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OPTIMAL LONG TERM GROWTH RATE OF
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An optimal investment policy model for the long term growth of ex-
pected utility of wealth is considered. The utility function is HARA with
exponent —oo < y < 1. The problem can be reformulated as an infinite time
horizon, risk sensitive control problem. Then the dynamic programming
equations for different HARA exponents and different policy constraints
are studied. We obtain some estimates for the solution of each equation.
This can be used to derive an optimal policy with some interesting proper-
ties.

1. Introduction. In this paper we consider an optimal investment policy
model, in which the goal is to maximize the long term growth rate of ex-
pected utility of wealth. For simplicity, only one risky and one riskless asset
are considered, and transactions costs are ignored. In the traditional Mer-
ton model, the stock price P, is a logarithmic Brownian motion with drift.
However, we consider a model introduced by Platen and Rebolledo (1996) in
which L, = log P, is subject to Ornstein—Uhlenbeck type random fluctuations
about a deterministic trend. See (2.3). We consider a HARA utility function of
wealth, with exponent —co < y < 1. The case y = 0 corresponds to log utility
function. In Section 2, when y # 0, we reformulate the problem as an infinite
time horizon, risk sensitive stochastic control problem of the kind considered
in Fleming and McEneaney (1995). The control u, at time ¢ is the fraction of
wealth invested in the risky asset. We assume that the deterministic log stock
price trend L, is linear in ¢ and that stock price volatility o is constant. The
state y, is L, — L, plus a suitable constant; it satisfies the linear stochastic
differential equation (2.9). The problem is then to choose a control which max-
imizes or minimizes, according to y > 0 or y < 0, the long term growth rate
of the expectation of an exponential-of-integral cost criterion

T
Eexp /0 Iy, u)dt,

where [(y,u) is as in (2.10). Dynamic programming leads to a differential
equation (2.13) for A and W(y), where A is the optimal long term growth rate
and W(y) has the role of a cost potential function.

In Sections 3, 4 and 5, we study the case with 0 < y < 1 in detail. In
Section 3, we consider the case of no control constraints, that is, —oco < u, < occ.
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In this case the problem has an explicit solution, with W(y) a quadratic. The
corresponding optimal investment policy is a linear, decreasing function of
y. See (3.4). In Sections 4 and 5 we consider the problem with the control
constraint u, € U, where U is either a finite interval or U = [0, c0). Section 4
is concerned with bounds on the derivatives W (y) and W, (y) which do not
depend on U. Then in Section 5 we consider U = [0, 00), corresponding to a
no short-selling constraint. It is shown that a solution A, W(y) to the dynamic
programming equation (5.1) exists and satisfies the required bounds (5.2). The
corresponding optimal control policy u*(y) in (5.3) is no longer explicit, but is
expressed in terms of W, (). Theorem 5.1 verifies that A is indeed the optimal
growth rate and u*(y) an optimal policy.

In Section 6, we consider the case y < 0. The dynamic programming equa-
tion is interpreted as the dynamic programming equation of a differential
game. The analysis developed in the previous sections can no longer be ap-
plied. For the case with no control constraints, the equation again has an
explicit solution, with W(y) a quadratic. We also have the result that A is the
minimal long term growth rate. However, it is worth mentioning the follow-
ing. When 0 > y > —3, u*(y) defined by (3.4) is an optimal investment policy.
However, if y < —3, u*(-) is no longer optimal. In fact, if y < —3, the invest-
ment policy u*(-) gives infinite HARA expected utility of wealth in finite time
T, if T is sufficiently large. However, if y < —3, suitable truncation of u*(-)
gives a nearly optimal investment policy. For the case with no short-selling
constraint, the dynamic programming equation can be suitably transformed
to an equation of the type in Sections 3, 4 and 5. From this a solution with
proper estimates can be obtained. This analysis can also be applied to the
cases with other type of constraints.

In Section 7, we discuss the asymptotics of A = A, W(y) = W)(y) as
v — 0. We show that after suitable normalization they converge to the limit
which relates to the investment problem with log utility function.

Similar long term growth rate problems with transactions costs were con-
sidered in Taksar, Klass and Assaf (1988), Fleming, Grossman, Vila and Za-
riphopoulou (1990). In those papers log Brownian motion price fluctuations
were considered, and the problem was reduced to a one-dimensional singu-
lar stochastic control problem. It would be interesting to include transactions
costs in the model which we consider. Other models for optimizing long term
growth rates of expected utility of wealth were considered in Bielecki and
Pliska (1997), Cvitanic and Karatzas (1995), Konno, Pliska and Suzuki (1993)
and references cited there. Further perspective on optimal investment models
in the context of risk sensitive stochastic control is given in Fleming (1995).

2. Problem formulation. We consider an infinite time horizon optimal
investment model, with one risky and one riskless asset. Let x, denote the
investor’s wealth at time ¢ > 0 and u, the fraction of wealth in the risky
asset. Then u,x, is the amount in the risky asset and (1 — u,)x, the amount
in the riskless asset. We require that u, € U, where U is some given interval.
Different U are considered in Sections 3, 4 and 5 for 0 < y < 1. In Section 3,
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we take U = (—o0, 00), corresponding to no investment control constraints.
Later we will take for U a finite interval, or U = [0, c0) corresponding to a no
short-selling constraint. Let P, denote the price per share of the risky asset
and r the riskless interest rate. Then

2.1 dx, = x,[r(1 —u,)dt + u,P;'dP,],
t t t t* t t

with given initial wealth x, > 0. The model for the dynamics of P, will be
given below.

We shall first consider a HARA parameter vy, with 0 < y < 1. At the end
of this section and in Sections 6, 7, we will consider the necessary changes

for other HARA parameters. We wish to maximize the long term exponential

growth rate of the expectation of y~!xJ as T — oo. In the classical Merton

model,
(2.2) P;'dP, = Rdt + o dw,,

where R > r and w; is a Brownian motion. For the Merton model, an explicit
calculation using dynamic programming gives the optimal growth rate,

_ y(R—r)?
™ 202(1 —v) o

The optimal fraction u}, invested in the risky asset is

. R—-r

)

Instead of (2.2) we consider the following model, which belongs to a class
considered by Platen and Rebolledo (1996). Let

L,=1logP,
and assume that
(2.3) dL, =c(L, — L,)dt + o, di,, c>0,

where L,, o, are deterministic and i, is a Brownian motion under some prob-
ability measure P. Then

P;'dP,=dL,+ o} dt.
Let us rewrite the expectation Ex% in terms of an expected exponential-of-

integral criterion, which involves only L, and u,. We apply the It6 differential
rule to log x] = ylog x, and obtain, after a routine calculation,

- - T _
Ex}, = x}E exp{y/o [r(1—u;)+ %(ut —u®)o? + cu, (L, — L))]dt

T
+y/0 oUy du?t}.
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We get rid of the stochastic integral term by writing

T T
- ~ 1,222 22,2 d
‘y/o ou, d, :/(; [ya’tutdwt 3y o u;d f vioyu; d

and using a Girsanov transformation. This changes the stochastic differential
equation (2.3) to

(2.4) dL,=c(L, — L,)dt + yolu,dt + o, dw,,

where w, is a Brownian motion under the transformed probability measure P
and

(2.5) Ex), _xOEexp/ 1, dt,

(2.6) l, = %a’t y(y — Du? + y{r(1 —u,) + [e(L, — L,) + 2(7t Hu, )

Here E is expectation under P. This change of probability measure argument
is valid provided o, is bounded and

2.7 E‘exp u? < C
( ‘

for some positive constants 6, C. See Liptser and Shiryayev [(1977), page 220].

We interpret the stochastic differential equation (2.4) as the dynamics of a
stochastic control problem, in which L, is the state and u, the control at time
t. We require that u, is %, progressively measurable, for some w,-adapted
increasing family of o-algebras % [see, e.g., Fleming and Soner (1992), Chap-
ter 4], and that (2.7) holds. In particular, u, may be obtained from a Lipschitz-
continuous control policy u,

u, = u(t, Ly).

For fixed finite 7', one can consider the problem of choosing u, on 0 <t < T
to maximize the expectation on the right side of (2.5). Let

T
7(L,T)=1logsup E, exp/ l,dt,
u, 0

where the subscript L indicates the initial data L, = L.

We anticipate that, under suitable assumptions on L, and o,, T-'7(L, T)
tends to a limit A as T' — oo, and that A can be interpreted as the optimal
long term growth rate of expected utility of wealth. In this paper, the analysis
is carried out only under the assumptions

o, = o is constant,
(2.8) _ ~ i
L,=pt+ Ly, u, Ly constant.

[It would also be interesting to allow o, and L, to vary periodically, as in
Platen (1996).]
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It is convenient to replace L, by an equivalent state variable y,, obtained
by subtracting the linear trend L, in the log price dynamics, plus a suitable
constant,

Then by (2.4),
(2.9) dy, = —cy,dt + yolu,dt + o dw,.

If u, = 0, then y, is an Ornstein—Uhlenbeck process. Moreover, by (2.6), [, =
{(y,,u,) where

(2.10) Iy, u) = —guz +y(b — ey)u + yr,
a=a%y(1-7),
(2.11) 12
b=50"+u—r.
Let
T
(2.12) V(y.T) =logsup £, exp /0 Iy, u,)dt,

which equals 7 (L, T') above. We use as in Fleming and McEneaney (1995) the
heuristic

V(y, T)~AT+W(y) as T — oo,

where A, W(y) satisfy the dynamic programming equation

0'2 0'2
A= 7Wyy+?W§—cyWy+’yr
(2.13)
a o 2
+I;1655([—§u +yulb—cy+o Wy)]

If U is a finite interval, then results in Fleming and McEneaney [(1995),
Section 7] ensure that (2.13) has a solution and the A is the optimal long term
growth rate. Therefore, we shall focus on the case U = (—o0, o), for which A
and W(y) are found explicitly in Section 3, and the case U = [0, oo] considered
in Section 5.

The function W(y) has a role similar to a cost potential function for ergodic
stochastic control. Once W is known, an optimal investment control policy
u*(y) can be obtained by taking arg max over U in (2.13).

For the HARA parameter vy in y < 0, we change sup to inf in (2.12). Then
we change max to min in (2.13) for the dynamic programming equation.

For y = 0, this is the case of the logarithmic utility (Kelly) criterion; we
consider

T o2
V(y,T)=sup Ey|:/0 <—?u% +(®b-cy,)+ r) dt].
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Here y, satisfies
dy, = —cy,dt + o dw,.

The dynamic programming equation is
o? o?
(2.14) A= ?Wyy —cyWy+sup|:—?u2+(b—cy)u+ri|.
uelU
Note that when y = 0, the optimal u* in (2.14) can be found directly without
knowing W. See Section 7.

3. Unconstrained case. In this section we assume that 0 <y < 1 and
U = (—o0, 00). Thus both short selling (z < 0) and borrowing at rate r(z > 1)
are allowed. An explicit solution to the dynamic programming solution (2.13)
is readily obtained as follows. With no investment control constraints, (2.13)
becomes

Y2(b—cy + (72Wy)2

o? a_,
(3.1) A:;Wyy+?Wy—cyWy+yr+

2a
with a, b as in (2.11). We look for a quadratic solution
(3.2) W(y) = 2Ay* + By.
After a routine calculation we find that (3.1) holds for
c
(3:3)(a) A=S-(1-y)",
vb
(3.3)(b) B=-2
g
¢ 1/2 yb?
(3.3)(c) A=-[1-A—-y)"*]+yr+ —.
2 202

By taking arg max over U = (—00, 00) in (2.13), we obtain the following can-
didate u*(y) for an optimal investment policy:
—cy+ W, (y)

. b
u (y) = g —

Since W, (y) = Ay + B,

=172
(3.4) u*(y):—%ﬁ%.

o

The corresponding solution y; to (2.9), with u, = u} = u*(y;) is
(3.5) dyf = —c(1+y(1—y)"V2)y* dt + ybdt + o dw,.

For any initial state y; = y, the process y; is an ergodic, Gaussian, Markov
process.

Theorem 3.1 justifies calling A the optimal long term growth rate and u*(y)
an optimal investment policy. At the end of the section we will also verify
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that 7-'V(y,T) — A as T — oo, where V(y, T) solves the finite horizon
dynamic programming equation. There is another quadratic solution to (3.1),
with A = co2[1+ (1 — y)'/2]. However, the corresponding solution to (3.5) is
not ergodic, and this solution to (3.1) is irrelevant.

THEOREM 3.1 (Verification theorem). Let U = (—o0, 00).

(a) For every admissible control process u,,

1 T
A > lim sup T log E, exp/ Iy, uy)dt.
0

T—oo

(b) If uj = u*(y;) as in (3.4), (3.5), then
1 T s
A= 711_1)1;0 TlogEy exp | Wy}, ui)dt.
PROOF. We rewrite (2.13) in exponentiated form. Let ¢y = e". Then
(3.6) Ay =max[ £ + 1(y, u)i],
ue
where [(y, ©) is as in (2.10) and
u 0-2 2
is the generator of the controlled process y, in (2.9) in case of constant control

(u; = u).
To prove (a), let I = [ — A. The It6 differential rule gives

a| s e [ 1y ds|

~ .
= [0 () + Uy up(y)] exp [ Uy ) ds +dM,,

where M, is a local martingale. By (3.6), .£*y(y) + I(y, u)¥(y) < 0 for all

Y, u.
Let 7 denote the exit time of y, from the ball {|y| < R}. Then for every

T < oo,

Trtg
By [ Ky un)di < ().

Let R — oo and use Fatou’s lemma to get
T
Eyi(yr)exp [ H(yeur)di < (y).
Since A > 0in (3.2), ¥(y) > exp(—K) for some K. Hence

T
exp(—K)exp(-AT)E, exp/0 I(y;, u,)dt < exp(W(y)).

This implies (a).



878 W. H. FLEMING AND S.-J. SHEU

To prove (b), we argue as in the proof of Fleming and McEneaney [(1995),
Theorem 3.5] (see also the proof of Theorem 5.1 below). We make a Girsanov
change of probability measure from P to P° corresponding to adding a term
o?W (y;)dt on the right side of (3.5):

dyt = —c(1+y(1 —y) )y dt + ybdt
+ UZWy(yj)dt + oduw?,

with w? a P’-Brownian motion. Since W, (y) = Ay + B, with A, B as in (3.3),
we obtain

3.8 dyt = —c(1 —y) V2y* dt + o dw?.
t t t

Thus, y# is a Gaussian, Markov ergodic process under P°. Since E exp 6(y})?
is bounded for 6 > 0 small enough, the Girsanov transformation is justified.
From (3.6),

AY(y) = L OP(y) + Uy, w* ()b ().
We then have [Fleming and McEneaney (1995), page 1889]

T
(3.9 E, exp/o Iy}, u;)dt =exp(AT + W(y))E‘; exp[—W(y7)].

Moreover, as T — oo, Eg exp[—W(y7)] tends to the expectation of exp(—W)
under the equilibrium probability measure. This implies (b). O

REMARK 3.1. From (3.4), u*(y) is a decreasing function of y. This property
remains true if investment control constraints are imposed, although one no
longer has such an explicit formula for u*(y). See Sections 4, 5. Since y, =
L,—L,+c'uand L, = log P,, with this model the optimal fraction of wealth
in the risky asset decreases as the price P, increases.

FINITE TIME HORIZON. For T < oo, the function V(y,T) in (2.12) can be
shown by a similar analysis to be quadratic in y:

(3.10) V(y,T)=3A(T)y*+ B(T)y + C(T).
The coefficients satisfy differential equations obtained from the time-
dependent version of (3.1),

2

o o2 Y2(b—cy + a2V )2
V= ?Vyy—i-?Vf, —cyV, +yr+ ( )

2a ’
with initial data V(y,0) = 0. An elementary analysis shows that A(T") — A,

B(T) - B and (dC/dT)T) - A as T — oo, with A, B, A as in (3.3). This
implies that, for every vy,

o V(. T)
(3.11) A—Th_I)I;OT



OPTIMAL LONG TERM GROWTH RATE 879

4. Finite control interval. In this section we assume that 0 <y <1 and
U is a closed finite interval with 0 € U. In particular, we may consider U =
U, = [0, M], corresponding to no short-selling and borrowing constraints. By
Fleming and McEneaney [(1995), Theorem 7.1], there exists a solution A, W(y)
to (2.13), such that W ,(y) is bounded. Moreover, by Fleming and McEneaney
(1995), Theorem 7.2, A is the optimal growth rate in the sense described in
Theorem 3.1.

The main purpose of this section is to derive bounds for A and W, (y) which
do not depend on U. We also find that W(y) is convex and W(y) — (20%) 1cy?
is concave. First,

(4.1) yr < A <A,

where A, is the unconstrained optimal growth rate when U = (—o0, o0). The
left inequality is immediate from considering u, = 0, and the right inequality
follows, since imposing control constraints cannot increase the optimal growth
rate.

Let us rewrite (2.13) as the dynamic programming equation of an ergodic
stochastic control problem, with two controls u € U, v € R'. For this purpose,
note that

0_2

—W2=max[(er —102].
g My T ma y T 3

Since W, is bounded, it suffices to replace the max over R! by the max over
{|v] < B} for some B. As in Fleming and McEneaney [(1995), Section 7],
consider the discounted cost criterion

J(y;u,,v,) = Ey/o e P [U(y,, u,) — 2v?]de,
where y, satisfies
(4.2) dy, = (—cy,; + yo?u, + ov,)dt + o dw,

with y, = y, and w, a %;-adapted Brownian motion on some fixed probability
space (0, {%}, P). By differentiating with respect to the initial data y in(4.2)
and using the fact that /, = —cyu in (2.10), we have that

Ty =Ey [ exp(~(p + Dy, u,) dt

does not in fact depend on y. Thus, J,(y;u,,v,) is linear in y for each pair
u,v, of ,-progressively measurable processes (u, € U, |v,| < B.)
Since the supremum of any family of linear functions is convex,

W,(y) =sup J, (y;u,,v,)

is convex. As p — 0 (through a sequence),
W(y) = I{EI})[Wp(y) - W,(0)].

We have proved the following lemma.
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LEMMA 4.1. W(y) is convex.

Let us next obtain bounds for W, which do not depend on U.

LEMMA 4.2. (a) |W,(y)| < c1]y| + ¢, where cq, ¢y do not depend on U.

() If U = [0, M], then W (y) < O for all y. Moreover, for y > 0, —c3 <
W, (y) where c5 does not depend on M.

PrOOF. By taking v = 0 in (2.13) and using Lemma 4.1, we have

a

(4.3) A > ?Wy —cyW, + yr.
By (4.1), A < Ay. This implies (a). To obtain (b), note that ly = —cyu < 0 for
u > 0. Then J,, <0 for all u, v,, which implies that W(y) is a nonincreasing
function of y. Then (b) follows from this and (4.3). O

LEMMA 4.3. W(y) — c¢(202)71y? is concave.

PROOF. In (4.2) we make the change of variable

. c
Uy = ——=Y; + U
g
Then
(4.4) dy, = (yolu, + o0,)dt + o dw,,
and

1 1/, ¢\
1) - 302 = Uy - (54 £)

a , 1., 2

From (4.4) and Itd’s rule,

c ~
y2 — —z(ya'zu +od)y.
ag

1
:|dt+th,

C C ~
dﬁy? = [p(ygzut +00,)y, + éc

where M, is a martingale (recall that u, and v, are bounded in this section).
Then

c _ c - 1 c _ _
d[ﬁy?e pt:| = [;(7021% + o0y + 50 - mpy?}e Pldt 4 e "'dM,,

T c
Ey/ e"’t—Q(ya'zut +o0,)y, dt
0 g

T c 1 c c
_ —pt 2 2 —pT 2
= Ey/o e P (ﬁpyt — 50) dt+Ey|:ﬁyTe P :| — ﬁy .
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Therefore,
T 1
Ey/O et <l(yt, u,) — §v§> dt
(4.5) - K ’ —pt(] 1, di — E | £ y2e-rT ¢ .2
= yfo e ((yt’ut)_ivt) By 5z YTe +ﬁy,

(30 1) = —ou® + ybu — 5 (c + p)y* + yr.
2 202
Since u, and v, are bounded and (4.2) holds,

o0
Ey/o e P (u? + 5?) dt < oo,

TI'EIC}O e_pTEyy%‘ =0.

Therefore, (4.5) implies (with J, as above)

z - C
Jp(y; u, U.) = Jp(y; u, U,) + Wyz,
(4.6) ) ~ - L
Jp(y7 u., U.) = Ey‘/(; e_p (l(yt’ ut) — Evt) dt

Since I(y, u) is concave, (4.4) is linear, J » is a concave function of (y, u,, 0,). By
(4.6) and Fleming and Rishel [(1975), page 196], W ,(y)—c(20?)*y* is concave.
Since W(y) is the limit of W (y) — W ,(0) as p — 0 through a subsequence,
we obtain Lemma 4.3. O

From Lemma 4.1 and Lemma 4.3 we have

C
(4.7) 0<W,,(y) < -t

5. No short-selling constraint. Let us now assume that U = [0, c0).
Again we consider 0 < y < 1. The first step of the analysis is to find A and
W(y) satisfying (2.13) with suitable growth behavior of W,(y) as y — =oc.
Let Uy = [0, M] and let Ay, Wy (y) be the solution to (2.13) considered
in Section 4 when U is replaced by U,;. Then A, is nondecreasing as M
increases, and satisfies the uniform bounds (4.1). Moreover, W, and W,,,
satisfy the uniform bounds in Lemma 4.2 and (4.7).

We normalize Wy,(y) by taking W,(0) = 0. Then we let M — oo (through
some sequence) to obtain A and W(y) satisfying

o? o?
A= 7Wyy + EWf, —cyW, +yr
(5.1)
a o 2
+ magi[—iu +yulb—cy+o Wy)],
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(5.2)(a) W,(») =<0,
(5.2)(b) W,(y)=-C fory=>0,
(52)(0) 0= Wy = 5.

In the Appendix we add some remarks about the behavior of A and W(-). The
maximum in (5.1) is attained at u = u*(y), where u*(y) = 0 if and only if
b—cy+ W, (y) <0.By (4.7), b — cy + ¢*W ,(y) is nonincreasing. Hence

I={y:b—cy+o*W,(y) <0}

is an interval. Let us show that I = [y*, o) for some y*. Since W ,(y) is
bounded for y > 0, y € I for all y sufficiently large. Suppose that I = (—o0, c0).
Then

w
b c—l—aZMzO for y <0,
Y

w
liminf y(y) > iz
y——00 y o

Together with (5.2)(c), y'W,(y) - o2c as y - —oo. If I = (—o0, 00), the
last term in (5.1) is always 0. We divide (5.1) by 2 and let y — —oo to obtain

2 2 2 2
0=2 (5 _C_Z_c_?go’
2 \ o2 o2 202

a contradiction. Thus I = [y*, o).
Since a = o2y(1 — v), we then have the following candidate for the optimal
investment control policy:
b—cy+ 02Wy(y)
(5.3) wiyy={ o0y
0, if y > y*.

if y < y7,

Note that u* is a nonincreasing function of y since b — cy + cr2Wy is nonin-
creasing by (5.2)(c). It remains to verify that u*(y) is indeed optimal. Let y;}
be the solution to

(5.4) dy; = [—cy; + yolu*(y))] dt + o dw,
with y; = y. For y < y%,
—cy + yotu*(y) = —cy,

and equality holds for y > y*. This implies that y; is an ergodic Markov
process. See the results in Khasminskii [(1980), Chapter IV, Section 4]. As in
Section 3, we shall need to make a change of probability measure from P to
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P such that
(5.5) dy; = [—ey; + yo2u*(y}) + o2 W, (y)]dt + o du,
where w? is a P*-Brownian motion. Then
—cy +yout(y) + W (y) < —cy if y = y*.
For y < y*, (5.3) implies that
AW, (y)—cy  yb
+ .
1—vy 1—vy

—cy + yotur(y) + o* W (y) =

For y < ¥*, (3.1) holds. We divide by y? and let y — —oo (through a sequence).
Then by (5.2)(c)

W, (y) A
y g

c
—5>

2
o ~ oy _
=—A%2 _cA+ - (—c+0%A)>
0 c (—c+0°A)

This implies

o? - ye?
_ TR Ay YC
0=73 At os2

- c —
A=?(1_\/1_«y).
[Note that A = A in (3.3)(a).] Then as y — —oo,
—cy + 70Ut (y) + P W (y) ~ —c(1 - y)2y.

This implies that, under P°, y; is an ergodic Markov process and Eg| P is
bounded independent of T for any 8 > 0.

It remains to verify that A is the optimal growth rate and that u*(y) is an
optimal control policy. Unlike the unconstrained case in Section 3, we do not
know that W(y) is bounded below. Hence the proof of Theorem 3.1(a) cannot be
used when U = (0, c0). However, (5.1) and (5.2) imply [yW (y)| <c;if y > 0,
for some c;. This implies a logarithmically growing upper bound for —W(y),
which will be used in the proof of Theorem 5.1(a). Unlike the situation in
Section 4, U = [0, c0) is not compact. In defining admissible control processes
u;, we must ensure that the Girsanov transformations used in the proof of
Theorem 5.1 are valid. To avoid technicalities in this regard, let us admit only
those u, which arise via some control policy,

u, = u(t, y)s
where u(¢, y) is locally Lipschitz and satisfies for suitable a1(7T"), ay(T),
lu(t, )| < ar(T)|y[ + 0o(T) for0<t<T.
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THEOREM 5.1 (Verification theorem). Let U = [0, c0) and let A, W(y) sat-
isfy (6.1) and (5.2).

(a) For every admissible control process u,,
. 1 T
A> hrqrjlsotjp T log E, exp/o (y;, u,)dt.
(b) If ui = u*(y;) as in (5.3), (5.4), then
3 1 r * *
A= 711_r)r010 TlogEy exp A Wy, u;)dt.
PrROOF. Let

H'(3) = yr -+ max| G u? + yu(b - ey + 7*W, ()]

W (3, w) = yr = Su? + yu(b — ey + o? W, (3)) = H'(9).
As in (2.9),
(5.6) dy, = (—cy, + yolu,) dt + o dw,,

with y, = y and w, a P-Brownian motion. From the It6 differential rule applied
to W(y,) and (5.1),

T T o2
[ 10w de = AT + [ 100000~ B30 = G WA+ y0u W, ()] e

T
[ oW, () dw, + W(y) = W),

We change probability measure, from P to P, corresponding to adding
o?W ,(y,) to the drift in (5.6),

(5.7) dy; = [_cyt+70-2u’t+0-2wy(yt)]dt+o-dwt7
with i, a P-Brownian motion. Then

T . T )
(58) Eyexp [ Uy, u)di=exp(AT)H(»)E, [exp ey dtwr «w)}
where ¢y = exp W. We make another change in probability measure, from P to
P, corresponding to adding yo?(u*(y,) — u,) to the drift in (5.7),
(5.9) dy, = [—cy, +yo2u*(y,) + oW ()] dt + o dib,,

with @, a P-Brownian motion. Note that under P, y, is identical in probability
law to the solution y; to (5.5) under P°. Moreover, by (5.8),

T
Ey eXp/(; l(yt’ut)dt
(5.10)

B T
=exp(AT)¢(y)E, [eXP {r - eXPfO R (yes uy) dttl/‘l(yT)},
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T
{r = /0 [yo(u, — u})dib, — 2y*>(u, — ul)? dt].

We use Holder’s inequality, with p~14¢~! = 1 and q sufficiently large, together
with

_ T
By|exp [ pvotu, - ui)dio ~ bpo%u, — uiyPde] <1
to obtain

T
Eyexp/0 Iy u,)dt
_ T
(5.11) < esp A By exp [ (31w

P 2 o 2 v
+ Bt - i dei i ||

From (5.3) and the fact that b — ¢y + 02W () < 0 for y > y*, we have

a a . .
h*(ya u)f _Euzz_g(u_u*(y))z lfyZy 5

a . .
B(y,u) = —gw—u' ()P iy <y
Therefore, for g large enough,
* p *
qh* (v uy) + 57202(% - ut)z =<0,

and by (5.11),

(512)  Eyexp [ Iy, u)de = espAT)WE, U (yr).

However, (5.1) and (5.2) imply that ¢~9(y;) < K(1 + |y7|)? for suitable con-
stants K, B. As noted in the remarks following (5.5), E|yr|? is bounded in-
dependent of T. This implies (a). When u, = u}, hA*(y,, u;) = 0. Moreover,
P = P and E,y(yr) tends to its equilibrium value (positive) as T — oo.
This implies (b). O

6. Results for ¥y < 0. In this section we wish to consider the maximal
long term exponential growth rate of y"!Ex}. for y < 0. This is equivalent to
minimize Ex}. In this case, a < 0 [see (2.11)]. We change sup to inf in (2.12)
and max to min in (2.13). In particular, we have the dynamic programming
equation

2
A=Zw

+U—2W2—CW+r
g Ny T g Wy Wy Ty

(6.1)
+ min —guz—kyu(b—cy—i—crzw )
uelU 2 Y
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If there is no investment constraint, the same calculation as in Section 3 gives
a solution A, W(y) to (6.1) with W(y) quadratic as in (3.2) and (3.3). Note that
A < 0in the case y < 0. We may conjecture that the investment policy u*(y) in

(3.4) is optimal. It is surprising that this is no longer true unless 0 > y > —3.
To see this, by (3.9),

E, [exp( [ 1w dt)] — exp(AT + W(»)) ES exp(~W(yi))].
For 0 > y > -3,

EY[exp(~W(y)] > [exp(-W()du'(y), T — o,
where u* is the equilibrium distribution of y} satisfying (3.8),
. 1 1

2
g _—
= ggVio Y

For v = -3,
1
T log Eg[exp(—W(y}))] — 00, T — oo.

For v < -3, E?,[exp(—W(y}))] = oo when T is large enough (T > T;). By
(2.5) this is equivalent to Ex;’ = oo for T > T,. Here x! is the solution to
(2.1) when u; = u} = u*(y,) where

dy, = —cy,dt + o dw,.

However, we will show that A is still the minimal cost for the control prob-
lem. The verification theorem stated in the following indicates that the optimal
policy may not exist for y < —3. The results also show that u*(y) can be used
to construct a nearly optimal policy if this happens.

THEOREM 6.1 (Verification theorem). Let U = (—o00,00),y < 0;A, W(y)
and u*(y) be defined by (3.3) and (3.4); u; = u*(y;) with y; defined by (3.5).

(a) For every admissible control process u,,
1 T
A< li%&i;}f T log E , exp A Wy, u,)dt.
(o) If 0 > y > —3, then

> 1 r * *
AZTIEIOIOTIOgEyeXp A W(yy, u;)dt.
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(¢) If y < =38, there exist u"™(y), n=1,2,3, ... such that

= lim 11m —1ogE exp | l(ygn),utn))dt

n—o00 T—oo T

We may take u™(y) = ¢™(y)u*(y) with 90(”)(y) = ¢((1/n)y), ¢(y) is smooth
and has compact support, 0 < ¢ <1, ¢(y) = 1 in a neighborhood of 0. Alter-
atively, we may take u'™(y) = min{n, max{—n, u*(y)}}.

Note that in (c), the order of limits as n — oo and T' — oo cannot be
reversed. Indeed, if y < —3, for fixed T' > T'; the limit as n — oo is +o0.

PRrROOF. For (a), the proof is similar to that of Theorem 3.1(a); just change
max to min and reverse inequalities to get

B [somes [ T u)dt] = (o)

Since ¢/(y) < exp(K) for some constant K,

T
exp(K) exp(~AT)E, exp [ 1(yi ) dt = w(y).

Then (a) follows from this.

For (b), no change in the proof is needed.

Now to prove (c). We take u(™(y) = ¢ (y)u*(y) with ¢(y) given above.
The proof works for other cases as well. We know that A, W(y) defined in (3.2)
and (3.3) satisfy, by (6.1),

2

A=§ yy(y)+ W2(y)+( cy +y2ut (M)W, (9) + 1% (),

1(9) = —u® + yu(b - cy) + yr.
Let
¢*(y) = exp(W(y)).

Then ¢* is the function constructed as follows. Denote

0.2
Lre(y) = qoyy(y)+( ey + yo?u (y)e,(y) + 1 (v)e(y).

Then L*¢* = Ag*. Let

G(y) = % /Oy(—cv + yo?u*(v)) dv.
The transformation
¢ — f=gpef
induces L*f by the rule
L*f = L*peC.
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By an easy calculation,
o2

L f(y) = = () + () F (),

c2

I(y) = y - —W*(y)2 +ybu'(y) +yr —

2
5 - G, (y)-

After simphﬁcatlon,

5 ¢ 1 , bec vy b? c Y
(y)= 5071 202\/my+2027+2<1+\/m>+yr.
Then L* can be regarded as a self-adjoint operator on L2(R, dy) such that it
has a compact resolvent. See Reed and Simon [(1978), Theorem XIII.67]. We
see that A is precisely the principal eigenvalue of this operator and ¢*e€ is
the corresponding normalized eigenfunction.
Similarly, we consider the operator

(J’2 n
LM e(y) = 5 03(3) + (—ey +y0*u" (0)e, () + 1" (De().

1 y
G™(y) = —2/ (—cv + yo2u™(v)) dv,
g% Jo
and the transformation
¢ — f = pexp(G™),
which induces L™ f by the rule
LM = LMWy exp(G™).

Again, we have
2
L f(y) = %fyy(w + I (),

o2 2
(n _ n 2 n 4 (n)
I(y) = =5~ - 5 @)+ vbul(y) + yr = Gy ().
We note that there are a; > 0, b; such that for all n,

[™(y) < —a1y* +by.

The operator L™ is self-adjoint on L2(R, dy) and has compact resolvent. De-
note A", () the principal eigenvalue and the corresponding eigenfunction
with f((0) = 1. Then it is easy to see that f", n =1,2,3,..., is a compact
family of functions in L?(R, dy). From this we can show that

A 5 A, f > = ¢*e% in L%(R, dy)

as n — 0o. Since

1 T  »
AP = lim —logEy exp/ l(yg ), Uy ))dt

with «{ = u™(5™), (¢) follows from this. O



OPTIMAL LONG TERM GROWTH RATE 889

If investment control constraints are imposed, we no longer have an explicit

solution for (6.1). However, by using the relation
o? 1
?W?V = Ii%)lil:a'va - évz},

the equation now can be interpreted as the dynamic programming equa-
tion of a stochastic differential game of the kind considered in Fleming and
McEneaney (1995). Assume that U = U, = [0, M] as considered in Section 4.
By Fleming and McEneaney [(1995), Theorem 7.1], there exist A, W(y) sat-
isfying (6.1) with W () bounded. But the proof for the uniform estimates in
Lemma 4.2 cannot be applied here. We should not expect Lemmas 4.1 and 4.3
to be correct. Therefore, for v < 0, the results in Section 5 are not immedi-
ately valid. In the rest we shall show that similar results hold here by using a
different argument. The analysis is given only for U = [0, o). A similar argu-
ment can be applied to the cases U = Uy, 0 < M < co. We leave the details
of the latter cases to the interested reader. This analysis is based on carefully
examining (6.1), which will provide a solution A, W(y) with properties similar
to those in Section 5. The verification theorem, as Theorem 5.1, shows that A
is the maximal exponential growth rate for y~! Ex).. We note that for U = U,
0 < M < o0; this argument also gives some uniform estimates for W = W,
similar to those in Lemma 4.2.

In the rest we assume y <0, U = [0, c0).

Equation (6.1) can be written as

o? a?
A= ?Wyy + ?Wi —cyW, +yr

. a 2
+1£12151|:—§u +yu(b—cy+o Wy)}

(6.2) ,

2
g g
= ?Wyy + 7W?V —cyW, +yr

1
Here

o2
F(v) = max|:—7u2 + uv]

u>0
1
FUZ, if v > O,
= g
0, if v < 0.

Therefore, if b — cy + 0*W,, > 0, then
o? o?
A= ?Wyy —+ ?W‘:); —cyW, +yr

1 v

to21—y

b—cy+ 0'2Wy)2
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o2 o2 1 Y
A RTCAE S Y (P S — )
2 T 1y (1—yy 1—7) !
2
+221 (b—cy)+vr
If b—cy+ o?W, <0, then
0'2 0'2
A:?Wyy+?W§,—cyWy+yr
0'2 0'2 1 2 1 Y 1
-7 il —fe——yv—_—" p i — cv)?
g Wt 51, <Cl—yy 1 )Wy+2021 (6 -cy)
o2 vy 9 vy 1
L W2 L (b—ey) W, — — L (b—cy)?
tyr— 57 vl bW, — 557 (b—cy)
o2 o2 1 Y v
“w Z - w?_ -—— b b—cy)?
5 yy+21—‘y Y <cl_yy 1_7) y+221 (b—cy)
1 2 2
+y —2021—(b—cy+0' Wy).
That is,
2 o2 1 1 1
Wyt Tt W2 (eim oy = =2 b)W, 4 g (b— ey)?
w1,y (1— Yoz 7) +2021 (o)
2
+’yr+m§l§(|:%'y(l—'y)u2+yu(b—cy+g-2Wy):|.
Denote
- 1 . 1
W(y) = ——W(y), A=_——A
1—vy 1
Then
O R B — Y )W, (b—cy)?
~ 9 vy 2 y 1—')’ 1—'y 22(1 )2 Y
(6.3) 9
yr 2
. - — 1-—
+1_ +1£133(|:27u +1 u(b cy +a“( Y)W )i|
We further define
(6.4) W,=W,—ay—p
with
_c 1 c 1 g 1 v
0(—0_21_,}, 0-2\/1—’)’7 o2l—vy
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Note that (1 — y)a = A with A as in (3.3). Then
- 0%z o? =2 c z a? yr 1 vy
A=—W —W, - w — —bp?
g VT Wy Y y+<2a+1—7+20'2 1—y>
(6.5)

y+ 0'2Wy)].

o2
+ magz [—yuz +yu(b—c
u>

1
2 Vi—y
Comparing with (5~. 1), we can apply the same argument as in Section 5 to ob-

tain a solution A, W for (6.5) [hence a solution A, W for (6.2) through relations
(6.3) and (6.4)] with the following estimates:

1. V:~V is convex;

2. W —(1/206%)(¢//1 = v)y? is concave;
3. Wy > 0 for all y;
4

. VNVy(y) < ¢, for all y <0 for some c;.

The results for W(y) are summarized in the following theorem.

THEOREM 6.2. Equation (6.2) has a solution A, W with W(0) = 0. This
solution satisfies the following properties:
(1) W(y) — $Ay? is convex;
(i) W(y) — (c/20?)y? is concave;
(iii) W,(y) — Ay > B for all y [see (3.3) for Bl;
(iv) W (y) — Ay < ¢, for all y <0 for some c;.

Given a solution A, W of (6.2) in Theorem 6.2, we define u*(y) to be the
arg min|- - -] in the right-hand side of (6.2). That is,

0, if b —cy + o*W,(y) <0,
w@@=931 1 ,
;m(b —cy+ UZWy(y)), if b—cy+ 02Wy(y) > 0.
Theorem 6.2(ii) implies that oW y(¥)—cy+b is a nonincreasing function. The
argument after (5.2) can be applied to
c

Vi-y

and shows that there is y*, —0o < y* < oo such that

% 1
0'2Wy_ y+b=1T’y[0'2Wy(y)_Cy+b]

{y: O'ZWy(y) —cy+b=0}=(—o00, y*].
Therefore,
0, if y > y*,
(6.6) w(y)=71 1

2 ; *
?Ty(b—cy+0 Wy(y))’ if y < y.
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We shall prove that A is the optimal growth rate. However, u*(-) is an
optimal control policy only when 0 > y > —3. As in Section 5, we admit only
those u, as a control policy which arise via

u; = u(t, yy)
with u(¢, y,) being locally Lipschitz and satisfying, for suitable «;, @,
0=<u(t,y) <alyl+ay
for all # and y.
THEOREM 6.3 (Verification theorem). Let A, W be the solution given in The-
orem 6.2 and u* be defined in (6.6). Then the following hold.

(a) For every admissible control process u,,
| T
A< ll%n_)loloﬁ T log E, exp A (y;, u,) dt.
(b) Let 0 > v > —3. If u; = u*(y;), then
.1 T
A= 111_1)130 T log E , exp A Iy}, u;)dt.
(c) Let y < —3. Then there are u™(y) such that
TR § Ty
A= lim lim —logE exp | I(y, ,u"(y; )dt.
n—oo T—oo T 0

Here u™(y) can be chosen as in Theorem 6.1(c) by using u*(y).

PROOF. The argument is similar to that in Theorem 5.1. We give only a
sketch.
Let

H.(3) = yr+mipl ~5u? + yu(b -y + a*W, ()]
a

5 u® +yu(b—cy + a*W,(y)) — H.(y).

h(y,u)=yr—
As in (5.8), we have

T
E, eXP/O Uy up)dt
(6.7)

_ T
— exp(AT)H)E, | exp drexp [ By w) des (o) |

See the notation there.
By (6.1) with U = [0, co) and the fact that the min is 0 when y > y*, then
using the argument after (5.5) we can show

W, (y)

(6.8) "

-0 asy— oo.
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On the other hand, Theorem 6.2(iii) and 6.2(iv) imply

W, ()
y
Equation (6.8) implies that for any 6 > 0 there is b such that

|W(y) <8y*+b, y=0.

(6.9) — A asy— —oo.

Then (6.9) implies that for any a;,ay > 0 with —2a; < (1 — y)a < —2a,4
there are b, by such that

—a,y?2+b; < W(y) < —agy?+b, forall y <0.
Therefore,

Py H(y) = exp(—=W(y)) > c; exp(—8|y|?) for all y

for some c; > 0.
We use Hélder’s inequality with p~! 4+ ¢~! = 1 and p sufficiently large,

) i T 1/p
By (o) = (B, [exp irexs [ (yewd e om)] )

1/q
~ q q (T
E _z 2 h(y,, u,)dt )
><< y[exp pzT exp p/o Ve uy) ])

Similar to ~2*(y, ©) in the proof of Theorem 5.1, we have

h(y,u) > —g(u - u”‘(y))2 = —M(u —u)2.

2
Then
: q q ("
Ey[exp—;g“T exp—;/o h*(yt,ut)dt} <1
by using
E'y|:exp /OT —%ya’(ut —u;)dw, — %Z_ZYZO-Z(ut —ul)? dt} <1
and

1,509 ¢\ o*v(1-v)gq
— -4 —)]-——_ "7 - <0
277 (p " p? 2 P
when gp~! is small enough. On the other hand, by the argument at the end
of the proof, E y¢—1/ P(yp) converges as T tends to oco. Then (a) follows from
these.

To prove (b), using the relations (6.7) for u, = u; = u*(y3), ¥y, = ¥}, we have

T
(6.10) Eyexp [ (3} uf)di = exp(AT)W(y) By 0~ (7).
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We will show that y; has the invariant measure p*(-) and Eydf‘l( yr) con-
verges to [ ~1(y)du*(y). Thus (b) follows.
The drift for the diffusion y; is given by

b*(y) = —cy + yo?u(y) + oW (v).
If y > y*, then

b*(y) = —cy + a* W (y),
(6.11) b*(y)
Yy

— —Cc asy—> o0
by (6.8). If y < y*, then

1
b(3) = T (W () = ey + Tyyb,

()
y Jiy

(6.12)

as y — —oo

by (6.9).
From (6.11) and (6.12), the process y; is ergodic and has unique invariant
measure u*(-). Let 6 be a number satisfying

0 c 1
<.
Vi-yo?
Then by It&’s rule applied to the function f(y) = exp 6y? and using the proper-
ties (6.11) and (6.12), we can show that E, f(y7) is bounded in 7' and converges
to [ f(y)du*(y). The same holds for E ,~1(y5).
The statement (c) can be proved as Theorem 6.1(c) by using the properties
(6.8) and (6.9) and the results in Theorem 6.2. We omit the details. O

REMARK 6.4. Asy — —o0, one is concerned with totally risk-averse limits.
Let us consider the unconstrained case U = (—o0, o0) and write AY) = y~IA,
u* = u*™. By (3.3)(c) and (3.4), as y — —o0,

b? b
™ _ B C) N
AT r~|—20_2,u ’ o2’

A direct calculation shows that the constant control & = o~2b gives the growth
rate y(r + (20%)71b?) for the expected utility of wealth in (2.5). Thus, @ is

approximately optimal for y < 0, |y| large. This is a different result from the

Merton model, for which the optimal fraction u*mm of wealth in the risky asset

tends to 0 as y — —oo.
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7. Limitasy — 0. Let A, W(y), u*(y) be defined either in Sections 3, 4 or
5. It is convenient to introduce the following notations. To indicate dependence
on vy, we write A = A, W = W, y* = u* and [ = {(V). Moreover, let

A = yAD),
WO (y) = yWO(y),
[Ny, u) = yID(y, u).

We consider the limiting behavior of A, W) and u*(*) as y — 0.
For the unconstrained case, by (3.3)(c),

2
A(v>_>A<0)=E+,.+b_,
4 202
c b
WO (y) - W(y)® = rtzf - ﬁy’

b—cy
w(y) > wO(y) = —
as y — 0 with y > 0. Similar result holds for y — 0, y < 0. We see that
A©®, 3*0(y) are the optimal growth rate and optimal investment policy for
the investment problem with log utility function. Moreover,

o2 .0 0 1
AO = ?Wgy) - cngV Jbr+ 27‘2(6 —cy)?.

We remark that it is easy to get the optimal policy directly for the investment
problem with log utility function. In this case, the control u, disappears from
(2.9) and in (2.10) I(y, u) is replaced by

o2
2
optimal policy is to take arg max, of I(O(y, u), which gives u*®)(y) (if there
are investment control constraints, we take arg max, ;).

This result also holds for the cases with other constraints. However, the
proof will require more argument. For example, (5.2)(c) or Theorem 6.1 says
that in general |W(yy)(y)| is bounded by |y|71. This is not good when y — 0. We
expect a bound independent of y. See (7.7) below which provides an interesting
bound for W(yy)( ¥). In the following, we shall consider only the case with no
short-selling constraint studied in Section 5 and Section 6 [U = [0, c0)].

Denote

Z(O)(y, u)=— u? + (b—cy)u+r,

F(v) = Tt
U—ugg( 2u uv |.

Then
1
_vz’
F(v) = { 20?
0, if v <0.

if v >0,
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By (5.1) and (6.2), the following equation holds for all vy:

0'2 0'2
(7.1)

1
+r+(1- ‘Y)F(Ty(b —cy+ oz‘yW(yY))).

In the rest we shall assume 0 < y < 1. The argument for y < 0 is similar.
To see that A — A first by Jensen’s inequality,

1 T 1 T T
;logEy exp/0 W(y;, u,)dt > ;Ey/o Wy u)dt = Ey/o IM(y,, u,)dt

holds for any T' and admissible control u, process y, in (2.9). Since
Dy, u) =10y, w),

we have A" > A(®), On the other hand, with u, = u} = u*(y}), u* as in (5.3),
we have the expansion

1 d * *
;logEyexp/O W(yy, up)dt

T T
:/ l(v>(y:,u:)dt+yvary</ l<“/)(yj,u’;)dt>+--~.
0 0

Here var,(---) denote the variance of a random variable with respect to P,.

The last term should be negligible if a bound for W(yy) such as (7.7) is known.

Since A is the limit of the left-hand side divided by T as T' — oo, this would
imply

lim sup A < AO),
y—0

Then
lim A® = A,

y—0

In the following, we shall give more details of the analysis. We can obtain the
finer asymptotics for A and also prove the convergence of W),
By dividing (4.1) by y and using (3.3)(c), we have

2
(7.2) r<A® < 2£(1—(1—y)1/2)+r+b—
Y

202"
Then use (5.2), F > 0 and (7.1) to get
1
(7.3) W ()] < . ¥=0

for some c¢; > 0.
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To estimate W(yy) for y < 0, we use W%) > 0 [see (6.2)(¢)], F > 0 and (7.1)
to get

2
P e <o

¢y = (c/2y)(1 = (1 — y)V2) 4+ r + (b%/20?). We integrate this equation from y
to oo,

—W(yw(y) exp —iy2 = 02/ €xp ~ 2 x%) dx <cs,
0'2 y 0'2
with ¢3 = cyo/7/c. Together with (5.2)(a), we have
7.4 w ()] < L2
(7.4) Wy (9] = ez exp( —5

for all y.
We need to improve the estimate in (7.4). We consider A, W()(y) instead
of A, W)(y). Denote

VO (y) = (1— y)F<1L(b —cy+ azwﬁv’))) +r—AD.
-

Then
o2 . o2 . ~
FWE + Z (W) —eyWy +9VO () =0,
(75) a? (= c \> a? -y
1484 2 1694
(WP - 53) = ot = FHE = VO).
By (5.2),

. c
VO@ sa@+yP),  0=WY <~

for some c;. Let v be small and y < 0, |y| be large enough. Here (7.5) implies
o (= c
E(W(y”(y) - ﬁy)

+1 ¢ 202 o2 = (y) 1/2

= “yl1+ == =W — VO .
ﬂ0y< +c2y2( B w(y)—v (y))>

We cannot have a + sign in (7.6). Otherwise,

(7.6)

W) =VESy +y 03D+ 0( )

)
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Then W(y”(y) = yle(yy)(y) cannot be bounded in y as y — 0. See (7.4).
Therefore,

(W0 - 5)

-1 < 202 o? . 1/2
== 5(1- 25 (- FPm - wo) )

Ao gy o)+ oG]
_ w2240 +y0 + 0(yll).
Voo T gy T Op ) T Oy ) [ O0RD

The last step is by expansion,

(1+a)? =1+ la+ O(a?)
with

202
2 y2

a=—

o? .
(-Z R - wOw).
Then we can write

W3 () - FOWY () = e(y),

where
D(y) = 1 D(y) = 2
7(y) = 2—y 1+0 +0M) |, &7(y)=0(yy").
By integrating this equation from —oo to ¥ < 0, we have
WO ) exp(-h() = 3 O [_aexp(-hV () dx ).
Here (d/dy)h™(y) = f?(y),
) c 4 1
R (y)=—=y"(1+0(— |+ 0 )
o |y
From this, (7.3) and (7.4), we can deduce

W ()] = erv(1+1y)
for some c¢; > 0. This is equivalent to
(7.7) W (Dl < ex(1+1y]) forall y.

This is an improvement of the estimate in (7.4) that we need. These estimates
imply the following result.
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THEOREM 7.1. Consider the case with no short-selling constraint studied in
Section 5. Then

A 5 A0 WD (y) - WO(y)
uniformly for y in compact sets as y — 0. We have the equation

2
(7.8) A© = %WE@) —eyW +r+ F(b - cy).

A is the long term optimal growth rate for the investment problem with log
utility function. Moreover,

(7.9)(a) 0< WS,
(7.9)(b) 0<-WY() <es(1+1y]) forall y,

1
0<-WP() <ei— ify>0.
Y

As y — 0, we have the expansion

—1
A(7)=r+\/£—/ F(b—cy)exp(—%y2> dy
T 0 J—c o
o [¢1 oo 0) 2 C 9
(oo [ (W) exp( 557 ) dy
m O J—0 o

(7.10) _
+ \/%% [ (CF®-cy)+Fb-cy

X (b= cy+ W) exp( - 5597 dy) + o)

PROOF. By (7.2), (7.3) and (7.7), A, W converges through a subse-
quence to A©©, WO It is clear that (7.8) holds.
Integrating (7.8) from —oo to oo,

0 Ve e ¢ 9
A():r+ﬁfooF(b—cy)exp<—ﬁy )dy.

Then integrate (7.8) again to get
2 0o ¢ 00 c
—?W(y )(y) exp<—§y2> = (AO — r)/y exp(—;xz> dx

— [P -ex) exp<—ix2> dx.

y o?

Therefore, A®, W(© are uniquely determined from (7.8) and (7.9). This also
shows the convergence of A, W) as y — 0.

We know (7.8) is the same as (2.14) for U = [0, c0), which is the dynamic
programming equation for the investment problem with log utility function.
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A verification theorem (similar to Theorem 3.1) shows that A° is the optimal
growth rate for this investment problem.

Properties in (7.9) are consequences of (5.2), (7.3) and (7.7).

We now prove (7.10). By integrating (7.1) from —oo to oo,

A0 =rs S [ w0 exn( - 5 )

+ cha [ a=nF( b et WD) ) exp(- &%) d.

Equation (7.10) follows from the expansion of this at y = 0. This completes
the proof. O

APPENDIX

In this Appendix, we add a few remarks about the behavior of W and A for
the case considered in Section 5. These are stated in the following.

THEOREM A.1. Assume 0 <y < 1, U = [0, 00). Then we have A > y(r +
(202)716%) if b > 0. In general, we have A > yr. Moreover, we have the following
upper bound for A:

(a) If b <0, then A < yr 4 c¢/2.
(b) If b > 0, then A < yr + (¢/2) + (yb?/2052).

THEOREM A.2. Assume 0 <y <1, U = [0, 00). When y — oo,

A—yr
W(y) = — 67 Iny+ O(1).

ProOOF OF THEOREM A.1. We first derive the upper bound for A in (a) and
(b). Note that (b) follows from the fact that (3.3)(c) gives an upper bound for
A for any b, in particular for b > 0. We now assume that b < 0 and prove (a).

Let u, be an admissible control process in Theorem 5.1, y, be the process
defined by (2.9). Then by Itd’s differential rule,

dy? = (=2¢y? + 2yo?u,y, + 0®)dt + 20y, dw,.

Then
T c

—yc/ tytdt_z |:yT+y0+a'2T 2(3/ ytdt—i-ZO'/ ytdwt],

T

[} Weude = 5l-sh 1+ (vra 5 )T

a
—l—/ (—5 iy 2yt—l—ybu)olt
2 T

c c
= dw, — 5 [ yidt,
+ 0_/0 Y AWy 202 o Yt
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T .
Eexp [ Uy, u)dt=E|exp(s=[-v2+ ¥+ (yr+2)T
0 20 2

T a, & ,
+/0 <—§ut - ﬁyt +ybut> dt)i|

Here E [ - -] is the expectation with respect to the probability measure P under
which

dy, = yolu,dt + o di,,

w, is a Brownian motion. We change the probability measure by applying the

Girsanov theorem. Since b < 0, the term fOT(- --)dt on the right-hand side is
negative, the last expectation has an upper bound

c c
exp(yr + Q)Texp Fyo.

From this,

c
A< =
_'yr—l-2

as asserted.

If b > 0, then A > y(r + (202)71b?) by Remark 6.4. In the rest, we prove
A > yr holds in general. For this, we choose a particular u = u(y) as follows.
Let

Yo—cy). ifo-cy=0,

u(y) =
0, otherwise.
Denote
b(y) = —cy+vyoiu(y),  I(y)=1Uy, u(y)).
That is,
) ¢ vy Y b ifb-cy=0,
byy=4 =7 1-v
—cy, if b —cy <0,
72 2
A —(b— if b — >0
i(y) = yr+ o (b—cy)’, i cy >0,
vr, if b—cy <0.

We denote y, the diffusion satisfying the equation

dy, =b(9,)dt + odw,.
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Then y, is ergodic with the invariant density p(-),

c 1 2b )
alexp(—;?yy2+§% >, lfb—CyZO,
p(y) =
ay exp(—%y2), ifb—cy <0,

where @y, ay are chosen such that p(-) is a continuous function and satisfies
[, p(y)dy = 1. That is, ay, ey satisfy the relation

b2y
0‘2=0‘19XPF1T7,
b/c c 1 26 vy o0 c
1= —— ¥ + = y])d —— %) dy,
alf_ooexp( 21—y +021_7 > y+oz2/b/cexp( a-2y> Yy

which determine @y, ay uniquely.
By Jensen’s inequality,

T . T,
Eexp/ i(5,)dt = exp<E/ l(yt)dt).
0 0
By the ergodic theorem,
1 (T o
Jim ZE [ 3)di= [ U»)p(y)dy
b/c —),2 9 A
=yrt [ go(b—cy)’h(y)dy.
From Theorem 5.1(a),
2

Al A=l L [Migyae - T b ey i(y)d
(A.1) = limsup - B | U(3.) t—7r+/_oo 9g (0~ c¥)"P(y)dy.

T—o00
This implies A > yr. O
We remark that, although (A.1) provides a lower bound for A, this is smaller

compared with the upper bound in Theorem A.1(a) and (b). We are not sure
which gives a better estimate for A.

PrOOF OF THEOREM A.2. By (5.1), for some ¢; > 0, we have
YWy (y) <e, ify=>0.

Therefore,
0'2 0'2
A—yr=2W, —cyW, + 7W§

a? 1
=W, —cyW, + 0(;)
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We integrate this relation to get

c o A —yr c o
—Wy(y)exp<—;y ) = 27/y xexp(—;x )dx
o 1 c
0 — ——x%)d
+ </y x2exp< U2x> x)

W) == (a =35 +0(3):

for y > 0. From this,

then
1
W(y) =—-(A-yr)ny+0(1)
as y — oo. This completes the proof. O
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