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This paper deals with first passage heights of sums of renewal
sequences, random walks, and Lévy processes. We prove that the joint age
and excess (and therefore, the current life) stationary distributions of
these heights are stochastically increasing (in the usual first-order sense)
in the passage levels. As a preliminary tool, which is also of independent
interest, a new decomposition of the stationary excess distribution, as a
convolution of two other distributions, is developed. As a consequence of
these results, certain monotonicity results are concluded for ratios involv-
ing convex functions. This paper is motivated by problems related to
control of queues with removable servers which model single-machine
produce-to-order manufacturing systems. Applications to these problems
are provided.

1. Introduction. As is usual in renewal theory, S, denotes the sum of %
1.i.d. nonnegative random variables. Let n(¢) denote the smallest value of &
for which S, exceeds f. One of our results is that the stationary excess
distribution of S, is stochastically increasing (in the usual, first-order
sense) in ¢. In this paper we prove this and stronger results, generalize them
to a random walk with positive drift and, further, to a Lévy process, and
discuss their applications. In addition, we establish a new decomposition of
the stationary excess distribution of S, where v is any finite mean stopping
time. Theorem 2.1 expresses that distribution as the convolution of two
simpler ones.

As is well known, n(¢) is a stopping time. Denote by » another stopping
time. Our basic result, Theorem 2.2, states that the stationary current life as
well as the joint age and excess distributions of S, , ,,, are stochastically
increasing in ¢. The same theorem establishes the simpler (and possibly
known) result that the stationary current life and joint age and excess
distributions of S, are stochastically increasing in k. However, Example 5.2
shows that even the excess distributions of S, , ,,, need not be stochastically
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increasing in k. It is evident (cf. Lemma 2.2) that stochastic monotonicity of a
stationary current life distribution implies the same property of the corre-
sponding excess distribution. But the converse is false (cf. Example 5.5).

The results announced above are renewal theoretic results, but they spring
from and are applied to optimization of queues. Let us indicate how. A
single-machine produce-to-order manufacturing system can be modeled as an
MZX/G /1 queue, that is, as a single-server queue with a general service time
distribution and exponential interarrival times of batches of customers. For
the N-policy of Yadin and Naor (1963), this server is switched off when the
system becomes empty and is switched on when the number of waiting
customers is at least N. A natural question is whether the average waiting
time W, experienced by a customer increases with N. Lee and Srinivasan
(1989) provided a formula for Wy, but it was not clear from this formula
whether Wy is increasing or not. Their formula led us to observe that the
monotonicity of Wy would follow directly from the monotonicity of the means
of the stationary excess distributions of {S, y,|N €.#7} and thus would follow
from the stochastic monotonicity (in N) of these distributions. In the same
paper, Lee and Srinivasan provided a formula for C,, the average cost per
unit time incurred by an N-policy, and they conjectured that Cy is quasi-con-
vex (unimodal in their terminology). We prove this conjecture (Corollary 3.1)
by observing that it follows from the decomposition presented in Theorem 2.1.

Section 2 presents our basic results on stochastic monotonicity. Section 3
relates these results to optimization of queues. Section 4 generalizes the
results in Section 2 to random walks and Lévy processes. That section also
contains results on the monotonicity of ratios involving convex functions.
Section 5 deals with counterexamples to other directions of generalization.
Collectively, these counterexamples suggest that the hypotheses in Sections 2
and 4 are the right ones to impose.

2. Setup and basic results. In what follows %" is the set of nonnega-
tive reals, % is the set of all reals, and .#" is the set of positive integers.
Denote a A b = min(a, b), f(x—) =lim , f(y), f(x+) =lim, , fy). Al-
most surely, without loss of generality, stochastically increasing and
Laplace—Stieltjes transform are abbreviated to a.s., w.lo.g.,, SI and LST,
respectively. Throughout, an empty sum is defined to be zero (i.e., ¥2__ ¢, =0
when a > b).

On a filtered probability space (Q,%, P) with filtration {Z[i > 0}, let
{X;li €} be an adapted sequence (X; € 7, i €77} of identically distributed
finite mean nonnegative random variables with P[ X, = 0] < 1, such that X;
is independent of 7 _, for every i €.#. In particular {X,|i €77} is a renewal
sequence, that is, i.i.d. For convenience, let X be independent of 7, = V._, 7
(the smallest o-field containing U;_ ,.%;) and be distributed like X,. We define
this filtration in order to allow the accommodation of stopping times that are
determined by more than just our renewal sequence or even independent of it
altogether. Henceforth, whenever we mention stopping time we mean a
stopping time with respect to the above filtration which is not a.s. zero. Also,
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in this paper, a random time will mean a nonnegative integer-valued random
variable (not necessarily a stopping time) which is not a.s. zero. Unless
explicitly assumed otherwise, stopping and random times are allowed to be
infinite with positive probability or even a.s.

We recall that a function of multiple variables is nondecreasing if it is
nondecreasing in each variable. As is customary, we will use <, to denote
the usual stochastic ordering. That is, for random vectors V. and W,V <, W
if Eg(V) < Eg(W) for every nondecreasing g. If V and W are random
variables, an equivalent definition is P[V > ¢] < P[W > ¢] for every ¢.
Throughout this paper, when we stochastically compare random vectors, we
do not assume that they live on the same probability space. Rather, we are
only concerned with their distributions. Although this might normally inter-
fere with stochastic process notation, we find this convenient and we hope
that it does not cause confusion. When we write {V(M)|A € A} is SI, where
A =Z*,, it means that V(1) <, V(A,) for any A; < A,, where A;, A, € A.

Set S, =0, S, = X7, X,, n(¢) = inf{n|S, > ¢}. As is well known, n(¢) is a
stopping time with respect to the renewal sequence (hence, with respect to
our filtration) and n(¢) > i if and only if S; < ¢. It is also well known that
En(t) < « for all t €#*. Hence, Ev A n(t) < « for any random time » and
t €#”*. Since n(-) is a right continuous process, we have by dominated
convergence [v A n(t + h) < v A n(t + 1) for A < 1] that Ev A n(¢) is a right
continuous nondecreasing function. Also we observe that Ev A n(¢) = 0 for
t <0 and Ev A n(«) = Ev (finite or infinite).

For a given random variable Y with EY < », we denote by (Y%, Y*°) a
random vector having the joint stationary age and excess (resp.) distribution
associated with Y. Also we let Y¢ = Y + Y° have the stationary current or
total life distribution. It is well known that Y* and Y° are identically
distributed, that P[Y* > s, Y¢ > t] = P[Y* > s + ¢] [e.g., Karlin and Taylor
(1975), pages 193-195] and that

EY1l, .
Py <t] = —— =1,

(2.1)
iy EY At 1o
(Y <t] =5 =@ [ FE >0 .

In particular, for any Borel measurable g,

EYg(Y
Ee(ve) = o),
(2.2)
. Ejfg(y)dy J;g(y)P[Y>y]ldy
Eg(Y") = Y EY ’

provided the right-hand sides are well defined. The following is well known.
The simple short proof is provided for completeness.
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LEmMmA 2.1. Let U ~ Uniform(0,1) and Y° be independent. Then (UY°,
[1-UIY®) and (Y%, Y?) are identically distributed.

PrOOF. Recalling that P[Y® >s,Y*® > ¢] = P[Y® > s + ¢], we have
PlUY® >s,(1-U)Y*>t] =P[s/Y°<U<1-¢t/Y"]
. EY[1-(s+t)/Y]"

E[1—(s+1)/Y°]

(2.3) . EY
E[Y — (s +1)] EY A (s +1t)
B EY T TEy

=P[Y*>s +1t].

where a*= max(a,0). O

The following lemma implies that, for a family {V(¢#)|t € %)} of nonnegative
random variables, {V°(¢)|¢ € #} is SI if and only if {(V*(¢), Ve(t)|t € #} is SL.

LEMMA 2.2. Let Y and Z be two nonnegative random variables. Then
Y¢ <, Z°ifand only if (Y*,Y°) <, (Z°, Z°).

Proor. Let (Y% Y*) <, (Z% Z°). For any nondecreasing function g(x) on
Z#, the function f(y,z) =g(y + z) is nondecreasing. Thus, Eg(Y°) =
Ef(Y®,Y®) < Ef(Z*, Z°¢) = Eg(Z°).

Now let Y¢ <, Z°. If f(y,z) is a nondecreasing function, then g(x) =
flux,(1 — u)x) is nondecreasing in x for any u € [0,1]. Let f(y, z) be a
nonnegative nondecreasing function. We apply Lemma 2.1 and get
Ef(Y®,Y*) = Ef(UY*,(1 - U)Y°) = EE[ f(UY*,(1 — U)Y)IU] < EE[ (UZ¢,
1 -U)Z)U] =Ef(UZ°,(1 — U)Z°) = Ef(Z*,Z°). O

REMARK 2.1. In view of Lemma 2.2, a natural question is whether Y*° <,
Z° implies Y° < Z°¢. Example 5.5 shows that the answer to this question is
negative. However, Y°® <, Z° does imply a result which is weaker than
Y° <, Z° In light of Lemma 2.1 and P[Y* > s,Y°® > ¢t] = P[Y*® > s + t], we
have that P[Y® > s, Y® > ¢] < P[Z% > s, Z¢ > t]. This inequality defines a
two-dimensional stochastic order which is weaker than < ; see Stoyan
(1983) and Marshall and Olkin (1979).

For every random time v with Ev < « we let S* be a random variable
having the distribution

Ev A n(s)
Ev '

Recalling that » A n(-) is nondecreasing and right continuous with Ev A
n(0—) = 0 and Ev A n(*) = Ev, the right-hand side of (2.4) indeed represents
a well-defined distribution function. The next lemma gives an alternative
description of the distribution of S*.

(2.4) P[SF <s] =
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LEMMA 2.3. For every random time v, with Ev < ©, and every bounded
Borel measurable g,

EYr S, _
(2.5) Eg(sy) - Srr €GB
Ev
Proor. We have that
v vAn(s)
EY 1y _.=E ) 1=EvAn(s
(2.6) i=1 =) i=1 (s)

= EvP[S} <s] = EvEl:.

Since (2.6) holds for any real s, by standard measure theoretic arguments the
result extends to any bounded Borel measurable g. O

<s}*

Let v be a stopping time. Then,

pls: <5] = Dosiza  prge g BSAS

2.7) YT ES, ~ YT ES, ~
P[S¥ <s] = ES, A S
ES ’

14

where the first two identities follow from (2.1), while the third is implied by
ES, A S, =ES, , ,(sy = EXEv A n(s) (the last equality is from Wald’s iden-
tity) and by (2.4). From (2.7) we obtain that S} <, S¢ <, S¢, where the
second ordering is well known. The following theorem introduces a new
relationship between S¢ and S}. This is the decomposition property for S¢ to

which we refer in the abstract and introduction.

THEOREM 2.1. For a given finite mean stopping time v, let S* and X°¢ be
independent. Then S¢ and S* + X° are identically distributed.

PrROOF. As v is a stopping time, both the event {v > i} ={v > i — 1} and
S,_, are in %,_,, hence jointly independent of X,. Therefore, for a > 0

1—-Eexp(—aS,) = Ei (1 — exp(—aX;))exp(—asS;_ ;)

Z E(l - eXP(_O‘Xi))EeXP(_aSiq)l(Vzi)
i=1

(2.8)

(1 — Eexp(—aX))E Y. exp(—aS;_,).

i=1
It is well known [it also follows from integration of (2.2) in parts] that for a
finite mean positive random variable Y, the LST of the stationary excess time
is given by
1 - Eexp(—aY)

aEY

(2.9) Eexp(—aY°®) =
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for a > 0. Therefore, dividing both sides of (2.8) by aES, = « EXEv (Wald’s
identity) and recalling Lemma 2.3 (with g(:) = e™%"), we have that

(2.10) Eexp(—aS;) = Eexp(—aX°)Eexp(—aS})

and the proof is complete. O

The following lemma prepares for the corollary which follows it. Note that
this result still holds if all we would require is that {X,|i €.#7} is an arbitrary
sequence of random variables having the property that S, — ©as 2 — » and
En(t) < o« for all ¢.

LEMMA 2.4. The families {Sflk €} and {S*, n(t)lt e %%}, with any ran-
dom time v, are SI.

Proor. We first observe that
Ek A n(s n(s
) _ gl ]
k k

which is nonincreasing in k. This implies the stochastic monotonicity of
{S}k er}. Since Ev A n(t) A n(s) = [Ev A n(t)] A [Ev A n(s)] we have that
the distribution function of S}, ,;, is given by [Ev A n(:)/Ev A n(t)] A 1
which is nonincreasing, hence SI, in ¢. O

(2.11) P[S; <s] =

As an immediate corollary of Theorem 2.1 and Lemma 2.4 we obtain the
following. We note that a substantially stronger result (Theorem 2.2) will be
given shortly.

COROLLARY 2.1. The families {S;lk €} and {S;, )|t €%}, with any
stopping time v, are SI.

Corollary 2.1 makes it natural to question why we only consider stopping
times which are either deterministic (k) or of the form v A n(¢) [n(¢t) = » A
n(t) being a special case]. Perhaps Sy < S;, for any two stopping times
with v, < v,? More generally, is it not 'the case that if Y, <Y, then Y} <
Y$? Could we weaken the assumption that {X;|i €.#7} are i.i.d.? ? The answers
to all of these questions are negative in general. These questions and coun-
terexamples are discussed in Section 5. We now proceed to strengthen the
monotonicity results described in Corollary 2.1.

THEOREM 2.2. The families {Silk €4} and (S;, )|t €#Z"}, with any
stopping time v, are SI and therefore {(S, SPIk €.} and {(S}, 1), Sy s ni)lt
e %"} are SI as well.

PROOF Since {X; Ls, >y)ll i < k} are identically distributed, i =
, k, then by (2.2),
Eskl{Sk>y) _ EXll(Sk>y}

(2.12) P[S; > y] = S - X
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Therefore, the right-hand side is clearly nondecreasing in k. To argue that
S,,A,L(t) is SI, we observe that for ¢ <y we have that S;1 ., =0 for
i <n(#). Also S;_; and {v A n(¢) > i} are jointly independent of X Thus for
t<y,

vAn(t)

ES, v ks, >0 = E ,21 Silis;> 3
im

E(S;_1 +X) s, x> nlpanw=i

D IDs

(2.13)

E(S;_1+ X))l ixs>nlynnwsa
1

vAn(t)

E ) (Sic1 + X)L, +x5 9
i=1

= E[V A n(t)]E(S:/k/\ ay T X)l{s;*A"(,)+X> ¥}

where it is emphasized that S}, ,,) and X are taken to be independent [we
observe that the last equality in (2.13) follows from Lemma 2.3]. For every
t>y,S,, <y ifand only if S, <y, and S, , ,, =S, on {S, < y}. There-
fore, for ¢ > y,

ES

i

— ES ~ES, 15 .,
= E[v A n(¢)|EX — ES, L5 -

v A n’(t)l{SVAn(t)>y} v A n(t)

(2.14)

Including y in the range in (2.13) as well as in (2.14) is done in order to
insure that the monotonicity holds over the entire nonnegative real line.
Combining (2.1), (2.13) and (2.14) we have that

ES

vA n(t)l(Sw\ aty> ¥}

EX
ESV A n(t)

P[SS, ey > ¥] EX =

ES

VA n(t)l(SM n(t)> y}

Ev A n(t)

E(S;k/\ nty T X)l{s;*m(,)+x> o =Y,
EX -ES 15 ., /EvAnR(t), tzy,

(2.15) =

once again, with the understanding that in (2.15), X and S}, ,,, are consid-
ered independent. Clearly g(-) = E(-+ X)1.,x. , is nondecreasing. Hence
PLS; ) > y]is nondecreasing on [0, y] as, by Lemma 2.4, {S}, |t €%}
is SI. On [y, ), P[S; , ., > y] is clearly nondecreasing as well. The last two
statements of the theorem follow from Lemma 2.2. O

REMARK 2.2. If we change the assumption of i.i.d. to exchangeable, then
(2.12) is still valid. Hence, {S;|k €77} as well as {(S§, S))|k .7} will also be
SI under this assumption.
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3. Control of M*X/G/1 queues with removable servers. In this
section, we consider a stochastic model of a single-machine produce-to-order
manufacturing system. We suppose that orders appear in i.i.d. batches ac-
cording to a stationary Poisson process and that production times are i.i.d.
Thus, the model is an M*/G/1 queue. When the server completes a job or
has no work to do, it might pay to switch the server off or to divert it to
another purpose, which leads to the study of a queue with a “removable”
server.

The optimization problem that presents itself is to minimize the aggregate
cost per unit time, whose components are a set-up cost incurred each time the
server is turned on, a linear operating cost per unit time while the server is
on and a linear holding cost per unit time that each customer waits for
service. The basic result is that average cost per unit time is minimized by an
N-policy: turn the server on when the number of waiting customers is at least
N, and turn it off when the system becomes empty. Lee and Srinivasan (1989)
derived formulas for operating characteristics of an N-policy and constructed
an algorithm that computes the best N-policy. See also Lee, Lee and Chae
(1994) for further results in this direction. Federgruen and So (1991) proved
the optimality of an N-policy over all policies, stationary or nonstationary.

One important issue in the MX/G/1 model is whether the average
waiting time Wy in a queue controlled by an N-policy is increasing in N.
Another issue, conjectured on pages 717 and 718 in Lee and Srinivasan
(1989), is whether the average cost Cy per unit time incurred by an N-policy
is quasi-convex (unimodal, in their terminology) in N. Both issues are
resolved in Corollary 3.1.

COROLLARY 3.1. Consider an M* /G /1 queue with a removable server. The
expected customer waiting time Wy under an N-policy is nondecreasing in N,
and the expected cost per unit time Cy is quasi-convex in N.

ProoF. First we show the monotonicity of Wy. Using our notation, Theo-
rem 4.2 in Lee and Srinivasan (1989) shows that Wy = AES; y_,, + B, where
A and B are constants and A > 0. This equation can also be obtained from a
general decomposition of a queue with a removable server [see Fuhrmann
and Cooper (1985), Shanthikumar (1988) and Kella and Whitt (1991)]. Thus,
Wy is nondecreasing in N if and only if ES; ) has the same property. The
latter is immediate from Corollary 2.1. Even so, we provide a simple direct
proof. In fact, this proof is what motivated us to consider the substantially
more general statements presented in Theorems 2.1 and 2.2.

In this section, X is integer valued. Without loss of generality, assume
X ews. With p, =1, a, =EX” and b, = 2EX, set py=P[S,y_; =NI,
ay =ES}y, and by = 2ES, y, for N €.#. Note that since X €.#, either
S,w-1y=N or S, n,=8S,n-1 Thus, Sy, is distributed like S, _;) +

Suw-1=Np X being independent of S, y_;). This gives the recursions
by =by_, + 2EXpy =2EX YN (p, and ay =ay_, + @NEX + EX?*)py =
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EX? YN p;, + 2EX Y ip;. Since ES;y, = ay/by,
EX* n LY i
2EX Yo p;

and, by induction, the right-hand side is nondecreasing in N. Thus, Wy, is
nondecreasing in N.

We note that EX*/(2EX) = EX°, so that in view of Theorem 2.1, ES; v,
=YV, ip,/EY, p,. In particular we identify En(N) = ¥, p, and
EY!M S, | =¥V ip, (see Lemma 2.3), which is easy to verify directly.

For the second result, formulas (6.1)-(6.4) in Lee and Srinivasan (1989)
express Cy = a(ES,y_,) ' + bES{y_,, + ¢, where a, b, and c are con-
stants and a, b > 0. Without loss of generality, we set b = 1, so that (3.1)
gives

(3.1) ES; n) =

(3.2) Cyi1— Cy=28nin>
where

Py
(3:3) 8N

- o b X b
is nonnegative and

N-1 N a

3.4 = —\p — —

is increasing. Therefore, if Cy,, > Cy for some N then f, > fy > 0 and
C,.1=0C,, for any m > N. So, Cy is quasi-convex. O

Although C, is quasi-convex, it need not be convex; if X = 2 a.s., then
Con_1 = Cyy for all N €7, in which case Cy cannot be convex.

Related work on the simpler M/G/1 queue (no batch arrivals) with a
removable server includes Yadin and Naor (1963), Heyman (1968), Sobel
(1969), Bell (1971), Hofri (1986), Kella (1989) and Altman and Nain (1993).
Sobel (1969) showed that for any stationary policy for a GI /G /1 queue, there
is an N-policy with the same or better average cost per unit time, but his
method does not apply to batch arrivals.

Heyman (1968) noted that it can be difficult to estimate waiting costs, in
which case it becomes natural to consider a pair of criteria, one being average
operating cost per unit time and the other being the average waiting time.
Rigorous analysis of this bicriterion problem for an M /G /1 queue was done
by Feinberg and Kim (1996). In an effort to extend their work to M*/G/1
queues, the following question immediately arises: is Wy increasing in N?
This question motivated our research, and Corollary 3.1 answers it. Kim
(1995) has used the results of this paper in a study of bicriterion optimization
of an M*/G /1 queue with a removable server.

4. Extensions and consequences. In this section we will consider
generalizations of Theorem 2.2. To begin, do parts of Theorem 2.2 hold when
P[ X < 0] is positive? Clearly, we cannot expect even {S,|k €.77} itself to be SI
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when X can be negative, let alone {Si|k =.#7}. However, as for other aspects
of Theorem 2.2, the answer is indeed positive and is given as follows.

THEOREM 4.1. Let {X,|i €7} be i.i.d. (not necessarily nonnegative) with
E|X,| < » and EX, > 0. Then {(S},, Sy,)It €Z"} and {S;, It €#"} are SI.

Proor. With T, = 0 let T, = inf{S,|S; > T\ _,} be the consecutive strictly
increasing ladder heights associated with the random walk {S;|i > 0}. Then
T, — T,_, are positive i.i.d. random variables having a finite mean [see, e.g.,
Chung (1974), pages 281 and 284, Theorems 8.4.4 and 8.4.7] and it is clear
that S, =T, where m(t) = inf{i|T; > t}. Therefore, the result follows
from Theorem 2.2. O

Theorem 4.1 implies that part of Theorem 2.2 holds for positive mean
random walks. A continuous time process which is continuous in probability
and has stationary independent increments is called a Lévy process. This
process is often viewed as a continuous time analogue of a random walk. Does
Theorem 4.1 extend to Lévy processes? Preparing for the answer, let {Z,]t €
Z*} be a cadlag (strong Markov) version of a Lévy process satisfying E|Z,| <
. Let {#|t €« %"} be a standard (right continuous, augmented) filtration,
such that Z, — Z, is independent of .7, for every s < ¢. As before, one possible
such filtration is (the augmentation of ) the one generated by {Z,lt € #*}. In
the following theorem, when we say stopping time, we mean a stopping time
(not a.s. zero) with respect to this filtration. Let o (¢) = inf{s|Z, > ¢}.

THEOREM 4.2. If E|Z,| < % and EZ, > 0, then {(Z} ,, Z;,)It EZ"} and
{Zg(t)lt e#*} are SI. If in addition {Z,|t € #"} is nondecreasing (a subordi-
nator) then {(Z2, Z)t € #*} and {Z{|lt € #*} are SI and, for any stopping
time 7, {(Z?, ;1) Z; p yu)It €X'} and {Z5, , )|t €EZ7} are SI.

Proor. Consider S, , = Z,,+. Then for every k €./, (S, , - S, ,_,In €
A} are ii.d. having positive and finite mean. Setting n,(¢) = inf{nln €.7,
Sy, , > t}, we have by Theorem 4.1 that {(S} , ), Sk ., )lt €%£7} is SL In
particular S, , ., has a finite mean. Clearly S, , ., is nonincreasing in k;
hence, by right continuity of {Z,|t €%}, S, , ;)| Z,) as k — =. Therefore,
by dominated convergence ES,‘,/’nk(t)l{smkm> 0 EZo’(t)l{ng> ,y for any conti-
nuity point y of the distribution of Z,,,. Similarly, we also have that
ES, ..yl EZ,, as k — «. Therefore, S; , , converges in distribution to
Z; 1, which implies that {Z; , [t € Z"}; hence ((Z],), Z;,)It € %"} is SI [see
Stoyan (1983), page 6, Proposition 1.2.3].

The proofs for {(Z7,Z)It € %™} and {(Z7, ;1) Z5 s o)t EZT}, when
{Z,|t e#*} is a subordinator, are identical only that we apply Theorem 2.2
directly rather than Theorem 4.1; therefore, for the sake of brevity, they are
omitted. The only potential complication is what the approximating stopping
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times should be for every approximating grid. However this is simple and
standard, as we can approximate 7 by v, = ¥7_, n27* 1 cn-12-*, n2-#y and
observe that v, | 7, where in particular v, is a stopping time with respect to
the filtration {7,,-:In > 0}. O

REMARK 4.1. Theorem 4.2 generalizes Theorems 2.2 and 4.1, which follow
from it if we take {Z,|t € #*} to be a compound Poisson process with jumps
distributed like X, and restrict the stopping times to occur at points of jumps.
On the other hand, Theorem 2.2 is more specific; it rests on the i.i.d. random
variables {X;|i €.#7} which provide insight into what is going on and why.

In Section 3 we describe the initial question motivated by a queueing
application. Namely, is ES,f(k) /ES, 1, nondecreasing when X is positive
integer valued? Since f(x) = x? is convex with f(0) = f(0+) = 0 and ES,,,
= EXEn(k), a seemingly different generalization of this property is given by
the following two corollaries.

COROLLARY 4.1.  Let f be convex on (0, ) with f(0) < f(0+) < 0. IfFE|X]| < o
and EX > 0, then Ef(S,,)/En(t) is nondecreasing in t. If in addition X > 0
a.s., then Ef(S,)/k is nondecreasing in k and Ef(S, , ,,)/Ev A n(t) is nonde-
creasing in t for any stopping time v.

COROLLARY 4.2. Let f be convex on (0,%) with f(0) < f(0+) < 0. If {Z,|¢t
Z"} is a cadlag Lévy process with E|Z,| < «»and EZ, > 0 then Ef(Z,,)/Eo ()
is nondecreasing in t. If in addition {Z,|t € #*} is nondecreasing, then
Ef(Z,)/t and Ef(Z_, ,)/ET A o(t) are nondecreasing in t for any stopping
time 7.

ProOF OF COROLLARIES 4.1 AND 4.2. If f is convex on (0, »), then it has a
nondecreasing density f’. Hence, for any nonnegative random variable Y,

(41)  Ef(Y) - f(0)P[Y = 0] — f(0+)P[Y > 0] = E/OYf’(y) dy

(both sides being finite and equal or both infinite). If EY < « then from (2.2)

the right-hand side is EYEf'(Y¢), so that

Ef(Y) 1 P[Y =0]
o = 0+ 2 — [(0+4) = F(0)] =

The result follows upon replacing Y by S,, x = n(¢),k, v A n(¢) or by Z_,
x =o(t),t,7 A o(t), applying Corollary 2.1 and Theorem 4.1 or Theorem 4.2,
respectively, and noting that both 1/EY and P[Y = 0]/EY become nonin-
creasing when Y is replaced by any nondecreasing process. O

(4.2)

+ Ef'(Y*).

5. Counterexamples. As discussed in the paragraph following Corol-
lary 2.1, in this section we will explore certain natural directions in which one
could try to generalize the results of Section 2, which were not discussed in
Section 4. We show that these directions are fruitless. Here we will only
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consider the stationary excess time. Clearly a negative result regarding the
stationary excess distribution trivially carries over to the joint distribution of
the stationary age and access, and hence also to the stationary current life
distribution. Under the conditions of Theorem 2.1 this would also imply a
negative result for S*.

ExamMpLE 5.1. When Y is deterministic, it is clear that Y° =Y and Y° is
uniformly distributed on (0,Y) (Lemma 2.1). Hence if Y(¢) is an arbitrary
(deterministic) increasing function, then so is Y°(¢), and Y*(¢) is clearly SI.
Can it be the case that Y*(¢) is SI for any nondecreasing process Y(¢)? The
answer is no. To see this, take Y; to be geometrically distributed (that is,
PlY,=n]l=0-p)"p, n=0,1,...) and let Y, =Y, + a where 0 <a < 1.
Then clearly Y, < Y,.As 2EY*® = EY ?/EY, it suffices to show that EY?/EY,
> EY}/EY, in order to obtain a contradiction. It is easy to check that, with

q:]-_py

EY?2 1+gq
EY, - p
(5.1) )
EY, 1+q pa(l-a)
EY, p qg +pa

ExXaMPLE 5.2. Since both {k|k €7} and {v A n(t)|t € #*} in Theorem 2.2
are nondecreasing families of stopping times, is it the case that under the
same assumptions S; <y S; for any two finite mean stopping times v; < v,?
If this is too much to hope for, then perhaps it is possible to verify the far
more modest conjecture that {Sj; , )|k €./} is SI? Again, the answer is no.
Let S(¢) =S, and S,(¢) =S, , ) To obtain a counterexample, assume
that P[X =1] =P[X =8]=1/2. Then P[S,(8) = 2] = P[S,(8) = 16] =
P[S;(8) = 16] = 1/4, P[S,(8) = 9] = P[S;(8) = 9] = 1/2 and P[S,(8) = 3] =
P[S,(8) = 10] = 1/8. Hence,

ES2(8) 2 1 2  ES2(8)

— 114+ -+ —>11+== .
ES,(8) 31 3 ES,(8)

(5.2)

ExAMPLE 5.3. In view of Remark 2.2, an immediate question is whether
for an exchangeable sequence {S¢ , n(t)lt EZ*}, or even {Sﬁ(t)lt e#*},1s Sl in
t. Here too the answer is no. In particular, let X =X, =X, = --- with
P[X=1]=P[X =3] =1/2. Then P[S(3) = 4] = P[S(3) = 6] = 1/2 as well
as P[S(4) = 5] = P[S(4) = 6] = 1/2 [recall that S,,, is strictly greater than
t, rather than just greater than or equal to]. In particular, it is easy to check
that

(5.3) P[S¢(3) > 5] = & > & = P[S*(4) > 5].

ExaMPLE 5.4. Assuming that we insist on the independence of {X;|i €./},
could we do away with the identical distribution assumption? Of course, if v
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and all the X;’s are deterministic, then so is S, , ,, and hence the results
would clearly hold. However, once we introduce randomness, the results do
not hold in general. For example assume that all random variables are
exponentially distributed, with EX; =1 and EX;, =1/2 for i > 2. Then
S, =t + y(¢) where, by the memoryless property, y(¢) is a (e”/,1 —e™*)
mixture of X; and X,. With this in mind, both ES?, and ES,,, can be
easily computed. Simple differentiation gives that ES?,/ES,,, is
strictly decreasing on [0, #,) where ¢,(¢, + 1) = e ‘c. To check that ES?/ES,
is not necessarily increasing, take any independent X; and X, with EX, =
EX, = 1 and Var(X,) > Var(X,) + 2, in which case ES?/ES, > ESZ/ES,.

Lemma 2.2 states that Y¢ <, Z° is equivalent to (Y, Y*) <, (Z% Z°). The
following example shows that just Y° < Z° does not imply Y* <, Z°.

ExAMPLE 5.5. Consider two random variables Y and Z with P[Z = 1] =
2/3, P[Z=2]=1/3 and P[Y = 2/3] = 6/11, P[Y = 4/3] = 3/11, P[Y =
2] = 2/11. Then P[Z° = 1] =P[Z°=2] = 1/2 and P[Y°® = 2/3] =
P[Y®=4/3]=P[Y°=2] =1/3. We observe that Y° <, Z° does not hold.
We apply Lemma 2.1 and compute the distribution functions of X° and Z°:

0, if t <0;
3
Zt, if0 <t <1;
(5.4) P[Z*<t]l=1{] ,
-+ —, fl<t<?2;
2 4
1, ift > 2;
and
o, if t <0;
11 o 2
—_— < —_—
12t, 1 t$3,
(5.5) P[Y* <¢] L, r2 :
. es = —_ 4+ — 3 — < .
3 T tyci=3gs
2 t 4
-+ =, if = <t<2;
3 6 3
1, if ¢t > 2.

It is easy to see that Y*° < Z°.
Acknowledgment. We thank Joe Chang for useful discussions.
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