we note that all f̂

(n)
(j) (·) and f̂(j )(·)

are continuous, and

f(j)(t−) − f̂(j )(t) ≥ 0, f
(n)
(j) (t−) − f̂

(n)
(j) (t) ≥ 0 ∀n,

then it can be easily shown that, as n → ∞, the RHS and LHS of (4.21) converge
to those of (4.17).
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To prove (4.18), we use the definition of q(j)(·) and (4.17) to obtain the
following expression:

q(j)(t + a) = q(j)(t) + f(j)(t + a) − f(j)(t) − µja

− 0 ∧ inf
s∈[t,t+a][q(j)(t) + f(j)(s) − f(j)(t) − µj(s − t)].(4.22)

Let us denote by u(s) the value of the function under the infimum in point s ∈
[t, t + a]. Note that u(s) is Lipschitz below [which means −u(s) is Lipschitz
above], it can decrease at most at the rate µj . Then there must exist ξ ∈ [t, t + a]
such that u attains its infimum over [t, ξ ] at point ξ , u(ξ) < 0, and the derivative
u′(ξ) < 0. (See Lemma 4.3 below.) Putting a = ξ − t in (4.22), we obtain (4.18). To
prove (4.19) we observe the following. Since u′(ξ) < 0, then, for each DSP from
the defining sequence, we can pick a point ξ (n) > ξ such that node j is empty at
time ξ (n), and ξ (n) ↓ ξ as n → ∞. Using this and the fact that all functions τik(·)
and τ

(n)
ik (·) are nondecreasing right continuous, we obtain (4.19).

Property (4.20) follows immediately, since, for all t ,∑
(ik)∈Gj

fi(t) ≥ f(j)(t).
�

For a given fluid sample path (f, f̂ , τ, f̄ ), a time point t ∈ (0,∞) will be called
regular if the derivatives

f̂ ′
(B)(t), r̄

′
(B)(t), r ′

(B)(t) ∀B ⊆ G

exist and are finite. (Note that t = 0 is not a regular point.)
The Lipschitz properties described in Lemma 4.1 imply the following: for

any fluid sample path (f, f̂ , τ, f̄ ), almost all (with respect to Lebesgue measure)
points t ∈ [0,∞) are regular.

Note that in any regular point t the finite derivatives τ ′
ik(t), (ik) ∈ G, also exist

since τik(t) = t − αirik(t).
For a node j at time t , we will use the notation

G̃j (t)
.= {(ik) ∈ Gj | rik(t) = r(j)(t)}

for the subset of flows on which r(j)(t) is attained.
It follows from the above definition that in any regular point t , for any j ∈ J ,

τ ′
ik(t) = 1 − αir

′
(j )(t) ∀ (ik) ∈ G̃j (t).

Very often we will consider the following condition on a node j ∈ J at time t :

τik(t) = τ ∗
ik(t) < τi,k−1(t) for at least one (ik) ∈ G̃j (t).(4.23)

This condition in particular implies that r(j)(t) > 0 and that [for any (ik) for which
the condition holds] τik(t) is a right point of increase of fi(·), that is, fi(s) >

fi(τik(t)) for any s > τik(t).
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LEMMA 4.2. Consider a fluid sample path (f, f̂ , τ, f̄ ) such that for some
fixed T1 and T2, 0 ≤ T1 ≤ T2, for all flows i ∈ N , the function fi is continuous in
the interval [T1,∞), and

f̂i,Ki
(T2) ≥ fi(T1) and τi(T2) ≥ T1.(4.24)

Then the following properties hold:

(a) Flow conservation—For any (i, k) ∈ G and t ≥ T2,

fik(t) = f̂i,k−1(t)(4.25)

and
f̂i,k(t) = fi

(
τi,k(t)

)
.(4.26)

(b) If for some j ∈ J and t ≥ T2, property (4.23) holds [which in particular
means that r(j)(t) > 0], then there exists ε1 > 0 such that, for any ε ∈ [0, ε1],

f̂(B)(t + ε) − f̂(B)(t) = µjε,

where B = G̃j (t).
(c) “Instantaneous critical node” property,

r(t) = r∗(t), t ≥ T2.

Suppose in addition that all functions fi are absolutely continuous in the
interval [T1,∞) and, moreover, for any T ≥ T1 the cost of f in [T1, T ] is finite,
that is,

JT,T1(f ) = ∑
i∈N

∫ T

T1

Li

(
f ′

i (s)
)
ds < ∞.

Then the following additional properties hold:

(d) For each j ∈ J consider the set Hj ⊆ [T2,∞) of regular points t such that

∃ (ik) ∈ Gj, τ ′
ik(t) = 0 and f̂ ′

ik(t) > 0.(4.27)

Then, Hj has zero Lebesgue measure

�(Hj) = 0, j ∈ J.(4.28)

(e) For any node j ∈ J , in any regular point t ∈ [T2,∞) \ Hj such that the
condition (4.23) holds, we have

f̂ ′
ik(t) = f ′

i

(
τik(t)

)
τ ′
ik(t) ∀ (ik) ∈ G̃j (t),(4.29)

and ∑
(ik)∈G̃j (t),τ ′

ik(t)>0,f ′
i (τik(t))>0

f ′
i

(
τik(t)

)
τ ′
ik(t) = ∑

(ik)∈G̃j (t)

f̂ ′
ik(t) = µj .(4.30)
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Before we prove Lemma 4.2, let us introduce notation used later in the paper,
which explains why statement (c) of the lemma is called the instantaneous critical
node property.

Let us write

J̃ (t)
.= {

j ∈ J | r(j)(t) = r(t); condition (4.23) holds
}
.

[Recall that (4.23) implies r(j)(t) > 0.] We will call any node j ∈ J̃ (t) an
instantaneous critical node of the network at time t . The crucial statement (c)
of Lemma 4.2 implies the following property.

COROLLARY 4.1. Within the conditions of Lemma 4.2, for any t ≥ T2 such
that r(t) > 0, there exists at least one instantaneous critical node; that is,
J̃ (t) is nonempty.

Indeed, according to statement (c), for such t there exists at least one
flow (ik) ∈ G such that

rik(t) = r∗
ik(t) = r(t) = r∗(t).

Let l be the maximal integer from the set {1, . . . , k}, such that τil(t) < τi,l−1(t).
[Such l exists because τi0(t) = t .] For the flow (il) ∈ G we also must have

ril(t) = r∗
il(t) = r(t) = r∗(t),

which means that, for j = ĵ (i, l), we have

r(j)(t) = r(t), (i, l) ∈ G̃j (t) and τil(t) = τ ∗
il(t) < τi,l−1(t).

Thus, j ∈ J̃ (t).

When J̃ (t) is nonempty, we will write

j̃ (t)
.= min

{
j | j ∈ J̃ (t)

}
.

[The function j̃ (t) can be any mapping that picks a unique well-defined
representative element of the subset J̃ (t).]

For every regular point t such that r(t) > 0, we define

Ñ(t)
.= {

i | ∃k, (ik) ∈ G̃
j̃ (t)

(t), τ ′
ik(t) > 0, f ′

i

(
τik(t)

)
> 0

}
.(4.31)

PROOF OF LEMMA 4.2. As in the proof of Lemma 4.1, throughout this proof
we consider a fixed FSP and a defining fixed sequence of DSP {(f (n), f̂ (n), τ (n),

f̄ (n)), n = 1,2, . . . }, that is, the sequence such that the convergence (4.8) holds.
Again, we heavily employ the fact that all component functions of the FSP and of
each DSP are nondecreasing RCLL.
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(a) To prove (4.25) we note that, trivially, f̂i,k−1(t) ≥ fik(t), because the
same inequality holds for every DSP of the defining sequence. Let us prove by
contradiction that the equality must hold. Suppose not. Then we write

ε = f̂i,k−1(t) − fik(t)

3
> 0.(4.32)

We can always choose ε1 > 0 arbitrarily small and such that both f̂i,k−1(·)
and fik(·) are continuous in point t + ε1, and therefore, for all sufficiently large n,

f
(n)
ik (t + ε1) < fik(t) + ε and f̂

(n)
i,k−1(t + ε1) > fik(t) + 2ε.

The only way the latter inequalities may hold is if the node ĵ (i, k − 1) is serving
an (i, k−1)-customer at time t +ε1 and the amount of service the customer already
received is greater than ε. This implies that, for all large n, the function f

(n)
i (·) is

such that, for some point s = s(n) ≤ t + ε1,

f
(n)
i (s) > f̂i,k−1(t) + 2ε ≥ f̂i,k−1(T2) + 2ε ≥ fi(T1) + 2ε

and

f
(n)
i (s) − f

(n)
i (s−) > ε.

Since all functions f
(n)
i (·) and fi(·) are nondecreasing and fi(·) is continuous

in [T1,∞), the weak convergence f
(n)
i (·) ⇒ fi(·) cannot hold. This contradiction

proves that (4.32) is impossible, and therefore (4.25) is proved.
To prove (4.26), we notice that the inequality

f̂i,k(t) ≤ fi

(
τi,k(t)

)
(4.33)

must hold for all t ≥ 0 (not only t ≥ T2). Indeed, f̂
(n)
i,k (s) ≤ f

(n)
i (τ

(n)
i,k (s)) trivially

holds for all n and all s ≥ 0. For any fixed t ≥ 0, we can pick a point s > t ,
arbitrarily close t , such that both functions f̂i,k(·) and τi,k(·) are continuous in
point s. Then

lim inf
n→∞ f

(n)
i

(
τ

(n)
i,k (s)

) ≥ f̂i,k(s) ≥ f̂i,k(t).

This easily implies

fi

(
τi,k(s)

) ≥ f̂i,k(t),

and since s can be arbitrarily close to t , we obtain (4.33).
We need to show that, actually, for t ≥ T2, the equality in (4.33) holds. Suppose

not, that is,

f̂i,k(t) < fi

(
τi,k(t)

)
.(4.34)

If τi,k(t) = T1, then the contradiction is immediate:

f̂i,k(t) ≥ f̂i,k(T2) ≥ fi(T1) = fi

(
τi,k(t)

)
.



LWDF SCHEDULING IN A NETWORK 1175

Suppose, τi,k(t) > T1. Then we can pick ε > 0, arbitrarily close to 0, such
that f̂i,k(·) and τi,k(·) are both continuous at t + ε. Since τ

(n)
i,k (t + ε) → τi,k(t + ε)

and f
(n)
i (·) converges to fi(·) uniformly in a small neighborhood of t + ε, it

is easy to see that, for the defining DSP with index n, the residual service
requirement of the head-of-the-line customer of type (i, k) (if any) in node ĵ (i, k)

at time τ
(n)
i,k (t + ε), converges to 0 as n → ∞. This residual service requirement is

exactly equal to f
(n)
i (τ

(n)
i,k (t + ε))− f̂

(n)
i,k (t + ε). Taking the limit on n of the above

difference, we obtain fi(τi,k(t + ε)) = f̂i,k(t + ε) and, since ε can be arbitrarily
small,

fi

(
τi,k(t)

) = f̂i,k(t).

This is a contradiction to (4.34) which finally proves (4.26).
(b) It is easy to see that if we choose ε1 > 0 to be sufficiently small, then for

any ε2 ∈ (0, ε1), all DSP (from the defining sequence) with sufficiently large n are
such that in the interval [t + ε2, t + ε1], first, node j cannot be idle and, second,
only customers from the subset G̃j (t) may be served. The desired property easily
follows.

(c) The proof is by contradiction. Suppose r(t) > r∗(t). Then there exists at
least one (ml) ∈ G such that

rml(t) = r(t) > r∗(t)(4.35)

and

τml(t) < τm,l−1(t).(4.36)

[Indeed, pick any (mk) such that rmk(t) = r(t), and let l be the maximal element
of the set {1, . . . , k} such that (4.36) holds. Such l is well defined, because by our
convention τm0(t) ≡ t for any m.]

Let us denote r̂ = r∗(t). Let us fix ε1 > 0 such that

t − τm,l−1(t)

αm

< r̂ + ε1 < rml(t) = r(t),

and a small ε2 = ε2(ε1) > 0 such that ε2/αmin < ε1, and therefore

r̂ + ε2

αmin
< r̂ + ε1,

where αmin
.= mini∈N αi .

If we recall the definition of the functions τ ∗
ik(·), we see that the inequality

in (4.35) implies that, for any flow i ∈ N , τi(t) ≤ t − αir(t) < t − αi r̂ and the
function fi(·) is constant in the interval [τi(t), t −αi r̂). This in turn implies [again,
using the definition of τ ∗

ik(·)] the following.
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OBSERVATION 1. For any ε3 > 0 and for any flow i ∈ N , we have

f
(n)
i (t − αi r̂ − ε3) − f̂

(n)
i,Ki

(t) → 0, n → ∞.

In other words, the defining DSP sequence is such that the amount of class i work
arrived in the network before time t − αi r̂ − ε3 and still present (anywhere in the
network) at time t , vanishes as n → ∞.

Observation 1, the LWDF scheduling rule, and the work-conservation property
of the LWDF (i.e., the fact that node j cannot be idle as long as there is some
unfinished work already arrived in the node), allow us to verify the following.

OBSERVATION 2. For all defining DSP with sufficiently large n, all class m

customers that arrived in the network before time t −αm(r̂ +ε1) will be completely
served by node j = ĵ (m, l) before time t + ε2.

Indeed, for all sufficiently large n, all class m work that arrived in the network
before time t − αm(r̂ + ε1) has arrived in node j by the time t + (1/3)ε2
[because τm,l−1(t) > t − αm(r̂ + ε1)], and the residual amount of this work
at time t converges to 0 as n → ∞ (by Observation 1). The amount of work
of all other classes i �= m which can possibly “compete” for server j in the
interval [t + (1/3)ε2, t + (2/3)ε2] [with class m work arrived in the network
before t − αm(r̂ + ε1)] also converges to 0 (again, by Observation 1). This implies
Observation 2.

We see that, for all large n,

r
(n)
ml (t + ε2) ≤ r̂ + ε1 + ε2/αm.

From the fact that each function τ
(n)
ml and τml is nondecreasing RCLL, we obtain

rml(t + ε2) ≤ r̂ + ε1 + ε2/αm.

Since ε2 can be chosen arbitrarily small, we derive (again using the fact that τml is
nondecreasing RCLL)

rml(t) ≤ r̂ + ε1,

a contradiction to the assumption (4.35).
(d) For any fixed j consider the function

h(t) = ∑
(ik)∈Gj

∫ τik(t)

T1

Li

(
f ′

i (s)
)
ds.

This function is clearly RCLL and nondecreasing. Consider any point t ∈ Hj

and (ik) ∈ G̃j (t) such that

τ ′
ik(t) = 0 and f̂ ′

ik(t) > 0.(4.37)
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Since a simple relation f̂ik(s) = fi(τik(s)) holds for s ≥ t , we see that condi-
tion (4.37) is possible only if fi(·) has (positive) infinite derivative in point τik(t).
Using the fact that the local rate function Li(·) is convex and limx→∞ Li(x)/

x = ∞, it is easy to verify that t is a point where h(·) has infinite right derivative:

d+

dt
h(t) = +∞.

Lebesgue measure of the set of points where a nondecreasing function has infinite
right derivative is 0.

(e) These properties follow from the property (b) and the definitions of the
regular point and the set Hj . �

The following elementary Lemma 4.3 is very useful in this paper. (We omit a
rather straightforward proof.)

LEMMA 4.3. Suppose a function h ∈ D(0) is Lipschitz above; that is, there
exists a constant a such that, for any t1, t2, 0 ≤ t1 ≤ t2,

h(t2) − h(t1) ≤ a(t2 − t1).

Define the function h̄ ∈ D(0) as

h̄(t) = sup
0≤s≤t

h(s), t ≥ 0.

Then the function h̄ is nondecreasing Lipschitz continuous with Lipschitz constant
equal to a, and, for any t ≥ 0,

h̄′(t) > 0 implies h(t) = h̄(t) and h′(t) = h̄′(t).

5. LWDF network: optimal fluid sample path to build maximal weighted
delay. Critical node property. This section contains the results which are central
to our analysis. Considering each LWDF network node in isolation, we construct
a set f 0 of fluid input flows which has a simple special structure. Then we show
that f 0 is an optimal (lowest cost) path to build maximal weighted delay r (starting
from zero initial condition), in both the entire network and one of the nodes in
isolation.

Consider a fixed node j . We remind the reader that Nj ⊆ N denotes the
subset of classes (flows) which have this node on their route. Consider a fixed
subset Ñj ⊆ Nj and a set of numbers xi > 0, i ∈ Ñj , such that

0 < γ < min
i∈Ñj

1

αi

,(5.1)

where

γ =
∑

m∈Ñj
xm − µj∑

m∈Ñj
αmxm

.(5.2)
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(The existence of such Ñj and a corresponding set of xi is obvious: for arbitrary
i ∈ Nj we can choose Ñj = {i} and arbitrary xi > µj .)

Note that (5.2) can be rewritten as∑
m∈Ñj

xm(1 − αmγ ) = µj .(5.3)

Consider the following set of fluid input flows f 0 = (f 0
i = (f 0

i (t), t ∈ R), i ∈ N),
which we call a network simple element (associated with the node j and the
parameters Ñj , xi, i ∈ Ñj ):

f 0
i (t)

.=


λit, t ∈ [0,∞), for i ∈ N \ Ñj ,
xit, t ∈ [0, T 0

i ], for i ∈ Ñj ,

xiT
0
i + λi(t − T 0

i ), t ∈ [T 0
i ,∞), for i ∈ Ñj ,

(5.4)

where

T 0 .= 1

γ
and T 0

i
.= (1 − αiγ )T 0 = T 0 − αi.(5.5)

This definition of f 0 trivially implies that, for all i, f 0
i (t) ≡ 0 for t ≤ 0.

It is easy to verify directly (see also [31]) that f 0 has, in particular, the following
properties:

all functions f 0
i (·) are strictly increasing continuous in [0,∞),(5.6)

JT 0(f
0) = 1

γ

∑
i∈Ñj

(1 − γ αi)Li(xi),(5.7)

∑
i∈Ñj

f 0
i (T 0

i ) = µjT
0.(5.8)

LEMMA 5.1. Consider any fluid sample path (f 0, f̂ , τ, f̄ ) with f 0 being a
network simple element defined by (5.4). (This FSP necessarily starts from zero.)
Then the maximal weighted delay r0(·) associated with this FSP is such that

r0(T 0) ≥ 1.(5.9)

PROOF. For this FSP, in addition to Lemma 4.1, all statements of Lemma 4.2
hold with T1 = T2 = 0. Given properties (5.6)–(5.8) and the relation f̂ik(t) =
fi(τik(t)), if (5.9) would not hold, we would obtain

f̂(j )(T
0) = ∑

(ik)∈Gj

f̂ik(T
0)

≥ ∑
(ik)∈Gj ,i∈Ñj

fi

(
τik(T

0)
)
>

∑
(ik)∈Gj , i∈Ñj

fi(T
0
i ) = µjT

0.
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This contradicts the conservation law (4.17). �

For a fixed node j consider the following optimization problem, which is the
same as the problem (3.7)–(3.12), but with relaxed constraints:

J∗,j = inf
ν

1

γ

∑
i∈Ñj

(1 − αiγ )Li(xi),(5.10)

where
ν = {

Ñj ⊆ Nj, (xi, i ∈ Ñj )
}
,(5.11)

γ is a function of ν defined by (5.2) and minimization is subject to the constraints

xi ≥ 0, i ∈ Ñj ,(5.12)

and (5.1).
We use the same notation J∗,j for the infima in the problems (5.10) and (3.7)

because the following lemma shows that they are indeed equal.

LEMMA 5.2. Consider the optimization problem (5.10)–(5.12), (5.2), (5.1).
The following properties hold:

(a) J∗,j < ∞ if and only if

∃ν such that
∑
i∈Ñj

xi > µj ,Li(xi) < ∞ ∀ i ∈ Ñj .(5.13)

(b) If condition (5.13) holds, then the infimum J∗,j < ∞ is attained. Any
optimization variable ν on which the minimum is attained satisfies additional
conditions:

xi ≥ λi, i ∈ Ñj ,(5.14)

and
1

αi

≤ γ ∀ i ∈ Nj \ Ñj .(5.15)

Moreover, if for all i ∈ Nj the local rate function Li(·) has zero right derivative in
point λi , (d+/dx)Li(λi) = 0, then

xi > λi, i ∈ Ñj .(5.16)

(c) If condition (5.13) does not hold, then the infimum J∗,j = ∞ is attained on
any ν satisfying the constraints of the problem.

PROOF. Let us denote by

g(ν) = ∑
i∈Ñj

(
1

γ
− αi

)
Li(xi)(5.17)

the function being minimized, by xi(ν) the xi-component of ν and by γ (ν) the
function of ν defined by (5.2).
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(a) The “only if” claim is trivial. Let us prove that (5.13) implies J∗,j < ∞.
Consider arbitrary ν satisfying (5.13). Then γ (ν) > 0, but the second inequality
in (5.1) may not hold. If the latter is the case, let us pick any i ∈ Ñj with the
largest αi , and remove this i from Ñj . It is easy to see that ν modified this way
is such that γ (ν) > 0 still holds. If necessary, we repeat this “removal” procedure
until the second inequality in (5.1) also holds. (At the latest, the procedure will
stop when only one flow remains in the set Ñj —in this case the desired inequality
holds for sure.) The value of ν we obtain is such that g(ν) < ∞, and we are done.
(Note that we can also remove from Ñj all the flows i with xi = 0.)

(b) Consider a sequence {νl, l = 1,2, . . .}, such that each νl satisfies all
the problem constraints, g(νl) ↓ J∗,j and the subset Ñj (a component of νl) is
constant. It is easy to see from (5.17) that γ (νl) must stay bounded away from 0,
and it stays bounded away from infinity due to (5.1). We will choose a subsequence
of {νl} (which we still denote by {νl}) such that γ (νl) and each xi(νl) converge to
some limits which we will denote by γ and xi , respectively. Obviously,

0 < γ ≤ min
i∈Ñj

1/αi = a,(5.18)

all xi ≥ 0, but some of the xi may be infinite.
Consider the case when some xi are infinite. This is possible only if γ = a.

Denote by B ⊆ Ñj the subset of those i with 1/αi = a = γ . Note that 1 −
αiγ (νl) → 0 for all i ∈ B . Obviously, xi may be infinite only for i ∈ B . Also,
if xi = ∞, then

xi(νl)
(
1 − αiγ (νl)

) → 0,(5.19)

because otherwise, for this i,

lim supLi

(
xi(νl)

)(
1 − αiγ (νl)

) = ∞
[recall that Li(y)/y → ∞ as y → ∞]. This implies that (5.19) holds for
all i ∈ B . [If (5.19) would not hold for some i ∈ B , then xi = ∞ for that i,
which is impossible.] This in turn implies that Ñj \ B is nonempty, because,
by (5.3), condition (5.19) cannot hold for all i ∈ Ñj . We can make the following
observation: If we were to exclude B a priori from the subset Ñj , then, for
the appropriately modified subsequence {νl} we would have the following: all
the problem constraints are satisfied for each νl (except maybe a finite number
of them); γ (νl) → γ ; xi(νl) → xi and xi is finite for each i ∈ Ñj ; and
lim supg(νl) ≤ J∗,j , implying lim g(νl) = J∗,j . If we write ν∗ = lim νl , we see that
g(ν∗) = J∗,j .

Thus, we have proved the existence of ν∗ such that g(ν∗) = J∗,j , xi =
xi(ν∗) < ∞ for all i ∈ Ñj , and ν∗ satisfies all constraints of the problem except
maybe the fact that the equality γ = γ (ν∗) = 1/αi holds for some i ∈ Ñj . If the
latter occurs, then, since (5.2) and (5.3) are equivalent, we can exclude such flows i
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from the subset Ñj , which does not change the value of γ and can only decrease
the value of g(ν∗). For this modified ν∗ all constraints are satisfied. We have proved
that the infimum is attained.

Now, let us prove that any ν∗ such that g(ν∗) = J∗,j must satisfy the additional
conditions (5.14) and (5.15). If xi < λi were to hold for some i ∈ Ñj , then we
could do the following. Let us continuously increase this xi from its “original”
value to λi . Then γ will also increase continuously. (Condition γ < 1/αi implies
that the derivative of γ on xi is positive.) If the increasing γ will “hit” 1/αm

for some m ∈ Ñj , then we will remove that m from Ñj (without changing γ , as
already explained above), and then keep increasing xi . Note that, in this procedure
of changing xi to λi , the value of γ cannot hit 1/αi . Indeed, if this were to happen
at some point, then the class i itself and all m ∈ Ñj with 1/αm ≤ 1/αi could be
removed, and (since γ has strictly increased) we would get a contradiction to (5.3).
Since γ has strictly increased and Li(λi) = 0, we have strictly decreased the value
of g(ν∗)—a contradiction which proves (5.14).

The proof of (5.15) essentially repeats that of (5.14). Suppose (5.15) does not
hold. Let us pick i ∈ Nj \ Ñj such that γ < 1/αi , include this i in Ñj , and put
initially xi = 0. The new ν∗ satisfies all the constraints of the problem. Then
repeating the procedure described above, we could change xi from 0 to λi (maybe
excluding some m from the original Ñj in the process), and construct a modified ν∗
with strictly smaller g(ν∗).

Finally, if we had xi = λi for some i ∈ Ñj , and (d+/dx)Li(λi) = 0, then g(ν∗)
could be improved. Indeed, (∂+/∂xi)γ (ν∗) > 0, and therefore (∂+/∂xi)g(ν∗) < 0.
This contradiction proves (5.16).

(c) Statement (c) trivially follows from statement (a). �

Let us write

J∗
.= min

j∈J
J∗,j .(5.20)

REMARK. If Assumption 3.2 holds, then Li(xi) < ∞ for all xi ≥ 0 and
all i ∈ N . Therefore, by Lemma 5.2(a), J∗,j < ∞ for all nodes j , which
implies J∗ < ∞.

Let us choose a node j for which the minimum in (5.20) is attained,
and choose ν∗, that is, the set of optimization variables (5.11), which solves
problem (5.10) [and problem (3.7)] for this j . We will call the network simple
element f 0 associated with this node j and ν∗ an optimal network simple element.
By our construction, J∗ .= JT 0(f 0). The name “optimal network simple element”
for f 0 is justified by the following lemma. (In the rest of this paper, f 0 denotes
some a priori chosen optimal network simple element associated with a fixed
node j .)
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LEMMA 5.3. The following property holds:

J∗ = infJs(f ),(5.21)

where the infimum is over

s ≥ 0,
{
f ∈ A+,0 | ζ0f ∈ A(0),+,0;

∃ (f̂ , τ, f̄ ) ∈ A(f,0,0,0), r(s) ≥ 1
}
.

(5.22)

Moreover, the infimum is attained on the optimal network simple element f 0.

We will call the property described by this lemma the critical node property
because it implies that f 0 is a lowest cost path for both the network and the isolated
node j with which it is associated.

PROOF OF LEMMA 5.3. Consider a fluid sample path (f, f̂ , τ, f̄ ) with zero
initial condition and all fi(·) being absolutely continuous. Suppose there exists a
constant T > 0 such that r(T ) ≥ 1. Obviously, r̄(T ) ≥ 1.

We note that for this FSP, in addition to Lemma 4.1, all statements of Lemma 4.2
hold with T1 = T2 = 0.

We recall that the function r̄(·) is nondecreasing Lipschitz continuous and
therefore is absolutely continuous.

Consider the subset

B
(1)
T

.= {
t ∈ [0, T ] | t is regular, r̄ ′(t) > 0

}
.

The following properties either follow directly from the definition of a regular
point and Lemmas 4.1 and 4.2, or are easily verified:

(a) For any t ∈ B
(1)
T , for any j ∈ J̃ (t) and (ik) ∈ G̃j (t):

r ′
ik(t) = r ′(t) = r̄ ′(t) > 0

and
τ ′
ik(t) = 1 − αir

′(t) < ∞.

(b) The image

B(1)
r

.= r̄
(
B

(1)
T

) ⊆ [0, r̄(T )]
[where r̄(T ) ≥ r(T ) ≥ 1] has Lebesgue measure r̄(T ):

�
(
B(1)

r

) = r̄(T ).

(c1) We have

d(�r̄)

d�
(t) = r ′(t), t ∈ B

(1)
T ,(5.23)

where �r̄ is the measure on B
(1)
T defined as

(�r̄)(U)
.= �(r̄(U))

for any Lebesgue-measurable U ⊆ B
(1)
T .
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(c2) We have

d(�r̄−1)

d�
(x) = 1

r ′(r̄−1(x))
, x ∈ B(1)

r ,(5.24)

where (�r̄−1)(U) = �(r̄−1(U)) for Lebesgue-measurable U ⊆ B
(1)
r .

(d) Let us write BT
.= B

(1)
T \⋃j Hj and Br

.= r̄(BT ) ⊆ B
(1)
r . Then properties

(c1) and (c2) imply that

�(BT ) = �
(
B

(1)
T

)
and �(Br) = �

(
B(1)

r

) = r̄(T ),

and the relations (5.23) and (5.24) still hold for the measures restricted to the
subsets BT and Br .

(e) The set Ñ(t) [defined by (4.31)] is nonempty for every t ∈ BT .
We can write

JT (f ) =
N∑

i=1

∫ T

0
Li

(
f ′

i (s)
)
ds

≥
N∑

i=1

∫
{t∈[0,T ]|τ ′

i (t)<∞}
Li

(
f ′

i (τi(t))
)
τ ′
i (t) dt

≥
∫
BT

dt
∑

i∈Ñ(t)

Li

(
f ′

i (τi(t))
)
τ ′
i (t)

=
∫
BT

dt
∑

i∈Ñ(t)

(
1 − αir

′(t)
)
Li

(
f ′

i (τi(t))
)

=
∫
Br

dy
1

r ′(r̄−1(y))

∑
i∈Ñ(r̄−1(y))

(
1 − αir

′(r̄−1(y)
))

Li

(
f ′

i

(
τi

(
r̄−1(y)

)))

=
∫
Br

c(y) dy,(5.25)

where in (5.25) we have used the following notation. For every y ∈ Br , we consider
the node j = j̃ (r̄−1(y)) and the subset of flows Ñj = Ñ(r̄−1(y)) ⊆ Nj , and denote

c(y)
.= 1

γ

∑
i∈Ñj

(1 − αiγ )Li(xi),

γ = r ′(r̄−1(y)
)
> 0 and xi = f ′

i

(
τi

(
r̄−1(y)

))
> 0, i ∈ Ñj .

It follows from Lemma 4.2(e) that, for any y ∈ Br , condition (5.3) holds [which
is equivalent to (5.2)]. The definition of the set Ñj implies condition (5.1). This
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means (by Lemma 5.2) that c(y) ≥ J∗,j , and therefore c(y) ≥ J∗ for any y ∈ Br .
Using this lower bound in (5.25) and the fact that r̄(T ) ≥ 1, we finally obtain

JT (f ) ≥ J∗.

On the other hand, for the optimal network simple element f 0, we
have JT 0(f 0) = J∗ and, according to Lemma 5.1, for any FSP with f = f 0,
we have r0(T 0) ≥ 1, where r0(·) is the r-component of this FSP. Therefore, the
infimum in (5.21) is indeed attained on f 0, which completes the proof. [It is easy
to verify using scaling property of fluid sample paths, proved later in the paper,
that actually the equality r0(T 0) = 1 must hold.] �

6. Proof of the large deviations lower bound (LDLB) [Theorem 3.2(ii)].
Note that if J∗ = ∞ the lower bound is trivial. Suppose, J∗ < ∞. Consider the
optimal network simple element f 0 defined earlier in the paper, associated with a
fixed node j . A fixed constant T 0 > 0 is one of the parameters of f 0. Consider
any fixed t > T 0, and let us fix s, T 0 < s < t , such that c = s/T 0 is close to 1.
Consider f ∗ = �1/cf 0, which is the version of f 0 scaled up by factor c, and note
that its cost is

Js(f
∗) = cJ∗,

and ∑
i∈Ñj

[
f ∗

i (s − cαi) − f ∗
i (0)

]= µjs,(6.1)

where j and Ñj are parameters of the f 0. Let us fix ε = ε(c) > 0 small enough so
that c(1 − ε) > 1. For δ > 0, we denote by

Uδ
.= {

h ∈ DN | ‖h − f ∗‖s < δ
}

the (open) δ-neighborhood of f ∗ (in ‖ · ‖s metric). Equation (6.1) and the trivial
fact that the maximum amount of work the server j can perform in the interval
[t − s, t] is µjs, imply the following observation. If we choose δ = δ(ε) > 0
small enough, then, for any DSP with the realization f of the input flows such
that (θt−sf − (θt−sf )(0)) ∈ Uδ , there exists at least one i ∈ Ñj and at least
one class i customer that arrived in the network in the interval [t − s, t − cαi ×
(1 − ε)], which is not served by the node j by time t . Therefore, for any f such
that (θt−sf − (θt−sf )(0)) ∈ Uδ , we must have, for at least one i ∈ Ñj ,

wi(t) ≥ cαi(1 − ε) > αi,

implying

r(t) > 1.
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Thus, we can write

lim inf
n→∞

1

n
logP∗

(
1

n
r(nt) > 1

)
≥ lim inf

n→∞
1

n
logP

(
θt−s�

nf − (θt−s�
nf )(0) ∈ Uδ

)
≥ − inf{Js(f ) | f ∈ Uδ}
≥ −Js(f

∗)
= −cJ∗.

(The second inequality above follows from the LDP lower bound for the
sequence {�nf }, and the third one holds because, obviously, f ∗ ∈ Uδ .) Since we
can choose s such that c = s/T 0 is arbitrarily close to 1, Theorem 3.2(ii) is proved.

7. LWDF network: family of fluid sample paths.

7.1. More definitions and basic properties. The properties of the family of
fluid sample paths we describe in this subsection (and their proofs) are analogous
to those in [30].

Let us denote by � the set of all possible fluid sample paths and by �d ⊂ � the
set of all possible discrete sample paths.

Consider a fluid sample path φ = (f, f̂ , τ, f̄ ) ∈ �. The following set of
functions s(t) we will call the state of the FSP φ at time t ≥ 0:

s(t)
.= (ψ, ψ̂, κ, ψ̄),(7.1)

where

κ = (κ1, . . . , κN) ∈ R
N−

with

κi = τi(t) − t = −wi(t);

ψ = (
ψi = (

ψi(ξ), ξ ∈ (−∞,∞)
)
, i ∈ N

) ∈ IN+,0

with

ψi(ξ) =


0, ξ < κi,

fi(t + ξ) − fi

(
(t + κi)−)

, κi ≤ ξ ≤ 0,
fi(t) − fi

(
(t + κi)−)

, ξ > 0;
(7.2)

ψ̂ = (
(ψ̂ik, k = 1, . . . ,Ki), i ∈ N

) ∈ R
|G|
+

with

ψ̂ik = f̂ik(t) − fi

(
(t + κi)−);

ψ̄ = (
(ψik, k = 1, . . . ,Ki), i ∈ N

) ∈ R
|G|
+
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with

ψik = fik(t) − fi

(
(t + κi)−)

.

We introduce the norm of the state s(t) of a FSP as follows:

‖s(t)‖ .= ∑
i∈N

[(
ψi(0) − ψ̂i,Ki

)+ (−κi)
]

≡ ∑
i∈N

[(
fi(t) − f̂i,Ki

(t)
) + wi(t)

]
.

(7.3)

[The values ψi(0), ψ̂i,Ki
, and κi depend also on t of course. To avoid very

cumbersome notation, we do not show this dependence explicitly.]
Let � be the set of possible states s(t) of an FSP.
The set of all possible states of a discrete sample path we denote by �d ⊆ �.

(The definition of the state of an FSP induces the definition of that of a DSP, since
each DSP is also a FSP.) We note for future reference that a state x ∈ �d of a DSP
satisfies the additional condition:

ψ ∈ ŜN+,0,(7.4)

where

Ŝ+,0
.= {h ∈ S+,0 | h is constant in [0,∞)}.(7.5)

We will denote by

�(x)
.= {φ ∈ � | s(0) = x}

the subset of FSP with initial state x.
The set � possesses some simple scaling (similarity), truncation and compact-

ness properties.

LEMMA 7.1. For any c > 0 and x,

if φ ∈ �(x), then �cφ ∈ �(�cx).

Consequently,

�c[�(x)] = �(�cx) and �c� = �.

The proof follows directly from the construction of an FSP and the fact that
operator Ad is scalable.

LEMMA 7.2. Let f (1), f (2) ∈ IN+,0 be such that, for some T ≥ 0, ζ T f (1) =
ζ T f (2). Let an initial state x = (ψ, ψ̂, κ, ψ̄) of an FSP be fixed which is consistent
with f (1) and f (2), namely ζ 0f (1) = ζ 0f (2) = ζ 0ψ . Then

ζ T A
(
f (1), ψ̂, κ, ψ̄

) = ζ T A
(
f (2), ψ̂, κ, ψ̄

)
.
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The proof follows directly from the constructions of an FSP and operator A.

LEMMA 7.3. Consider a sequence of FSP {φ(n) = (f (n), f̂ (n), τ (n), f̄ (n)) ∈ �,

n = 1,2, . . .}, with the initial states s(n)(0). Then the following properties hold:

(a) The convergence

φ(n) ⇒ φ, n → ∞,

implies φ ∈ �. (We remind the reader that the weak convergence “⇒” is
understood componentwise.)

(b) Suppose that

ζ0f
(n) − f (n)(0) → h ∈ CN

(0),+,0 u.o.c.

and, for some constant c > 0,

‖s(n)(0)‖ ≤ c.

Then there exist φ = (f, f̂ , τ, f̄ ) ∈ � and a subsequence {φ(n(l)), l = 1,2, . . .} ⊆
{φ(n)} such that

φ(n(l)) ⇒ φ, l → ∞,(7.6)

and, moreover,

ζ0f − f (0) = h and ‖s(0)‖ ≤ c,(7.7)

where s(0) is the initial state of φ.

PROOF. (a) For each φ(n), let us choose a sequence (φ(n,m),m = 1,2, . . .) of
DSP which “defines” this φ(n), that is,

φ(n,m) ⇒ φ(n), m → ∞.

We choose a countable dense subset of R such that all components of all the
functions φ, φ(n) and φ(n,m) are continuous in those points. Using Cantor’s
diagonal procedure we can find a sequence of pairs (n(l),m(l)), l = 1,2, . . . , such
that

φ(n(l),m(l)) → φ, l → ∞,

where the last convergence is pointwise in all the points of the chosen subset. The
latter convergence in turn implies

φ(n(l),m(l)) ⇒ φ, l → ∞,

which proves statement (a).
(b) We can always choose a subsequence (φ(n(l))) such that the conver-

gence (7.6) takes place for some φ. According to statement (a), φ ∈ �. Additional
conditions (7.7) on φ are verified trivially. �
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Consider a fixed fluid sample path φ = (f, f̂ , τ, f̄ ) ∈ �, and let s(t) denote
its state at time t ≥ 0. For a fixed a ≥ 0, consider an FSP φa = (f a, f̂ a, τ a, f̄ a)

constructed from φ as follows:

f a
i = θafi − fi

(
τi(a)−)

, i ∈ N,

f̂ a
ik = ζ0θaf̂ik − fi

(
τi(a)−)

, (ik) ∈ G,

τa
ik = ζ0θaτik − a, (ik) ∈ G,

f a
ik = ζ0θafik − fi

(
τi(a)−)

, (ik) ∈ G.

LEMMA 7.4. For any fluid sample path φ ∈ � and any a ≥ 0 the following
properties hold:

φa ∈ �(s(a))

and

sa(t) = s(a + t), t ≥ 0,

where sa(t) is the state of φa at time t .

PROOF. Similar to the way it is done in the proof of Lemma 7.3, we choose
a sequence of discrete sample path φ(n) defining the FSP φ. Considering the
evolution of each φ(n) starting time a, we obtain a sequence of DSP which
defines φa . We omit details. �

7.2. Properties related to path costs. The central results of this subsection
are Lemmas 7.8 and 7.9, which we will need to apply Wentzell–Freidlin theory
in the proof of the large deviations upper bound in Section 10. As an interesting
by-product, we prove a strong stability property in Lemma 7.7.

LEMMA 7.5. Let constants C1 ≥ 0, C2 ≥ 0 and ε ≥ 0 such that∑
i∈Nj

(λi + ε) < µj ∀ j ∈ J(7.8)

be fixed. Then there exist constants 0 ≤ T2 ≤ T3 < ∞ (depending on the system
parameters, C1, C2 and ε) and a constant C3 > 0 (depending only on the
system parameters and ε) such that the following holds.

If a fluid sample path (f, f̂ , τ, f̄ ) is such that

‖s(0)‖ ≤ C1,(7.9)

ζ0fi − fi(0) ∈ A(0),+,0 ∀ i ∈ N(7.10)

and ∑
i∈N

∫ ∞
0

f ′
i (t)I

{
f ′

i (t) > λi + ε
}
dt ≤ C2,(7.11)

then the following properties hold:
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(a) for all i ∈ N ,

f̂i,Ki
(T2) ≥ fi(0) and τi(T2) ≥ 0;(7.12)

(b) there exists t∗ ∈ [T2, T3] such that

‖s(t∗)‖ = 0 and ‖s(t)‖ ≤ C2C3 ∀ t ≥ t∗.(7.13)

The key element of the proof of Lemma 7.5 is the following lemma.

LEMMA 7.6. Suppose the constants C1 ≥ 0, C2 ≥ 0 and ε ≥ 0 satisfying (7.8)
are fixed. Then there exist constants δ > 0 and � > 0 such that the following
property holds:

Consider a fluid sample path (f, f̂ , τ, f̄ ) satisfying (7.9)–(7.12) for some T2 ≥0.
Then

�(V2) ≤ C2/�,(7.14)

where

V2
.= {t ∈ V1 | r ′(t) > −δ},(7.15)

V1
.=
{
t ∈ [T2,∞)

∖⋃
j

Hj

∣∣∣ t is regular, r(t) > 0

}
.(7.16)

PROOF. Consider a point t ∈ V1. The set Ñ(t) is nonempty, and we
have τ ′

i (t) = 1 −αir
′(t) for each i ∈ Ñ(t). Then for j = j̃ (t), using Lemma 4.2(e)

and the equivalence of (5.3) and (5.2), we can write

r ′(t) =
∑

i∈Ñ(t)
f ′

i (τi(t)) − µj∑
i∈Ñ(t)

αif
′
i (τi(t))

.(7.17)

If f ′
i (τi(t)) ≤ λi + ε for all i ∈ Ñ(t), then

r ′(t) ≤ −δ
.= −min

j∈J

µj −∑
i∈Nj

(λi + ε)∑
i∈Nj

αi(λi + ε)
< 0.

We see that

V2 ⊆ V3
.= {

t ∈ V1 | ∃ i ∈ Ñ(t), f ′
i (τi(t)) > λi + ε

}
.

To estimate the Lebesgue measure of V3, let us consider the function

F(t) = ∑
i∈N

∫ τi (t)

0
f ′

i (s)I
{
f ′

i (s) > λi + ε
}
ds, t ≥ T2.
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This function is nondecreasing Lipschitz continuous, F(0) = 0, and
limt→∞ F(t) ≤ C2. It is easy to see that almost everywhere (a.e.) in [T2,∞),

F ′(t) = R1(t)
.= ∑

i∈Ñ(t),f ′
i (τi (t))>λi+ε

f ′
i (τi(t))τ

′
i (t).(7.18)

We claim that there exists a constant � > 0 such that, in any point t ∈ V3,

R1(t) ≥ �.(7.19)

To show this, let us use the following notation:

j = j̃ (t), xi = f ′
i (τi(t)),

Ñ (1)(t) = {
i ∈ Ñ(t) | xi > λi + ε

}
, Ñ (2)(t) = Ñ(t) \ Ñ (1)(t).

Then we rewrite R1(t) as

R1(t) = ∑
i∈Ñ(1)(t)

xi

(
1 − αir

′(t)
)
,

and write

R2(t)
.= ∑

i∈Ñ(2)(t)

xi

(
1 − αir

′(t)
)
.

Consider two cases: r ′(t) ≤ 0 and r ′(t) > 0.
If r ′(t) ≤ 0, we have

R1(t) ≥ ∑
i∈Ñ(1)(t)

xi ≥ min
i∈N

(λi + ε).

If r ′(t) > 0, we observe that

r ′(t) =
∑

i∈Ñ(2)(t)
xi − R2(t)∑

i∈Ñ(2)(t)
αixi

,

which implies that

R2(t) <
∑

i∈Ñ(2)(t)

xi.

However,

R1(t) + R2(t) = ∑
i∈Ñ (t)

f ′
i (τi(t))τ

′
i (t) = ∑

(ik)∈G̃j (t)

f̂ ′
ik(t) = µj

and so

R1(t) > µj − ∑
i∈Ñ(2)(t)

xi ≥ µj − ∑
i∈Nj

(λi + ε) ≥ min
j∈J

[
µj − ∑

i∈Nj

(λi + ε)

]
> 0.
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We have proved claim (7.19).
Thus, from (7.18) and (7.19) we see that

F(t) ≥ �([T2, t] ∩ V3)�,

where � depends only on the system parameters and ε. This and the fact that
lim F(t) ≤ C2 imply

�(V3) ≤ C2/�,

and we are done since V2 ⊆ V3. �

PROOF OF LEMMA 7.5.
(a) Consider any fixed flow i and the first node j = ĵ (i,1) on its route. Let us

choose T
(i,1)

2 > 0 such that

C1 + T
(i,1)

2

[ ∑
i∈Nj

(λi + ε)

]
+ C2 < T

(i,1)
2 µj .

Then it follows from Lemma 4.1(c) that, for some t(i,1) ∈ [0, T
(i,1)

2 ],
f̂i1

(
t(i,1)

) = fi1
(
t(i,1)

) = fi

(
t(i,1)

)≥ fi(0)

and

τi1
(
t(i,1)

) = t(i,1) ≥ 0,

which means that

f̂i1
(
T

(i,1)
2

) ≥ fi(0) and τi1
(
T

(i,1)
2

) ≥ 0.

Now consider the second node j = ĵ (i,2) (if any) of the flow i route. We know
that fi2(T

(i,1)
2 ) = f̂i1(T

(i,1)
2 ) and observe that

∥∥s(T (i,1)
2

)∥∥ ≤ ‖s(0)‖ + T
(i,1)

2 N + T
(i,1)
2

[ ∑
i∈Nj

(λi + ε)

]
+ C2.

Using the argument analogous to the one we used above, we obtain the existence

of T
(i,2)
2 ≥ T

(i,1)
2 such that, for some t(i,2) ∈ [T (i,1)

2 , T
(i,2)
2 ], we have

f̂i2
(
t(i,2)

) = fi2
(
t(i,2)

)
and τi2

(
t(i,2)

) = τi1
(
t(i,2)

)
,

which implies

f̂i2
(
T

(i,2)
2

) ≥ f̂i1
(
T

(i,1)
2

) ≥ fi(0) and τi2
(
T

(i,2)
2

) ≥ τi1
(
T

(i,1)
2

) ≥ 0.

Continuing the same way, we obtain by induction that there exists T
(i)
2 ≥ 0 such

that, uniformly on all fluid sample paths satisfying conditions of the lemma,

f̂i,Ki

(
T

(i)
2

) ≥ fi(0) and τi,Ki

(
T

(i)
2

) = τi

(
T

(i)
2

) ≥ 0.
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Choosing such T
(i)

2 for each flow i, we see that the statement (a) of the lemma
holds with

T2 = max
i∈N

T
(i)
2 .

(b) Let the T2 chosen above be fixed. Let us choose constants δ > 0, � > 0
and the corresponding sets V1 and V2 as in Lemma 7.6. For any t1 and t2,
T2 ≤ t1 ≤ t2 < ∞, we can write

r(t2) ≤ r(t1) +
∫ t2

t1

r ′(t)I {t is regular}dt.(7.20)

[The inequality is because the RHS of (7.20) does not include the nonpositive
increment of the singular component of r .] If we take into account the fact that in
any regular point t , r(t) = 0 implies r ′(t) = 0, we can rewrite the RHS of (7.20)
as

r(t1) +
∫
[t1,t2]∩V1

r ′(t) dt = r(t1) +
∫
[t1,t2]∩V2

r ′(t) dt +
∫
[t1,t2]∩(V1\V2)

r ′(t) dt.

So finally we obtain

r(t2) ≤ r(t1) + C2

�
dmax − �

([t1, t2] ∩ (V1 \ V2)
)
δ,(7.21)

where dmax
.= 1/(mini αi).

Notice that

r(T2) ≤ (‖s(0)‖ + T2N
)
dmax ≤ (C1 + T2N)dmax.

Let us choose T3 ≥ T2 large enough so that

(C1 + T2N)dmax + C2

�
dmax − δ

(
T3 − T2 − C2

�

)
< 0.

If r(t) would be positive everywhere in [T2, T3], then we would obtain r(T3) < 0,
which is of course impossible. So, there exists t∗ ∈ [T2, T3] such that r(t∗) = 0 and
therefore ‖s(t∗)‖ = 0. Setting t2 = t ≥ t∗ and t1 = t∗ in (7.21), we obtain

r(t) ≤ C2
dmax

�
, t ≥ t∗,

which implies

‖s(t)‖ ≤ C2
dmax

�

(
max

i
αi

)
N + C2

dmax

�

(
max

i
αi

)[∑
i∈N

(λi + ε)

]
+ C2,

and this completes the proof of statement (b). �

As a corollary of Lemma 7.5 we obtain the following result.
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LEMMA 7.7. Let a constant C1 ≥ 0 be fixed. Then there exists a cons-
tant T3 ≥ 0 such that the following holds. If a fluid sample path satisfies the
conditions

‖s(0)‖ ≤ C1,

ζ0fi − fi(0) ∈ A(0),+,0 ∀ i ∈ N

and

f ′
i (t) ≤ λi, t ≥ 0,(7.22)

then

‖s(t)‖ = 0, t ≥ T3.(7.23)

The property described in Lemma 7.7 can be called strong stability of the
fluid process. It has been shown recently by Andrews [1] that, very surprisingly,
for some queueing networks (FIFO network in [1]) the statement of the lemma
holds if f ′

i (t) ≡ λi, t ≥ 0, but does not hold if this condition is relaxed to the
inequality (7.22).

LEMMA 7.8. Let constants C1 > 0 and C5 > 0 be fixed. Then there exists a
constant T3 ≥ 0 such that, for any fixed T > T3, the following holds: If a fluid
sample path φ is such that

‖s(0)‖ ≤ C1

for each i, fi(·) is absolutely continuous in [0, T ] and

‖s(t)‖ > 0, t ∈ [0, T ],
then

JT (f ) > C5.

PROOF. Let us fix ε > 0 such that (7.8) holds. Also, let us fix T1 = 0, and

C2 = C5 max
i∈N

λi + ε

Li(λi + ε)
.(7.24)

For the constants C1, C2, ε and T1, let us choose T2 and T3 as in Lemma 7.5.
We will prove that T3 chosen above does satisfy the statement of the lemma.

The proof is by contradiction. Let us fix arbitrary T ≥ T3. Consider a fluid sample
path φ such that the conditions of the lemma are satisfied, and assume that

JT (f ) ≤ C5.(7.25)
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Without loss of generality (due to Lemma 7.2), we can assume that in the inter-
val [T,∞) all functions fi are linear with f ′

i (·) ≡ λi , and therefore J∞,T (f ) = 0.
We obtain∑

i∈N

∫ ∞
0

f ′
i (t)I {f ′

i (t) > λi + ε}dt = ∑
i∈N

∫ T

0
f ′

i (t)I {f ′
i (t) > λi + ε}dt ≤ C2,

where the inequality is easily obtained from (7.25) and (7.24), by using the facts
that each Li(·) is convex and it attains its minimum 0 in the single point λi .

Then, by Lemma 7.5, ‖s(t∗)‖ = 0 for some t∗ ∈ [T2, T3], which contradicts our
choice of the fluid sample path φ. �

LEMMA 7.9. Let a constant T4 > T 0 be fixed. (Recall that T 0 is one of
the parameters of the chosen optimal network simple element f 0.) For any
fixed T ≥ T4 and ε∗ ≥ 0, consider the subset �̂T,ε∗ ⊆ � of fluid sample paths
such that the following hold:

(i) ‖s(0)‖ ≤ ε∗;
(ii) sup[0,T ] r(t) ≥ 1;

(iii) for each i, fi(·) is absolutely continuous in [0, T ].
Then

inf
T ≥T4

inf
φ∈�̂T ,ε∗

JT (f ) ↑ inf
φ∈�̂T4,0

JT4(f ) = J∗ as ε∗ ↓ 0.(7.26)

PROOF. First, we notice that the equality in (7.26) follows from the definition
of J∗ and the fact that T4 > T 0. The uniform convergence in (7.26) is proved
by contradiction. If (7.26) did not hold, then we would find a sequence of fluid
sample paths {φ(m),m = 1,2, . . . } such that φ(m) ∈ �̂T (m),1/m for some T (m) ≥ 0,
and JT (m)(f (m)) ≤ ε4 < J∗ for some fixed 0 < ε4 < ∞. Due to Lemma 7.4 (and
the definition of J∗), we can assume without loss of generality that this sequence
is such that

inf
t∈[0,T (m)]

∥∥s(m)(t)
∥∥ > 0 ∀m.

Then, using Lemma 7.8, we observe that the sequence {T (m)} is bounded. It
is also easy to see that {T (m)} must stay bounded away from 0. Then we
can further assume (again, without loss of generality) that each φ(m) is such
that r(m)(T (m)) = 1, and, for each i,

d

dt
f

(m)
i (t) ≡ λi, t ≥ T (m).

(Note that all functions f
(m)
i chosen this way, are absolutely continuous in [0,∞).)

From this sequence {φ(m)} we can choose a subsequence such that T (m) →
T > 0, and which weakly converges to a fluid sample path φ. [From the fact
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that JT (m)(f (m)) stays bounded, it follows that, for each i, the functions f
(m)
i (·)

remain uniformly bounded on finite intervals.] Moreover, since for an arbitrary
fixed T5 > T the cost function JT5(·) has compact level sets, the subsequence
can be chosen such that ζ0f

(m) − f (m)(0) → h ∈ CN
(0),+,0 u.o.c., and JT (h) ≤ ε4.

This immediately implies that the limiting φ is such that f = h, φ ∈ �̂T,0 and
JT (f ) ≤ ε4. The latter inequality is a contradiction with the definition of J∗. �

8. LWDF network: properties of a sequence of scaled processes. In
this section we consider the sequence of scaled processes {φ(n), n = 1,2, . . .},
with φ(n) = �nφ, where φ is the original process describing the evolution of the
LWDF network in the interval [0,∞). We assume that each process φ(n) has a
nonrandom initial state x ∈ �d .

As before, suppose that Assumption 3.1 for the input flows holds. (We note
again that this assumption is weaker than Assumption 3.2.)

We denote by P
(n)
x the distribution of the process φ(n) with a fixed initial

state x ∈ �d ; and denote by E
(n)
x the expectation with respect to P

(n)
x .

LEMMA 8.1. Let positive constants 0 < δ < ε∗ < C < ∞ and T > 0 be fixed.
Consider the following subsets:

X0
.= {x ∈ �d | ‖x‖ ≤ ε∗}, Y0

.= {φ ∈ � | s(0) ∈ X0} ≡ {φ ∈ � | ‖s(0)‖ ≤ ε∗}.
Let Y be one of the subsets Y1, Y2, Y3, defined as

Y1 =
{
φ ∈ �

∣∣∣ inf
t∈[0,T ] ‖s(t)‖ ≥ δ

}
,

Y2 =
{
φ ∈ �

∣∣∣ sup
t∈[0,T ]

r(t) ≥ 1
}
,

Y3 =
{
φ ∈ �

∣∣∣ sup
t∈[0,T ]

‖s(t)‖ ≥ C

}
.

Then

lim sup
n→∞

1

n
log

[
sup
x∈X0

P (n)
x (Y )

]
≤ − inf

φ∈Y0∩Y
JT (f ).(8.1)

PROOF. Let us write Zd
.= �d ∩ Y0 ∩ Y . Consider the set

Fd
.= {

h = ζ T
0 f − f (0)

∣∣ f = f (φ), φ ∈ Zd

}
.

For any fixed x ∈ X0 we can write

P (n)
x (Y ) ≤ P

{
ζ T

0 f (n) − f (n)(0) ∈ Fd

}
.
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Using the LDP upper bound for the sequence of input flows, we obtain

lim sup
n→∞

1

n
logP

{
ζ T

0 f (n) − f (n)(0) ∈ Fd

}
≤ − inf

h∈Fd

JT (h) = − inf
h∈Fd∩ζ T

0 A(0),+,0

JT (h) ≤ − inf
φ∈Y0∩Y

JT (f ),

where Fd is the closure of Fd (in the uniform convergence topology). The last
inequality follows from the inclusion

Fd ∩ ζ T
0 A(0),+,0 ⊆ {

ζ T
0 f

∣∣ f = f (φ),φ ∈ Y0 ∩ Y
}
,

which is easily proved using Lemma 7.3(b). �

9. LWDF network with Markov input flows: process definition and sta-
bility. Now suppose that the Markov Assumption 3.2 holds for the input flow
processes.

The system evolution is described by a random process with realizations being
discrete sample paths. We consider the extended state of the network at time t ,
s̄(t) = (s(t), σ (t)), where s(t) is the state of the DSP, and

σ(t) = (
σ1(t), . . . , σN(t)

)
,

where σi(t) is the index of the state of the modulating Markov process for input
flow i. We see that the process s̄ = (s̄(t), t ≥ 0) takes values in the space

�d ⊆ ŜN+,0 × R
|G|
+ × R

N+ × R
|G|
+ × �,(9.1)

where � is the finite set of possible values of σ(·) [and Ŝ+,0 is defined in (7.5)].
To be more precise, �d is the set of possible states s̄ which are reachable from
any zero state [such that s(t) = 0] by a sample path f of the input flows, with
component functions fi having arbitrary positive jump sizes (i.e., customer sizes).

By definition, the norm of the extended state ‖s̄(t)‖ .= ‖s(t)‖.
On the space �d we define a metric which is the sum of the metrics on the

component spaces, with the standard Euclidian distance metric on each R+ and �,
and the following metric m̂s on each Ŝ+,0:

m̂s(h1, h2)
.= ms(h̃1, h̃2) + |�(h1) − �(h2)|,(9.2)

where h̃i = (h̃i(ξ), ξ ∈ [−1,1]), i = 1,2, is defined by

h̃i (ξ) =


0, ξ = −1,
hi

(
log(ξ + 1)

)
, −1 < ξ ≤ 0,

hi(0), 0 < ξ ≤ 1,
(9.3)

ms is the standard Skorohod J1-metric [5, 29] on the space D([−1,1]) of RCLL
functions in [−1,1]; and �(hi) is the number of jumps of function hi .

It is not hard to verify that space �d equipped with such a metric is a locally
compact separable metric space. The Borel σ -algebra on �d is equal to the
σ -algebra induced by the product σ -algebra generated by cylinder subsets on
the component spaces in the RHS of (9.1). (See [5], proof of Theorem 14.5.)
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REMARK. The topology on the state space �d we introduced above is quite
strong and may seem unusual. In fact, it is a form of the most natural (and
conventional) topology on a space of states of a multiclass queueing network. Two
states are “close” if, in both of them, there is the same number of customers of
each type in each node, and their corresponding arrival and residual service times
are close. In addition, this topology puts our process into the framework of [21,
22], which implies useful connections between stochastic and topological notions
of stability (see [21], Section 3).

We note, however, that all the results in this paper would hold even if we were
to introduce a weaker topology on �d . (In particular, we do not need �d to be
separable and locally compact.) So, for example, all our results still hold if we
exclude |�(h1) − �(h2)| from the RHS of (9.2).

Consider the sequence of scaled processes(
s̄(n) .= �ns̄, n = 1,2, . . .

)
.

Each process s̄(n) is a strong Markov process with state space �d , and with right-
continuous sample paths.

In what follows, with a slight abuse of notation, we will write Px(·) .=
P {·|s̄(n)(0) = x}, and Ex will denote the corresponding expectation.

THEOREM 9.1. Markov process s̄ is positive Harris recurrent (see the
definition in [22]), and therefore has unique stationary distribution.

PROOF. Assumption 3.2 implies that the functional strong law of large
numbers holds for each input flow i. Namely, with probability 1,

ζ0f (n)
i − f (n)

i (0) → (λi t, t ≥ 0).

Also, for any fixed T∗ ≥ 0, the family of random variables {f (n)
i (T∗) − f (n)

i (0),

n = 1,2, . . .} is uniformly integrable. Finally, it is easy to see that, for any c > 0,
{‖s̄‖ ≤ c} ⊂ �d is a closed petite subset. (See the definition in [22]. This follows
from the simple structure of our process: if ‖s(0)‖ ≤ c, then there exists fixed
time t∗, depending on c, such that s(t∗) = 0 and σ(t∗) takes some fixed value in �

with a positive probability uniformly bounded away from 0.)
Using the facts listed in the paragraph above, along with Lemmas 7.3 and 7.7

[with condition (7.22) specialized to f ′
i (t) = λi, t ≥ 0], we can apply the fluid

limit technique (see [7–9, 27, 30]), to prove that there exist constants T∗ > 0 and
ε∗ > 0 such that

lim sup
n→∞

sup
x∈�d,‖x‖≤1

Ex

∥∥s(n)(T∗)
∥∥ ≤ 1 − ε∗.(9.4)

This, implies (see [8, 27]) that the Markov process s̄ is positive Harris recurrent.
�
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In addition, from the property (9.4), using the Dynkin inequality (see its
statement in [20] and its application in the proof of Theorem 2.1(ii) [23]), we
obtain the following lemma.

LEMMA 9.2. Consider the sequence of scaled Markov processes (s̄(n),

n = 1,2, . . .). Let constants 0 < δ < C∗ be fixed. Consider the stopping time

β
(n)
1 = inf

{
t ≥ 0 | ∥∥s̄(n)

∥∥ ≤ δ
}
.

Then

lim sup
n→∞

sup
x∈�d,‖x‖≤C∗

Exβ
(n)
1 ≤ �∗C∗ < ∞,

where �∗ = T∗/ε∗, and T∗ and ε∗ are those from (9.4).

10. LWDF network with Markov input flows: proof of the large deviations
upper bound. To prove the upper bound, in this section we use classical
Wentzell–Freidlin constructions [13], which allow one to establish the large
deviations principle for a sequence of stationary distributions via the LDP for
the sequence of processes on a finite time interval. The key element is the
representation of the stationary distribution of the process via the stationary
distribution of a discrete time sampled chain associated with a sequence of
stopping times (see Lemma 10.1).

Suppose, J∗ < ∞. (In fact this is always the case under Assumption 3.2, but we
keep the proof slightly more general due to reasons discussed in Section 3.3.)

Let us fix arbitrary δ∗ > 0.
Let us fix arbitrary T4 > T 0. According to Lemma 7.9, we can choose ε∗ > 0

small enough so that, for any T ≥ T4,

inf
φ∈�̂T ,ε∗

JT (f ) > J∗ − δ∗.(10.1)

(See the definition of �̂T,ε∗ in Lemma 7.9.)
Let us choose ε and δ such that 0 < δ < ε < ε∗.
Due to Lemma 7.8, there exists T3 > 0 sufficiently large so that, for any T ≥ T3,

inf
φ∈�,‖s(0)‖≤ε∗,inf[0,T ] ‖s(t)‖≥δ

JT (f ) > J∗ + δ∗.(10.2)

Let us fix arbitrary T ≥ T4 ∨ T3 and choose C > ε∗ large enough so that

inf
φ∈�,‖s(0)‖≤ε∗,sup[0,T ] ‖s(t)‖≥C

JT (f ) > J∗ + δ∗.(10.3)

We can always do that because

‖s(T )‖ ≤ ‖s(0)‖ + NT +∑
i

[fi(T ) − fi(0)].
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Finally, let us fix arbitrary C∗ > C.
Consider the sequence of scaled Markov processes (s̄(n), n = 1,2, . . .). Each

process s̄(n) is positive Harris recurrent since it is just a scaled version of s̄.
We put η

(n)
0 = 0 and define the sequence of stopping times

0 = η
(n)
0 ≤ β

(n)
1 ≤ η

(n)
1 ≤ β

(n)
2 ≤ · · ·

as follows:

β(n)
m = inf

{
t ≥ η

(n)
m−1

∣∣ ∥∥s(n)(t)
∥∥ ≤ δ

}
, m ≥ 1,

η(n)
m = inf

{
t ≥ β(n)

m

∣∣ ∥∥s(n)(t)
∥∥ ≥ ε

}
, m ≥ 1.

We observe that since customer sizes (in the original unscaled process s̄) are
uniformly bounded and (with probability 1) no two customers arrive at the same
time, for all n ≥ n0 (with some fixed n0) and all m ≥ 1,

η(n)
m < ∞ and

∥∥s(n)(η(n)
m )

∥∥ ∈ [ε, ε∗] w.p.1.

Let us denote by π(n) the stationary distribution of the process s̄(n).
Note that, for all large n, the process s̄(n) sampled at the stopping times η

(n)
m ,

m = 1,2, . . . , that is, the discrete time process

ŝ(n) = {
ŝ(n)
m

.= s̄(n)(η(n)
m

)
,m = 1,2, . . .

}
,

is a Markov chain with state space

�̂d = {x ∈ �d | ‖x‖ ∈ [ε, ε∗]}.
It is easy to verify that this Markov chain is positive Harris recurrent. Indeed, its
entire state space is a small set. (See definitions in [20, 24]. The proof uses a
simple observation similar to the one used in the proof of Theorem 9.1 to show
that the set {‖s̄‖ ≤ c} is petite.) Using Nummelin splitting (see [24], Section 4.4),
this allows one to view ŝ(n) as a regenerative process.

Let us denote by π̂ (n) the unique stationary distribution of ŝ(n). The following
lemma, describing the relation between the stationary distribution π(n) of the
process and the stationary distribution π̂ (n) of the sampled chain, is quite standard.
(See, e.g., the discussion and references in [21], page 510.) Since we could not
find a reference which would apply to our specific setting, we present a proof in
the Appendix .

LEMMA 10.1. For any measurable B ⊆ �d ,

π(n)(B) =
∫
�̂d

π̂ (n)(dx)Ex

∫ η
(n)
1

0 I {s̄(n)(t) ∈ B}dt∫
�̂d

π̂ (n)(dx)Exη
(n)
1

.(10.4)
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We will consider (10.4) with the fixed subset B = {x ∈ �d | r = r(x) > 1} and
evaluate asymptotics of both the denominator and the numerator as n → ∞.

First, it is very easy to show that there exists ε9 > 0 such that

lim inf
n→∞ inf

x∈�̂d

Ex

[
η

(n)
1 − β

(n)
1

]
> ε9

and therefore the lim inf of the denominator of (10.4) is lower bounded by ε9.
Consider the following additional stopping times:

η(n),r = inf
{
t ≥ 0 | r(n)(t) ≥ 1

}
,

η(n),C = inf
{
t ≥ 0 | ∥∥s(n)(t)

∥∥ ≥ C
}
,

η(n),r,C = η(n),r ∧ η(n),C.

For any fixed x ∈ �̂d , we can write

Ex

∫ η
(n)
1

0
I
{
r(n)(t) > 1

}
dt

≤ Ex

[
I
{
η(n),r ≤ β

(n)
1

}(
β

(n)
1 − η(n),r

)]
≤ Ex

[
I
{
η(n),r,C ≤ β

(n)
1

}(
β

(n)
1 − η(n),r,C

)]
≤ Px

{
η(n),r,C ≤ β

(n)
1

}
sup

‖y‖≤C∗
Eyβ

(n)
1 .

We know from Lemma 9.2 that

lim sup
n→∞

sup
‖y‖≤C∗

Eyβ
(n)
1 ≤ �∗C∗

(with �∗ defined in Lemma 9.2).
Finally, we have the estimate

Px

(
η(n),r,C ≤ β

(n)
1

)
≤ Px

(
β

(n)
1 ≥ T

)+ Px

(
η(n),r,C ≤ T

)
≤ Px

(
β

(n)
1 ≥ T

)+ Px

(
η(n),C ≤ T

)+ Px

(
η(n),r ≤ T

)
.

We have [due to Lemma 8.1 and our choice of ε∗, T and C, such that (10.1)–(10.3)
hold]

lim sup
n→∞

1

n
log

[
sup
x∈�̂d

(
Px

(
β

(n)
1 ≥ T

)+ Px

(
η(n),C ≤ T

))] ≤ −(J∗ + δ∗)

and

lim sup
n→∞

1

n
log

[
sup
x∈�̂d

Px

(
η(n),r ≤ T

)] ≤ −(J∗ − δ∗).
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Since δ∗ > 0 can be chosen arbitrarily small, we have proved the desired upper
bound

lim sup
n→∞

1

n
logπ(n)({r > 1}) ≤ −J∗.

If J∗ = ∞, the same proof holds. We only need to replace the right-hand sides
of the inequalities (10.1)–(10.3), by some fixed (arbitrarily large) constant C6 > 0.

�

11. The LWWF (GLQF) discipline optimality for the unfinished work
process. In paper [31], for a single-server system, a result analogous to
optimality of the LWDF is presented, which applies to the unfinished work process.
Namely, Theorem 7.2 of [31] states that the largest weighted (unfinished) work
first (LWWF) discipline, which is essentially the GLQF, is optimal. That result
also extends to a network setting. We state the generalized result in this section.
We do not present the proof because it is just a simplified version of the proof of
Theorem 3.2.

Let qi(t) denote the total amount of unfinished class i work in the network at
time t . [In the notation introduced earlier in the paper, qi(t) = fi(t) − f̂i,Ki

(t).]
Let us also denote by qik(t) the amount of unfinished (ik)-work in node ĵ (i, k) at
time t [qik(t) = fik(t)− f̂ik(t)]. As before, let the set of positive constants αi > 0,

i ∈ N , be fixed, and let us denote by ρ(t)
.= maxi qi(t)/αi the maximal weighted

unfinished work at time t .

DEFINITION 11.1 (The network LWWF discipline). The network LWWF
discipline is a nonpreemptive, work-conserving discipline that chooses for service
in any node j the head-of-the-line customer of type (ik) ∈ Gj for which qi/αi is
maximal (among those with qik > 0). If multiple (ik) ∈ Gj belong to the same
class i, then the type with the greatest k (furthest on the route) is chosen.

THEOREM 11.2. For the constant J
q∗ > 0, defined in statement (iii) below,

the following hold:
(i) Consider the network with the LWWF scheduling discipline, and suppose

that Assumption 3.2 holds. Then a stationary random process describing network
evolution exists, is unique in distribution and is such that the (stationary)
distribution of the maximal weighted unfinished work ρ(0) satisfies the condition

lim sup
n→∞

1

n
log P

(
1

n
ρ(0) > 1

)
= −J q∗ .(11.1)

(ii) Suppose that Assumption 3.1 holds. Then there exists T 0 ∈ (0,∞) such
that, for any queueing discipline G ∈ G and any t > T 0, we have the following
lower bound:

lim inf
n→∞

1

n
logP∗

(
1

n
ρ(nt) > 1

)
≥ −J q∗ .(11.2)
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(iii) The constant J
q∗ is defined as

J q∗ = min
j∈J

J
q
∗,j ,

where J
q
∗,j is determined by the following finite dimensional optimization problem

for the node j in isolation:

J
q
∗,j = min

Ñj ⊆Nj ; (xi , i∈Ñj )

1

γ

∑
i∈Ñj

Li(xi),(11.3)

subject to

xi > 0, i ∈ Ñj ,

0 < γ =
∑

i∈Ñj
xi − µj∑

i∈Ñj
αi

< min
i∈Ñj

λi

αi

and

λi/αi ≤ γ ∀ i ∈ Nj \ Ñj .

The form of an optimal network simple element f 0 for this problem, which
is associated with a node j on which the minimum of J

q
∗,j is attained and the

corresponding optimal parameters Ñj , xi, i ∈ Ñj , is as follows:

f 0
i (t)

.=


λit, t ∈ [0,∞), for i ∈ N \ Ñj ,

xi t, t ∈ [0, T 0], for i ∈ Ñj ,

xiT
0 + λi(t − T 0), t ∈ [T 0,∞), for i ∈ Ñj ,

(11.4)

where T 0 .= 1/γ .

REMARK. Theorem 11.2 also holds if the LWWF discipline is modified as
follows: A type (ik) ∈ Gj is picked for which q̃ik/αi is maximal, where

q̃ik(t)
.= ∑

m≤k

qim(t),

that is, q̃ik(t) is the amount of work of class i which is “upstream” from
the type (ik) on the class i route. The LWWF discipline modified this way
is more “decentralized” and may be more attractive in applications. Indeed,
the information on the amount of class i unfinished work can be “shipped”
downstream on the route with class i customers: there is no need for a feedback
from the destination node.
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12. Conclusions. Using large deviations techniques, we have proved that, in
a queueing network of arbitrary topology, the LWDF is an optimal discipline to
satisfy asymptotic (“tail”) constraints on the end-to-end delay distributions. In the
center of our analysis is the proof of a remarkable critical node property: there
exists a most likely path to build large maximal weighted delay in the network,
which is a most likely path to do so in one of the nodes in isolation. In other words,
with the LWDF discipline, in spite of the complex interaction between nodes, the
worst (weighted) delay distribution tail (among all the flows) is just the same as it
would be if we would replace the network by a collection of its nodes operating in
isolation.

We believe these results provide important insight into the following practical
questions. How large end-to-end delays are built in a network? What are desirable
features of a network scheduling algorithm trying to minimize end-to-end delays?
We also think that in many practical situations the LWDF discipline can be directly
used for network scheduling.

As far as technique is concerned, we think that our approach to the crucial
problem of finding the lowest cost fluid paths in a network, based on an
“infinitesimal interval” argument, may be useful for other models too.

It was already mentioned that some of our assumptions (e.g., the specifics of
the Markov assumption on the input flows) can be significantly generalized. The
proofs will still work with appropriate adjustments. Also, as we explained before,
in the special case of a feedforward network, the additional Markov assumption
can be dropped.

Relaxing the Markov assumption on the input flows to just a stationarity
condition in the case of general network topology is an interesting subject for
future research.

APPENDIX

PROOF OF LEMMA 10.1. The strong law of large numbers (SLLN) applies
to the process s̄, for example, because it is a simple regenerative process,
with regeneration times being the times of hitting one of the zero states [such
that s(t) = 0]. So, for any measurable B , with probability 1,

lim
t→∞

1

t

∫ t

0
I
{
s̄(n)(ξ) ∈ B

}
dξ = π(n)(B).(A.1)

Consider the discrete time Markov chain s̃(n) = {s̃(n)
m , m = 1,2, . . .},

where s̃(n)
m = (s̄(n)(t), t ∈ [η(n)

m , η
(n)
m+1]). [To define state space of this chain rig-

orously we can, for example, include the duration tm = η
(n)
m+1 − η

(n)
m into the state,

use the time change ξ = t − η
(n)
m , let s̄(n)(ξ) ≡ s̄(n)(tm) for ξ > tm and define a

σ -algebra as the one generated by cylinder sets. We hope that the above “loose,”
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but intuitive, definition does not cause confusion.] This Markov chain is also posi-
tive Harris recurrent—again its entire state space is a small set [20, 24]. Therefore,
it has a unique stationary distribution, which we denote by π̃ (n). Obviously, distri-
bution π̂ (n) is a projection of π̃ (n).

The left-hand side of (A.1) can be rewritten as

lim
m→∞

∑m
1 g(s̃(n)

l )∑m
1 η

(n)
l+1 − η

(n)
l

,

where g(·) is the function of the state defined as

g(s̃(n)
l ) =

∫ η
(n)
l+1

η
(n)
l

I
{
s̄(n)(ξ) ∈ B

}
dξ.

The SLLN applies to the Markov chain s̃(n), because using Nummelin splitting
(see [24], Section 4.4) it can be represented as a simple regenerative process. Thus,
with probability 1, as m → ∞,

1

m

m∑
1

g
(
s̃(n)
l

)
and

1

m

m∑
1

(
η

(n)
l+1 − η

(n)
l

)
converge to the numerator and denominator of (10.4), respectively. The proof is
complete. �
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