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THE RSW THEOREM FOR CONTINUUM PERCOLATION
AND THE CLT FOR EUCLIDEAN MINIMAL
SPANNING TREES!

By KENNETH S. ALEXANDER

University of Southern California

We prove a central limit theorem for the length of the minimal
spanning tree of the set of sites of a Poisson process of intensity A in [0, 1]
as A — o, As observed previously by Ramey, the main difficulty is the
dependency between the contributions to this length from different re-
gions of [0, 1]%; a percolation-theoretic result on circuits surrounding a
fixed site can be used to control this dependency. We prove such a result
via a continuum percolation version of the Russo—Seymour—Welsh theo-
rem for occupied crossings of a rectangle. This RSW theorem also yields a
variety of results for two-dimensional fixed-radius continuum percolation
already well known for lattice models, including a finite-box criterion for
percolation and absence of percolation at the critical point.

1. Introduction. For a finite set V c R?, a Euclidean minimal span-
ning tree (MST) of V is a tree with site set V and minimal total length of all
bonds. (Here we use percolation terminology, that is, site = vertex and bond
= edge.) Let (V') denote this total length; the behavior of #(V') for random
site sets V has been an object of considerable study, particularly its limiting
behavior as the cardinality |[V| — «. For X,, X,,... iid uniform in [0, 1]¢ and
N()) an independent Poisson(A) r.v., let

Z =2({Xy,..., X)),

so that Zy,, is Z(V) for V the set of sites of a Poisson process of intensity A
in [0, 1]¢. Beardwood, Halton and Hammersley [6] proved a strong law for the
“Steiner tree” analog of the functional #(V'), in which the site set need only
contain V: for some 0 < B; < o,

limZ, /n@- V4 =g, as.
n

[They actually only prove this for a different “traveling salesman” functional
Z(-), but, as they point out, the proof for the Steiner tree is similar.] Steele
[28] established similar results for the large class of all subadditive Euclidean
functionals, and in [30] he proved the strong law for the MST. Steele [30] and
Aldous and Steele [1] replaced the length of an edge with a power of that
length and considered analogous results. For the MST and /or related func-
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tionals, Rhee and Talagrand [23] established exponential bounds on the tails
of Z, and Alexander [2], Jaillet [14], Redmond and Yukich [21] and Rhee
[22] considered the rate of convergence of EZ,/n@~V/? to B,.

After proving their strong law, Beardwood, Halton and Hammersley sug-
gested that there should be a central limit theorem (CLT) for #y,,. Similar
speculation appears in the paper of Avram and Bertsimas [4], which contains
CLT’s for some other natural functionals #(-) of geometric probability, and in
Steele [30]. Ramey [20] proved that, for d = 2, the CLT was true subject to
the validity of a certain percolation-theoretic conjecture. Our main purpose in
this paper is essentially to prove Ramey’s conjecture, and thereby to prove
the CLT for #y,,. Thus we restrict ourselves henceforth to d = 2. We do not
prove the CLT for the non-Poissonized quantity .%,, and it does not seem to be
any easy consequence of the CLT for % ,.

Since the completion of the present work, Kesten and Lee [16] have proved
the CLT for both %, and %y, in all dimensions, using techniques com-
pletely different from those employed here.

Our proof of Ramey’s conjecture is based on another result of independent
interest: the Russo—Seymour—Welsh (RSW) theorem for occupied crossings in
a certain continuum percolation model. The original RSW theorem (see
[25]-[27]) was proved for Bernoulli bond percolation on the square lattice,
where each bond is independently occupied with some probability p and
vacant with probability 1 — p. This theorem relates the probability of a
horizontal crossing by occupied bonds for an L X L square to that for a
(8L /2) X L rectangle. Crossings are called short-way or long-way depending
on the relative lengths of the sides of the rectangle. Roughly, the RSW
theorem says that, for some function f: (0,1] — (0,1] with f(p) > 1 as
p — 1, if the probability is at least p for crossing the square, then it is at
least f(p) for a long-way crossing of the rectangle, and the result is uniform
in L. This theorem is the foundation for a wide variety of results about
two-dimensional percolation, including the existence of a finite-box criterion
for percolation, continuity of the percolation probability, nonpercolation at
the critical point, noncoexistence of vacant and occupied infinite clusters for
fixed p and uniqueness of the critical point, among others; see [7] or [11]. We
will establish here some analogous consequences of the RSW theorem in the
continuum case. For general background on continuum percolation, see [17].

To formulate the theorem for continuum percolation, let X be a Poisson
process in R? with intensity A. For A ¢ R? and r > 0 we let

A" = {xeR*:d(x,A) <r},

where d(-,-) denotes Euclidean distance and d(x, A) = inf{d(x, y): y € A};
for a single point z we abbreviate {z}" as z’. The set X" is called the
occupied space at level r; its complement (X7)° is called the vacant space at
level r. This describes the fixed-radius case of the standard Poisson blob, or
Boolean, model of continuum percolation. We say there is a horizontal
occupied crossing of a rectangle R at level r if there is a path in X" N R from
the left side of R to the right side of R. Occupied or vacant percolation
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means the existence of an unbounded component in the occupied or vacant
space, respectively.

Kesten [15] generalized the lattice RSW theorem in a way that allows the
square to be replaced with a c¢L X L rectangle, with ¢ < 1. This generaliza-
tion means roughly that one need only establish a nonnegligible (or high)
probability of some short-way crossings in order to prove a nonnegligible (or
high) probability of a long-way crossing of a larger rectangle. The correspond-
ing result for continuum models is more difficult, because there is more
dependence. Roy [24] (see also [17]) proved an RSW theorem, incorporating
Kesten’s modifications, for vacant crossings in the bounded-radius Poisson
blob model, but without the analog of the property that f(p) > 1as p — 1.
As a consequence, Roy obtained the equality of various critical points for the
Poisson blob model. In broad outline Roy’s proof of his RSW theorem is
similar to Kesten’s lattice proof, but adapting the lattice proof to continuum
vacant crossings requires numerous new techniques. Roy’s techniques for
adapting the lattice proof to vacant crossings do not extend naturally to
occupied crossings. Roy considered bounded random radii; we consider only
the fixed-radius case.

2. The RSW theorem for occupied crossings. Let X be a Poisson
process in R? with intensity A; we identify X with the corresopnding set of
sites. We assume X is defined on a probability space (Q,., P); we call each
w € O a configuration. For A C R? and r > 0 we let

A< ={x e R*d(x,A) <r}.

Let B,(x) denote the closed ball of radius r centered at x. We say there is a
horizontal occupied crossing of a rectangle R =[a, b] X [¢,d] at level r if
there is a path in X" N R from {a} X [c, d] to {b} X [¢, d]; a vertical occupied
crossing is defined similarly. A horizontal vacant crossing and vertical vacant
crossing are define analogously. Define events

H,. ,(R) = [there exists a horizontal occupied crossing of R at level r],

oce, r

H,.. ,(R) = [there exists a horizontal vacant crossing of R at level r],

vac, r

Viee, -(R) = [there exists a vertical occupied crossing of R at level r],
Viae,r(R) = [there exists a vertical vacant crossing of R at level r].
Then
(2.1) Hy (R) = Ve o(R)" and Vi, ,(R) = Hy, ,(R)".

oce, T

The following theorem, the main result of this section, is the analog for
occupied crossings of the RSW theorem of Roy [24] for vacant crossings in
continuum percolation; the techniques we use to adapt the lattice proof are
quite different from those of Roy.

THEOREM 2.1. Let X be a Poisson process in R? with intensity A. Suppose
r>0,1>0,1>b>1/2+ 2rand h > 4r. Then, for some constant K(Ar?) >
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0, with K(-) nondecreasing, and a = b —1/2 + r,
P(H,, .([0,b +a] X [0,h —2r]))
(2.2) > K(Ar?)P(H,, ([0, +r] X [0,k — 4r]))"
X P(Vyee ,([0,1] x [0, A + 3r]))™.

cc, r

The most important thing about (2.2) is that the factor K(Ar2) does not
depend on the scale of the rectangles, that is, on b, A or [.

The closest analog of the original RSW theorem comparing the crossing
probability for an L X L square to that of a (3L /2) X L rectangle is obtained
by taking b =L — 3r,l =L + 5r and h = L + 2r, yielding

P(H,, ([0,3L/2 - 15r/2] x [0, L]))

(2.3) s .
> K(Ar?)P(H,, ([0, L — 2r]%)) P(V,. ([0, L + 57]%)),
which is somewhat similar except for the added /subtracted terms 15r/2, 2r
and 57 and the factor K(Ar?2). Of course, in the last two probabilities in (2.3),
H,. , andV,,  are interchangeable since the rectangles are squares.

By forming equivalence classes if necessary, we may assume that the
random process X = X(w) is a one-to-one function on Q. The ordering of the
sets X(w), w € Q, by inclusion then induces an ordering of ); an event H is
called increasing if w € H, w < o' imply o’ € H. The existence of an occu-
pied crossing of a given rectangle is clearly an increasing event. As noted by
Roy [24], the FKG inequality of Harris [12] extends straightforwardly to the

continuum case, yielding the following result.
LEMMA 2.2. Any two increasing events have nonnegative correlation.

Though the following proof is, in principle, self-contained, familiarity with
Russo’s proof for the lattice case will be invaluable; see the original work ([25]
and [26]) or see Lemma 9.73 of [11].

Proor oF THEOREM 2.1.

Step 1. We begin with a description of some of the geometry associated
with occupied crossings and some related definitions.

Given a rectangle R =[a, b] X [c, d], we define the following modifica-
tions:

R=[a—-r,b+r]x[c,d+5r],
R,=(a-r,b+r)yxX(c+r,d-r),
R,.=la—-r,b+r]xX[c—r,d+r],
=la—-r,b+r] x[e,d],
=[a,b] X (c+r,d—r).
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Observe that any occupied crossing of a rectangle R is contained in
(XNnR_,) . Let

aug

Rtop = [a’ b] X {d}’
Ry, = [a7 b] X {0}7
Xsup(R) :=XmRsup'

We call a horizontal occupied crossing of R at level r supported if it is
contained in X, (R)". Loosely, this means that none of the balls B,(x)

sup

necessary for the crossing intersect the bottom or the top of the rectangle.
The relevant “vacant space” in a rectangle when supported crossings are
considered is

Sap(R) = R\ X, (R)".
We define the event
H;,. .(R) = [thereis a supported horizontal occupied crossing of R at level r ].
Clearly,
(24)  H,, ([a,5] X [¢,d]) €Hy, ([a,8] X [ — 2r,d + 2r])
and
(2.5) He, (R) © Hoee, r(Ripunc)-

We say B — Cin A if there is a path y from some point x € B to some point
y € C with y\ {x} C A; for a point x, x = B means {x} — B. Define

L(R) = {x € R: x > R, in S,,,(R)};
see Figure 1. It is clear that
(2.6) L(R) is a connected set containing R, ,.
Now let
Y(R) = {x € X,,,(R): dB,(x) N dL(R) # D).
Suppose there is a supported horizontal occupied crossing of R = [a, b] X

[c, d]. Then the boundary of L(R) consists of R, ., portions of the left and
right sides of R and some arcs of the circles ¢B,(x), x € Y(R). Define

U(R) = {x € R: x > R, in R\Y(R)"},
Z(R) = {x € Y(R): dB,(x) N dU(R) + @}
= {x € Y(R): 9B,(x) - R,,, in R\ Y(R)"}.

Loosely, U(R) is the region above Y(R)" in R; see Figure 1. Note that U(R)
and L(R) are separated since Y(R)" contains an occupied crossing. The
boundary of U(R) consists of R,,,, portions of the left and right sides of R
and some arcs of the circles dB,(x), x € Z(R). Let u,, and u,, denote the
lowest points of U(R) on the left and right sides of R, respectively; then

top
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e

a-r b b‘+r

C

Fia. 1. Typical configuration with a supported horizontal occupied crossing. In this example,
zog =2z, butz,  # 2z,

dU(R) includes a horizontal occupied crossing yy, of R from uy tou,
consisting entirely of arcs of the circles dB,(x), x € Z(R). To each such arc in
Yury there corresponds a center in Z(R) of the corresponding r-ball; the
sequence of arcs comprising yy g, thus gives rise to a sequence z,..., 2z, in
Z(R) of ball centers. From the definition of Z(R), each point of Z(R) appears
at least once in this sequence; that is, Z(R) = {z,,..., z,,} as sets. (In fact, it
is easy to show that each point appears exactly once, but we will not make
use of this fact.) Let &, and &, denote the vertical coordinates of z; and z,,

respectively, and let

z4, if z, € R,
07 \(a,ny), ifz €R,

2.1 = (a - r’hlt)>
and similarly
Z,, ifz, R,
17\ (b, hy), ifz, €R,
Zpio = (b 4T, hy).
We can then define the canonical low occupied crossing, denoted y*, to be the
piecewise linear path z, - z; —» - — z,.;. It is clear that y* contains a

horizontal crossing of R; let us verify that this crossing is indeed occupied.
For 1 <i < n, it follows from the definition of the sequence z,,..., z, that

(27) |Zi+1 - Zi| < 27',
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therefore, the line segment from z; to z;,; is contained in the occupied space.
The same definition also yields that B,(z;) meets the left side of R, so the
line segment from z, to z; is also contained in the occupied space, and
similarly for the segment from z, to z, ;. Define the strips

Si([a,b] X [e,d]) =[a —r,a] X[ec,d],
Si([a,b] X [e,d]) =[b,b+r] xX[c,d].

The extended canonical low crossing, denoted y**, is the piecewise linear
path z_;, -z, > - = z,,,, which is a crossing of R 3, = Sy(R) UR U
S..(R), not necessarily entirely occupied.

We have seen that if there is a supported horizontal occupied crossing of
R, then there is a canonical one y* contained in Z(R)". Here y* will play
roughly the role for us that the “lowest occupied crossing” plays in the proof
of the lattice RSW theorem.

We write L(R, o) for L(R) when we wish to designate the underlying
configuration w giving rise to the set L(R), and similarly for other random
sets. Let (), be the event that there do not exist two sites x,y € X with
|x — y| = 2r, nor three sites x, y, z € X with ¢B,(x) N ¢B,(y) N ¢B,(z) # <.
Then P(Q,) = 1; we tacitly henceforth assume that all configurations come
from Q,.

Step 2. We give a description of the conditioning that occurs when some of
the sets L, Y, U and Z are specified.

Let 2,,, Z and Z denote the ranges of the functions X, (R,-), Y(R,-)
and Z(R,-) on (), respectively. We obtain topologies on 2;,,, % and Z by
viewing X, (R), Y(R) and Z(R) as elements of the disjoint union

sup

Up » 0 (Ry,)"; this makes Y(R) and Z(R) continuous functions of X, (R) at
every o € Q,. For configurations in Q, one can determine L(R)<" from
Y(R); more precisely, there exists a map A: % —».% such that A(Y(R, w)) =
L(R, w)<" for all w € Q,.

Suppose that, for some set D and configurations w, w’, we have L(R, w)~"
=D and X, (R,w)ND =X (R,w)ND. Here D denotes the closure of
D. 1t is easy to see that then D = L(R, w)“" = L(R, ') <" as well, with also
the equality for Y, U and Z in place of L(-)~". We therefore call L(R)" N R,
the conditioned region, because changes to X outside L(R)" N R, do not

affect the values of L, Y, U and Z. It follows that

wide

given L(R)<" = D, or given A(Y(R)) =D, Xn(DNR
remains a Poisson process in (D N R

sup)c

2.8
(28) )¢ with intensity A.

sup
Observe also that the only sites of X, (R)inside L(R)" are the sites in Y(R),
that is,

X.(R) NL(R) =Y(R).

Step 3. Note that the conditioned region may intersect U(R) or S,,(R) or
S,(R), in contrast to the lattice analog; see Figures 1 and 2. We need to show
that this intersection is not too big. More precisely, suppose, for the remain-
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UR)

Fic. 2. Detail of an example in which the conditioned region intersects U(R); the intersection is
vertically striped and is part of an r-ball centered at w.

der of Step 3, that there is a horizontal supported occupied crossing of R, and
define
U(R) = {x € R: x > R,y in R\Z(R)Zﬁ’},

top
L(R) = {x €ER:x» Rmp in R\ y**}.

Loosely, U(R) is the region above Z(R)? ‘/f_r in a slight enlargement R of R,
and L(R) is the region below y** in R. Since y* is occupied, from the
definition of L(R) we have L(R) c L(R). Let [ x, y] denote the (closed) line
segment with endpoints x and y, and analogously for (x, y] and so on. Now
suppose the following:

x = (x',x%) € UR), z =(z',2?) is the closest point
(2.9) to x in Z(R) (with ties broken arbitrarily), y =
(y', y?) €lx, z] with |y — z| > 31r/16

(see Figure 3). We claim that
(2.10) d(y,L(R)) > 17r/16 and therefore B, ,4(y) NL(R) = &.

For fixed x, z and a finite number of sites y as in (2.9), sites in the balls
B, ,16(y) can be used to create an occupied path from x to z; see Figure 4.
The latter part of (2.10) ensures that the probability of the existence of such
sites does not depend on Y(R). To connect x to z, at least one such site must
be in B,,(2z), but, under (2.9) and (2.10), that is not a problem since 31r/16 +
r/16 = 2r. The proof of (2.10) is fairly straightforward when x and y are in
R, but since x and/or y can be in S, (R) or S, (R), a number of cases and
subcases must be covered separately. We will make use of the following
preliminary results.
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d+5r

ar a b b+r

F16. 3. Illustration for (2.9) and (2.10). The figure is not drawn to scale.

h+5r

0
b-1-r 0 a-r a b b+r

Fic. 4. Illustration for Steps 4 and 5. The entire rectangle is R . The point x is a close final

aug*
visible site. The sites in the dashed path from x; to x, are hidden sites in X(w,) which do not
appear in X(w). The shaded region at the lower right, partly covered by L(R), is L(R)" N R

sup*
The figure is not drawn to scale.
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CLAIM 1. y** separates U(R) from L(R), and hence also from L(R).
This is an easy consequence of the fact that y** c Z(R)?".

Cramm 2. If p,q,s,t €R? |p—ql<17r/16, |s —t| < 2r and [p,q]l N
[s,t] + &, then min(|p — sl,|p — t) < 3r/2.

This is proved by noting that if s,¢ & B;, 5(p) and [p,ql N [s,t] = I,
then [s, t] includes a chord of the circle 9Bj, ,(p) of length less than 2r, for
which the distance from the chord to the circle center is less than 17r/16.
This is impossible since \/(171‘/16)2 +r? < 3r/2.

For g = (q¢%, ¢®) with b <q' <b +r,let q,, == (b + 1, qy).

CramM 3. If y!' > b, then [y, y,,] N v* = .

By Claim 2, if y' > b and [y, y,.] N v* # &, then d(y, Z(R)) < 3r/2,
contradicting (2.9).
Let w be the closest point to y in L(R) (breaking ties arbitrarily.)

Cram 4. If |y —w| < 17r/16, then [y,w] N v* = &. The proof is the
same as that of Claim 3.

Let u denote the closest point to y in y**, breaking ties arbitrarily. Let I,
and T,, denote the line segments [a — r,a] X {h}} and [b,b + r] X {h,},
respectively. Observe that

(2.11) d([x,y],Z(R)) =d(y,Z(R)) > 31r/16,

so, since |z, — z,, 4l < 2r and |z, —z_4| < 2r,

%

[x, y] N v**, if nonempty, is a single point in the
(2.12) outer 1/16 part of I, or I,. If this point is in [,
then z, € R.

Since w € L(R), there is a path ¢ from w to R,, with o\ {w} € S, (R).

From Claims 3 and 4,
if y!>band |y —w| < 17r/16,
then (o U [w, yl U [y, y.D N y* = .

sup

(2.13)

Since o U [w,y] Uly, y,.] separates [y,,b +r] X[c, y,] from z, when
y! > b, it follows from (2.13) that

if y!>band |y —w|<17r/16,
then [y, b + r] X [c, y2] N Z(R) = &.

We now proceed with the various cases and subcases needed to prove (2.10).

Case 1. y € L(R) U y**. Then since, by Claim 1, x ¢ L(R), by (2.12),
[x,y] N y** must be a single point ¢ in I'; or I}, and [x,9) N L(R) =
while (¢, y] € L(R), so y must be below x, that is, y% < x2. Suppose |y — w|

(2.14)
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< 17r/16 and q € I'; then x2 > h, > y* and, by (2.12) and (2.14), we must
have x' > g! > y' > 2' (ie, x above and right of y and z) and z, € R.
Therefore, since |x — z,| > 2V2r we have x2 — h,, > 2r, so, using (2.11),

x = 21" = (Ix — gl +1y ~ 2))’
> (2% - h,rt)2 + 2|y — zl(x? — hy)
> (2% - hrt)Z +(2r)°
> (22 = )"+ (a = 2L
= |x - Zn|2>
which contradicts the definition of z. Similarly, we cannot have |y — w| <
17r/16 and q € I'y,. Thus |y — w| > 17r /16, proving (2.10).
Case 2. u € Z(R) and y ¢ L(R) U y**. Then [y,w] N y** # J since L(R)
c L(R), so, by (2.9), |y — wl = |y — ul = 31r /16, proving (2.10).
Case 3. u € Z(R) and y € L(R) U y**. There then exists i, —1<i <
n + 1, for which v €[z,,2,,,], and y — u is perpendicular to z,,, — z;.

1

Further, we have |y — w| > |y — ul, so we may assume
(2.15) ly — ul < 17r/16.

Case 3a. 0 < i < n. Let v denote the closest point to © in{z,, 2, ;} N Z(R),
breaking ties arbitrarily. Then |u —v|<r, so |y — w|? > ly — ul® = ly — v|?
—lu —v* > (81r/16)? — r2 > (17r/16)? and (2.10) follows.

Case 3b. i =n + 1. Then y' = u' > b; since y & L(R) U y**, by Claim 3
and (2.15), it follows that

(2.16) h, + 17r/16 > y, > h.,.

By Claim 1 and the fact that y** c Z(R)?", we have x & L(R) U y**. Hence,
by (2.12),

(2.17) [x,y] Nny** =
Case 3b(i). z' > y! and z2 < y%. Then, by (2.14), we have |y — w| > 17r/16

and (2.10) follows.
Case 3b(ii). z! < y! and z2 > y2. Then, from (2.17) and (2.15), we have

x € [yl,b +r] X [hrt,y2] c[b,b+r] X[hy,h,y+17r/16] C B;, 5(2,),

contradicting (2.9).

Case 3b(ii). z' > y' and z% > y2. Since x € U(R) there is a path 7 from x
to R, with 7\ {x} C R\Z(R)f‘/z—’. Then 7N [z,z,] =3 so U [x,y] U
[y, y,.] separates z from z, in R, so y* must cross 7 U [x, y] U [y, y,.]. But,
by Claim 3 and (2.17), (r U [x, y] U [y, y. D N y** = &, so we have a contra-
diction.

Case 3b(iv). z! < y! and 22 < y%. Then

(2.18) x'=b,x2>y2>h,and|x —z,|>2/2r, sox%=h,+2r.
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[This last conclusion is the reason for choosing the constant 2Y2 in the
definition of U(R).]

Since z € B, _, (%), it is easy to see that the minimum possible value for
y% under (2.18) is h, + 2r — 2/2r + 31r/16, achieved when z, = (b —
rohy), x=0B+r,h, +2r), z=(b+r h,+2r—2/2r) and y=(b+
r,hy + 2r — 2/2r + 31r/16). Since h, + 2r — 2Y2r + 31r/16 > h, +
17r /16, this contradicts (2.16).

Case 3c. i = —1. This is equivalent to Case 3b by reflection.

This completes the proof of (2.10) in all cases. Let us next show that

(2.19) d(U(R),y**) > r;
by Claim 1 a consequence of (2.19) is that
(2.20) U(R) N L(R) = @.

To prove (2.19), suppose x € R and d(x, y**) < r. Let u be the closest point
to x iny**, so |x —u|l<r, and fix -1 <i <n + 1 such that u €[z, 2;,,].
If u e Z(R), then d(x,Z(R)) <r so x & UR). If u & Z(R), then x — u
is perpendicular to z; — z;, ;. Defining z to be z; if 1 <i<n, z, if i =

n+land z,ifi = —1or0,wehave z € Z(R) and |z — u|§ 2r,s0 |x —z|* =
lx —ul®> +lu —zI> <r? + (2r)? < (2V/2r)?, so again x & U(R). Thus (2.19) is
proved.

Step 4. Given a region A C R, let A, denote the reflection of A across
the line {a —r} X Randlet A=A UA_,.

It follows from (2.8) and (2.20) that we may use the following special
construction of the process X. Let V(R) == U(R)\ Z(R)*" and let W(R) =
U(R) N Z(R)*". Then let

c
K

Q(R) = [(L(R) N R,,,) U W(R) U V(R)]
see Figure 4. It follows easily from (2.20) that

V(R),L(R)" N R,,,,W(R) and Q(R) form a partition of R2.

sup?

Let w;, w, and w; be independent configurations and let o = (w;, w,, w3).
Let C be an event, to be specified later, in the o-algebra generated by
Y(R, w;) and X(w,) N V(R, w,), with C C[w,; € H},. ,(R)]. Then define

(X(@1) NL(R, @) N Ryyp) U (X(@y) NV(R, @)")
U(X(w3) NW(R, 0,)) U (X(w3) NQ(R, w,)), ifweC,
(X(w,) NL(R, )" N R,y,) U (X(wy) NV(R, ,)")
U(X(wz) N W(R, ")1)) U (X(w3) NQ(R, 0,)),
if we [w, € HS, (R)]\C,

X(w) =

X(wl)? if w; & Hoscc,r(R)‘
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Roughly, this means that, to form X(w), we first look at X(w;) to determine
the region L(R, w,). Provided there is a supported horizontal occupied cross-
ing of R, this immediately determines the four disjoint regions V(R, 1),
L(R, )" NR,,,, W(R, »,) and Q(R, »,) into which R? is divided, but it
does not in any way condition sites outside L(R, w,)" N R sup® We can there-
fore use X(w,) in the region V(R ;) and X(w;) in the region Q(R, w,). The
sites of X(w,) in the region V(R, w,) then determine whether X(w,) or
X(ws) is used in the region W(R w1).

We call the sites of X(w,) in V(R, w,) visible, and call other sites of X(w,)
hidden; thus visible sites of X(w,) always appear in X(w). Hidden sites of
X(w,) in W(R, w,) are uncovered [i.e., are sites of X(w)] when the event
[0, € Hy,. .(R)]\ C occurs.

Step 5. Let a==5b—1/2 + r. We now consider R = [a, b] X [0, k], R™:=
[0,b+r]X[r,h—r], R = [b—lb]X[rh+4r] R*=[a —r,a + b]
X[r,h—r]l, R""=[a,a +1] X[r,h+4r] and R,=[b—1,a +1] X|[O,
h + 4r]. If r = 0, one can visualize these rectangles as follows: dividing the
rectangle R, into five blocks using vertical lines at 0, a, b, and b + a, R is
the center block, R~ consists of the center and left center blocks, R~ ~
consists of the three leftmost blocks, R* consists of the center and right
center blocks and R** consists of the three rightmost blocks; see Figure 5.
The picture for r > 0 is a slight modification of this. Roughly, we wish to
build a horizontal crossing of the three central blocks out of the canonical low
crossing of R, horizontal crossings of R~ and R* and vertical crossings of
R~ and R"". Note that V(R) c R;u_g, in fact (see Figure 4), the left edge of
V(R) is part of the left edge of R, Also, R is the right half of R

Let E denote the event that there exist (1) a horizontal occupied crossing y
of R, ... With initial point in {a} X [0, 2 /2] and final point in {6} X [0, 2 /2],
(ii) an occupied path 8~ from y to R, in R_3;, and (iii) an occupied path

wide

top

b-1 0 a b b+a a+l

Fic. 5. Illustration of occupied paths in the event E N G~ N G™. The shaded rectangle is R™; the
dotted rectangle which it partly covers is R™~. Note that a~ does not meet B~ ", but this forces
B~ to cross the vertical line at 0. In contrast, B** does not cross the vertical line at b + a, but

does meet a*. The five paths together include a horizontal occupied crossing of [0,b + a] X
[r,h —rl
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B*" from y to R} in Ryj,; see Figure 5. Suppose «~ is a horizontal
occupied crossing of R~. Following o~ from the left to right side of R, let
(a, y (a™)) be the last point of a~ in the vertical line {a} X [r, h — r]. Let
G~ denote the event that there exists such crossing o~ with y (a™) > A /2.
Similarly, for a* a right-to-left crossing of R*, we let (b, y*(a™)) be the last
point of a* in the vertical line {b} X [r, A — r], and let G* denote the event
that there exists such a crossing with y*(a*) > h/2. When EN G N G*
occurs, the path @~ may or may not meet y U 877, but if it does not, then
B~ " must cross the line {0} X [r, A — r]; either way, y is connected by an
occupied path to the left side {0} X [r, 2~ — r] of R™. Similarly, y is connected
to the right side {b + a} X [r, h — r] of R*; see Figure 5. Thus, using Lemma
2.2, we have

P(H,

From symmetry we have P(G™) > P(H,
it follows that

(2.21) P(H,.,(R"UR")) = P(E)P(H,, (R"))"/4.

We thus need to obtain a lower bound for P(E). Using the methods of the
lattice case, it is not difficult to obtain paths “almost like” 8=~ and g8**, with
sufficient probability, which come close to the path y; the problem comes in
actually connecting the three paths together without difficulties related to
conditioning.

If xi,..., x; are sites in X(w,) with |x;,; —x,/ < 2r for all i <j, we call
the correspondmg piecewise linear path x; — -+ — x; an occupied PL-path.
If there is an occupied PL- path X, > -+ o x;in V(R w,) such that B,(x;)
and x; € Z(R, 0?2 2" we call x; a frontier site; see

(R"UR"))>P(E)P(G")P(G").
(R7))/2, and similarly for G*, so

occ, r

ocec, r

intersects Ry,
Figure 4.
Suppose w; € H;,, ,(R) and there is an occupied path in X(wg)’ NR™~

from a point u of Rtop to a point v of R™7\ U(R ;). [Note that U(R, w;) =
W(R, w) U V(R, w,); see Figure 4.] Corresponding to such a path, there is
an occupied PL-path x;, —» --- — x,, with all sites in X(w;) N R, such
that « € B,(x,) and v € B,(x,). Since v & U(R w;) and since [using
Z(R, w)) C R,,] we have d(R;u_g\V(R wy), Riy) > r, we conclude that
x, € V(R, w,). Therefore, there exists a largest index j such that {x,,..., x;}
c V(R, w,); we call x; a final visible site of X(w,). A final visible 51te 18
necessarily in Z(R, w1)5’ If j < n we call Xji1 @ first hidden site of X(w,);
necessarily x;, ; € Z(R, »,)*, and, for such j,

n»

(2.22) ¥, € Z(R, )P implies «,,, € W(R, o).

We call a final visible site close if it lies in Z(R, wl)(Zﬁ”)r, and distant
otherwise. A close final visible site is thus a special case of a frontier site.
We can now specify C of Step 3 to be the event that w, € H;,. ,(R) and

there exists a frontier site of X(w,) in V(R, w,). Let D be the event that
1 € H, (R) and C does not occur, but there exists a distant final visible

oce, r
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site of X(w,) in V(R, ;) and a first hidden site of X(w,), necessarily in
W(R, wl) by (2.22). Thus, when D occurs, the first hidden site is uncovered. If
there is a vertical occupied crossing of R™~ in X(w,)", then there is an

occupied PL-path with d(x,, R};) < r. Since, by (2.19), d(U(R, w), Ry ) >
d(y**, Rp) + r > r, we then have x, & U(R, w,), so there must then be a
final visible site with index j < n; see Figure 4. Thus we have

(2'23) [ OCC T'(R)] [ OCC T(R__)] CCUD

If C occurs and x is a frontier site of X(a)z), or if D occurs and x is a
(necessarily uncovered) first hidden site of X(w,), then we call x a terminal
site of X(w,). Let C,, (resp. D,,) denote the event that C (resp. D) occurs with
a terminal 51te of X(w,) in R, the right half of R aug- FTOm symmetry, on the
event [w, € H,,. (R)],

(2.24) P(C,UD, | X(w,))=P(CUD|X(w,))/2 as.

If x is a terminal site of X(w,) in R, then x is a site of X(w), x € U(R, w,)

and 227 < d(x, Z(R)) < (2V2 + 2)r. i
Suppose w € C,, U D,,, x is a terminal site of X(w,) in R and z is a
closest site to x in Z(R); see Figure 4. (If there is more than one such x, we
take the first one in lexicographic order, to be concrete.) Suppose first
thatw € C,, and this x is a frontier site. Let y, and y, be points on the line
segment from x to z with |y, — z| = 47r /16 and |ly; — 2zl = 31r/16. We have

w € C and, by (2.10), B, ,15(y;) € Q(R, »,) U W(R, o,), so
(2.25) X(w) N B, 14(y:) =X(w3) N B, 16(y;), i=1,2;

that is, the sites in B, ;4(y;) come from X(w,). [Note that B, (y,) C
W(R wy), so (2.25) would be false if we uncovered the sites of X(w,) in
W(R, w;) when w € C; this is the reason for making the distinction between
o € Cand o ¢ C in Step 4.] Further, since x, z € R we have y;, € R and the
area of B, 4(y;) N R is at least 777‘2 /1024. Letting C;; denote the event
C.nN [X(w3) N B, ,16(y1) N R+ ] Nn[X(wy) N B,/16(y2) NR+], it fol-
lows that
P(Cy | X(w;), X(w,))

(2.26) )
> (1 — exp(—Awr?/1024))" a.s.on the event C,,.

We call sites of X(wg) N B, ,16(y;) auxiliary sites. Letting y; denote such an
auxiliary site for i = 1,2, we have |x —y,|l =|x —z| — |y, — 2| < (2V2 + 2)
r—47r/16 < 31r/16 and therefore

(2.27) le —y5l <2r,  lyy —yil<2r, Iyy—zl<2r.

Note that this computation might fail if x were a distant final visible
site; |x — z| could then be as large as 5r, so obtaining |x — y,| < 2r would
require that |y, — z| be at least 3r, whlch places y; in the region V(R, ;)
where sites come from X(w,), causing (2.25) and therefore perhaps (2.26)
to fail. This again is the reason for “uncovering” the sites of X(w,) in
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W(R, w1), but only when there is no frontier site, in the special construction
of X in Step 4—we need to find a terminal site closer than a distant final
visible site.

Similarly, suppose alternatively that w € D, and x is a first uncovered
site. Again let y; be a point on the line segment from x to z with |y; — z| =
31r/16. We have o€ [w, € H;,. (RI\C and, by (2.10), B, (y,) C
Q(R wy), s0 X(w) N B, ,(y,) = X(ws) N B, ,16(y,); that is, the sites in

B, ,16(y,) again come from X(w,). Letting D;; denote the event D, N[X
(w3) N B, 16(y) N R # ], it follows that

P(Dy | X(w,), X(wy))
> 1 — exp(—Awr?/1024) a.s.on the event D,,.
If y| is an auxiliary site, we have |x — y,|=|x —z| — |z — y,| < 3r — 31r/
16 < 31r/16 and therefore
(2.29) lx =yl <2r and |y] —z|<2r.
Because of (2.27) and (2.29), occurrence of the event C), U D, implies that

there exists an occupied path in (X(w) N (I(R, w,)")°)" from Z(R)" to R,

to
inside R,;.. The fact that the paths in these events are in (X(w) A
(L(R, w,)")°)" means that the relevant sites of X(w) are all outside L(R, w;)"

so are from X(w,) U X(w;). Define the events

(R) N [there exists an occupied path in (X N (L(R)r)c)r

(2.28)

J =H,

oce, r

from Z(R)" to R, inside Rwlde]’

top

JTH=H:. (R)N [there exists an occupied path in (X N (L(R)") )

from Z(R)" to R/, inside w1de]

top
For w, € H;,, .(R) we then have, using Lemma 2.2,
P(J NnJd"" [ X(wy))>P(J " | X(wy))P(J"" | X(w,))
=P(J " | X(w)))
while, by (2.26) and (2.28), on the event C,, U D,,,
P(J77 [ X( @), X(@3)) =2 P(Cy U D | X( @), X(@3))

(2.30)

> (1- exp(—)m-rz/1024))

Therefore, by (2.23) and (2.24), on the event [w, € H;,, (R)],
P(J7 | X(wy))

231) > (1- exp(—)m'rz/1024))zP(Crt UD, | X(w,))

> (1 - exp(—Amr?/1024))" P(C U D| X(w,))/2

> (1 - eXp(—/\WTZ/1024))2P(w2 occ r(Ieii))/2 a.s.
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Let F denote the event that there exists a supported horizontal occupied
crossing of R starting in the lower half of the left side of R and ending in the
lower half of the right side of R. Then, by (2.30) and (2.31), integrating over
the event [ w; € F],

P(E)>P(J NnJ**NF)
> (1 - exp(—Amr?/1024))'P(V,.. (R 7))’ P(F) /4.

To bound P(F) from below, let F) (F,,) denote the event that there ex-
ists a supported horizontal occupied crossing of R starting (ending) in
the lower half of the left (right) side of R. Then F), and F,, are increasing
events, and, from (2.4) and symmetry,

P(Flt) = P(Frt) = P(H(fcc,r(R))/Z = P(Hocc,r(Rt_runc))/27

(2.32)

so, by Lemma 2.2,
_ 2
P(F) = P(Flt N Frt) = P(Hocc,r(Rtrunc)) /4
Therefore, by (2.32) and (2.4), for K(¢) = (1 — exp(—7t/1024))* /186,
P(E) = K(Ar?) P(Voee, ,(R™7))’ P(Hoe, 1 ( Rirunc) )
With (2.21) this shows

P(H,, ,(R"UR")) 2 K(Ar®)P(Vyee ,(R™7))’P(Hye ( Birune))'

cc, r

which is equivalent to the conclusion of the theorem. O

3. Consequences of the RSW theorem. The RSW theorem on a lattice
has a variety of by-now-standard consequences; see Chapter 9 of [11] or see
[7]. For most of these consequences, the extension to the present continuum
case is reasonably straightforward, but some technicalities do arise due to the
presence of the constant K in Theorem 2.1. In addition to these standard
consequences, we will derive a new result from the RSW theorem—essen-
tially Ramey’s conjecture [18]—which will be applied in the proof of the CLT
for minimal spanning trees.

Let [ x| denote the least integer greater than or equal to x.

LEmMA 3.1. Letr,l > 0 and suppose a > 6> 0 and k > [a/8]. Then the
following conclusions hold:

@) P(H,, (0,1 + a)l] x[0,1]) > P(H,, (0,1 + 8)I]1 x [0,1])* 1.

G) If 1>2r, 0<e<1/@k—1), B=3 and P(H,, (0, + 8] X
[0,{D > 1 — &, then

P(H, ([0,(1 + a)l] X [0,B1])) > 1~ ((2k - 1)&)* =1 — s.

The same conclusions hold with “occ” replaced throughout by “vac.”
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Proor. Ifthere are horizontal occupied crossings of each of the rectangles
[j8l,(1 + (j+ 1)8)I] x[0,I], 0 <j <k — 1, and vertical occupied crossings
of each of the rectangles [;j8l,(1 +j8)/l]1 X[0,(1 +&)I], 1<j<k -1,
then there is necessarily a horizontal occupied crossing of the rectangle
[0,(a + 1)I] X [0,1]. Each of these 2k — 1 crossings has the probability on
the right-hand side of (i). This and Lemma 2.2 prove ().

Turning to (ii), since / > 2r and B > 3, the events H, ([0,(1 + a)I] X
[0,7]) and H,, .([0,(1 + )] X [(B — DI, BI] are independent. Statement
(i1) now follows from the fact that the union of these two events is contained
inH_ . (0,(1 + «)l] X [0, B8l]D, while, by (i), each of these two events has

oce, r

probability at least 1 — (2k — 1)e. O

Given L and &, we will later wish to choose a value of r so that
P(H, (0,L] X[0,3L]) = &. This motivates the following two results.

oce, r

LEMMA 3.2. Suppose 0<e<1/363, 0<2r<Il<L/3 and 6>1/7.
Then the following conclusions hold:

@ If
(3.1) P(H,, . ([0,(1+8)l] x[0,1]))>1—&,
then P(H,,, ,((0,3L] X [0,L]) > 1 — &.

Gi) If
(32) P(H,., ([0, L] x [0,3L])) = &,
then P(H,,, (0,11 X [0,(1 + &)I]) > &.

oce, r

The same results are valid with “occ” and “vac” interchanged throughout.

PROOF. Suppose first that (3.1) holds with 6§ = 2 and [ = 3L for some
J = 0.If j = 0 there is nothing to prove. If j > 1, then applying Lemma 3.1(i1)
with the «, § and B there assigned to be 8, 2 and 3, respectively, we see
that (3.1) is also true with these same «, 6 and B for [ = 37/ *!L. Iterat-
ing on j then proves (i). For general 8 and /, define j > 0 by 3" V*?L <[ <
3 U*DL Set B==37L/l,s03 <B<9, and define « by 1 + a =37 "!L/I,
s0 8 < <26 and «a/8 < 182. By Lemma 3.1Gi) with 2 = 182, we have
P(H,,, .([0,377'L] x[0,3/L])) > 1 — £. But this is just (3.1) with 6 =2
and [ = 3 77L, which are hypotheses under which we have already proved (i),
so the proof of (i) is complete.

Because of the duality relation (2.1) and rotational invariance, (ii) is
essentially just the contrapositive of (1). O

LEMMA 3.3. Suppose r, L and ¢ satisfy (3.2), suppose 0 < &£ < 1/363 and
suppose 45r < s < L/3 — 5r. Then

P(H,. ,([0,3s] x [0,5])) > (K(Ar2)s®)”".
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PrOOF. Define b, h, t and a by
s=8b/7+ 22r/17,
h =8b/7+ 36r/7 [equivalently, h — 4r = 8(b +r) /7],
t = 64b/49 + 456r/49 [equivalently, ¢t = 8(h + 3r) /7],
a=b-t/2+r.

Then b > 36r and ¢ > b > t/2 + 2r. Applying Lemma 3.23ii) with [ = b + r
and (1 + 8)l = h — 4r, we see that § = 1/7 and

P(H,, ([0,b+7r] X[0,h —4r])) > &.

Similarly, applying Lemma 3.2Gi) with /=4 + 3r and (1 + 6). =¢ and
using rotational invariance, we obtain

P(Vi ,([0,£] X [0,h + 3r])) = .

Since b > 36r, we have b + a > 8(h — 2r)/7 = 8s/7. Therefore, by Theorem
2.1,

P(H,. ([0,8s/7] X [0,s]))
> P(H,, .([0,b +a] X[0,h —2r])) > K(Ar?)&".
Lemma 3.1(G), with « = 2, § = 1/7and k& = 14, now completes the proof. O

cc, r

THEOREM 3.4. There exists 6 > 0 such that, for each r > 0, the following
are equivalent:

(i) There is occupied percolation at level r.
Gi) lim, _, P(H,,, ,(0, L] x [0, L) = 1.
(i) lim, ,, P(H,, .(0,3L] X [0,L]) = 1.
(iv) There exists L > 2r such that P(H

oce, r
oce, r

((0,3L] x[0,LD) > 1 — 6.

The same result is valid with “occ” replaced throughout by “vac.”

ProorF. We show first that (i) = (iii) and (i1) = (iii). Suppose (iii) is false;
that is, there exists &> 0 such that P(H,, (0,3L] X [0,L])) <1 — & for
arbitrarily large values of L. We may assume ¢ < 1/363; then, by Lemma
3.2(1), we have P(H,, ([0,8l/7] X [0,1])) <1 — & or, equivalently,
P(H,,, (0,1] X[0,81/7]) = & for all > 2r. We now apply Roy’s RSW
theorem for vacant crossings [24], with Roy’s [;, I, and I, set to be 71/8, [

and 8/ /7, respectively, and Roy’s £ = 24 /7. This yields
(3.3) P(H ,([0,31] x[0,1])) = K,(Ar?)f(e) foralll> 5r,

vac, r
where f(&) is a constant not depending on A, r or [ and K,(Ar?)is a constant
which does not depend on ¢ or [. This means that the probability there is a
vacant circuit surrounding (0, )? in the annulus [ —1,21]*\ (0, 1)? is at least
(K, (Ar?)f(&))*, so, with probability 1, such circuits exist for arbitrarily large
I. This means that there is no occupied percolation; that is, (i) is false. From



CONTINUUM PERCOLATION AND MST 485

(3.3) we also obtain that P(H,,, .(0,1] x [0,1]) > K,(Ar*)f(e) for all [ > 5r,
so that (ii) is false. Thus we have shown (i) = (iii) and (i) = (ii).

Clearly, (ii1) implies (i1) and (iv). That (iv) implies (i) for sufficiently small 6
follows from a Peierls-type argument using renormalized bonds of size 3L X L;
details are similar to the proof of Proposition 3.1 of [13].

The proof for vacant percolation and vacant crossings is similar, using
Theorem 2.1 in place of Roy’s RSW theorem [24] and Lemma 3.3 in place of
(3.3). O

By monotonicity in r, there exists a constant r.(A) such that there is
occupied percolation a.s. when r > r,(A), and a.s. no occupied percolation
when r < r,(A). Zuev and Sidorenko [31] proved that 0 < r(A) < <.

There is a natural extension of the notion of a Euclidean minimal spanning
tree to the notion of a “minimal spanning forest” of an infinite site set; see [1]
or [3]. The following corollary is applied in [3] to show that, for the set of sites
of a Poisson process in R?, this minimal spanning forest actually consists of a
single infinite tree with one topological end.

COROLLARY 3.5. At level r = r,(A), there is a.s. neither occupied nor vacant
percolation.

Proor. Clearly, P(H,. (0,3L] X [0, L]) is a continuous function of r
for fixed L. It follows that the set of r for which (iv) of Theorem 3.4 is
satisfied is open. The same is true with “occ” replaced by “vac.” O

We say a set B surrounds a set A if B C A° but every path from A to « in
R? intersects B. For A ¢ A C R2, and V a subset of R?, we say a finite set
D cV is a barrier set in V around A in A at level r if D" is connected, D"
surrounds A and the connected component of D" in V" is contained in A. We
will see in Section 4 that the existence of such a barrier set essentially means
that the portion of a minimal spanning tree inside D" is not affected by the
sites outside A. It is easy to see that if there is an occupied path y in A which
surrounds A" and is not connected to JA in the occupied space V', then there
must be a barrier set in V around A in A. In [20] a structure similar to a
barrier set was called a magic circle, and the following result was conjectured.

PROPOSITION 3.6. For each &> 0 there exists L > 0 (not depending on \)
such that, for each x € R? and for r = r,()),

P(there exists a barrier set in X around x” in x

4—(—L/\/X,L/\/X)2 atlevelr) >1-e.

PrOOF. By rescaling we may assume A = 1. By Corollary 3.5 there is no
vacant percolation at level r, so there exists a.s. a finite D € X such that D"
surrounds x”; we may choose D" with D" connected. Since there is also no
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occupied percolation a.s., the connected component of D" in X" is bounded.
Therefore, with probability 1, for sufficiently large L there exists a barrier set
in X around x! in x + (=L, L)? at level r, and the proposition follows. O

4. The CLT for the minimal spanning tree. If all interpoint distances
in a finite set V are distinct, then the Euclidean minimal spanning tree of V
is unique, and we denote it MST(V'). Of course, this is the case a.s. if V is the
set of sites of a Poisson process. Note that MST(V) is a subgraph of the
complete graph CG(V) on V; CG(V) has a bond, denoted {x, y), between
each pair of distinct sites x, y € V. There are a number of standard charac-
terizations describing which bonds of CG(V) are in MST(V); see [18] and
[19]. To describe the ones we need, we begin with some definitions. By a path
in a graph G we implicitly mean a self-avoiding one, that is, a sequence of
distinct sites v4,..., v, such that {(v;,v;, ;> € G for all i < n. We also identify
a path with the corresponding sequence of bonds (v;, v;, ;). For sites u and v
of a path y in CG(V), we let vy,, denote the segment of y from u to v. We call
v locally minimax if, for every pair u,v of sites in y and every path « in
CG(V) from u to v,

max{|lx — yl: {x,y) € y,,} < max{lx —yl: {x,y) € a}.

By viewing the radius r as representing time, one may think of V" as a
growing set. At certain times r, one component of V" “bumps into” another
one and they merge into a single component. With this picture in mind, for x
and y distinct sites in V, we call {x,y) a contact bond for V if, for
r=|x —yl/2, x and y are in distinct components of V* for all s < r, but are
in the same component of V.

PROPOSITION 4.1. Let V be a finite subset of R? with all interpoint
distances distinct, and let x, y € V. The following are equivalent:
(4.1) (x,y> € MST(V).
(4.2) ForsomeA c V,{x,y) is the shortest bond from A to V\ A.

There exists no path from x toy in CG(V') with all bonds

(4.3) strictly shorter than {x,y).

(4.4) (x,y> isabond in some locally minimax path in CG(V').
(4.5) (x,y) is a contact bond for V.

Further,

(4.6) every path in MST(V') is locally minimax.

ProoF. Statement (4.6) and the equivalence of (4.1)-(4.4) are well known,
with portions appearing in [18] and [19]; a full proof is given in [3]. The
equivalence of (4.5) and (4.3) is straightforward. O
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The construction of the MST as the set of all contact bonds is equivalent to
the standard “greedy algorithm”; see [18].

Though many of the details have been changed, the general outline of the
remaining results in this section appeared in the dissertation of Ramey [20].

In view of the characterization (4.5), the following two results underlie the
relation between barrier sets and the MST.

LEMMA 4.2. Let V be a finite subset of R? with all interpoint distances
distinct. Supposer >0, AcCcV,xeV,ye VandA’, x" and y" are disjoint.
If A" surrounds x” but not y", then {x,y) is not a contact bond for V.

Proor. Let D c A be such that D" is connected and surrounds x”. Then
r <dlx,D") < d(x,y")=|lx —yl—r and r <d(y,D") < d(y, x") =
|x —y|—r, so, for s := max(d(x, D), d(y,D))/2, we have r <s <|x — y|/2
and x, y and D are all part of the same connected component of V*. Thus the
lemma follows. O

Given V a finite subset of R? and D c V, let
S =8(V,D) = {x € V: x" is surrounded by D"},
C=C(V,D)={xe€V\S: xisconnected to D in V'},
E=E(V,D):=V\(SuC().

Consider also the set
C = C(V,D) = {x € V\ S: x is connected to D in (V\ S)"}.

Clearly, C c C. If x € C with x" Ny" # & for some y € D, then (using
x,y & S) the straight line from x to y is in (V\ S)", so we have x € C. On
the other hand, if x € C with x" N D" = (J, then D" separates x from S”, so
again x € C. Thus C c C, so we have

c=2C.

LEMMA 4.3. Let V be a finite subset of R? with all interpoint distances
distinct, and let D C V be a set of sites such that D" is connected. Then, for C,
S and E as above,

G) forx,y e CuUS,{x,y)y € MST(V)ifandonlyif{x,y) € MST(C U S);
(i) for x € E and y € CUE, {x,yy € MST(V) if and only if {x,y) €
MST(C U E).

Proor. We begin with (). If (x, y) € MST(V), then it follows from the
characterization (4.3) that {(x,y) € MST(C U S). Thus suppose {x,y) &
MST(V). Then, by (4.3), there exists ¢ < |x — y|/2 such that there is a path y
from x to y in CG(V') in which every bond has length at most 2¢. By (4.4) and
(4.6), we may assume vy is a path in MST(V). We claim that there is a path
from x to y in CG(C U S) in which every bond has length at most 2%.
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Suppose y contains a site z € E; if not, then the claim is proved. Let v be the
first site in vy,, such that all sites in v,, are in C U S, and let u be the site
immediately preceding v in y. Then u € E and {u,v) € MST(V) so, by
Lemma 4.2, v ¢ S and hence v € C. Thus v,, is a path in CG(C U S) from C
to y in which every bond has length at most 2¢. Similarly, there is a path v,,,
in CG(C U S) from x to some w € C in which every bond has length at most
2¢. Now C" (= C") is connected since D’ is, so there is a path « from w to v
in CG(C) in which every bond has length at most 2r. Further, |u — v| > 2r
since u € E and v € C, while |u — v| < 2¢ since {u,v) € vy. Therefore, r < ¢,
80 ¥,, U @ U y,, is a path in CG(C U S) in which every bond has length at
most 2¢, proving the claim. Thus, by (4.3), {x, y> &€ MST(C U S), and (i) is
proved.

The proof of (ii) is similar with S and E interchanged, except that v and w
are now the first and last sites of y which arein C U S. O

COROLLARY 4.4. Suppose V is a finite subset of R? with all interpoint
distances distinct, r > 0, x € A € R? and there is a barrier set in V around x"

in A at level r. Then, for W=V N A,
2(Vu{a}) —2(V) =2(WU{x}) —Z(W).

Proor. Let D be the barrier set. Then
S(Vu{x},D)=S(V,D) U {x},
C(Vu{x},D)=C(V,D),
E(VuU{x},D) =E(V,D)
and
(4.7) C(W,D)=C(V,D), S(W,D)=S8(V,D).
Hence, by Lemma 4.3(G) and (i),
MST(V) n{{z,y>: z€ E(V,D),y € C(V,D) UE(V,D)}
=MST(VU {x}) N {{z,y>:z<€ E(V,D),y € C(V,D) UE(V, D)}
and
MST(V) n {{z,y):z,y € C(V,D) US(V, D)}
= MST(C(V,D) U S(V, D)),
MST(V U {x}) n{{z,¥):z,y e C(VU {x},D) U S(V U {x}, D)}
= MST(C(V,D) U S(V,D) U {x}),
while, by Lemma 4.2,
MST(V) N {{z,y>: 2z S(V,D),y € E(V,D)}
=MST(VU {x}) N {{z,¥>:2€S(VU {x},D),y € E(VU {x},D)}
=@’
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SO
(VU {x}) —2(V)
(4.8) -~ 2(C(V,D) US(V,D) U {x})
—#(C(V,D) US(V,D)).

By the same argument, (4.8) is true with V replaced by W. But, by (4.7), the
right-hand side of (4.8) remains the same when V is replaced by W, and the
corollary follows. O

LEMMA 4.5. The sequence n“E(%, —%,_1)*%, n > 2, is bounded for each
a > 0.

Proor. Let U, denote the total length of all bonds in MST({X;,..., X}
for which X, is an endpoint, and let i be such that X, is the closest site to
X, in{X,,..., X, ;}. By 4.2), (X, X,> € MST({X,,..., XD, s0 | X, - X,| <
U,. Since MST({X,,..., X,,_D U {{X,, X;)} spans {X, ..., X}, we have

(4.9) Z <2 +1X,-X|<2 ,+U,.

In the opposite direction, let J = {j <n — 1: (X, Xj> e MST({X,,..., X, D}
Deleting X, and (X, X;) from MST({X,,..., X,}) and replacing <X, X;)
with (X;, X;) for each j € J yields a graph which spans {X,,..., X, _;} for
which the total length of all bonds is at most %, + |J|1X, — X;| <%, + U,.
Hence %, , <%, + U,, which with (4.9) yields

(4.10) %, ~Z|<U,.

Let R, =max{|X, - X;l: j€J}. If (X, X;) € MST({X,,..., X,}), it is
well known that <Xn,Xj> is a bond in the Delaunay triangulation of
{X,,..., X} (see [18] for the definition and this result), and for each point u
of (X,, X;), the closest site to u among {X,,..., X,} is either X, or X}, or
both. In particular, X, and X; are the closest sites to the midpoint (X, +
XJ-)/2. Therefore, for the open ball, denoted B, ;, which has X, and X; as
diameter endpoints,

nj»

(4.11) {X,,....,X, .} NB, =.

Given k > 1, we can divide [0, 1]? into a collection &, of 4* squares of side
2% with disjoint interiors. Given 0 < ¢ < V2, let % be the least integer such
that ¢/9 > 27%, and let C,, denote the square in &, which contains X,.
Consider a 5 X 5 array %, of squares of side 2% with C,, as the center
square. Suppose |X, — X;| > ¢ for some j € J. Then the line from X, to X;
passes through at least one of the squares of @, on the outer perimeter of the
array; let @, be such a square (see Figure 6). Note (X, + X;)/2 is outside
the 5 X 5 array on this same line, since ¢/9 > 27*. It follows easily that
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i

Fic. 6. Illustration for the proof of Lemma 4.5. The squares C,;, and @, ;. are shaded.

Q. € B,;, so, by (4.11), we have {X,,..., X} N @, ;, = J. Thus
P(R,>t|X,)<P({X,,...., X, 1} N Q = Jfor some Q €., | X,)

<25(1—47k)"!

< 25exp(—(n — 1)t2/576),
so {n“ER>*, n > 2} is bounded. But, as observed in [20] and [30], the angle
between two MST bonds emanating from the same site cannot be less than
60°, so, from (4.10),
|z _, %1 <I|JIR, <6R,,
and the lemma follows. O

We next define an approximation to #(-) for which the CLT is relatively
easy to prove. For k£ > 1, divide [0,1)? into a k X k array {G,, i < k?} of
equal-sized squares, each of the form [a, b) X [¢, d). Let I(n, k) be such that
X, € Gy, 1) Now, for V a finite subset of [0, 1]?, define

Gw= L 2({X,..., X,} N G).
i<k?
Let k(A — « with k(A) = o(A'/?). Note that
(4.12) _C?”km, N(» 1S the sum of & ( /\)2 independent copies of £(A) ISZN(A/,Q(A)Z).

By a result of Few [10], there exists a constant ¢, such that

(4.13) Z(V) <c,lVI'? for every finite V < [0, 1]%.
It follows readily from (4.12) that
(4.14) Zyw <con? foralln,k > 1.

LEMMA 4.6. There exist constants r, > 0 such that inf, . , , P(there exists
a barrier set in {X,,..., X, 1} around X, in Gy, 1, at level r,) > 1 as
A — oo,
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PrOOF. Let £,A > 0and n > A/2. Let M be Binomial(n — 1, 2(A)"%) and
let M* be Poisson((n — 1)/k(A)?). If A is large, then M and M* can be
coupled so that

(4.15) P(M # M*) < &;

see [5]. Let Y}, Y,,... be iid uniform in Gy, ,(,), independent of X,, M and
M*. Then

(4.16) {Y,...,Yy} ={(X,,..., X, 1} NGy, 1y indistribution.

By Proposition 3.6, there exist L > 0 and r, > 0 such that, for n > A/2 and
A large,

P (there does not exist a barrier set in {Y;,...,Y),.} around X
in Gy, 4y atlevel r,)
2
<P(X, + (=L/Vn =1, L0 = 1) ¢ Gy i) + &

< 2e¢,

since L/ Vn — 1 = o(1/k())). Since ¢ is arbitrary, with (4.15) and (4.16) this
proves the lemma. O

We next use the results on barrier sets (Corollary 4.4 and Lemma 4.6) to
show that %, ,, y(,, is indeed a good approximation to Z,).

Lemma 4.7. (D) supnzA/zVar(jkw,n —-%)—>0as A - .
(i) Var(Z, ., vy —Lvy) = 0 as A - .

Proor. (1) Fix A and let
Hn,)\ ::izk()\),n -,
By the Efron—Stein [9] inequality, we have
(4.17) Var(H,_,,) <nE(H, , - H,_, )"

By Lemma 4.5, {n(%, =< _,)*, n > 2} is uniformly integrable. By the same
proof, {n(%, , —%, ,_1)? n =2, k>1} is uniformly integrable. Hence
{n(H, , —H, ;)% n>2, A> 0} is uniformly integrable. But, by Corollary
4.4, applied with x =X, and A = Gy, 1\, When the event in Lemma 4.6
occurs, we have

Hn,/\ - anl,}\ = (’%@,n _°£2k,n71) - (‘Zl _%71) = O’
so, by Lemma 4.6 and uniform integrability,

(4.18) sup nE(H, ,—H,_,,)? >0 as\— .
n>A/2

The result now follows from (4.17).
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(i) Observe that
h(n) = E(ﬂk(A),N(/\) - LN(A) IN(A) = n) = EHn,m
e(n) = Var(flk()\), vy — Lvay IN(A) = n) = Var(H, ,).
Therefore,

(4.19) Var(i;k()t),N(A) _3N(/\)) =E@(N(A)) + var(4(N(A))).

By (4.13) and (4.14), we have ¢,(n) < 4cin for all n, while, by part (i),
Sup, > ) /2 o(n) - 0 as A — . It follows easily that

Eo(N(A)) -0 as A — o,
By (4.13) and (4.14) again, we have (n) < 2¢,n'/2, while, by (4.18), we have

g = sup n?y(n) — Ph(n —1)| >0 as A > .
n>\/2

It follows easily that
2
var((N(A))) < E(%(N(V) = (1 A])
< A 2E(N(A) — [A])® + o(1)
-0 as A - o,
so the lemma follows from (4.19). O
In the next lemma, part (ii) is motivated by (4.12).
LEmMMA 4.8. (i) There exists v > 0 such that Var(Z,) > v for all n = 1,
and Var(Zy,,)) = v and Var(Z,,, y) = v for all A = 1.

G ROO?E| ()™ (Zuvin miars = EZvinwa) /Y Var( Zaon, v
as A — o,

3
-0

ProoF. (i) The lower bound for Var(#)) is essentially similar to the proof
of Proposition 5 of [4]; a full proof appears in [20]. The lower bound for
Var(%y,,)) is an easy consequence, and the lower bound for Var(% ,, y(,)
then follows from (4.12).

(i) By part (1), it is sufficient to show that E | %y sy — EZy B)IS is bounded
in 8. By Lemma 4.5 and the proof of Theorem 3 in [29], there exists ¢ such
that

(4.20) k(n) =E|l%, —EZ)|><c¢ foralln.

Let 7(n) = E¥,. Then, using E7(N(B)) = E%y s, and la + b)® < 8lal® +
8|5|®, we obtain

EL?N(;%) _E3N<B)|3
(4.21) < 8E|Zyp — 7(N(B))I° + 8EIr(N(B)) — Er(N(B))I
= 8Ex(N(B)) + 8EIr(N(B)) - Er(N(B))P.
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Let N'( 8) be an independent copy of N( 8); then

(422) EIr(N(B)) — Er(N(B))I> <Elr(N(B)) — 7(N'(B)I’.
By Lemma 4.5, there exists ¢, such that |7(n) — 7(n — 1)| < ¢,/ Vn for all n,
while, by (4.13), 7(n) < ¢,Vn for all n. Therefore, for some constant c,,

Elr(N(B)) = 7(N'(B))I°

3
< (2¢1/VB) EIN(B) = N'(B)I’ + ¢, B*P(N(B) < B/4),
which is bounded in B. Combining this with (4.20)-(4.22) proves the result.
O

The following is our main result.

THEOREM 4.9. The quantity (Zy,, — E%y,)/ \/ Var(Zy,,) converges in
distribution to a standard normal N(0,1) as A — <.

ProOF. From (4.12), Lemma 4.8(ii) and Liapounov’s CLT (see [8], page
200), it follows that (,C?”,Q(A)’N(,\) - EZ(A)’N(A))/ \/Var(,?k()‘)’N(,\)) converges in
distribution to a standard normal. By Lemmas 4.8(1) and 4.7(1),

Var(z()\),N(A))/Var(fZN(/\)) -1,
while

[(%(A),N(M - Ejk(A),N(A)) - (G EgN(A))]/\/V""r(Z(A),N(A)) -0
in probability, and the theorem follows. O
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