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A MARKOVIAN STORAGE MODEL

By ANTONIO PACHECO AND N. U. PRABHU

Technical University of Lisbon and Cornell University

We investigate a storage model where the input and the demand are
additive functionals on a Markov chain J. The storage policy is to meet
the largest possible portion of the demand. We first derive results for the
net input process embedded at the epochs of transitions of ¢/, which is a
Markov random walk. Our analysis is based on a Wiener—Hopf factoriza-
tion for this random walk; this also gives results for the busy period of the
storage process. The properties of the storage level and the unsatisfied
demand are then derived.

1. Introduction. In this paper we investigate the storage model in
which the storage level Z(¢) at time ¢ satisfies almost surely (a.s.) the
integral equation

(1) Z(t) = Z(0) + fota(J(s)) ds — /Otr(Z(s),J(s)) ds,

where
- [d), x>0,
(2) r(x,j) = min(a(j), d(j)), x <0,

with the condition Z(0) > 0. Here J = {J(¢), ¢ > 0} is a nonexplosive Markov
chain on a countable state space E, and a and d are nonnegative functions
on E. Equation (1) states that when the Markov chain o is in state j at time
t, input into the storage (buffer) occurs at rate a(j), while the demand occurs
at rate d(j) and the storage policy is to meet the largest possible portion of
this demand. Let us denote by

(3) A(t) =j:a(J(s))ds, D(¢) =f0td(J(s))ds

the input and the (actual) demand during a time interval (0, ¢]. It can be
proved that (A, J) = {(A, J)¢t), t = 0} and (D, J) ={(D, J)¢), ¢t > 0} are
Markov additive processes (MAPs) on the state space R, X E. A storage
model with a more general input process (X, J) of the Markov additive type
has been investigated in [11]. Here X(#) consists of jumps of positive size as
well as a (cumulative) drift A(#). However, the analysis of that paper cannot
be applied in the present model because in [11] it is assumed that

(4) a(j) <d(j) forjeE.
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This assumption will make (1) trivial since then the storage level is decreas-
ing so that it will eventually reach 0 after a random length of time and
remain at 0 after that. Therefore in this paper we do not assume (4) and use a
completely different approach to analyze our model. We denote

(5) B ={jcE:a(j) <d(j)}, Eo={j<E:a(j)>d(j)).

The model represented by (1) occurs in data communication systems.
Virtamo and Norros [17] have investigated a model in which a buffer receives
input of data from an M /M /1 queueing system at a constant rate ¢, so long
as the system is busy, and transmits these data at a maximum rate c¢; (< ¢,).
Denoting by J(#) the queue length, we can represent the buffer content Z(¢)
at time ¢ by

t t
(6) Z(t) =Z(0) + j(; CO]'(J(s)>0} ds — j;) cll([J(s)>0]\/[Z(s)>O]) ds.

This equation is of type (1) with

. Co, j>0, . .
a(J) = {00 JZO d(]) :cl? ]20-

Clearly, a(0) < d(0), but a(j) > d(j) for j > 0. Thus E, = {1,2,...} and E; =
{0}. The input during (0, ¢] is given by c,B(¢), where

t
B(t) :fOl(J(s»O}ds’

this being the part of the time interval (0, ¢] during which the server is busy.
For a survey of earlier storage models of data communication systems
satisfying (1), see [11]. A brief description of two of these models follows.

Anick, Mitra and Sondhi [2] study a model for a data-handling system with
N sources and a single transmission channel. The input rate is a(j) =,
where j is the number of sources that are “on,” and the maximum output rate
is a constant ¢, so that d(j) = c¢. We see in this case E, = {[c¢] + 1,[c] + 2,...}
and E, =1{0,1,...,[c]}.

Gaver and Lehoczky [5] investigate a model for an integrated circuit and
packet switching multiplexer, with input of data and voice calls. There are
s + u output channels, of which s are for data transmission, while the
remaining u are shared by data and voice calls (with calls having preemptive
priority over data). Here calls arrive in a Poisson process and have exponen-
tially distributed holding times. The model gives rise to (1) for the data buffer
content Z(¢) with

a(j) = cy, d(j) =cy(s +J), j=0,1,...,u,
where j is the number of channels out of u not occupied by calls, ¢, is the

(constant) data arrival rate and c, is the output rate capacity per channel.
The net input of our model X(¢) is given by

(7) X(#) = A(t) = D(t) = ["x(J(s)) ds,
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with x = a — d. The net input process is thus an MAP which is nonincreas-
ing during periods in which the environment J is in E; and is increasing
when o/ is in E,. Its sample functions are continuous a.s. and differentiable
everywhere except at the transition epochs T, n > 0, of the Markov chain /.
Since

j:r(Z(s), J(s)) ds

=/0td(J(s))ds +f0tmin{a(J(s)) —d(J(5)),0} 15, < o) ds,

we can rewrite (1) in the form

t _
(8) 2(t) = 2(0) + X(t) + [ 2(J(5) Lz 45,
where y~ = max{—y, 0}. Here the integral
t —
() 1(t) = [[2(J(5)) Lz ds

represents the amount of unsatisfied demand during (0, ¢]. If we let J, =
J(T,), then from (8) we obtain, for T, <t < T, . |,

(1) Z(8) = Z(T,) +x(J) (¢ = T,) +x(I) " [ Vg2 ds
and from (9)
(11) 1(t) =I(T,) +x(7,) " [ Lgyeo ds.

This shows that in order to study the process (Z, I, J) it may be of interest to
first study the properties of the embedded process Z(T,), I(T,), J(T,)).

The following is a brief summary of the results of this paper. In Section 2
we give the solution of the integral equation (8); a particular consequence of
the solution is that Z(T,) and I(T,) may be identified as functionals on the
process (T,, X(T,), J(T,)), which is a Markov random walk (MRW-—the
discrete-time analog of an MAP). So the properties of this MRW are investi-
gated in Section 3, the key result being a Wiener—Hopf factorization due to
Presman [14]; see [12] and [13]. In Section 4 the results of Section 3 are used
to study the properties of the storage level and the unsatisfied demand.

Rogers [15] investigates the model we consider, with the Markov chain
having finite state space. His analysis is based on the Wiener-Hopf factoriza-
tion of finite Markov chains, from which the invariant distribution of the
storage level is derived. Methods for computing the invariant law of the
storage level are discussed by Rogers and Shi [16]. Asmussen [3] and
Karandikar and Kulkarni [7] investigate a storage process identified as the
reflected Brownian motion (BM) modulated by a finite state Markov chain. In
the case where the variance components of this BM are all 0 their storage
process reduces to that of our paper.
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Our analysis allows for the Markov chain to have infinite state space, but
in [15], [3] and [7] this space is finite. We believe that some results in the
paper by Asmussen [3] and especially in the paper by Rogers [15] could be
generalized, without much effort, to the infinite state space case. The same is
not true for numerical methods to compute the storage quantities of interest.
In fact, the development of efficient numerical methods when the Markov
chain has infinite state space is likely to be the subject of future research in
the area of communication systems. In [15], [3] and [7], only the steady-state
behavior of the storage level is studied, whereas we derive the time-
dependent, as well as the steady-state, behavior of both the storage level and
the unsatisfied demand (see Examples 1 and 2). It should also be noted that
the specificity of our net input (namely, piecewise linearity) is not too
relevant for our analysis, so the techniques of the paper can be applied to
other net inputs. This makes our approach potentially more powerful.

We shall denote by N = (v;,) the generator matrix of J and assume that J
has a stationary distribution (#;, j € E). For analytical convenience we
assume that x(j) # 0 for j € E.

2. Preliminary results. We start by solving the integral equation (8).
Proceeding as in the proof of Theorem 1 in [11], we have the following result.

LEMMA 1. We are given a stochastic process J, as defined above, on a
probability space (Q,F, ), and additive functionals A and D on J as given
in (3). The integral equation (8) with Z(0) > 0 a.s. has P-a.s. the unique
solution

(12) Z(t) = Z(0) + X(¢) + I(¢),
where
(13) I(t) = [Z(0) + m(t)] = [Z(O) + OgitX(T)]_.

One of the consequences of the solution (12) is (10) since
(14) Z(t) = max{Z(0) + X(t), X(t) — m(¢t)} = [Z(0) +X(t)]+ > 0.

We next prove some preliminary results concerning the embedded process
Z(T,), I(T,), J(T,). We let

(15) Zn=Z(Tn)’ In=I(Tn)? Sn=X(Tn)’Xn+1=Sn+l _S
so that X, ,; = x(J NT,,; — T).

no?

LEmMmA 2. For T, <t <T,,, we have
2(t) = [2, + 2(J) (¢ = T)]

(16) -
I(t) = In + [Zn + x(Jn)(t - Tn)] ’

where

(17) Z,=Z,+8S, +1,, 1n=[zo+mn]’=[zo+ minSr]i.

0<r<n
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Proor. Using (10), we may conclude that
Z(t) = max{0,Z, + x(J,)(¢t — T,)}, n>=0,te|T,,T, ],

which proves (16). As a consequence, Z,,; = max{0,Z, + X, .} for n > 0,
which implies (17) in view of a result familiar in queueing systems (e.g.,
Theorem 8 in [10], Chapter 2). O

Lemma 2 shows that in order to study the process (Z,, I,,, J,) it suffices to
investigate the MRW (7, S,,, J,,), which we do in the next section. We note
that, if T, <¢ < T, ., then X(¢) =S, + x(J, Xt — T,). Thus min(S,, S, )
<X@®) < maX(S ,S, 1), which, in turn, implies that a.s. liminf X(¢) =
liminf S, and lim sup X(¢) = limsup S,,. Similarly, if we denote, for ¢ > 0
and n =0,1,...,

(18) M(t) = sup X(7), M, = max S,,

n
0O<r<t O<r<n

we may conclude that

(19) IimM(t) = limM, =M < +,
t—> n—w

(20) limm(¢) = limm, =m > —x.
t—> n— o

These statements show that some conclusions about the fluctuation behavior
of the net input process may be drawn from the associated MRW (S, , J,).
This, in turn, has implications for the storage level and unsatisfied demand
since these processes depend on the net input. We denote by (7}, j € E) the
stationary distribution of (<J,,), so that

(—v)m;
21 Tk = .
( ) ! ZkeE(_ka)Tfk

Also, define the net input rate x = ¥, pm;x(j), where we assume the sum
exists, but may be infinite. We then have the following.

THEOREM 1 [Fluctuation behavior of X(¢)]l. We have a.s.:

D X@)/t - .
(i) Ifx > 0, then lim X(¢) = +©, m > —x and M = +».
(Gi1) If x = 0, then liminf X(¢) = —, limsup X(¢) = +», m = —» and
M = +o,
Gv) Ifx <0, then lim X(¢) = —oo, m = —cand M < +oo,

ProoF. The proof of (i) is standard, but is given here for completeness. We
have

[y

X(t _
(22) —=—/x<J<s))ds——/0 2(J(s)] " = [x(J())] }ds.

~
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Now since o/ is ergodic,

1, . (N7 . .
(23) 7/0[95(61(3))] ds =), %/Olw(sm)ds_’ L [x()]

JjEE JEE
ast — x©,a.s.,
and similarly (1/8)/g[x(J(s)]™ ds = E;c gl 2(j)]” 7; as. as t — o, so that,

using (22), we conclude that lim, . X(¢)/t = X a.s. Define the mean incre-
ment in the MRW (S, J,):

(24) w= ¥ wfE[X, |, =j].

JjEE
Since E[X, |J, =j] =x(j)/(=v;), it follows that x = u*YL, . z(—v,,)7,.
Statements (i1)—(iv) follow from this and (19) and (20), by using Proposition 2

of Prabhu and Tang [12] and Theorem 8 of Prabhu, Tang and Zhu [13]. These
last two results describe the fluctuation behavior of the MRW (S, , J,). O

3. The MRW (T, S,,J,). In this section we investigate the properties
of the MRW (T,,,S,, J,). We note that the conditional distribution of the
increments (T, - T,_,,S, — S,_1), given J,_,, is singular, since X, = S, —

n—1>%~n
S, 1 =x(J T, —T,_,) a.s. The distribution of (T, X;, /) is best described
by the transform matrix

(25) @(0,w) = (¢jk(0, w)) = (E[exp(—éPT1 +iwX,);J,=k1dJ, =j])
for 6 > 0, w real and i = v— 1. We find that
O(0,w) = (d)jk(e’ w)) = (%‘(9’ w)pjk)

(26)
= (aj(o’ w)éjk)(pjk) =a(0,w)P,
where
_ Vi Vi
@7 a;(0,w) = —v,t 0—iwx())’ Pjp, (—v,)°

k+], p;; = 0.

For the time-reversed MRW (f‘n, .§n, jn) corresponding to the given MRW, we
have

b0, 0) = ($4(0, ©)) = (E[exp(— 0T, + iwX,); J; = k1, = ]|
(28) (

i : : 5
77_—;K<E[exp(—¢9T1 +iwX,);dy=jldy = k]) =Pa(0, ),
where P is the transition probability matrix of the time-reversed chain o),
namely,

A R Ty
(29) P=(bp)=|—5pPu|-

7;
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Since the T, are nondecreasing a.s., the fluctuating theory of the MRW
(T,,S,,dJ,) is adequately described by (S,). We now define the descending
ladder epoch N of the MRW (T, S,, J,,) and the ascending ladder epoch N of
the time-reversed MRW (7', S,, J,):

(30) N = min{n: S, < 0}, N=min{n:.§n>0}.

(Here we adopt the convention that the minimum of an empty set is +.) It
should be noted that both N and N are strong ladder epochs, which is
reasonable since the increments of S, and S, in each case have an absolutely
continuous distribution. The random variables Sy and S, are the ladder
heights corresponding to N and N. We also denote the transforms (in matrix
form)

(31)
x=(x(2,0,0)) = (E[zﬁexp(—GTN +iwSy); Iy =kl d, =j]),
(32)

T . . . .
x=(xu(z,0,0)) = (W—I;E[zNexp(—HTN +iwSy); Iy =jldy = k])
J

where 0 <z<1, 6>0, i=V—1 and o is real. Connecting these two
transforms is the Wiener—Hopf factorization, first established by Presman
[14] analytically and interpreted in terms of the ladder variables defined
above by Prabhu, Tang and Zhu [13]. The result is the following:

LEmMA 3 (Wiener-Hopf factorization). For the MRW (T,,S,, J,) with
0<z<1,0>0 and w real,

(33) I-20(0,0)=[I-x(z,0,0)][I-X(z,0,0)].

We shall use this factorization and the special structure of our MRW to
indicate how the transforms y and Y can be computed in the general case. It
turns out that our results contain information concerning the descending

ladder epoch T of the net input process A(X, J) and the ascending ladder
epoch T of the time-reversed process (X, JJ), which is defined as follows:

(34 J)=d, Toi<t<?, X(@) = [x(I(s))ds.
0

Thus

(35) T =inf(t > 0: X(¢) <0}, T =inf{t > 0: X(¢) > 0}.

We note that X(T) = 0 and X(T') = 0 a.s. For 0 < z < 1, § > 0 we define the
transforms

(36) (= (4u(z,0)) = (E[ZﬁeieT; J(T) = k1J(0) =‘j])’

37 m=(m(2,9)) (%E[z%‘”; J(T) =jld(0) = k]).

J
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THEOREM 2. For 0 <z <1, 0> 0 and w real, we have
(38) x(z,0,w) ={(2,0)P(0, w), x(z,0,0) =a(0,w)n(z,0).
PrROOF. An inspection of the sample paths of (X,J) will show that
J(T) = Jy_, and
_ Sy
T=—nr
x(J(T))
Since T is a stopping time for (X, J), we see that, given J(T) = 1, S /x(J(T))

is independent of T and has the same distribution as T, given J, = /.
Therefore

Ty —

)_(jk(z70’w)
- 8y

= Y E|2Vexp| - 0|T+ ————| +iwSy|; Jy_1 =1, Jy=k|J,=j
I€E x(Jy-1)

= Y E[2% T, J(T) =11J, =]
l€E

E (esﬁ 'S)J Eld 11}
X Elexp| —0———— + iwSy|; Jy = T—1=
x(Jy_1) Py Y

= Zg’jl(z,H)E[eXp(—OTl+in1);J1=k|J0=l]
leE

= 251(2,9)¢1k(0a‘0)-
leE

Thus ¥(z, 0, w) = {(z, 0)®(H, ). The proof of x(z, 0, ) = a(h, w)n(z, 0) is
similar. O

In general, for an (|E| X |E|) matrix A we block-partition A in the form

Aw An
A= ,
(Am An

with the rows and columns of A, corresponding to the states in E,. We now
have

0 lo (n n ) Iy O
39 — , — 00 01 , I= ,
(39) ¢ (0 511) K 0 0 0 I,
where I is the identity matrix. From (33) and Theorem 2 we have the
following.

THEOREM 3. We have, for 0 <z <1, 6> 0 and o real,

501q)10 g()lq)ll )

z®d,, z®,

oo Qg™ _
40 —_ | ®00"o0 ooTot | _
(40) b% ( 0 0 ) X
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and

_ -1
(41) Too — Xoo = (Ioo - Xoo) [(Ioo - 2(1300) - ZX01(I)10] >
(42) Xo1 = (Loo — Xoo)_l[zq)m = Xo1([11 — 2‘1’11)]’

where the inverse exists in the specified domain.

We note that if we let
(43) y= (5/jk(z, 6)) = (E[zﬁexp(—HTﬁ); Iy_1=Fk|J, =j]),

(44) y=(y,.k(z,e))=(%E[Zwexp(_ezﬁN);jN=j|jo:k]),

J
then, with I = (=8,,v;;/[—v;; + 0D,
(45) y=y{I% y=1I",
with, due to (45), the results for (£, n) being equivalent to those for (3, y). As

a matter of convenience we express some of the remaining results of this
section in terms of (7, y).

COROLLARY 1. For 0<z<1,60>0, withR = (rjk(H)) = (8jk | x(I/[— v
+0]), we have

(46) Yoo + (Zoo = Yo0)Yo1P10 = Z[Igopoo + 7011161P10],
(47) Yor + (Too = Y00)Yo1 Pz = 2[ 180 Por + YorI{1 Pua ]
(48) RoY01P1o + (Zoo = Y00)Yo1 R11Pro = 2¥o1 R11 111 Pro,
(49) RyYo1 P11 + (Zoo = Y00)Yor R11 P11 = 21 Ryt If1 Pyy -
Proor. We equate the real parts of the identity (41) and put w = 0. This
yields (46). We also equate the imaginary parts of (41), divide by » and let

o — 0. This yields (48), in view of (46). The proof of (47) and (49) is similar,
starting with the identity (42). O

Theorem 3 shows that the submatrices o, and x,; are determined by xgo
and xg;. Corollary 1 can be used in some important cases to reduce the
computation to a single (matrix) equation for y,,, as we will show in the fol-
lowing. Case (i) arises in models with |E,| > 1, while case (ii) covers the
situation with |E;| = 1. Details of the computations are omitted.

Case (i). If the submatrix P;; has an inverse, then

(50) Yoo = ZI(?OPOO + Roo701R1_11P10’
(51) Yor = 2lg0Poy + RooYo1 R11'P11
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where %,, satisfies the equation
701[R1_11P10]5’01 - [Raol(loo - ZIgOP00)701 + 701R1_11(111 - ZPIIIfI)]
+22R o Ly Poy 1Y, = 0.

Case (ii). If P;; = 0 and r;(0) = r{, j € E,, then

(52)

1
(53) Yoo = ZI(?OPOO + FR003’01P10a Yo1 = Zlgopov
1
_ 2 _ _
(Yo1P10)” — ["fRool(Ioo - ZIgOPoo) + Ioo](701P10)

(54)
+ erfR601130P01If1P10 = 0.

ExamPLE 1. Consider the Gaver—Lehoczky [5] model with a single output
channel, in which the channel is shared by data and voice calls (with calls
having preemptive priority over data). Here J(¢) = 0 if a call is in progress at
time ¢ (i.e., the channel is not available for data transmission), and J(¢) = 1
otherwise. Thus J has a two-state space {0, 1} and

a(0) = a(l) = c,, d(0) =0, d(1) = cy, co < Cq,

so that E, = {0}, E; = {1}, x(0) = ¢, and x(1) = ¢, — ¢, = —c;. Let the ar-
rival rate and service rate of calls be denoted by A and w, respectively. Then

Pefi o) weew=[3 5

We may now use (45), (53) and (54) to conclude that

51
Mo1 = 2, Moo = ~— &o1>
J9
2 1 1 2
o1 {gi — |(og + 09) + C—+c— 0Ly +2%0,=0,
0 1

where o, = u/c, and o; = A/c;. This implies that

{oi(2,0) = (20'1)71[(0'0 +01) +(1/co +1/cq)0
(55)

— \/[(0’0 + o) +(1/¢cq + 1/01)0]2 — 422000'1].

For an M /M /1 queue with arrival and service rates o, and o, respectively,
we denote the busy period by T* and the number of customers served during
the busy period by N*. From (55) we have the following (see Section 2.8 of
[9D:

{o1(2,0) = E[2¥exp(—6T); J(T) = 11 J(0) = 0]

|




86 A. PACHECO AND N. U. PRABHU

ExampLE 2. Consider the Virtamo—Norros [17] model, given by (6).
Denote ¢ = ¢, /¢, and p = A/pu, in which case 0 < ¢ < 1 and p > 0. Equation
(54) holds for this model and may be proved to be equivalent to

cut A+ pu
Lnol £10 — BEDE
(56) s

p(l—C)[ 1,0 +1,0]

If J(0) = 1, it is known from Aalto [1] that T is equal to the busy period of an
M/M /1 queue with arrival rate A and service rate cu. Thus

cut+ A+ 0 \/(c,u+)\+0)2 cu

(57) 510(1,9) = 2\ I\ T .

Using (56), the transforms
Lo(1,0) = (E[e*T|J(0) =n]), n=1,

may be computed recursively, starting with {;,(1, ) as given in (57).

4. The main results. With the properties for the MRW (T,,S,, J,)
established in Section 3, we are now in a position to derive the main results
of the paper. We first state the following results for the embedded process
(Z,,1,,dJ,), which follow easily from Theorems 3 and 4 of Prabhu and Tang
[12].

LEmmA 4. IfZ, = 0 a.s., then, for 0 > 0 and w,, w, real, we have
0 -1

E —OT, + iw,Z, +iw,1,); J, = k|, =
(58) ~o [exp( n lwl n le n) n | 0 .]]

n

= [I—X(Z,@,a)l)][l—)_((2,9,—w2)].

LEMMA 5. Suppose that p* < 0. Then (Z,, J,) =, (ZF, JF) as n — =, for
all initial distributions, where J)* is the stationary version of (J,) and
(Elexp(iwZ¥); J* = k] is the kth element of the row vector

m*[I - x(1,0,0)][I — x(1,0, w)],
where m* = (77, j € E).
For finite ¢, the distribution of (Z(¢), I(¢), J(¢)) can be found from (16)
using Lemma 4. We note that since T = inf{¢ > 0: X(¢) < 0} we have
(59) T = inf{t > 0: Z(t) = 0| Z(0) = 0}.
Thus T is the busy period of the storage. The transform of (T, J(T)) is £(1, 6)
given by

(60)  £(1,0) = (4(1,0)) = (E[e*T; J(T) = k| J(0) = j]).
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In Section 3 it was shown how this transform can be computed. We recall that
x is the net input rate.

THEOREM 4. The busy period T defined by (59) has the following proper-
ties:

() Given J(0) € E;, T=0 a.s.
(i) Ifx <0, then T < » a.s.

ProoF. (i) The statement follows immediately from the fact that x(j) < 0
for j € E;.

(i1) Since x < 0 we have u* < 0 [see the proof of Theorem 1(Gi)]. This
implies that the descending ladder epoch of the MRW (T, S,, J,) is finite
(N < » a.s.) by virtue of Proposition 2 of Prabhu and Tang [12]. This, in turn,
implies that T < < a.s. The statement now follows since T' < Ty. O

The limit behavior of the process (Z(¢), I(¢), J(¢)) as t — » can also be
obtained from that of the embedded process (Z,, I,, J,) as n = «©, by using
Lemma 5. The following theorems characterize this limit behavior.

THEOREM 5. The process Z(t), I(t), J(t)) has the following properties:

1) Ifx > 0, then I(t) —» (Z(0) + m)~ < +» and Z(t)/t = X a.s.; in partic-
ular, Z(t) - +» a.s.
(i) Ifx = 0, then I(t) —» +x and limsup Z(¢) = += a.s.
Gii) Ifx < 0, then I(¢)/t > —Xx and Z(t)/t — 0 a.s.; in particular, I(t) —
+© a.s.

Proor. (i) We first note that I(¢) converges as indicated by Theorem 1(ii)
and (13). The rest of the statement follows directly from Theorem 1(G) and (1).

(i1)) From Theorem 1(Gii) and (13), I(¢) —» (Z(0) + m)~ = +o. Also, from
(12), since I(t) is nonnegative, Z(¢) > Z(0) + X(¢). Using Theorem 1(iii), we
obtain

limsup Z(t) > limsup[Z(0) + X(¢)] = +.

(iii) Since X(¢) has continuous sample functions and X(¢)/¢t — x < 0, by

Theorem 1(i), standard analytical arguments show that
m(t) . X(1)

lim—— = l1mT =x<0.
The desired results now follow from (13) and (14). O

THEOREM 6. IfXx <0, then, for z,,z > 0 and j, k € E and with (Z}, J})
being the limit distribution of (Z,, J,) as given in Lemma 5,
lim P{Z(¢) <z; J(t) = k1Z(0) = z,, J(0) =j}
t—
(61) .
= m [ P{Z: edv|JF = R)P{X, <z —v|J(0) = k}.



88 A. PACHECO AND N. U. PRABHU

Proor. Let N(¢) = sup{n: T, < t}. We have
P{Z(t) < z; J(t) = k| Z(0) = z,, J(0) = j)

- [0_ P{Zy € dvs Iy, = k1 Zy = 24, J,y = j

XP{Z(t) <z|Z(Tyw) = v, I(Tney) = k, Z(0) = 2o, J(0) :j}

— Py, = k1, =j}/00i P{Zyw € dv| Zy = 29, Iy, = b, Jo = j}
XP{Z(t) <z Z(Tyy) = v, J(Tye) = k)

= P(J(t) =k | J(0) =j}fOOO_P{ZN(t) € dvlZy=20, Ty =k Jo=J}

.
XP{[U +x(k)(t — Tye)] <2!J(Tyw) = k}
Since P{J(t) = k|J(0) =j} - 7, as. as t — =, the statement follows from
the fact that as ¢ —> = the following two results hold. Given J(Ty) =k,
(t — Ty has the distribution of 7', in the limit, given J(0) = &, so that
+
P{[v +x(k)(t = Tyw)] <zl J(Tye) = k)
- P{[v+X,] <z|J(0) =k}
=P{X, <z—-v|J(0) =k}

Since x < 0 we have u* <0 and N(¢) — «; thus, using Lemma 5, we
conclude that

P{Zyy€dvlZy =z, Iyyy =k, Jy=j} > P{ZF edv|JF =k}. O
In case x < 0, we denote by (Z,, J.) the limit random variable of (Z, J )(¢),
which, in view of Theorem 6, is independent of the initial distribution.
COROLLARY 2. Ifx < 0, we have the following:
(i) For z = 0 we have
P{Z,<z|dJ, =k}
=PZf <z|J} =k}

(62)

1 —E[exp(— (k) (ZF —z))
P{Z,>z|dJ, =k}
=PlZ} >z |J} =k}

X

Vs sz,J;‘=k”, k €E,,

(63)

1- E[exp(— L 2))

X

Z:m,J;:kD, k€ E,.
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(i1) We have
0, k ek,

(64) P(Z,=0ld, =k} = E[exp(

J*—k}, k<E,.

(k) )

Proor. (i) Let z > 0 and % € E,,. From (61) we have
P{Z,<z|dJ, =k}

— [ P{zr edv|JF = k)P(X, <2 - v|J(0) = k)
0_

- /OZ_ P(ZFedv|JF = k}(l - eXp( x(k) (=~ U)))

=P{ZF <z|JF =F)
(k)

_ 2))
This gives (62). The proof of (63) is similar.
(i) The statement follows from the fact that, using (61), we have

P(Z,=0|J, =k} = [ P(Zfedv|Jf = k}P{X, < —v| J(0) =k}. D
0_

X 1—/07P{Z*edv|Z*<z k}exp(—— —z)))

Zt <z, Jr =k})

= P{Z* SZIJ;k:k}(l—E[exp( (k)

We denote by I,(¢) the unsatisfied demand in state 2 during (0, ¢], so that

65) 1,(0) = ["2(I ) Tz, sy d5 = 20D [ Ligegyo, siorony ds.
0 0

If k€ E,, then x(k) =0 and I,(¢) = 0. If £ € E;, we have the following
important result for the performance analysis of the system.

COROLLARY 3. Ifx <0 and k € E,, then

Ik
(66) th_)n;? (tt) = —x(k)ﬂ'kE[EXp( (k) ) J* = k}
and
(67)  lim I(t) x(k)m,E[exp(—(vy,/x(k))Z:)| JF = k]

o I(t) T pa())mE|exp(—(v;/x())ZE) | JF = j]
Proor. Using Theorem 6, we conclude that

1 .
7/0 Lizesy—0. gisy-iy 45 = P{Z, = 0, J, = k}.
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This implies (66) in view of (64) and (65). Also, since I(t) = ¥, 5 I;(¢), (67)
follows by using (66). O

ExaMpPLE 1 (Continuation). We note that #§ = #F = 1/2, {,,(1,0) = 1,
101(1,0) = 1 and 7,,(1,0) = p, with p = o, /0,. We now assume p < 1. Since

77*[1 - X(l,0,0)][I - X(LO’ w)]71

09 — 0, Oy — 0,

1
= —|(1-p) +
2( p) +p

(09— 0y) —ilw (0yg—0y) —ilo]|

we conclude from Lemma 5 that P{(Z} > z | J* = 0} = p exp(— (o, — 0)2) for
z > 0, and similarly P{Z} > z| J* = 1} = exp(—(o, — 07)2z). With 7, = A/
(A + w) and 7; = u/(A + p) we conclude, using Theorem 6, that, for z > 0,

P{Z.>z;d,=0} =7, exp(— (0, — 0y)2),
P{Z.>z;d, =1} =7 pexp(—(0y— 07)2).
Finally, using Corollary 3, we conclude that a.s.

I(¢
I(t) =0V ¢ and lim 1(6)

too 1

=cmi(1-p).

We note that this example has been considered also by Chen and Yao [4],
Gaver and Miller [6] and Kella and Whitt [8] (in the context of storage models
for which the net input is alternatingly nonincreasing and nondecreasing)
and by Karandikar and Kulkarni [7] (Case 1 of Example 1, Section 6) with
the storage level being a particular case of a Markov-modulated reflected
Brownian motion.
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