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LIMIT THEOREMS FOR QUADRATIC FORMS WITH
APPLICATIONS TO WHITTLE’S ESTIMATE

By LaJos HORVATH! AND QI-MAN SHAO

University of Utah and University of Oregon

We establish strong and weak approximations for quadratic forms of
weakly and strongly dependent random variables and obtain necessary
and sufficient conditions for the weak convergence of weighted functions of
quadratic forms. The results are applied to get the asymptotic distributions
of some tests which can be used to detect possible changes in the long-
memory parameter.

1. Introduction. Let {{;,, —0co < £ < oo} be a sequence of independent,
identically distributed random variables with E¢, = 0 and E fg = 72. Through-
out this paper Z stands for the set of integers. Define the moving average

szza(k_j)gja kEZ’

JEL

where a(k), k € Z, are real weights satisfying 3", a?(k) < 00 (X, = ¥ co—peoo)-
The sequence X, k € Z, is stationary with EX, = 0 and EX2 = ¥, a?(k).
The covariance function of X, is denoted by r(k) = EXyX,. Let

Q)= Y b(i- HX.X;—r(i—j)} if0<z<o

1<i, j<[x]
and

Ri(x,y)= Y bli-NX;X;—-r(i—j)} f0<x<y<oo

[x]<i, j=[¥]

(Xg = 0), where b(—k) = b(k) for all k € Z and Y, b2(k) < oo.

Anderson and Walker (1964) and Hannan and Heyde (1972) established
central limit theorems for @(rn) when {X,, k£ € Z} is weakly dependent.
Assuming that {X,, k& € Z} is a strongly dependent stationary Gaussian
sequence, Avram (1988) and Fox and Taqqu (1987) proved again the asymp-
totic normality of @(n). Their results were extended by Giraitis and Surgailis
(1990) to include the stationary, long dependent non-Gaussian case. Kouritzin
(1995) obtained strong approximation for cross-covariance of linear variables
which is a special case of Q(n).
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Motivated by detection of possible change in the long-memory parameter of
strongly dependent observations, Beran and Terrin (1996) studied the asymp-
totic behavior of

Qnt) @ (nt,n)
nt n(l—¢t)

Beran and Terrin (1996) claimed that

Zx(t) = n2(t(1 - t))l/z{ } 0<t<l.

(b Z(t) — 910,11 Co(£(1 — t))l/z{ Wlt(t) - }

1—1¢
where 0 < ¢y < oo is a constant and W; and W, are independent Wiener

processes (Brownian motions). However, Lévy’s law of the iterated logarithm
[cf. Theorem 1.3.3 in Csorg6 and Révész (1981)] yields that

{Wlt(t) _ Wzl(l_—t t)} -~

sup (¢(1 - ¢)"/?

O<t<1
with probability 1 and therefore (1.1) must be false. In this paper we obtain
approximations for @(n) as well as for
Q(nt) B Q*(nt,n)

nt n(l—t)

Z,(t) =n?t(1 - t){ } 0<t<l.

The weighted approximations for Z,(¢) will result in limit theorems for func-
tionals of Z% (¢).

We can and shall assume without loss of generality that all random vari-
ables and processes introduced in this paper can be defined on the same prob-
ability space. Let

(1.2) c(k)=0b(0)a(k)+2 Y b(j)a(k— j)

1<j<oo
and
2
ot = B(g§— ) T alie()
(1.3) 7 \
ot % (Slatei+0+elati+d})
1<l<co \jeZ
THEOREM 1.1. Assume that there exist a« > 0, B > 0 and 6 > 0 satisfying
a+ B >1/2and 0+ 2a > 1 such that
(1.4) a(k) = O(|k|7¥**), c(k) = O(|k|_1/2_ﬁ), b(k) = O(|k|_1/2_0)

as |k| — oo and E|&)|*" < oo for some r > 0. Then we can define a Wiener
process {W(t), 0 <t < oo} such that

(1.5) Q(n)—oW(n)=0(n'"**) as.,

with some & > 0.
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Next we use Theorem 1.1 to derive the following weighted approximation
of Z,(¢).

THEOREM 1.2. If the conditions of Theorem 1.1 are satisfied, then we can
define a sequence of Brownian bridges {B,(t),0 <t < 1} such that

(1.6) sup  |Z,(8) = o B,(0)|/(t(1 - £)"2~* = Op(n"*)
A/n<t<l-A/n

forall 0 < A < oo and 0 < ¢ < gy, where g; > 0.

To get asymptotics for Z7 (¢), we must look at the behavior of the weighted
Z ,(t). The first corollary gives the necessary and sufficient condition for the
convergence in distribution of the weighted supremum of Z,,(¢). Let

FCy = {q: s %fnf Sq(t) >0 for all 0 < 6 < 1/2, q is nondecreasing in a

neighborhood of 0 and nonincreasing in a neighborhood of 1}

and

1 cq*(?)
Hq’”"ﬁ Kl——ﬂeXp<_K1—t))dt

COROLLARY 1.1. We assume that the conditions of Theorem 1.1 are satisfied
and q € FC ;. Then

Q(k) Q*(k,n)
_M'k  n—k

(1.7) max n=%2k(n

1<k<n

/ alk/m) —>4 & sup |B(2)/a(t)

if and only if 1(q,c) < oo with some ¢ > 0, where {B(t), 0 <t < 1} isa
Brownian bridge.

Corollary 1.1 yields that Z%(¢) cannot converge in Z[0, 1] and

sup |Z5(6)] — p oo.
O<t<1

Let
A(x) = (2log x)Y?
and
D(x) =2log x + 3 loglog x — 3 log 7
if x > 1 and A(x) = D(x) =1 when x < 1.
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COROLLARY 1.2. We assume that the conditions of Theorem 1.1 are satis-
fied. Then

. [A(logn)

vz @) Q'(hu)
|

|
|
A p— |§x+D(logn)}

=exp(—2e™¥)
for all x.

The approximation in (1.5) and the law of the iterated logarithm for W yield
immediately the law of the iterated logarithm for @(n) under the conditions
of Theorem 1.1. However, the applications in Section 2 will need only a strong
law of large numbers with rate under somewhat weaker conditions.

THEOREM 1.3. Assume that there exist « > 0 and 6 > 0 with a + 0 > 1/2
such that
a(k) = O(|k|™* %) and b(k)= O(|k|"*"1/?)
as |k| — oo. If EE} < oo, then
Q(n)=o(n'"*) a.s.
for all 0 < ¢ < min(1/2, 40 + 26 — 1).
The proofs of Theorems 1.1-1.3 and Corollaries 1.1 and 1.2 are given in Sec-

tion 3. These results are used to detect possible changes in the long-memory
parameter in the next section.

2. Change in the long-memory parameter. In this section we assume
that the distribution of X, can be characterized by a finite-dimensional pa-
rameter (kz, Ap), Ay = (Ap 1, .-+, A, ). Namely,

Xk = Ky, Z R(k — J’Ak)g‘]
JEZ

The long-memory behavior of the sequence is characterized by the first coor-
dinate of N\,. We wish to test the null hypothesis

HO: (Kl’ }‘1) = (KZ’ )‘2) == (Kn7 An)
against the alternative
H,: there is an integer k*, 1 < k* < n, such that
Mi=A 1= =Ap 1 F Apg11= = Ay 1
Let

itx 1

1 aw
DN = 55 /_ﬂe f(t:N)

dt,
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where f(t;N) = 27| R(¢; N)|2,

R(£;\) = /: ¢ R(x: ) dx.
Next we define

Ar(N) = > DG - jMX X

1<i, j<k

BT

and

1 . .
PN =—= > Di-jiMNXX;
n—k k<i, j<n

Using X1, ..., X, Whittle’s estimates (k;,A;), A, = (/A\,“, cee )A\k’p) are the
solutions of the equations

J ~
Z —D(@ - ;M) X; X ;=0
1<, ON
<i, j<
and
’Q% = Ak(xk)-

Similarly, the estimators (&, A;), A, = (A 1, ..., A, p)basedon X 4,..., X,
are the solutions of
J . .
> ﬁD(l —LA)X; X ;=0

k<i, j<n
and
~2 A% X
Ky, = AL(Ag).

If |[A, 1 — Az 1 is large for some %, then we reject H, in favor of H,. We

consider the behavior of A; ; — A ; under the null hypothesis.

We assume that the parameter set % x # C (0,00) x RP is an open,
relatively compact set. The true value (kg, Ag) lies in the interior of % x 7.
We also assume the normalization R(0;A) = 1, A € £ or, equivalently,

/ log f(t;\)dt =0, Ae 2.

The following set of regularity conditions are taken from Giraitis and Sur-
gailis (1990): There exist 0 <y = y(A) < 1 and 0 < C = C(N) < oo such that

/ ’ log f(¢; M) dt(= 0) is twice differentiable in A under the
s;gn of the integral,

(2.1

(2.2)  f(t;N) is continuous at all (¢;N), ¢ # 0 and |f(£;N)| < C|t]7?,

(2.3)  1/f(¢;N) is continuous at all (¢ M),
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d
(2.4) ax PN is continuous at all (¢;M), 1 <i < p and
i < Clt]” 1<i<
Y ICT I =t=p

(2.5) > 1 is continuous at all (£ N), 1 <, j <

. — i inuou ; i
and
(2.6) ” 1 < Clt| L, 1<i<

' ataA; f(t;N) st=p

Let 7/(\) be a p x p matrix with entries
g 92 1
(N) = tN)———————dt
and let w* be the first element in the first row of # ~1(A;). In the next theorem,

we assume that the assumptions of Theorem 1.1 are satisfied. Let

ci(k) = R(0; )\0) D(O N)+2 > R(k-—j;

1<j<oo

D(j§ Ao).

We assume that
there exist « > 0, 8 > 0 and 0 > 0 satisfying a + 8 > 1/2 and

(2.7 0+ 2a > 1 such that
R(k;Ng) = O(|k|7*"12),
x| -2 Diking)| - 0(k )
and

max [c;(k)| = O(|k[#7%).

THEOREM 2.1. We assume that E|&|**" < oo with some r > 0 and H, and
(2.1)-(2.7) are satisfied. Then

n'2t(1—t) (;\[nt], 1= Ay, 1) — gj0.1)(4mw*) 2 B(t),
where {B(t),0 <t < 1} is a Brownian bridge.

To increase the power of tests, we consider weighted versions of Theo-
rem 2.1.
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THEOREM 2.2. We assume that E|&|*™" < oo with some r > 0, g € FCy,
and H, and (2.1)—-(2.7) are satisfied. Then

(2.8) max n=¥2k(n — k) Ax,1 — A 1l/q(k/n) — 5 (4mw*)V? sup |B(8)|/q(t)
<k<n O<t<1

if and only if 1(q,c) < oo with some ¢ > 0, where {B(t), 0 <t < 1} is a
Brownian bridge.

The standard deviation of A p1—A £.1 would be the “optimal” weight function
in (2.8). The weighted statistic has higher power if the change occurs early or
late. For a discussion on the application of weight functions in change-point
analysis, we refer to Csorgoé and Horvath (1997). Since the variance of )A\k, 11—
Ay, 1 is proportional to n/(k(n — k)), this case is not covered in Theorem 2.2.
The next result considers this case. In addition to (2.1)—(2.7), we assume

(2.9)  there exists 6 > 0 satisfying @ + 0’ > 1/2 such that

2

D(E;N\y)| = O(|k|7771/2),
1;Ii1,aj§p &/\1(7/\] ( 0) (l | )
(2.10) > 1 is continuous at all (¢;\), 1 <i, j < p and
. _— i inuou JA),1<1i,j<
A IA; F(EN) J=P
| 92 1 |
| | < Cle), 1<i,j<
\ax;0A; F(ENg)| = 1l =bJ=Pp
and
33 1. . .
(2.11) is continuous at all (¢; M), 1 <1, j, k < p.

dA; N ANy, F(E;N)

THEOREM 2.3. We assume that E|&)|*"" < oo with some r > 0 and H,,
(2.1)-(2.7) and (2.9)—(2.11) are satisfied. Then

A(logn) -1/2 1/2)% 7
= exp(—2e~ x)
for all x.

REMARK 2.1. If
(93

(2.13)
dN; 9N 3t f(£5 M)

<C,

max
1<i, j<p

with some C < oo, then

D(k;N\y)| = b,
1513}’5},“9)\(9/\ (&; 0)' OC™)
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We note that the statistic max;_;_, n V2(k(n — k)2|A, | — A, 1| was also
suggested by Beran and Terrin (1996). However, they could not get this correct
limit distribution.

3. Proofs of Theorems 1.1-1.3 and Corollaries 1.1 and 1.2. The proofs
of Theorems 1.1 and 1.2 are based on decompositions of @ and @* into mar-
tingales and smaller remainder terms. First we note that

Q(n)= > {b(())(XZ(J')—r(O))+2 > b(i)(X(j)X(j—i)—r(i))}
(31) 1<j<n 1<i<j

= @1(n) — 2@3(n),

where

QU= ¥ {b<0><X2<j>—r(0>>+2 5 b(i)(X(j)X(j—i)—r(i))}

1<j<n 1<i<oo
and

Qa(n)= > X bO{X(NHX(j—1)—r@)}

1<j<n j<i<oo

It follows from the definition of X (%) and c(%) that

Qm= Y {b(0>za<j—k)a(j—l)(fkfz—Eska).
k,l

1<j<n

+2X T el - Bali i~ ek~ B

i1k, 1

= Z Z a(j—k)e(j—D(&ré — E&LE)

k,l1<j<n

=Y X a(j— k(i - k)& —7°)

k 1<j=<n

+ 2 X Ha( = k)G =) +a(j—e(j - k),

—oo<l<k 1<j<n

(3.2) = X X a(j-ke(j-k)(& 1)

1<k<n 1<j<n

+ X X Aa(G—ke(G—D+a(j—De(j— k)&,

1<l<k<n 1<j<n

+ Y Y a(j—k)(j-k)(&G-T)

k<0 or k>n 1<j<n

+ 2 > {a(i = R)e(j =D +a(j—De(j — k)&,

l<k,l<0 or k>n 1<j<n

= Q3(n) + -+ Q(n),
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where

Qs(n)= Y X a(j— k(i - k)& —77)

1<k<nl<j<oo

+ > Y {a(G—k)e(j—D+al(j—e(j—k)}&E,

1<l<k<nl<j<oo

Qun)=— > ¥ a(j—k)e(j— k)&~ 1),

1<k<n n<j<oo

Qs(n)=— > X {a(j—k)e(j—1)+a(j—De(j - k)& &

1<l<k<n n<j<oo

Qe(n)= ¥ X a(j—k)e(j— k)&~ 1)

k<0 or k>n 1<j<n

and

Q7(n) = > > {a(G = R)e(j =1 +a(j—De(j = k)}&ié.

I<k,l<0 or k>n 1<j<n
The following two lemmas show that @3(n) is the leading term in (3.1)
and (3.2).

LEMMA 3.1. If the conditions of Theorem 1.1 are satisfied, then we can
define a Wiener process {W(t), 0 <t < oo} such that

(3.3) Qs(n) — W(o?n) = O(n'/?"*%) a.s.,

with some & > 0.

LEMMA 3.2. If the conditions of Theorem 1.1 are satisfied, then

(3.4) |Qu(n)| +1Qs(n)| = O(n'*7%) as.,
(3.5) 1Q5(n)] +1Q7(n)| = O(n'*7°) as.
and

(3.6) Qs(n) = O(nY?7?) a.s.,

with some & > 0.
The proofs of Lemmas 3.1 and 3.2 are given in the next section.

PRrROOF OF THEOREM 1.1. Putting together the decompositions in (3.1) and
(3.2) and Lemmas 3.1 and 3.2, we get that

Q(n) — W(o?n) = 0(n¥?7*) as.,

with some & > 0. Since {W(0?x), 0 < x < 0o} =, {oW(x), 0 < x < o0}, the
proof of Theorem 1.1 is complete. O



LIMIT THEOREMS FOR QUADRATIC FORMS 155

The proof of Theorem 1.2 is based on decompositions similar to (3.1) and
(3.2). One can write

Qmm)= Y {b(0><X2<j+m>—r<0>>

1<j<n-m
3.7 . . . . .
2% )X+ m)X (b m— i) r(z))}
= Qi(m’ n) - ZQ;(m> n)>
where
Qim.m)= ¥ {b<0><X2<j T m) - r(0))
l<j<n-m
+ 2 Z b)) X(j+m)X(j+m—1i)— r(z))}
1<i<oo
and

Qi(m,n)= Y Y bX(+m)X(j+m—i)—r@)}

1<j<n-m j>i
Similarly to (3.2), we have
(3.8) Qi(m,n)=Q5(m,n)+---+ Q§(m, n),
with
Qi(m,n)= 3 3 a(j—k)e(j— k)& 1)

m<k<n 1<j<oo

+ X X X {aU—R)eG—D+a(j—De(j— k)&,

m<k<n 1<l<k 1<j<oo

Qi(m,n)=— 3 > a(j — k)e(j — k)& — 72,

m<k<n 1<j<m or n<j<oo

Qs(m.n)=— > ). 2 {a(j—k)e(j—1)

m<k<n 1<l<k 1<j<m or n<j<oo
+a(j—De(j— k)&,
Qs(m,n)= 3 > a(j—k)e(j— k)& — ),

k<m or k>n m<j<n

Qi(m,n)= 3 > 3 {a(G—k)e(j—1)+a(j—De(j— k)&,

k<m or k>n l<km<j<n

and

Qs(m.n)=—= 3> 3 X {a(j—R)e(j—D+a(j—De(j = k)}&é.

m<k<n —oo<l<0 m<j<n

The following two lemmas are needed in the proof of Theorem 1.2.
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LEMMA 3.3.  If the conditions of Theorem 1.1 are satisfied, then, for each
n, we can define two independent Wiener processes {Wsll)(t), 0 <t < oo} and
{WgLQ)(t), 0 <t < oo} such that

(3.9) sup |Qs(m) — oW (m)|/m"2* = 0p(1)
l<m<n/2
and
(3.10) sup |Q3(m,n)— oW (n—m)|/(n —m)V>% = 0p(1),
n/2<m<n

with some & > 0.

LEMMA 3.4. If the conditions of Theorem 1.1 are satisfied, then
(3.11) f?fi{lQZ(k)l +1Qu(B) + -+ 1Qq(R)[} / k270 = Op(1),

(3.12) 1sup {|1Qi(m, n)| +|Qs(m, n)|}/(n — m)V272 = 0p(1),

(3.13) sup {1Q5(m, n)| +|Q5(m, n)| + |Q(m, n)|} /(n — m)"*7° = Op(1)
and

(3.14) sup |Q3(m,n)|/(n—m)27° = 0p(1),

1<m<n

with some & > 0.
The proofs of Lemmas 3.3 and 3.4 are postponed until Section 4.

PRrROOF OF THEOREM 1.2. Let
Yo=Y a(j—k)(j— k)& —1)

1<j<oo

+ 2 2 {a(G=R)e(G =D +a(j = De(j — k)&

1<l<k 1<j<oo

It follows from the definitions of Q3(m) and Q3(m, n) that
Qs(m)= ) Y, and Q3(m,n)= > Y,

1<k=m m<k<n
and therefore
Q3(m)+ Qsz(m,n) = Q3(n/2)+ Q5(n/2,n) foralll <m < n.

Hence by Lemma 3.3 we have

(3.15) max [Qy(m) + @3(m, n) — o(Wi(n/2) + Wi (n/2))|
. _ OP(nl/Z—a)'
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Let © = min(e, §). Lemmas 3.3 and 3.4 and the modulus of continuity of
Wiener processes [cf. Csorgo and Révész (1981)] yield

(3.16) sup |Q(nt) — oW (nt)| /(nt)2# = 0p(1),
A/n<t<1/2

317  sup |Q(nt,n)— oW (n(1—1))|/(n(1 - 1))/>* = 0p(1)

1/2<t<l-A/n

for all A > 0 and by (3.15) we have

(3.18) sup |Q(nt) + Q*(nt, n) — o(Wi'(n/2) + Wi (n/2))| = Op(n!?*).

0<t<1
Let
B, (t) = { n_l/z(ngl)(nt) — (WP (n/2) + W;Z)(n/Z))), 0<t<1/2,
' nV2(—W2(nt)+A— )W (n/2)+ WP (n/2),  1/2<t<l.

It is easy to see that

n~12(Q(nt) — t(Q(nt) + Q*(nt, n))), 0<t<1/2,
n~12(-Q*(nt, n)+(1-t)(Q(nt)+ Q*(nt, n))), 1/2<t=<1.

Let 0 < & < pw and 6 > 0 so small that ¢+ 6 < . By (3.16) and (3.18) we have

n® sup |Z,(t)—oB,(t)|/t"**
A/n<t<1/2

<A°nt sup |Z,(t)—oB,(t)|/t"*°
A/n<t<1/2

<A sup |Q(nt) — oW (nt)|/(nt)V2 0
A/n<t<1/2

+ A75n€+571/2 sup t1/2+s+5|Q(nt) + Q*(nt, n)
An<t<1/2

Z,(t)= {

— (Wi (n/2) + WiP(n/2))|
= 0p(1).
Replacing (3.16) with (3.17), we obtain that

n®  sup |Z,(t) - oB,(t)|/(1-)** = 0p(1)
1/2<t<1-A/n

for all 0 < & < u. Computing the covariance function, one can easily verify
that B,(t) is a Brownian bridge. This completes the proof of Theorem 1.2. O

PrOOF OF COROLLARY 1.1. If I(q, ¢) < oo with some ¢ > 0, then

yn% t12/q(t) =0 and ynll(l —)Y2/q9(t)=0
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[cf. page 180 in Csorgé and Horvath (1993)]. Theorem 1.2 yields for all 0 <
8 < 1/2 that

(3.19) sup |Zn(t) — a'Bn(t)} =op(1).
8<t<1-6
Also,
| Sup 6iZn(t) —aB,()|/a(t)
n)<t<
3.20 -
( ) < sup |Zn(t) - (TB,L(t)I/tl/2 sup tY2/q(t)
1/(2n)<t<1—/(2n) 0<t<é
and

sup  |Z,(t) - oB,(1)|/a()
1-6<t<1-1/(2n)

(3.21) < sup |Z,(¢) — oB,(t)| /(1 —t)'?
1/(2n)<t<1-1/(2n)

x sup (1—6)"?/q(t).
1

1-6<t<

Applying again Theorem 1.2 with ¢ = 0, we obtain that

sup iZn(t) - UBn(t)|/Q(t) = OP(1)7
1/(2n)<t<1-1/(2n)
which gives (1.7).
If (1.7) holds, then the limiting random variable is finite. So using Theorem
4.1.1 in Csorgé and Horvath [(1993), page 181] we get that I(g,c) < oo for
some ¢ > 0. O

PROOF OF COROLLARY 1.2. By Lemma 5.1.3 in Cs6rgé and Horvath [(1993),
page 257], we have that

(3.22)  (2loglogn) Y/? sup |B,()|/(t(1 —t)Y? —p 1,
1/(2n)<t<1-1/(2n)

(3.23) sup  |B,(8)|/(¢(1 - t))"* = Op((logloglog n)"/?)
1/(2n)<t<(logn)/n

and

(3.24) sup |B,,(8)|/(t(1 — £))/* = Op((loglog log n)*/?).

1-(logn)/n<t<1-1/(2n)
Using Theorem 1.2 with & = 0, we get from (3.22)—(3.24) that
(325 (2loglogn)™?  sup  |Z,(0)|/(t(1~ ) —p o,

1/(2n)<t<1-1/(2n)

(3.26) sup | Z,(6)|/(¢(1 - 1))"/* = Op((logloglog n)'/?)
1/(2n)<t<(logn)/n
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and

(3.27) sup |Z,,(£)]/(¢(1 - £))* = Op((logloglog n)'/?).
1—-(logn)/n<t<1-1/(2n)

Let [, and b, be defined by

sup |Z,()I/(#(1 = )2 = | Z(L)I/ (1, (1 — 1))
1/(2n)<t<1-1/(2n)

and

sup 1B, (8)]/(¢(1 = £))/* = | B(b,)|/(b,(1 = b,))"2.
1/(2n)<t<1-1/(2n)

Now (3.22)—(3.27) imply that

(3.28) lim P{(logn)/n <1,, b, <1—(logn)/n}=1.
Theorem 1.2 with 0 < & < g, gives that
sup |Z,,(8) — o B,(2)| /(¢(1 — £))"/*
(logn)/n<t<1—(logn)/n
< sup (1-1))°
(8.29) (logn)/n<t<l—(logn)/n
x sup |Z,(t) — oB,(t)| /(¢(1 — ) R

1/(2n)<t<1-1/(2n)
= Op((logn)~®).
Putting together (3.28) and (3.29), we get that

QE)  Q(k,n)
k n—=~k

max (k(n — k))/2

onl/2 1<k<n

- sup |B,.(t)]/(t(1 — )"/

1/(2n)<t<1-1/(2n)
Since [c¢f. Lemma 5.1.3 in Cs6rgé and Horvath (1993), page 257]

= Op((logn)~*).

lim P{A(log n) sup |B,()|/(t(1 - t))/? < x + D(log n)}
n—00 1/(2n)<t<1-1/(2n)

= exp(—2e™¥)
for all x, the proof of Corollary 1.2 is complete. O

PROOF OF THEOREM 1.3. In light of Lemma 4.3, it suffices to show that
(3.30) E(Q(n+m) — Q(m))® < Cy(n + n®*4*+29)
for all 0 <m < oo and 1 < n < oo with some C;. It is easy to see that

Q(n+m)— Q(m) =3 (£ - Efkfz){ > b= ja(i—k)a(j—1)
k1l

1<i, j<n+m

. b(i—j)a(i—k)a(j—l)}.

1<i, j<m
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Thus we get [cf. Giraitis and Surgailis (1990), page 91]
E(Q(n+m) - Q(m))?
=Gy Z{ > bli—jali—ka(j-D- > bli-jal —k)OL(J'—l)}2

kL \1<i, j<n+m 1<i, j<m

<4Cy(Iy(m, n) + Iy(m, n) + I3(m, n)),

with
2
honm =Y £ % b= - Rati-D} .
k,I\1<i<m m<j<n+m
2
Lmm =Y ¥ % b=t Rati- D]
k, Il \m<i<n+m m<j<n+m
and

2
13<m,n>=2{ D> b(i—j)a(i—k)au—l)}.

k,ltm<i<n+m 1<j<m
Using Lemma 4.5, we obtain that

I,(m,n)

S ol T S (BT R

k,l\1<i<m m<j<n+m

2
< (=1 + 1)1/“}

2032{ > (G4+m—i) V20 — k| 4+ 1) V2

k,l\1<i<m O<j<n

2
x(lj+m—=1I+ 1)1/2“}

=Cy4 Z{ Z Z (.] + i)—1/2—0(|m —i—k|+ 1)—1/2—a

k,lt1<i<m O0<j<n

2
(1 m =4 1))

=C3Z{ oY ATV + R+ 1)

k,lt1<i<m O0<j<n

2
(3.31) x (I +1) + 1)—1/2-a}
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5042{ Z Z (j+i)—1/2—0(|i+k|+1)—1/2—a

k,l 1<i<oo O<j<n

2
x (|j+l|+1)—1/2—a}

2
S0522{ > (j+|k|+1)‘“—‘9(|j+l|+1)—1/2_a}

k1 lo<j<n

=Cs Y S+ +1) 0 41+ 1)

0<i, j<n k,!
X (L4 |kl + 1) (i + 1) + 1) e
<Cs X (P4 )70+ 1)

0<i, j<n

< Cynd-22at0),

Similarly,
IS(m> n) = an372(2a+0).

Following the arguments in (3.31), we get that

’2(’”’”)5092{ Y X i+

k,l\m<i<n+m m<j<n+m

2
X (|l _ k| + 1)—1/2—a(|j _ Zl + 1)—1/2—:1}

=Gy Z{ S (=i + )TV 4 k| 4+ 1) Y2

k, 1 0<i, j<n
2
]

=Cy Y X (J—id+D) " (u—v|+1)

0<i, j<n O<u,v<n
x 3 (li+ R+ D)7V + 1+ 1)V
k, 1l
x (|u+ k| + 1727 (jv + 1] + 1)1/
=Cy ¥ X (—il+ ) (fu o+ 1)

0<i, j<n O<u,v<n

X Z(|k| + 1)71/27a(|k +u— l| + 1)71/2701
k

x (U + 1) (|l + v — |+ 1) V2
l
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with

and
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<Cyp > X (J—il+1)720(i —u|+ 1)

0<i, j<n O<u,v<n
x (lu— v+ 1) (o - jl+ 1)~
=Cpn > (1] + D)2l + )72 (L5 + 1)~

—n<ly,ly, 13, l4<n
x (|t + 1+ 15| + 1)_2“
=2nCpy Y (Ll + D7+ D7 + 17V

—n<ly, Iy, ly<n
x (|l + 1y 4+ 13) +1)2
SnCu| X DI ) )
0<ly, Iy, ls<n
x (|1; — Iy — Ig| + 1)~
Y (G )R 1) ey 4 1)

0<ly,1,,l3<n

< (s — 1y — 1) + 1)2“}

= nClz(Iz, 1(n) + Iy 9(n) + I 5(n) + 1274(n)),

Lam= % (0D )G )

0<ly, 1y, lg<n, l1>15+15

x (|l =1y — I3 + 1),

I 5(n) = > (L + 1)V 01+ )72 (g 4+ 1) 20

0<ly, 1y, l3<n, l1<ly+l3

x (g — Iy — I3] + 1) 7%,

Iy 5(n) = > (I + 1)V 0y + 1) 72Uy + 1) 27

0<ly, 1y, ly<n, ly>1,+15

x (g — 1y = Ig| + 1)

Iy 4(n) = > (I + 1) 20y + 1) 2l + 1) 120

0<ly, 1y, lg<n, lg<ly+I3

x (|lg — 1y — 3] + 1)

Next we note that

I 1(n)=0(1) ) 120,

0<ly<n

I, 5(n)=0(1) > (la+ )23+ 1) 201y + 13+ 1)12072

0<ly,l3<n

12,3(’7«):0(1) Z 1;4&720

O<ly<n
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and

I(n)=01) Y (+1) Vo 700 + 1+ 1)

0<ly,l3<n
Thus we conclude
12(m> n) < Can(l + n2_4a—20),

which completes the proof of (3.30). O

4. Proofs of Lemmas 3.1-3.4. We start with five technical lemmas which
will be used in the proofs. The first two results are moment inequalities for
sums and quadratic forms of independent random variables. Lemmas 4.3 and
4.4 are moment inequalities for increments of partial sums.

LEMMA 4.1.  Let 14, 19, ... be independent, identically distributed random
variables (i.i.d. r.v.’s) with En; = 0 and E|n,|? < oo for some 2 < p < o0, and
let {a;, 1 <i < oo} be a sequence of real numbers such that ¥ a? < oo. Then
there exists a constant K, such that

| |P
(4.1) E

Z a;n;

1<i<oo

) p/2
SKpE|n1|p( Z ai) .

1<i<oo

Proor. It follows from Rosenthal’s inequality [cf. Theorem 2.12 in Hall
and Heyde (1980)].

LEMMA 4.2. Let 1y, mg, ..., M, be i.id. r.v.’s with Eny =0 and En] < oo,
and let {a;;, 1 <i,j < n} be an array of real numbers with a; = 0. Then
there exists a constant K* such that

4 2
. 2
(4.2) E| Y a;nn;| <K (Enj) ( > a%J’) :
1<i, j<n 1<i,j=n
PROOF. Let
~ aij, lfl S j7
a;; =
Y aji, lfJ < l.

Clearly, dij = dﬁ foralll1<i, j<nand

> ap mmy=(1/2) > d min;-

1<i<j<n 1<i, j<n

Let {%;, 1 <i < n} be an independent copy of {n;, 1 <i < n}. According to
Theorem 2.3 of de la Pefia and Klass (1994), there exists an absolute constant



164 L. HORVATH AND Q.-M. SHAO

A such that
4 4
E| Y agmn;| <E| > a;mn,
1<i<j<n 1<i, j<n

2

22 2~9

sAE( 2 aijmnj)

1<i, j<n

£ A 2, 2 ~9 ~9

=A > a;ayE(mm)E@50;)
1<i, j, k,I<n

2

<A Y d‘i‘jEn;‘En‘}JrA( 5 angszng.)
1<i, j<n 1<i, j<n
A2 A2 A 2y 2
+2A4 ) a;a;,En; En En,

1<i, j, k=<n

S4A< > di')z(En‘f)z

1<i, j<n
2
:16A< > a?j> (En})%.
1<i<j<n

Similar arguments yield that
4

2
516A< > ai) (En)?,

1<j<i<n

| |
E i > a;jn;m ji
which completes the proof of Lemma 4.2. O

LEMMA 4.3. Let {T,, 1 < n < oo} be a sequence of r.v.’s. Assume that
there exist v>1, vy > 1 and C such that
(4.3) E|T
Then
(4.4) T,=0(n""(logn)*") a.s.

m+n—Tm|U§Cn7 forall m +n>m > 0.

PrOOF. It follows from Theorem 12.2 of Billingsley (1968) and the subse-
quence method [cf. also Stout (1974)]. O

LEMMA 4.4. Let {T,, 1 < n < oo} be a sequence of r.v.’s. Assume that
there exist v>1, vy > 1 and C such that
(4.5) E|Tm+k—Tm‘U§Ck7 forall0 <m < k+m <n.
Then
(4.6) max |Txl/ k7" (log k)*"" = Op(1)
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and

(4.7) max | T, - T;|/((n — £)"'"(log(n — £)*"") = Op(1).

PROOF. Similarly to Lemma 4.3, Theorem 12.2 of Billingsley (1968) and
the subsequence method yield (4.6) and (4.7). O

LEMMA 45. Letl<k,l<occand0<a,b<1witha+b>1.Then

(4.8) Y (G+R) U+ D < Cy(k+ 1)
0<j<oo
and
(4.9) >GRO+ D) < Coyk+ D)
0<j<oo

with some C; and C,.

PROOF. We can assume without loss of generality that £ > I. One can write

> (GHR)UGHDT

0<j<oo

= Y (J+RG+DP+ Y (+RG+D?

0<j<k k<j<oo
<k Y G+ X i,
0<j<k k<j<oo

which gives immediately (4.8).
To prove (4.9), first we assume that £ > [. Then we have

> R+

0<j<oo
= X G+ i-U+D"+ X (G+R(j-U+1)7°
0<j<4k 4k<j<oo
<k Y (J-Uu+nt+ Y g

0<j<4k 4k<j<oo
< C2’1k17a7b < 2a+bflc2’1(k + l)lfafb.
If 1 < k <[, then we write

X G-+

0<j<oo

< Y G+ (ji-U+1)"°

0<j<oo

= Y G+Di-U+)"+ X G+ -0+
0<j<l/2 1/2<j<l
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DI VAS V(PR Vg

l<j<oo
<2 Y G+ X (i-U+n7
0<j<l/2 1/2<j<l
+ X G+
1<j<oo

which completes the proof of (4.9). O

After these preliminaries we are ready to work on the proofs of Lemmas 3.1—
3.4. Throughout the rest of this section, we shall assume without loss of gen-
erality that

O<a<1/2, 0<B<1/2, 1/2<a+B<3/4, O0<r<l,

4.10
( ) and 1 < 6 + 2a < 5/4.

Let 7, be the o-algebra generated by &, &, ..., &, and put

dp= > a(j—k)(j—k),

1<j<oo

dii= > {a(j—k)e(j—D+a(j—De(j— k)]

1<j<oo

and

Yi=d(&-7)+& Y diié.

1<l<k-1

Using Lemma 4.5, we get under conditions (4.10) that

(4.11) |J,|Z>n|aa(j)c(j)| = 0(n™"P),
(4.12) jEZZ{ |a(ie(j +n)| + |c(;)a(j +n)|} = O(n~F),
(4.13) mgnﬂa(j)c(j +m)| +|a(j +m)e())|} < Ca(n +m)~F
and _

(4.14) (gl < Co(1+ [k = 1),

with some constants C; and C,.

PROOF OF LEMMA 3.1. It is easy to see that

Qs(n)= > Y,

1<k<n
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and that {Q3(n), Z,, 1 < n < oo} is a martingale sequence. By the Skorokhod
embedding theorem [cf. Appendix I in Hall and Heyde (1980)], there are a
Wiener process {W(¢), 0 <¢ < oo} and a sequence of stopping times {v,, 1 <
n < oo} such that

(4.15) Qs(n) = W( > Vi>, 1<n<oo,
1<i<n

(4.16) E(w,| 1) = E(Y2|F_1) as., l<k<oo

and

(4.17) E@) <c,E|Y,|*?? foralll<p<ooand 1<k < oo.
Next we show that

(4.18) Y vi—a?n=0(n'"*) as,

1<i<n

with some ¢ > 0. First we note that

Z Vi—n0'2

1<i<n
= Y {n-EwlZ)l+ X (E(Y]|Fi) — EY))
1<i<n 1<i<n
+ Y EY?-no?

1<i<n
By (4.17), Lemma 4.1 and (4.14) we have

14+r/4 247/2
Ely,|"7/* < CorrElY ] +r/

|2+r/2

> di,lfzi

1<i<i-1

= O(E|& " + O()E|& [T E

—om(i+( x @) )

1<l<i-1

- 0(1)<1 + ( oG- 1)2”B)Hr/4>

1<l<i-1

= 0(1).
Hence Theorem 2.18 in Hall and Heyde (1980) yields

(4.19) > (v — E@i]Fi 1)) = OB/ as,

1<i<n
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Next we show

2
4z B( ¥ (B - BYY) s omtren
k<i<k+m

for all £+ m > k > 0, with some C. It is easy to see that
E(Y}|%_1) — EY?

2 2
=E§?<( > di,zfz) —E< > di,lfl))
1<i<i-1 1=<i<i-1

+2d,EE Y d; g

1<l<i-1
=E& Y d} (& —-)+2E8 Y d;d; &E
1<l<i-1 1<l<j<i-1
+2d,EE Y d; &
1<i<i-1

Hence, using the notation a v b = max(a, b), we have

E< > {E(Y?|9;1>—EY?})2

k<i<k+m

2
<spetE( ¥ ¥ @)

k<i<k+m 1<l<i—1

2
+ 32E§‘{E< 3 >, did; j§z§j)

k<i<k+m l<l<j<i—1

2
+32<E§§>2E( > Y didi,lfz)

k<i<k+m 1<i<i-1

ol ¥ (¥ d?,z)2+ » (x di,zdi,j)z

1<l<k+m NIVk<i<k+m 1<l<j<k+m \jvk<i<k+m

+ 2 ( > didi,l>2}

1<l<k+m NlVk<i<k+m

ol ¥ (¥ <i—1>2<a+ﬁ>)2

1<l<k+m NlVk<i<k+m

v (5 Gy

1<l<j<k+m \jvk<i<k+m

c (5 )

1<l<k+m NlVk<i<k+m
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where we also used (4.11) and (4.14). Similarly,

> (% (i—l)-z(“+ﬁ))2

1<l<k+m NlVk<i<k+m

ST YD M (B IR

1<l<k+m Ivk<i<k+m IVk<j<k+m
<Cy ¥ ¥ (J-il+ptHed
k<i<k+m k<j<k+m

< C4m372(a+ﬁ) .

With the notation a A b = min(a, b), we can write

> ( > (i—l)‘“—ﬁ(i_j)—a—ﬁ>2

1<l<j<k+m \jvk<i<k+m

= X > Y G0 - Ho-Dw- )"

1<l<j<k+m jvk<i<k+m jvk<v<k+m

= Y ¥ X {e-di-Ho-D-i)"

k<i<k+m k<v<k+m 1<l, j<inrv

<Cs ) > (i — vl + 1P

k<i<k+m k<v<k+m
_ O(m4—4(a+B))
— O(mS—Z(OH—B))’

which completes the proof of (4.20).
Putting together Lemma 4.3 and (4.20), we get

4.21) Y |E(Y?F_,) - EY?} = O(n®* (P (log n)>~2=tF))  as.

1<i<n
Let
g(k) = {a(f)e(j+ k) +a(j+ k)e())}.
JEZ
Applying (4.11) and (4.12), we obtain that
> EY}
1<k<n
=> {d%E(g;* -+t Y d%’l}
1<k<n 1<l<k-1
2
=B - ¥ [T ati)- ¥ ati)
1<k<n\ jeZ Jj<—k
(4.22) + Y Y S2k-1)

1<k<n l1l<i<k-1
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+14 3 Y (der— 8k = D)(dy, + gk — 1))

1<k<n l1l<i<k-1

2
— nE(& - fr‘*)( ’ a(j)c(j)) L O b)

JEZ
+mn Y g2 - Y Y g

>1 1<k<n k=<l<oo

+7t Y X (i +g(k-1)

1<k<n 1<i<k-1

x > Ha(v—=Fk)e(v—1)+a(v—1)ec(v—k)}

—oo<v=<0
= no? + 0(n'=P) + O(n? U+h))
+01) Y Y (=D PP+ P

1<k<nl<l<k-1
= no? + O(n? 2@th),

Putting together (4.16), (4.19), (4.21) and (4.22), we conclude (4.18). Now
Theorem 1.2.1 of Csorgé and Révész (1981) and (4.18) yield that

=0(n'*?) as.

'W( 3 vi> — W(no?)

1<i<n

with any & < ¢/2, which completes the proof of Lemma 3.1. O

ProOF OF LEMMA 3.2. We start with the proof of (3.4). By Lemma 4.1 and
(4.11) we have

E|Q4(n)>t/? = 0(1)( 2 { Y a(j—k)e(j- k)}2>l+r/4

1<k<nln<j<oo
(4.23) 1+r/4
= 0(1)( > (n+1- k)-2<a+ﬁ>>
1<k=<n
= O(1).
Similarly,

E|Qg(n)[**"/? = 0(1)< 2 { > oa(j—k)e(j— k)}2>1+r/4

k<0 or k>n\1<j<n
(4.24) - - e
—oo<k<0 n<k<oo

- 0(1).
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Using (4.23) and (4.24), we can find a constant C; such that
E|Qu(m+n) = Qu(m)""""” + E|Qs(m +n) = Qo(m)[*"* = €,

for all m +n > m > 0, and therefore Lemma 4.3 gives (3.4).
Next we prove (3.5). Let

hjro=0a(j—k)e(j—1+a(j—Dec(j = k).

For any n + m > m > 0, we can write

Qs(n+m)—Qz(m)=—- > Yo hyri€ié

1<l<k<m m<j<n+m

+ > Yo ki

1<l<k<n+m, k>m n+m<j<oo

24+r/2

By Lemma 4.2 we conclude

E|Qs(n +m) — Q5(m)|*

SCz(Efil)z{( > ( > hj,k,l>2)2

1<l<k<m “m<j<n+m

2\ 2
+< > ( > hj,k,l> ) }
1<l<k<n+m, k>m “n+m< j<oo

By (1.4) and (4.8) we have

> ( > hj,k,z)2

1<l<k<m “m<j<n+m

= Z Z Z hj,k,lhi,k,l

m<j<n+m m<i<n+m l<l<k<m

=C Y X X G-k

m<j<n+m m<i<n+m 1l<l<k<m

(4.25)

=Ry PR =y
R e N N (R
<Cy X > (j+i—2m)P

m<j<n+m m<i<n+m

<C; ¥ X (J+i)yHeh

0<j<n O<i<n

=< C6n272(“+3).
Similarly, by (4.13) we conclude

> < > hj,k,l>2

1<l<k=<n+m, k>m “\n+m<j<oo

<Cc;, Y Y (n4m—1) 2P

m<k<n+m 1<l<k



172 L. HORVATH AND Q.-M. SHAO

<Cg Y (n+m+1—Fk)l-2eth)

m<k<n+m

< an2—2(vz+ﬁ)‘
Going back to (4.25), we obtain that
E(Qs(n +m) = Q5(m))" < Cron* 4+
and therefore Lemma 4.3 implies
(4.26) |Qs(n)| = O(n'/?7%) as.,

with some 6 > 0.
Following the proof of (4.26), one can show that

|Q7(n)| = O(n'*7?) as.,

with some 8 > 0, which also completes the proof of (3.5).
To prove (3.6), we write

Qe(n)= 3> > Y b(ja(k—Da(k—j—v)(&é, — E(§8,))

1<k<n k<j<oo l,v

= X X b(alk—Da(k—j—1)(& — 1)

I 1<k<n k<j<oo

+2 2 X2 b(ha(k—Dalk—j—v)&é,

l#v 1<k<n k<j<oo

= @3,1(n) + Q2 2(n).
Applying Lemma 4.1, we get for all m +n > m > 0 that

2\ 1+r/4
EIQz,l(n)I2+’/25011<Z{ > ¥ b(j)a(k—l)a(k—j—l)}) .

I Y0<k<n k<j<oo

By (1.4), (4.8) and (4.10) we have

3 DIR DS b(j)a(k—l)a(k—j—l)}z

I Y0<k<nlk<j<oo

2
50122{ > (k=l+1)7 e 2 J"”Z‘O(Ik—j—l|+1)-1/2—a}

I Y0<k=<n k<j<oo

:CIS{ > (Z (k—1+1)" 12

—o00<l<0 \0<k<n

2
(4.27) % Z j1/26(|k_j_l|+1)1/2a)

k<j<oo
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+ % (X qr-treaye

O<l<oo \0<k<n

2
x Z j71/276(j +l—k4+ 1)1/2a> }

k<j<oo

5014{ > ( > (k—l+1)1/2“(k—l+1)"a)2

—00<l<0 \0<k<n

+ ¥ (3 <|k—l|+1)1/“<k+1>“)2}

O<l<oco \0<k<n

2
<Cy; > ( > (|k—l|+1)‘1/2‘“(k+l+1)‘0‘“>

0<l<oo \0<k<n

=C; > > > (k=l+1)"(k+1+1)"

O<k<n 0<i<n 0<l<oo
x (i =1+ 1) V(i +141)

5015 Z Z kfﬁfaifefa

O<k<n O<i<n

x 2 (k= + )72 (ji =1+ 1)V

0<l<oo

=Ci > > Rk —il )

O<k<n O<i<n

<Cy.

2+r/2

E| Qz,1(m+n)— Qq 1(m)| = Cuci;r/él

and therefore Lemma 4.3 yields

(4.28)

Qs 1(n) = O(n'?7%) as.,

with some 6 > 0.
Lemma 4.2 gives for all m +n > m > 0 that

E|Q2’2(n +m)— Q272(m)|4

5 018(E§§)2<Z{ S Y b(ja(k—Da(k—j— v)}2>2.

l#£v Ym<k<n+m k<j<oo
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Following the proof of (4.27), we get

2
3 EDMDS unak—bak—j—w}

l#v \m<k<n+m k<j<oo

ECmZ{ Y (k-1 1)

l,v \m<k<n+m

2
% Z j71/270(|k _ J _ U| + 1)1/2a}

k<j<oo

2
scmz{ > UkJHJrWﬂw+wv“ﬂ

l,v \m<k<n+m

2
:4020 Z { Z (|k_l|+1)—1/2—a(k+v)_9_a}

0<v,l<oco \m<k<n+m

=8Cy X > (k=1 +1)72(|j = I + 1)~

m<k<j<n+m 0<v,l<oco

x (k+v) 7(j+v) =
< 021 Z j1—2(0+a)(j —k+ 1)—201

m<k<j<n+m

=Cy Y (J+m)2O(G — k1)

O<k<j<n

5022 Z j1—2(0+a)+1—2a

1<j=n
< Cygn®-20+2)
Hence
E|Qs 2(n+m) — Qg 5(m)[* < Cig(Eé)*)*Coan’® 02
and therefore Lemma 4.3 implies
(4.29) Qs 2(n) = O(n'?7%) as.
Now (3.6) follows from (4.28) and (4.29). O

ProoF oF LEMMA 3.3. We rewrite Q3(m, n) as

Q;(m’ n) = Z Yk = Qg, l(m’ n) + Qg,z(m, I’L),

m<k<n
with
Q3 1(m,n)= Y di(& -+ Y Y dpi&iés

m<k<n m<k<n k<l<n
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and

Q§’2(m,n)= Z Z dp,1€rés-

1<l<m m<k<n

Let
zy=di(&5 — )+ Y dy&iés Zhon = Zpp1-p» fOrl<k<n

k<l<n

and let #,(n) be the o-field generated by &,,&,_1,...,&,,1_. It is easy to
see that {z; ,, #,(n),1 < k < n/2} is a martingale difference sequence and
that {Q3(k),1 < k < n/2} and {2, ,,1 < k < n/2} are independent for
each n. Using again the Skorokhod embedding theorem for each n, we can
define two independent Wiener processes {W, 1(¢), ¢ > 0} and {W, o(¢),¢ > 0}
and two independent sequences of stopping times {v;(n),1 < k < n/2} and
{v;(n),1 < k < n/2} such that

Qb =W,s( X nm). 1=k

1<i<k

and

Z Zi,HZWn,Q( Z V;k(n))a 1§k<n/2

1<i<k 1<i<k

Following the proof of Lemma 3.1, one can easily verify that

(4.30) 1nk1ax/2|Q3(k) — W, 1(0%k)|/EY* ™ = Op(1)
and
|
(4.31) max | > z ,—-W, z(ozk)I/kl/za = 0p(1),
1<k<n/2 l1<i<k ’ ’ |

with some & > 0. Since

Qg,l(man) = Z Zi,n>

1<i<n-m
it follows from (4.31) that
(4.32) max Q3 1(m, n) — W, o(c*(n —m))|/(n — m)/?~¢ = Op(1).

Using Lemma 4.2 and (4.14), we obtain that

. . . . 4
E|Q; o(m +1i,n) — Q3 5(i,n))|

4
=E<Z Yo dii&E+ Y > dk,lfkfl)

1<I<i i<k<i+m i<l<i+m i+m<k<n

oy v @ oy oay)

1<i<i i<k<i+m i<l<i+m i+m<k<n
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scz( S Y (k1) 2ed

i<k<i+m 1<l<i

2
YT )

i<l<i+m i+m<k<n

< CSm4—4(a+B)
for all 0 < m < m +i < n. Thus by Lemma 4.4 we have
(4.33) max Q5. 5(m, n)|/(n —m)?7 = 0p(1),

with some & > 0. Defining W\ (t) = (1/0)W, 1(ct) and W (t) =
(1/0)W, 5(o%t), Lemma 4.3 follows from (4.30), (4.32) and (4.33). O

PrOOF OF LEMMA 3.4. Lemma 3.3 implies immediately (3.11). According
to Lemma 4.4, if we show that

2+r/2

(4.34) E|Qi(i+m,n)— Qi(i,n)|"" < Cy,
(4.35) E|Qy(i +m,n)— @G, n)[* < Cy,
(4.36) E|Qi(i+m,n) — Qi(i, n)|4 < Cym* ),
(4.37) E|Qi(i + m,n) — Qi(i, n)|" < Cym* 4P,
(4.38) E|Q3(i +m.,n) - @3(i, n)[* < Cym* 4+
and

(4.39) E|Qs(i +m, n) — Q3(i, n)|4 < Cgmb—40+2)

for all 0 <i < i+ m < n, then (3.12)—(3.14) are established.
Lemma 4.1 and (1.4) yield

BlQimm*zco( £ | ¥ a(j—k)c(j—m}z)HM

m<k<n t1<j<m or j>n
1+r/4

< Cs( o (n+1— k) AP (k- m)_2(“+5))
m<k<n

< 00,

which gives (4.34). Similarly,
24r/2 2\ 14+r/4
BlQim ™ <co( ¥ | T ati-beti-n} )

k<m or k>n{m<j<n
14+r/4
= CIO( Yo (m+1— k) 2B 3 (k- n)—Z(a+B)>
ke<m k>n
<Cpy

and therefore (4.35) is proven.
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To prove (4.36), first we recall the definitions of 4; ; ; from the proof of
Lemma 3.2. By Lemma 4.2 we have for all 0 <i < i +m < n that

E|Qi(i +m) — Qi(i,n)|*

Yo 2 2 hiwibié

i<k<i+m 1<i<k j>n

Yo > X g

i<k<i+m 1<l<k1<j<i

> Yo hjniié

i+m<k<n 1<l<ki<j<i+m

S6'13{( > 2 {Zhj,k,zr)Z

i<k<i+m 1<l<k \j>n

4
= C12{E

4
+E

+E

|

(4.40)

+< DD { > hj,k,l}2>2

i<k<i+m l<i<k \1<j<i

(z.zl s}

i+m<k<nl<l<k li<j<i+m

Next we apply (4.13) and get
2
Dich<itm 2-1<l<k { Yjsnhjik, l}

=Cu » X <Z {(J—R) 2o —D VP

i<k<i+m 1<l<k \j>n

2
(4.41) (= k)RR l)l/Za})

<Cy > (2n+2—k— 1)~2(eth)

i<k<i+m 1<i<k

<Ci Y (2n+2—2k)2h)

i<k<i+m

< Cl7m2—2(a+13)'
Similarly to (4.41), we have

> sz aa)

i<k<i+m l<l<kl1<j<i

=Cis 2 X { > (k= V(- 1+ )RR

i<k<i+m 1<l<k\1<j<i

2
(4.42) + (k- j)—1/2—/3(|j — 1+ 1)—1/2—a}}
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=Cyp > X {Z {(B+ N2 +1 =i+ 1) V2P

O<k<m 1<l<k+i\0<j<i
2
+(k+ )P+ -]+ 1)1/2“}}

<Cy X Y (kR+]l— i)t

O<k<m 1<l<k+i

1-2(a+8

<Cy Z k12t
O<k<m

— C22m2—2(a+13)‘

Following the calculations in (4.41), we arrive at

2
(4.43) > Z{ > hj,k,l} < Cy3(11 + 1),

i+m<k<n l<l<k \li<j<i+m
where

- ¥ i x a(j—k)c(j—l>}2

i+m<k<n 1<l<k li<j<i+m

=Cy X PORED I CE) R (AR

i<j,v<i+m i+m<k<n I>1
(4.44) x (k—v) Y2 (o =]+ 1) Y2F
<Cyp Y (itm+l—jtitm+l—v)>(j-v/+1)*

i<j,v<i+m

<Cy > (JH+I+1)(j—v[+1)%

0<j,v<m
2—-2(a+
< CQGm (a+B)
and

A a(j—1>c<j—k>)2

(4.45) itm<k<n 1=i<k Ni<j<i+m
< Cypym2-2ath),

Putting together (4.40)—(4.45), we obtain (4.36).
As to (4.37), we have

E|Qi(i +m, n) — Qi n)[*

sczs{Eizz S bk

k>n l<k i<j<i+m

4

4
+E

20 > Ry

k<i l<k i<j<i+m
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1

+E

Yo > > hiri&ié

i<k<i+m l<k m+i<j<n

Eng{(Z >{ X hj,k,l}2)2

k>n l<k i<j<i+m

f(zx| = o)

k<i I<kli<j<i+m

2
(mslm )]
i<k<i+ml<k‘m+i<j<n

< C30m4_4(a+ﬁ),

which gives (4.37).
Using again Lemma 4.2, one can easily verify that

E|Qi(i +m, n) — Qi(i, n)|*

Yo D> &g

4}
i<k<i+m 1<0 i<j<n

(£ 2z ( 22 3 )]

i<k<i+m I<0 Ni<j<n i+m<k<n [<0 Ni<j<i+m

4
+E

Yo 2 > hii&é

i+m<k<n 1<0 i<j<i+m

< 16{E

< 032 m474(a+B) ,

which is just the statement in (4.38).
Next we note that

Qs(m,n)=3 > b)Y a(j+m—Fk)a(j+m—v—1)(§é — EELE)

l<j<n-m v>j k1

=Y Y Ybwa(j+m-—ka(j+m—v—Ek)&—1°)

k 1<j<n-m v>j

+> > Yoba(j+m—k)a(j+m—v-1)(£6 - EELE)

k#l 1<j<n—-m v>j

= X X ba(j-ka(j-v-k)(& -7

k m<j<n v>j-m

+2 2 X2 ba(j—kal(j—v - 1§

k#l m<j<n v>j—-m

= Q31(m, n) + Q3 5(m, n).
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By Lemma 4.1 we have

E|Q; (m, n)[*""

< 033<Z( DS b(v)a(j—k)a(j—v_k))2>1+r/2

k “\m<j<n v>j-m

2
= C34Z Z Z 071/270(”‘ — k| + 1)71/27a(|j —v—k|+ 1)1/2a>
k

m<j<n v>j-m

k “\m<j<n

(
=Css Z( > (G—mtlk—m) (- kl+ 1)1/2&**)2
(

2
<Cs XY+ 1E—m)*j+m—Fk|l+ 1)—1/2—a>

k Nj>0

2
= Cs; Z(Z(j + 1RO — k| + 1)-1/2—01)
k Nj>0

< Cg Y (1 + |F|)12EF0) < oo,
%

Lemma 4.2 yields

E|Q5 o(m +i,n) — Q3 4(i,n)|*

= C37{(Z< Y Y ba(j-ka(j-v- 1)>2)2

k#L Ni< j<i+m v>j—i
2\ 2
Sz % swaeG-maG-v-n) )}
k#l “\m+i<j<n j—(m+i)<v<j—i
By Lemma 4.5 we have

2
Z( )IEEDY b(v)a(j—k)a(j—u_z)>

k#l Ni<j<i+m v>j—i

2
<Cyd> (X X vTVPAH k)4 - U_l|)—1/2—oz)

k£l i< j<i+m v>j—i

2
S%Z( > (j—i+|i—l|)_°‘_9(1+|j_k|)—1/2—a>

k,l Ni<j<i+m

<Cap Y Y= itli— )L | — k)

i<j,v<i+m k1

x(—i+i =)+ o — k)
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<Cyp Y G-it+v=)"2 004 j—v))™
i<j,v<i+m

< CyymB U020,

Similarly, arguments give

2
(¥ S bali-hati-v-0)

k#l N\m+i<j<n j—(m+i)<v<j—i

seeX( T % vl mye

k#l “\m+i<j<n j—(m+i)<v<j—i

2
x(1+|j—v— l|)1/2a)

=C42 Z( Z Z (v+j_i_m)—1/2—0(1+|j_k|)—1/2—a

k#£l \O<v<m m+i<j<n

2
x(1+li+m-—v— l|)‘1/2‘“)

2
5043Z< > (v+1+|m+i—k|)‘“‘9(1+|i+m—v—l|)‘1/2‘“>
k#l

O<v<m

<Cyu Y Y@+l4|m+i-k)A+|i+m—v-1) Y2«

0<v, j<m k,1
x(j+1+|m+i—k)*'A+]i+m—j—1) >
<Cyps Y Y(+j+D20@4|j—v)) 2

0<v, j<m k,1
< C46m3_2<0+2a).
Thus we have shown
E|Q§,2(m +1,n) - Q3 o1, n)|4 < CymS~40+20)

which gives (4.39). O
5. Proofs of Theorems 2.1-2.3.

PROOF OF THEOREM 2.1. By the mean value theorem, we have

J . J % cxo e
(5.1) 0= ﬁAk(hk) = ﬁAk()\o) + mAk()\k)()\k —N\o)
and
. J ., LN
(5.2) 0= Y r(A) = N »(No) + InE (AN — Ng),
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where [[A; — Noll = A, — Aol and [X; — Aol < 1Ay = Xol (]| - | denotes the
maximum norm of vectors and matrices). Let ¢, ¢4 > 0. By Hannan (1973) [cf.
also Giraitis and Surgailis (1990), page 98], there is an integer ny = ny(e, &3)
such that for all n > n, we have

-1
2w

5.3 P AL (R ~ 2Ty 1] > -
( ) {nofl}?lfarf(—na <O7K2 k( k)> KO ( 0) ZE1( = &
and

-1

* 277 1

64 P{no;}elsarf(no <§)\2Ak()\k)> _707// Nl = &1¢ < &9.

By (5.1) and (5.2) we have

=n'?4(1 - t){ (; (ney(A [nt])> AFM]()\O)

(&)\2 A[m]( [nt] ))_I(S\A[nt](xo)}
(5.5) = nl2¢(1 - t){ ( 92 Afy(N [nt )>1(;A[nt]()‘O)_(i\Afnt]()\o)ﬂ

21— t){( (f [nt] ()\[nt]))l - (;;A[nt (h[nt]))l}

X ﬁA[nt]()‘OL

and therefore (5.3) and (5.4) imply

“ - 27,

P{ sup
0

ny/n<t<l—ngy/n

J . J
X <07)\A[nt]()‘0) - {”\A[nt](}‘O)) H

nV/24(1 — t)<;)\ [nt]()\o) }\A[nt]()\o)) “
!

Using Lemma 4 of Giraitis and Surgailis (1990), we can assume that n, is so
large that

<& sup
ny/n<t<l—ngy/n
+ 2¢; sup 1/Qt(l - t) A[nt (Ng)

nog/n<t<l—ngy/n

> 1_282.

g Il
(5.6) n'?  sup  |E—Apg(No)| <&,
no/n<t=l-ne/n| ON I
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and
J

Il
(5.7) n'?  sup |E
no/nstgl—no/nH I\

I
A*nt](AO) ii =e

if n > ny. Theorems 1.1 and 1.2 imply that

1/2 J J
g 210 St~ B a0
* * I —
- (&)\A[nt]()\o) - E(”\A[nt](’\o)) } | = Op(1)
and
d d
1/2
sup 1121 = ) £ A (0o) = B A0} H = Or(l):

Hence it is enough to obtain the weak convergence of the first coordinate of

2 J J
V201 — ) =77 T (N) ] — A" 1(Ng) — E—AF (N
n 7 )K% (No) N [nt]( 0) N [nt]( 0)

Jd d

Thus, by Theorem 1.2, there is a sequence of Brownian bridges {B,(t), 0 <
t <1} and a constant ¢, such that

sup |n1/2t(1 - t)(;‘[nt],l - X[nt], 1) — ¢oB,(2)| = op(1).

nog/n<t<l—ngy/n
Giraitis and Surgailis (1990) showed that ¢, = (47w*)!/2. Observing that

sup nl/%t(1-— t)p\[nt],l - ;\[nt], 1}

0<t<ngy/n

+ sup  n'2(1—t)|Apg1 — Apaa| = op(1)

1-ny/n<t<1
and

sup [B,(¢)]+ sup [B,(¢)] =op(1)

0<t<ngy/n 1-ng/n<t<1
for any n,, the proof of Theorem 2.1 is complete. O
PROOF OF THEOREM 2.2. We follow the proof of Theorem 2.1. It follows

from Giraitis and Surgailis [(1990), page 100] that there is a §, > 0 such
that

HEkW;;Ak(AO) < C k™,
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with some C; > 0. Thus we get

sup  nlZy(1— t)“E Au(ho) — B2 A50) /q<t>
ny/n<t<l—ny/n

-1
< Clnl/Z sup ( ){(nt)—1/2—50 + (n(l _ t))—1/2—60}
ng/n<t<l—ngy/n q(t)
=o0(l) asn— o0

for all n,, on account of (3.18). Similarly,

sup n'2¢(1 - t)llEj)\Ak()\o) /q(t) =o0(1l) asn— oo.

ny/n<t<l—ngy/n

Hence
t(1—t¢
P{ sup n'/? ( )
ng/n<t<l-ngy/n q(t)
N 2
Mg = Mgy — 5771 (N)
kg
Jd
| e 00) = M h0) = E( o) = A0 ) ||
t(1—¢
< 281 + &1 sup n1/2!
no/n<t<l—ngy/n q(t)
J . J J ., J
XA[nt]()‘O) - EA[nt](}‘O) - E((»\A[nt](}\o) - {”\A[nt](}‘O)> H
(1 — t) g
2 22”7 No) — E—Ap, (N
+ 81%/”;1513”0/’1”« O) [nt]( 0) N (nt)(No)

> 1—282.

So, by Corollary 1.1, we have

max n 3 2k(n — k)| Ay 1 — Ay 1l/a(k/n) > (dmw)V? sup. |B(£)l/q(2),
no=< Sn—no 0<

where {B(¢), 0 <t < 1} is a Brownian bridge. It is easy to see that [cf. (3.18)]
max n~*k(n — k)|A,1 — Ap.11/q(k/n) = 0p(1)

1<k<n,
and

max_n “2k(n — R) Ay 1 — Apal/a(k/n) = 0p(1)
n—ng<k<n
for all n,, which gives (2.8).
If (2.8) holds, then the limit is finite with probability 1 and therefore
I(q, ¢) < oo with some ¢ > 0 [cf. Csorgé and Horvath (1993), page 181]. O
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ProOF OF THEOREM 2.3. Combining (5.1)—(5.4) with Theorem 1.1 and the
law of the iterated logarithm, we conclude

(5.8) max EY2||N, — Nol|/(loglog £)Y? = Op(1)
and
(5.9) lrngX(n — k)2[IN, — No|/(loglog(n — k))/* = Op(1).

Similarly to (5.3) and (5.4), we have

3

5.10 — A, (N =05p(1
510 LS, I S8 M) = 051
and

3
5.11 max max sup|———AL(N)| = Op(1).
( ) 1<i, j,l<p 1<k<n AZE &Ai&AJ&AZ k( ) P( )

Replacing (5.1) and (5.2) with two-term Taylor expansions, we conclude by
(5.10) and (5.11) that

2

(5.12) 0= %Ak()\o) + %Ak()\o)(xk —No) +uy,
(5.13) 0= i/\Z()\o) + 07722/\};()\0)(;% —No) +u,
o\ ON

and
(5.14) max k|u|/loglog k = Op(1),
(5.15) 113;?3;(” — k)| uj||/loglog(n — k) = Op(1).

Theorem 1.3 yields

(5.16) m ( & A(N ))_1 - 2777//‘1(}\ )I k? = 0p(1)
: e et = g7 ()| K= 0p

and

(5.17) a—zA*()\ ) o — 2—”7//*1()\ ) [/ (n— k)" =0p(1)
W (et o) = g7 [ = 0

with some ¢ > 0. Applying Theorem 1.1 and the law of the iterated logarithm
for each coordinate of (d/IN)AL(Ng), by (5.16) we have

(5.18) | max k2| A, — Nl = Op((logloglog n)'/?),
=r=logn

(5.19) max k2[R, — o[ = Op((loglog n)*2)

1<k<
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and, similarly,

(5.20) jmax. (n — k)Y2||X, — No|l = Op((logloglog n)'/?),
n—logn<k<n
(5.21) max (n — k)Y2||X, — No|l = Op((loglog n)*?).

Next, using Theorem 1.2, (5.12)—(5.17), (5.19) and (5.21), we can construct a
Brownian bridge {B,,(t), 0 <t < 1} such that

(5.22) n Y2 (k(n — )2 Ay — A

|
(5.23) — sup Ml = 0p((logn)™),

(log n)/n<t<1—(log n)/n (t(1 —1))}/2

—— max
‘ (47'rw*)1/2 logn<k<n—logn

with some & > 0. Lemma 1.3 in Csorgé and Horvath [(1993), page 257] gives

lim P{A(log n) sup B0 < x+ D(log n)}

n—00 (log n)/n<t<1—(logn)/n (t(l - t))1/2 -
= exp(—2e )

for all x and therefore by (5.22) we have

lim P{A(logn) max  n V2(k(n — k)2

n—00 (4’771,0*)1/2 logn<k<n—logn

Ak = Aeal

(5.24) < x+ D(log n)}

= exp(—2e ).

It follows from (5.18) and (5.20) that

A(logn _ N -
(4;0*)1/)2 1<I};13(})(gnn 1/Z(k(n - k))l/zlx\k, 1— A, 1| —(x+ D(logn)) —p —c0

and

A(logn) _
(4mw*)1/2 ppmax 12(k(n — k))Y2

Xk,l — Xk,1| — (x + D(logn)) —>p —0
for all x and therefore (5.24) implies Theorem 2.3. O

PROOF OF REMARK 2.1. It suffices to show that if sup,_,-;|g'(¢)| < oo, then

(5.25) I(n) = O(1/n),
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where I(n) = [} exp(i2mnx)g(x) dx. We have

n=1 (k+1)/n
(n)=> A exp(i2nmx)g(x)dx
B=0"k/"

n—1 n
=y /1/ exp(i2nm(x + k/n))g(x + k/n)dx
k=070

-1 1/n
=> / exp(i2nmx)g(x + k/n)dx
k=0"0

n=1lr .1/(4n) 1/(2n) 3/(4n) 1/n

= .2 k d
Ig{-/o - /1/(4n) - /1/(2n) * /3/(4n)} exp(i2nmx)g(x + k/n) dx
n—lc 1/(4n)

= Z{/O exp(i2nmx){g(x + k/n) — g(1/(2n) — x + k/n)} dx
k=0

1/(2n)
+/ exp(i2n7rx){g(x+k/n)—g(l/n—x+k/n)}dx},
1/(4n)

which yields (5.25) by the assumption sup,.,-1|g'(¢)| < cc. O
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