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WEIGHTED APPROXIMATIONS OF TAIL PROCESSES FOR
B-MIXING RANDOM VARIABLES!

By HOLGER DREES

University of Cologne

While the extreme value statistics for i.i.d data is well developed, much
less is known about the asymptotic behavior of statistical procedures in the
presence of dependence. We establish convergence of tail empirical pro-
cesses to Gaussian limits for B-mixing stationary time series. As a conse-
quence, one obtains weighted approximations of the tail empirical quantile
function that is based on a random sequence with marginal distribution
belonging to the domain of attraction of an extreme value distribution.
Moreover, the asymptotic normality is concluded for a large class of esti-
mators of the extreme value index. These results are applied to stationary
solutions of a general stochastic difference equation.

1. Introduction. In many fields one must assess the potential risk that
an extremal event may lead to serious damages or losses. For example,
extremely high water levels may cause a dike to break and large negative
stock returns can result in high financial losses or even bankruptcy. If this
catastrophical event can be described by the occurrence of a large real obser-
vation, for that purpose one needs reliable estimators of the probability that
a given high threshold is exceeded.

To be more concrete, assume that the observations can be modelled by ran-
dom variables (r.v’s) X;, 1 < i < n, with common distribution function (d.f.) F.
If these r.v.’s may be assumed independent, then classical extreme value theory
provides the necessary tools for estimating the upper tail of F. For this, one
assumes that F' belongs to the weak domain of attraction of some unknown
extreme value d.f. G, [in short: F' € D(G,)], that is,

(1.1) ,/(a,jl(max X, - bn)) — G, weakly

1<i<n
for suitable normalizing constants a,, > 0 and b, € R and
G,(x) :=exp(—(1+ yx)~17), 14+vyx >0,

which is interpreted as exp(e™*) for y = 0. It is well known that up to a
scale and location parameter these are the only possible nondegenerate lim-
iting d.f’s under linear normalization. Note that, in case of i.i.d. data, (1.1) is
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equivalent to
n(l1- F(a,x+b,)) — —log G,(x), x e R.

Under this assumption the so-called extreme value index vy largely deter-
mines the behavior of 1 — F(x) as x tends to the right endpoint of the support
of F', and so the estimation of v is the crucial step in the analysis of the upper
tail. Consequently, it has received a lot of attention since the seminal papers
by Hill (1975) and Pickands (1975). Starting from an approximation of the
tail empirical quantile function (q.f.), in foregoing papers [Drees (1998a,b)] we
developed a general theory for estimators of the extreme value index that can
be represented as a smooth functional of the tail empirical q.f.

However, often a certain dependency between the data can be observed,
so that the application of the aforementioned theory for i.i.d.-models is not
appropriate. For instance, returns on shares usually reveal a nonlinear depen-
dence structure, which often is modelled by (generalized) ARCH-processes
(see Section 4 for details). Further examples were discussed by Embrechts,
Kliippelberg and Mikosch (1997) and Reiss and Thomas (1997). While the
probabilistic extreme value theory for stationary time series is well estab-
lished [see Leadbetter, Lindgren and Rootzén (1983)], unfortunately much less
is known about the statistical side of the problem. In particular, by and large
the mathematical results about the estimation of the extreme value index
based on dependent r.v’s are restricted to the popular Hill estimator in case
of heavy tails, that is, for y > 0 [see Hsing (1991), Resnick and Starica (1997,
1998) and Starica (1999)]. It is the main goal of the present paper to estab-
lish approximations of tail processes that render it possible to carry over the
general theory of the estimation of y from the i.i.d-case.

An important contribution to this goal was made by Rootzén (1995), who
proved a limit theorem for the tail process of B-mixing time series. Let (U;);n
be a sequence of uniformly distributed r.v.’s. Recall that it is called (strictly)
stationary if £ ((U;);en) = £ ((U,41);en) for all n € N, and it is B-mixing (or
absolutely regular) if

B(k) := sup E( sup |P(A|#)) - P(A)]) — 0
leN

OO0
AEB

as k — oo, where %, and %73 1., denote the o-fields generated by (U;);-;
and (U;); p11<i<00> Tespectively. The class of B-mixing time series includes
recurrent Markov chains under mild conditions and, more specifically, ARMA-,
ARCH- and GARCH-models, where often the mixing coefficients (%) vanish
with an exponential rate; see Doukhan [(1995), Section 2.4] for details.

The basic result of Rootzén (1995) gives conditions under which the tail
empirical process

n
e, = ((’wn)l/2 Z(l{Upl—vnx} - vnx))
x€[0,1]

i=1
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pertaining to (U;);-;_, converges weakly to a Gaussian process e as v, — 0
and nv, — oo.

However, since both processes e, and e are close to 0 in the neighborhood
of 0, the convergence e, — e bears little information about the most extreme
observations U; > 1 — v,x for small x. In order to prove a counterpart of
the limit Theorem 2.1 of Drees (1998a) for the tail empirical q.f. in case of -
mixing sequences, we need a stronger assertion about the asymptotic behavior
of e, nearby the origin, which can be provided by weighted approximations of
the type

e e .
(1.2) -~ — —  weakly in DJ[0, 1],

q q
where D[0, 1] denotes the Skorohod space on the unit interval and q: [0, 1] —
[0, 00) is a suitable weight function tending to 0 as x tends to 0. Throughout
the paper, we will restrict attention to functions g € D[0, 1] satisfying

(1.3) i[n(}fll g(x) >0V Y9 >0 and «"|logx|* =0(g(x)) asx] 0
xe[d,

for some v € [0,1/2] and u € R, although similar results can be proved if
x”|log x|* is replaced by more general functions that are v-varying at 0.

It turns out that the assumptions of Rootzén’s result are sufficient to
verify (1.2) if v < 1/4. Furthermore, under somewhat stronger conditions
we obtain weighted approximations for all v < 1/2 and for v = 1/2 if u >
1/4 (Theorems 2.2 and 2.3). In Section 3 we employ these results to derive
weighted approximations of the tail empirical q.f. of 8-mixing stationary time
series whose marginal d.f. belongs to the weak domain of attraction of an
extreme value distribution. Then we conclude the asymptotic normality of a
general class of estimators of the extreme value index. In Section 4, these
results are applied to solutions of stochastic difference equations, including
ARCH(1) time series. All proofs are collected in Section 5.

2. Approximations of uniform tail empirical processes. We start
with a slight improvement of Rootzén’s (1995) limit theorem for uniform tail
empirical processes. For this, we assume that there exists a sequence /,, — oo
and a function r: [0, 1]> — R such that

(C1)
lim B(ll")n +1,(nv,)"?1og’(nv,) = 0.
(C2)
lim

l, 1,
COV(Z Ly, s1-v,0p 2 1{Ui>1—vny}>
i=1

—
n—oo nvn i1

=r(x,y) VO<x,y<1
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(C3) There exists a constant C such that

1 L
V: 1 o
2.1 Iv, ar(izl {1-v,y<U,<1 Unx})

<C(y—x) VO<x<y=<1 neN.

THEOREM 2.1. If (U,);cn is a stationary, B-mixing sequence of uniformly
distributed random variables that meets the conditions (C1)—(C3), then

(2.2) e, — e weakly in D[0, 1],

where e is a centered continuous Gaussian process with covariance function r.

For the proof, the r.v’s U;, 1 < i < n, are divided into blocks of length [,,.
Condition (C1), which is slightly weaker than the corresponding condition (5.1)
in Rootzén (1995), ensures on the one hand that [, is sufficiently large such
that blocks that are not adjacent are asymptotically independent, and on the
other hand that [/, does not grow too fast such that the contribution of a single
block to the process e, is negligible.

(C2) is a natural condition if one wants to prove convergence of e, toward
a Gaussian limit. Observe that from (C2) one may conclude that the left-hand
side of (2.1) converges to r(y, y) — 2r(x, y) + r(«x, x), which can be bounded
by a multiple of y — x, provided r is Lipschitz continuous in both arguments.
By condition (C3) we require that this boundedness holds true uniformly for
0 < x < y < 1. Although this assumption seems rather technical, it cannot be
omitted without a substitute, for in Rootzén (1998) a B-mixing time series with
exponentially decreasing B-coefficients is given that satisfies the conditions
(C1) and (C2), but nevertheless the process e, does not converge. On the other
hand, if the sequence (U;);.n is p-mixing with mixing coefficients

|Cov(X,Y)|
) (Var(X)Var(Y))1/2

p(k) = sup
XeLy(#B.), YeLy(B2

i+k+
(with L,(&7) denoting the space of square integrable .o/, B-measurable func-
tions) satisfying Y32, p(2¢) < oo [e.g., p(k) < const. log 2 k], then (C3) is auto-
matically fulfilled [Shao (1993), Lemma 2.3]. Moreover, it is satisfied if the
size of each cluster of exceedances over a sufficiently high threshold has finite
second moment. For details and further sufficient conditions for (C3) we refer
to Rootzén (1995).

It turns out that the conditions (C1)-(C3) are sufficient to prove a weighted
approximation for the uniform tail empirical process if the weight function
q(x) does not converge to 0 too fast as x tends to 0, or the sequence [/, grows
sufficiently slowly.
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THEOREM 2.2. Suppose that the weight function q satisfies (1.3) with v <
1/4;orv=1/4and uw> 1/4;0orv<1/2, u> 1/4ifv=1/2 and s,, — 0, where

[ (nv,) " log*(nv, ) log log(nv,,), if v=mp=1/4
(2.3) s, = | I2(nv,)tlog” *(nv,), if v=1/4,u<1/4,
12(nv,)30-2/@= 1og /Ay ) if v > 1/4.

Then, under the conditions of Theorem 2.1, convergence (1.2) holds true.

It is well known that in the case of independent r.v’s U; convergence (1.2)
holds if (x log log x)'/2 = o(q(x)) as x | 0. In the present situation, for v =
1/2, which again is the best achievable value, condition (2.3) reads as [,, =
o(log®(nv,)); hence one may obtain an approximation of the tail empirical
process for a B-mixing sequence that is almost as accurate as in the i.i.d.-case,
provided the mixing coefficients converge to 0 sufficiently fast. If, for example,
(U,);cn is geometrically B-mixing, that is, B(k) = O(n*) for some 7 < (0, 1),
and v, = n~? for some b € (0, 1), then one may choose [, = [-2 logn/log 7]
and (1.2) holds for g(x) > const. x'/2|log x|* with u > 1/3.

In Theorem 2.2 we impose a stronger condition on the sequence /,, than in
Theorem 2.1 to obtain a weighted approximation of e, with v > 1/4. Alter-
natively, one may strengthen the boundedness condition (C3) by considering
fourth instead of second moments.

(C3*) There exists a constant C such that

1

lnvn

1, 4
E(Z 1{1—vny<Ui§1—vnx}> <C(y—x) VO<x<y<1l, neN.
i=1

Note that condition (C3*) implies (C3) and, in addition, /,,v, — 0, that is,
the average number of exceedances in each block vanishes asymptotically.
This, however, is a natural assumption in the blocks approach [see Rootzén
(1995), (2.5)]. Again in view of Shao [(1993), Lemma 2.3], (C3*) is automatically
satisfied if the sequence of random variables is p-mixing with }"2°; p1/2(2%) <
oo, or if the fourth moment of the size of a cluster of exceedances is finite.

THEOREM 2.3. Suppose (U;);cn IS a stationary, B-mixing sequence of uni-
formly distributed random variables satisfying (C1), (C2) and (C3*). Then
convergence (1.2) with q according to (1.3) holds true for v < 1/2 and for
v=1/2and p > 1/4.

REMARK 1. (i) A close inspection of the proof of Theorems 2.1-2.3 shows
that the conditions (C3) and (C3*) can be weakened in that the inequalities
are merely required for all 0 < x < y < 1 and n € N such that y — x > A,
for some sequence A, = o(min((nv,) Y2, (nv,) Y@ 1og"’ ) (ny,))). For,
in view of (5.11), these weaker conditions are sufficient to ensure the moment
inequalities (5.1) and (5.14), respectively.
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(i) Utilizing a standard quantile transformation technique, one can derive
analogs to Theorems 2.1-2.3 for more general marginal d.f’s F. However, in
general this requires a nonlinear normalization of the argument of the tail
empirical d.f., whereas a limit theorem for tail empirical processes of the type

((n(l — Fd) ™ Y (1x vy — (1= Flegx + dn>>))
x€[0, F-1(1))

i=1

require that F belongs to the domain of attraction of an extreme value distri-
bution. For details we refer to Rootzén (1995).

3. Tail empirical quantile functions and statistical tail functionals.
Consider a stationary, B-mixing sequence (X;);ny with marginal d.f. F €
D(G,). In this section we investigate the asymptotic behavior of the pertaining
tail empirical quantile function (q.f.),

_ k,
Q(t) == Fn1<1 - 7t> = Xn—[knt]:n, t €[0,1],

which is based on the &, + 1 largest order statistics max,_;,_, X; = X, >
X, 14 == X, 4 Here F,! denotes the empirical q.f. and (k,),y is an
intermediate sequence; that is, k, — oo and %,/n — 0.

These investigations are motivated by the fact that many estimators of the
extreme value index can be represented as a statistical tail functional, that is,
as T'(Q),,) for some functional T'. Hence, under suitable regularity and smooth-
ness conditions on 7T, one can deduce limit theorems for such estimators from
approximations of €, using the well-known 6-method. For i.i.d. sequences this
program was worked out in Drees (1998a,b).

Again we first examine the case of uniformly distributed r.v’s U,;. More
precisely, we want to derive weighted approximations for

n
Vn(t) = k_(l - Unf[knt]:n)’ t €0, 1]

from Theorems 2.2 and 2.3. Here %, corresponds to nv,, in Section 2, which is
the average number of observations taken into account by e,. However, note
that we must consider ¢, (%), t € [0, 1+ ¢] for some ¢ > 0 to ensure that with
probability tending to 1 at least %, + 1 observations are taken into account.

A key ingredient in the proof of weighted approximations for the uniform
tail empirical q.f. V, are the following “in-probability linear bounds.” Analo-
gous results for the whole empirical q.f. are well known for i.i.d. r.v’s [see, e.g.,
Shorack and Wellner (1986), inequality (10.4.1)] and were established by Puri
and Tran [(1980), Theorem 1.1] for ¢-mixing sequences.

LEMMA 3.1. Fix some ¢ > 0. Let (U,),-y be a stationary, B-mixing sequence
of uniformly distributed r.v.’s such that the conditions (C1) and (C3) hold for
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all0<x<y<l+eandv, =*k,/n Then

V (&
(8.1 sup ﬁ = 0p(1),
te[1/(2k,),1] ¢

t
(3.2) sup ———
oy Vo)

= 0p(1).
Now we are ready to deduce a weighted approximation for V, from
Theorem 2.2 or Theorem 2.3 using Vervaat’s (1972) lemma.

COROLLARY 3.1. Suppose that, for v, = k,/n and some fixed ¢ > 0, the
conditions of Theorem 2.2 or Theorem 2.3 are fulfilled where (C2), (C3) and
(C3*), respectively, hold for all 0 < x <y <1+ . Then

Ex2(V,, —1d)

e .
p La2k,)1] — 4 weakly in D[0, 1].

(Here 1d denotes the identity function [0, 1] > t — t on the unit interval.)

Next we consider more general marginal d.f’s F. Using quantile transfor-
mation techniques, from Corollary 3.1 one may deduce weighted approxima-
tions for the process

(3:3) (%f(Fl(l B %t» (Q"(t) - Fl(l - %t)))td& 1]

if F possesses a sufficiently regular Lebesgue density f in the right tail. Com-
pare Drees and de Haan (1999), where this program is carried out for the case
of i.i.d. observations under very weak conditions on F~!. However, since the
normalizing factor in (3.3) depends on the tail of the density function, a dif-
ferent type of approximations for @, suits better for applications in extreme
value statistics.

Recall that F € D(G,) if and only if

FY1—t)— F1(1-2)
a()) B

as A | 0, where a: (0,1) — (0, c0) is a normalizing function and

(3.4) R\, ) =

-1
F,(t) — 0

F\(t) = (~log G,)(t) = ﬂy‘ !

which is interpreted as —logt if y = 0. In Drees (1998a), Lemma 2.1, it was
shown that this convergence even holds uniformly:

sup t"""|R(A, t)| — O
te(0, ¢o]
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for all ¢y, m > 0. Hence to any fixed ¢, > 1 there exists an intermediate
sequence £, such that
y+1

(3.5) kL2 sup ‘

R(k,/n,t)| — 0,
te(0, to] (I(t)| ( )

provided g satisfies (1.3) for some v < 1/2.

In addition to (3.5), we need the following counterparts of the conditions
(C1)—(C3) and (C3*): There exist a constant ¢ > 0 and a sequence (/,,),,y Such
that

(C1)
lim @n + 1,k Y% log? k, = 0.
(C2)
n L, I
T CO"(Z Lx (w2 1{Xi>F1(1—<kn/n>y>}> =r(x,y)
n'n i=1 i=1

VO<x,y<1l+e.
(633) For some constant C,

l
n n
T Vaf(Z 1{F1(1—<kn/n>;v><Xi<F1(1—(kn/n)x)}> =C(y—-x)
n'¥n i=1

VO<x<y=<l+4+e neN.
((/f’;*) For some constant C,

I 4
n n
T E (Z 1{F1(1—(kn/n)y)<Xi<F1(1—(kn/n>x>}> =Cly-x)

VO<x<y=<l+e neN.

THEOREM 3.1. Suppose (X;);cn IS @ stationary, B-mixing time series with
continuous marginal d.f. F € D(G,) and let (k,),cn be an intermediate seq-
uence satisfying (3.5) for some t, > 1. In addition, assume that either

(1) (C1)—(C3) hold and q fulfills the conditions of Theorem 2.2 for v, =
k,/n, or

(i) (C1),(C2) and (C3*) hold and q satisfies (1.3) with v < 1/2, or with
v=1/2and p > 1/4.

Then there exist versions of the tail empirical q.f. Q,, and a centered Gaussian
process e with covariance function r such that

(S]]

t7+1

(3.6) sup
te(0,1] ()
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in probability, where

D = F71(1 - kn/n)a lfhmtlo t7+1/q(t) = 0)
"\ X +a(k,/n)/y, else.

REMARK 2. Remark 1(i) applies analogously in the present situation. Fur-
thermore, one may drop the continuity assumption forfv F, if one replaces
Lip-1(1—k, /ny)<X,<F-1(1-k,/nx)} iD the conditions (C3) and (C3*), respectively, by

{F-1(1—k, /ny)<X;<F-1(1-k, /nx)}» Provided the natural condition [, %, /n — 0 holds.

To see this, we replace the definition of U; in the proof of Theorem 3.1 by
U, = ﬁiF(Xl- -0)+(1- ﬁi)F(Xl-), where ﬁi are i.i.d. uniformly distributed
r.v’s that are independent of (X;);.n. Then the r.v’s U; are uniformly dis-
tributei [Moore and Spruill (1975), Lemma 3.2] and condition (C1) is obtained
from (C1) and Theorem 1.1.1 of Doukhan (1995). Moreover, it is easily seen
that

{1—ﬁy< U, < 1—ﬁx} C {F‘l(l—ﬁy) <X; SF_l(l—ﬁx)}’
n n n n

so that the conditions ,£C3) and (C3*), respectively, are obvious. Finally, (C2)
can be derived from (C2), for the modified condition (C3) implies

1

n n

I anaI"(%(l{Upl(kn/n)x} - 1{Xi>F1<1<kn/n>x>})> — 0.
1=

Since the representation X; = F~1(U,) still holds true in the present more

general situation, the proof can be completed in the same way as in the case

of a continuous marginal d.f.

The assertion of Theorem 3.1 can be rewritten as a weak convergence result
in a suitable normed space. Let

D, ;= {=:10. 11> Rllim |2()|£7 /(1) = 0. ()" /(1)) g0y € DIO. 11}
be a function space equipped with the (semi)norm

I2lly,q := sup |2(6)|t"/q(2),
te(0,1]

with the convention 0/0 := 0. Because in general a constant function and

hence F;l need not belong to D, ., we define

= 1. |y, if ¥ #0,
F, (t)'_{—logt, if y=0

and D, := D, — a(k,/n)1,./y. Furthermore, let e, (t) := t~""Ve(t), t €
[0, 1]. Then (3.6) is equivalent to

y, weaklyin D, ..

(3.7) k;/z(—fzk_/g ;- F;l) —e
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Next we turn to statistical tail functionals 7T'(Q,) used as estimators of the
extreme value index, where T span(D, ,, 1) — R is a functional such that
Tp,, is #(D, ,), #(R)-measurable (with # denoting the respective Borel
o-field). In view of (3.7), the following conditions ensure the asymptotic nor-
mality of the estimator:

(T1)
T(az+b)=T(2) Va>0,beR,zeD, .
(T2)
T(F;l) =.

(T3) T is Hadamard differentiable at F;l tangentially to C, ,:={z¢€ D, |
2)0,1) € C(0, 1]} with derivative 7",, which means

For all sequences A, | 0 and D, , € z, —> z€ C, , one has

T(F;l +A,2,) — T(F;l)

where T, C,, — R is a continuous linear functional [see Gill (1989),
page 102].

The limit distribution of 7'(Q,) is more easily described in terms of the
following alternative representation of the derivative 7",. According to the
Riesz representation theorem there exists a unique signed measure v, , on
[0, 1] satisfying

(3.9 [ O a)lvr,)(d) < o0
[0,1]
such that
T/ (2) = /[0,1] 2(twr (dt)  VzeC,,.
COROLLARY 3.2. Ifconvergence (3.6) holds and T meets the conditions (T1)-
(T3), then
< (k/*(T(Q,) — 7)) — #(0,0%, ) weakly
with o%’y = f[o,”Z(st)‘V“r(s, t)v%’y(ds, dt).

The heuristic explanation for the asymptotic normality is given by the fol-
lowing calculations:

Qn_ﬁn

7(Q,) = T(m) ~ T(F,' + k,"%e,) ~ T(F,") + k,'/*T'(e,)

=vy+ k;1/2/e7 dvrp, .,
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where the integral is .#/(0, 0'%’ ,)-distributed. Likewise, one may prove con-
sistency of the statistical tail functional 7'(Q,) if one merely assumes the
continuity of T' at F;l instead of (T3). For details we refer to Drees (1998a).

Condition (T3) can be weakened in so far as one requires convergence (3.8)
only for sequence F;l + A2, € l_)%q where 5% ¢ C D, 4 is some subset such
that P{Q, € E%q} — 1 [cf. Drees (1998a), Remark (i) following Theorem
3.2]. Then conditions (T1)—(T3) are fulfilled by many well-known estimators
of the extreme value index, including the Pickands (1975) estimator and a cer-
tain class of generalized probability weighted moment estimators [see Drees
(1998a), Example 3.1]. Perhaps the most prominent example is the maximum
likelihood estimator Y™ in a generalized Pareto model, obtained as the first
component of a solution (v, o) of the likelihood equations

-1 1

( - %(Xn—i-kl:n - X”—kn:”)) - m,

|| M;*

1
k,

S TR

with v > —1/2 [see Smith (1987) for further details]. In Drees [(1998a),
Example 4.1], it was shown that the functional pertaining to the maximum
likelihood estimator meets the conditions (T1)~(T3) with q(¢) = ¢° for an arbi-
trary & > 0 and measure

(3.10) v, 4(dt) =

@(ﬂ = 2y + D) dt + (v + Dey(dt)

pertaining to its Hadamard derivative at Ffl, where £; denotes the Dirac

measure concentrated at 1. Hence, under the conditions of Corollary 3.2,y p ML)

is asymptotically normal with asymptotic variance oy, ., := Jio.1y(s8)” (7+1)><
r(s, t)vl%,[L’ ,(ds, dt).

On the other hand, some estimators of y are merely scale invariant, but
not location invariant, that is, the pertaining functional satisfies

(T1%) T(az)=T(2) Va>0,ze span(D, ,, 1)
instead of (T1); the most popular estimator of that type is the Hill estimator,

A(H) n l+1n
—— § 1
n og
i=1

n—k,:n

which is suitable only for y > 0. Indeed, it was shown in Drees (1998b) that for
estimating y < 0, location invariant estimators clearly outperform statistical
tail functionals that merely fulfill (T1%). Therefore, here we restrict ourselves
to positive extreme value indices.
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For estimators that are not location invariant, an additional bias term
related to

D, F(1-k,/n) 1

" alky/n) ~ alk/n) ¥

has to be taken into account. For that reason, we need an extra condition on
k,, describing the ratio between the asymptotic bias and standard deviation:

(3.11) EY2E —5 A € [0, 0o].

I

COROLLARY 3.3. Suppose convergence (3.6) holds with y > 0, the func-
tional T satisfies the conditions (T1%), (T2) and (T3), and the sequence (k,,),cn
fulfills (3.11). Then

A<oo — j(k}/2(T(Qn) - 'y)) — W (Mg ,[0,1], 0% )  weakly,
1

A=o0 = —(T(Q,)—v)— vr,[0,1] in probability.

n

The proof can be copied from Drees (1998b), Theorem 3.1 [see also Drees
(1998c), Theorem 2.8]. Note that (3.9) guarantees that vy [0, 1]is well defined.

As an example, we consider Hill’s estimator. The corresponding functional
Ty(z):= fol log(z(¢)/2(1)) dt satisfies (T1*), (T2) and the weakened version of
(T3) with appertaining measure

vi,,(dt) = (1" dt — £,(d?))

[Drees (1998b), Example 3.1; see Drees (1998c), Example 2.6, for a formu-
lation that comes closer to the present notation]. Thus, in case of A < oo,

Corollary 3.3 yields the asymptotic normality of ?ELH), too.

It is worth mentioning that one may take more order statistics into account,
that is, choose a larger number k,, if a second order strengthening of the
condition (3.4) can be obtained for the underlying d.f. F € D(G,). Then in

general the limit distribution of 3 2(T(Qn) —v) has a nonvanishing bias even
for location invariant functionals. See Drees (1998a—c) for analogous calcula-
tions in case of i.i.d. data.

As we have seen, once the assumptions of Theorem 3.1 are checked,
Corollaries 3.2 and 3.3 immediately yield the limit distributions of many pop-
ular estimators for y with virtually no expenditure, since the measure vy ,
pertaining to these estimators are determined in the foregoing papers, Drees
(1990a—c). Moreover, there the classes of possible measures v, , that can occur
in the context of Corollaries 3.2 and 3.3, respectively, are characterized and for
a given smooth family (v,),.;, with I C R denoting an interval, a functional T
is constructed such that vy , = v, for all y € I. Hence all possible limit distri-
butions of statistical tail functionals are known and for a given family of limit
distributions one may construct an estimator with this prescribed asymptotic
behavior. In the next section, the power of this approach is demonstrated by
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the example of times series that can be described by a stochastic difference
equation.

Finally, it is worth mentioning that, in view of (C2), one may estimate the
covariance function r of the Gaussian process e consistently by an empirical
covariance function based on a division of the whole sample in [1/], ] blocks
of length /,,. This estimate can be used to construct a consistent estimator
of 0'%’1/ and thus of confidence intervals to a given asymptotic confidence
coefficient.

4. Solutions of stochastic difference equations. In financial time
series one often observes that the absolute values or the squares of the data
show a much more pronounced autocorrelation than the original observations.
Engle (1982) tried to capture this feature by modeling the data by an auto-
regressive conditional heteroskedastic (ARCH) time series. For example, an
ARCH(1) time series is a stationary solution (Y;),.y of the stochastic differ-
ence equation

Y; = (ag+ Y2 )V2Z,, i eN,

where «g, a; > 0 are real parameters and Z;, i € N, are i.i.d. innovations with
EZ; = 0 and VarZ; = 1. More generally, we consider difference equations of
the type

(4.1 XiZAiXifl'i_Bi’ 1eN

where (A;, B;),i € N, are i.i.d. [0, c0)?-valued random vectors. Notice that
X, = Y? satisfies (4.1) with A; = &1 Z? and B; = ayZ?. A list of further appli-
cations of model (4.1) can be found in Vervaat (1979). For sake of simplicity,
throughout this section we assume that the distribution of (A, B;) is abso-
lutely continuous, although this assumption can be weakened considerably
[see Starica (1999) for details].

The tail behavior of a stationary solution of (4.1) was first studied by Kesten
(1973) under the following moment assumptions:

(S1) There exists k > 0 such that
EAf =1, E(Afmax(log A;,0)) <oco and EBf € (0, ).

Then, according to Theorem 5 of Kesten (1973), there exists a distributionally
unique stationary solution X;, i € N, of (4.1) such that the d.f. F of X, satisfied
1— F(x)~ cx™" as x — oo for some constant ¢ > 0; in particular, F € D(G,)
with y = 1/k.

This result was refined by Goldie (1989), who gave a characterization of a
constant p > 0 such that

(4.2) 1-F(x)=cx/7(1+ O(x™""))
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as x — oo under the additional moment assumptions

(S2) There exists ¢ > 0 such that EA{™ < oo and EB} ™ < cc.

By a simple inversion it can be concluded that F~1(1—¢) = (¢/¢)~?(1+O0(t"))
as ¢t | 0, which in turn implies (8.4) with a(A) = yF~(1 — X). Moreover, the
left-hand side of (3.5) is of the order k,lz/ 2(kn /n)? and thus converges to 0 if
(4.3) k, = o(n?/@r1)),

Next we check the conditions (C1)—(C3). According to Doukhan (1995),
Corollary 2.4.1, the time series is geometrically B-mixing; that is, B(k) =

O(n") for some 7 € (0, 1). Hence (C1) holds for

(4.4) l, =[—2logn/logn]
and
(4.5) log® nlog*(log n) = o(k,,).

LEMMA 4.1. If [, is given by (4.4) and k, = o(n/l,), then the conditions
(C2) and (C3) hold with

r(x, y) = min(x, y) + i(x/oy/xP{]i[ A; > t“/}dt

j=1 i=1

x/y J
. Y
+y/0 P{i]‘[lAl>t }dt).

The proof of (C2) is essentially due to Starica (1999), Lemma 3.2.

Since the marginal d.f. F' of a nondegenerate stationary solution of (4.1)
is continuous [Vervaat (1979), Theorem 3.2], Theorem 3.1 applies. Here we
restrict ourselves to a particular weight function where the extra condition
s, — 0 is not needed.

(4.6)

COROLLARY 4.1. If the conditions (S1), (S2) and (4.2) hold and k, satis-
fies (4.3) and (4.5), then there exist versions of @, and e such that

£r+3/4

sup
te0,11 1 — log ¢

(a7 0) 0| — 0

in probability.

Next, using Corollaries 3.2 and 3.3, we investigate the asymptotic behav-
ior of the aforementioned maximum likelihood estimator )?SIML) and the Hill

estimator f/sz) for the extreme value index y. Recall that generally the latter
only works for y > 0, which holds true in the present situation, whereas the
maximum likelihood estimator is suitable in case of y > —1/2 (and a modifi-

cation may be used for estimating arbitrary y € R). Both estimators can be

represented as a statistical tail functional, but only ')A/,(lML) is location invariant.
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In view of (3.10), Corollary 3.2 yields

j(k}l/z(%ML) —-y)) — A#(0,03,,) weakly,

where straightforward calculations utilizing r(¢x, ty) = tr(x, y) show that

2 (y+1D)*

1 1
Ty = g [ [ 07— @y + DA~ @+ DEr(s, 1) ds d

42l 4;1)3 /01 sTH(1 -2y +1)s")r(s, ds + (v +1)*r(1,1)

=(y+1)%r(1,1).

In case of the Hill estimator, first notice that a(A) = yF~1(1 — A) implies
E, = 0. Therefore, under the conditions of Corollary 4.1, Corollary 3.3 yields

/(k}/z (%H) - y)) — A4(0, a’?{’y) weakly,

ok, = (/01 /Ol(st)_lr(s, t) ds dt

- 2/01 s7Lr(s, 1) ds + r(1, 1)) = y2r(1, 1).

This result was proved previously by Starica (1999) under the additional
assumption k, = o(n?/("*1), which is very restrictive if vy is close to 0.

It is remarkable that, compared with the i.i.d. case, the asymptotic variance
is increased by the same factor (1, 1) > 1 for both estimators. This, however,
does not hold true for other estimators of vy, like, for example, the Pickands
estimator; for this and many other popular estimators of vy, the asymptotic
normality can be established in a similar way as an immediate consequence
of Corollaries 3.2 and 3.3.

The calculation of the covariance function r and the asymptotic variance
as well as applications to ARCH- and GARCH-processes were discussed by
Starica (1999). There it was shown by the example of the foreign exchange
rate between Japanese yen and U.S. dollar that in applications to real finan-
cial time series one should expect a much higher asymptotic variance and
hence much wider confidence intervals than in the i.i.d. case. More precisely,
in that case an estimate of 9.3240.46 for the factor r(1, 1) was obtained. Con-
sequently, it is important not to use the formula for the asymptotic variance
derived from the classical extreme statistics for i.i.d. r.v.’s, which would delude
into assuming an estimation error much smaller than the actual one. For
GARCH (1,1) time series, an alternative approach leading to more precise
estimates of the extreme value index was introduced by Starica (1999).

Here we restrict ourselves to mentioning that r can be estimated directly
using (4.6) if the distribution of the innovations Z; are known. Moreover, in a
semiparametric ARCH- or GARCH-model this distribution can be estimated
using kernel estimators (Drost and Klaassen (1997); see also Drost, Klaassen
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and Werker (1997)] and then, in a second step, one may calculate a plug-in
estimator of the covariance function as an alternative to the nonparametric
procedure suggested at the end of Section 3.

5. Proofs. In the sequel K and K, i € N, denote generic constants which
may vary from line to line and may depend on w, v and & but not on n, x, §,
U or 7.

PROOF OF THEOREM 2.1. Denote by (Y, j(%))yc0,1,1 < J < m, = [n/
(21,)], i.i.d. stochastic processes with the same distribution as ((nv,) 1/2x
Zﬁnzl(l{Ui>1—vnx} — UX))xefo,1)- Employing condition (C1) and a basic result
by Eberlein (1984) about approximations of 8-mixing sequences by i.i.d. seq-
uences, it was shown by Rootzén [(1995), Lemma 5.1] that for the proof of (2.2)
it suffices to verify the tightness of the process S, := Z'}Zl Y,

For this, fix some sequence A := A, = o((nv,)"'/2) such that (nv,)™! = o(A)
and 1/A € N. Then, by (C3) and the proof of Lemma 5.4 of Rootzén (1995),
one has

2
GBS - S, = K (i Sl - P

forall 0 < i, j < 1/A. Next apply Méricz’ (1982) theorem (with y = 4, (b, m) =
mA and ¢(¢, m) = K(I2/(nv,) + mA)Y*) to obtain for all § > 0,

(S, (i8) snuA))‘*)

[log[6/A]/log2] = 72

4
SK[S/A]A< > (o2 +[[6/A12-k]A)”4>

(5.2) . ) 4
[log[8/A]/1log 2] 12 \1/4
Ks n + (82714

2
< K6<l—”log4(8/A) + 5).
nv

n

Hence, in view of (C1), for all &, n > 0 there exists a 6 > 0 such that eventually

18, (A) — 8,(j&)| > }

l2
< KS(—” 10g4(8/A) + 8) et <nd
nv,
foralli € {0,...,1/A—1}. Using (nv,)2A — 0, one can conclude in a similar
way as in the proof of Lemma 5.6 of Rootzén (1995) that for all ¢, n > 0 there
exists a 6 > 0 such that eventually for all x € [0, 1],
Pl swp 18,00 =S, ef <o
y€[x, min(x+8, 1)]
and thus the asserted tightness by Theorem 8.3 of Billingsley (1968). O
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PROOF OF THEOREM 2.2. We take up the approach by Shao and Yu (1996).
Since e, 1[ 1;/q — eljy 1)/q by Theorem 2.1 and inf,y 1;q(x) > 0, it suf-
fices to prove that

xel

(5.3) lim lim sup P{ sup |e,(x)/q(x)| > a} =0,
90 pnosoo x€(0,9]
(5.4) lim P{ sup |e(x)/q(x)| > s} =0
0 L xe(0,0]

for all £ > 0. In the sequel, we assume w.l.o.g. that g(x) = x”|log x|* for x €
(0, 9] and 9 sufficiently small such that ¢ is increasing and g/Id is decreasing
on (0, 9.

It is readily seen that for the proof of (5.3) it suffices to verify that

(5.5) lim lim sup P{ sup |S,(x)/q(x)| > e} =0
910 x€(0,9]

(cf. proof of Theorem 2.1). For this, fix some (small) n > 0 and let
AT 1/2 q o _(i+1)
i, = mln{LeN|(nvn) SnId(ﬁe )}
Observe that for S, (x) := S, (x) + (nv,)"Y2m,1,v,x one has
~ . >
sup  [S,(x)] = §,(9e7) + (nv,) 2 o,
xe[Pe "+, Yei] 2

where by the monotonicity of g/Id and the definition of i,
(nv,)Y29ei < nﬁe—i%(ﬁe—(ﬂ—l)) < eq(9e D)

for i > i, and n < ¢/e. Therefore, we obtain by the Chebyshev inequality,

Pl sup [Su(@)a) = o

x€(0, Ye~in]

< f; PS,(9e7) > eq(de +D)/2)

i=i,

00 I .
(5.6) <K Z(nvn)l/zg(ﬁe—@“))
10g(19€7<iﬂ+1)) ®

oo
(E,—1)(1-v)
=Km) e log(9e (7D)

i=i,

o0 : -
<K e‘j(l"’)<1 + +>
=21 J.E‘; i, +1—log¥

<Kn—20

asn | 0.
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Next let
(5.7) A=A g, = eq(Ye ) (nv, )12,
Since S,((j — 1)4A;) — A;(nv,)Y?/2 < S,(x) < S,(jA;) + A;(nv,)Y?/2 for all

x € [(j—1)4,;, jA,], we may conclude in the same way as in the proof of (5.2),
using the Chebyshev inequality and Moéricz’ theorem, that

Pl sw 1s,)/a()l > o]

xe(dein, 9]
i -1
<5 P{[ max 1, iA)]
1=0

Je (HD/A < j<[Pei/A;]+1

(5.8) + A;(nv,)?/2 > eq(f}e_(i*l))}

in—1 |
=3 P{ ., max 1S,(jA)] > sq(ﬁe(”l))/z}
i=0 [Fe (HD/A ] j<[dei/A;]+1

i,-1 9
n . l ' ' '
=K ﬁe_l(ﬁlog“([ﬁe“mi] +2) + ﬁe_l>q_4(ﬁe‘(‘+1)).

=0 n
Moreover,
i,=1 ) ) 00
(5.9) 3 (de H)2g (e D) < K / (Fe )2 *|log(de )| "4 dt
i=0 1

v/e
< K/ u*|logu|*du — 0
0

as ¥ | 0ifv <1/2,0or v =1/2 and u = 1/4. In view of (5.6)—(5.9), for (5.5) it
remains to prove that for all sufficiently small n, J > 0,

2 i—-1 . .
(5.10) nN et logh([9e /A ] 4+ 2)g 4 (e D) — 0

no =0

as n — oo.
From the definition of i, it is easily see that

(5.11) e in = (nv, )’1/(2(1”’)) log”“/(l_”)(n v,)

and i, x log(nv,). [Here, a, < b, means a, = O(b,) and b, = O(a,).]
Because of

i I .
log(de™"/A;) ~ 10g<(nvn)1/2§({}e—0+1))>

L (1d/q)(9e (D)
(I1d/q)(9e-(nD)

~ (1 =v)(i, - 1),
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the left-hand side of (5.10) is of the order

l2 infl .
N Wi iy 1 —log 9)
nv, i—0

(5.12) -
2 ln— .
= 0<l—" log*(nv,) Y e®Vi(i +1—1log a)—‘*ﬂ).

Uy, i=0

Thus, for v < 1/4, and for v = 1/4 and u > 1/4, convergence (5.10) is immedi-
ate from (C1).

Ifv =1/4 and w = 1/4 or pu > 1/4, then the sum on the right-hand side
of (5.12) is of the order log i,, and i , respectively, and (5.10) is a consequence
of s, = 0.

Finally, for 1/4 < v < 1/2, the sum on the left-hand side of (5.12) can be
rewritten as

i . 4
(4= Dinj—4u 3 e(4v1)jj4<1 _J-1 + logﬁ)

=1 tn

in

— 0(6(4V71)i"i;4“ Z ef(4vfl)jj4+4max(pd, 0)) — O(e(4vfl)i,,i;4pu)
Jj=1

_ O((nvn)(4”‘1)/(2(1"’)) log‘3"/(1_”)(nvn)),

where in the second step the inequality i,,j — j(j — 1+ log 9) > i, has been
used, which holds for j € {1,i,} and hence for 1 < j <i,. Now (5.10) can be
derived from (5.12) and s, — O.

To prove (5.4), first note that by (C2) and (C3),

E(e(y) — e(x))” = r(y, y) — 2r(x, y) + r(x, x) < Cly — x|.
Hence Lemma 4.1.3 of Fernique (1975) yields for sufficiently small 9,

P sup le(w)/a()] = o]

x€(0,9]

IA

ZP{ sup |e(x)|>g(1‘}e(”1))”|log(1‘}e(”1))|“}
=0

xe(Fe (D), Jei)

(1= (K, (9e Dy 2| log(de” D))

8

K

IA

1

Il
o

(ﬁe—(i+l))l/2—1/| log(ﬁe_(”l))r"

8

<K
i=0

x exp (—K (e )® V| log(de (D)%)

e}
< K977 [log 9| Y e /2 exp(— K i (de ™)),
i=0
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where ® denotes the standard normal d.f. Now (5.4) follows from the fact that
the last sum is bounded, provided v < 1/2, orv=1/2and u > 0. O

PROOF OF THEOREM 2.3. It suffices to verify that

(5.13) lim lim sup P{ sup |S,(x)/q(x)| > s} =0
90 nooo xe(dein, 9]

[cf. (5.8)], because the rest of the proof of Theorem 2.2 can be copied literally.
By condition (C3*), E(Y, 1(y) — Y, 1(x))! < Cl,v,(nv,)/*(y — x) for all
0<x <y<1land je€{2,4}. Hence, using Burkholder’s inequality we obtain

E(S,(y) = Sp(2))' < K(m, E(Y,, 1(y) = Y, 1(x))*
+ mn(mn - 1)(E(Yn,1(y) - Yn, l(x))2)2)

< K(yn;x +(y—x)2>.

n

Since, according to the definition of i,, and (5.11), A; defined by (5.7) is of larger
order than (nv, )}, in particular

(5.14) E(S,(jA) = S,(1A)* < K(I - j)*AL.
By the same arguments as used for proving (5.8) one may conclude that

i,—1 ) .
P{ sup  |S,(x)/q(x)| > 8} <K Y (de7)?g (9 D)
xe(dein, 9] i=0

and thus (5.9) implies (5.13). O

PrOOF OF LEMMA 3.1. Denote by E, the tail empirical d.f.,

1 n
(5.15) E,(x):= T Zi Lw,>1-(ky/m)-
Check that
(5.16) V,(t) = inf{x | E,(x) > t} = E. (¢ +0).
Hence (3.1) is equivalent to
E—l
lim lim sup P[ sup —2A—= ) > A]
A=oo nsoo Ue[1)2k,) 1] E
= )}im lim sup P{E, (At) < ¢ for some ¢ € [1/(2k,), 1]} = 0.

n—oo
By the same arguments as in the proof of Theorem 2.1 [see Rootzén (1995),
proof of Lemma 5.1], it suffices to prove that

lim lim sup P{En()\t) < t/2 for some t € [1/(2k,), 1]} =0,

A=>00  pso0
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where En = Z'}l:’"l Zyand Z, ;,1< j<m,:=[n/(2l,)], arei.i.d. copies of the

process (k' S0 Lipr -1 ah, jny)x-0s that s, (B (2))efo, 14s =7 (ka*S,(x) +
xmyl,/n) 0,14 With S, defined in the proof of Theorem 2.1.

Using the tightness of (S,(x)).c[o, 14> Which can be verified in the same
way as in the proof of Theorem 2.1, the Chebyshev inequality and (C3),
one obtains

P|E,(At) < t/2 for some ¢ € [1/(2k,), 1]}
< P{E,(1+¢) < 1/2}
+P{E,(\t) < t/2 for some ¢ € [1/(2k,), (1 + )/A]}

1 1+e¢
120 = _
SP{Sn(1+s)<kn (2 2+8>}

~ o 14s
+P|En((1 + s)e_(”’l))Tse_’

for some 0 <i <, , :=[log(2(1+ s)kn/)\)]}

InA —i —(i4+1)
=y prls (1 —+1)) < pl2(1 ¢ _¢ 1
D { WL 2)e ) < KL+ 8) o = S ) |+ o)
- Zm LY Ry PR L il IO
-5 "“n & n & 2\ 24 ¢
eina |1 1 |2
SN el S 1
= KT @ree oW
K|1 1 |2
el el 1
/\‘)\ (2+¢)e +o(1)

—- 0 asA—

and thus (3.1).
Likewise, for the proof of (3.2) it suffices to verify that

lim lim sup P{E,(t/A) = t/(2 + &) for some ¢ € (0,1]} =0

n—oo

for some 6 > 0, which in turn is a consequence of

P{E,(t/))

v

t/(2 + 8) for some ¢ € (0, 1]}

P{En(i%j) > k—ln}

IA
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+PlE ()= N eD
" T~ 2456
for some 0 <i < i, , :=[log(Ak, /(2 + 6))]}

in.x —(i+1) i
< mnlnz):r6 + ZP{S (e7) > k1/2<)‘e— _ e_)}

= 246 2
248 mC A 1\ 2
- _—Lk121 -
= oa Zz ¢ ((2+8)e 2>
< 2+8+ KA -
- (2+8)e 2
—- 0 asA— oo. O

PROOF OF COROLLARY 3.1. According to Theorem 2.1 the assumptions
ensure that (e,(x))cf0, 115] = (€(X))xef0, 14+ Weakly. Because of e, = k}Lﬂ(En —
Id) with E,, defined by (5.15), —e =% e and (5.16), an obvious modification of

Vervaat’s (1972) Theorem 1 leads to k,ll/z(V,L —1d) — e weakly in DJ[0, 1]. It
remains to prove that

V. (t
lim lim sup P{ sup k1/2—| (0) — 1] > n} =0
%o nooo te[1/(2k,), 9] q(t)

for all 5 > 0 (cf. proof of Theorem 2.2). For that purpose, we may assume
w.l.o.g. that q(¢) = t”|log t|*, ¢ € (0, 9] for sufficiently small ¥ > 0 so that q is
increasing and ¢/Id is decreasing.

According to Lemma 3.1, for fixed 6 > 0 there exists A > 0 such that

V. (t)—t
hmsupp{ sup Mﬂ}d.
n—00 te[1/(2k,), 1] t

1/2

Therefore, with ¢, := sup{t € (0, 9]|Ak:' “t/q(t) < n} we have

V.(t
lim sup P{ sup kl/2M > n} < 4.
n—oc te[1/(2k,), 1] q(?)
Furthermore, (5.16) implies
P{ sup k}/z—vn(t) ! > 1;}
telt,, 9] q(?)

(5.17) = PE, (¢t + na(t)k;"?) < ¢ for some ¢  [t,, 9]

- P{en(t + nq(t)k,; V%) < —nq(t) for some ¢ € [t,, 19]}.
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Observe that nq(zf)k;l/2 < At for all ¢ € [¢,, O] which implies

nf q(?) > in q(?)

> inf — LT > Tatrryom
teltn 01 g (¢ + mg(t)kn 7)1 @((A+1)E) T 2

for all sufficiently small 9 > 0. Hence, the convergence of the right-hand side
of (5.17) to 0 as 9 tends to 0 is an immediate consequence of (5.3).
Likewise one obtains

V (t)—t

lim lim sup P{ sup —k,ll/2L > 77} =0
0 n—oo telt,, 9 q(t)

and thus the assertion. O

PROOF OF THEOREM 3.1. Essentially we follow the lines of the proof of
Theorem 2.1 in Drees (1998a). Again we may assume that q(¢) = ¢”|log ¢|* on
some neighborhood of 0. Let 7 := 0 if t?*1/q(t) - O as t | 0 (ie,, if v < y+ 1,
orv=vy+1and u > 0), and 7:=1/2 else.

Since F' is continuous, the r.v’s U; := F(X,;) are uniformly distributed.
Moreover, X; = F~}(U,) and hence @, = F~1(1 - V,k,/n) almost surely.
Consequently,

¢ kl/Z Qn(t)_F_l(l_kn/n)

—F NV (¢ '
W O ) v (Val®)
618 ¢ +1q(V,(1))
—k1/2 R(E, /n.t i 0
te(O V )" R/ )lte[i};p 1] (Vn(t)) q() —

in probability, where in the last step (3.5) and Lemma 3.1 were utilized.
Next we check that the assumptions of Corollary 3.1 are satisfied.

Condition (C1) follows from (61) and the fact that the mixing coefficients
B(k) for the sequence (U;);.y are less than or equal to the coefficients per-

taining to (X;);.n [see, e.g., Doukhan (1995), equality 1.1(2")]. (C~2), (C3) and
(C3*), respectively, combined with the equivalence

X; > F_1<1—ﬁx> = U,;> l—ﬁx

n n
imply the corresponding conditions for the sequence (U;);.n. Hence, according
to Corollary 3.1, kl/Z(Vn —1d)/q1}1)21,), 11 — e/q weakly in D[0, 1]. By virtue
of Skorohod’s representation theorem, we may assume that the convergence
holds a.s. Thus, by the mean value theorem applied to ¢ — ¢ 7, there exist
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&, €(0,1) such that

ty-‘rl 12
sup ——Fk
te[1/(2k,), 11 () "

FAV,(0) = F M) = k20 e(e)|

1 _
(519) = sup |1+ &(V,(0)/t = 1) TVRVAV, ()~ t) - e(t)
te[1/(2k,), 1] 4(2)
1/2
< sup Mi(l + £Vt = 1) T~ 1]+ (1),

T te[1/(2k,), 1] q(t)

Now recall that for all n > 0,

1/2 B
{ LAV AGELIH P

sup

lim lim sup P
910 te(1/(2k,), 9] q(t)

n—o00

and for all ¥ € (0, 1],

lim sup P{ sup ‘(1 + &V, (0t — 1))—(7+1) _ 1‘ - 77} —0.
]

n—00 te[d,1

Together with the stochastic boundedness of ky/ 2|Vn(t) — t|/q(t) and (1 +
£(V , (t)/t — 1))~ uniformly for ¢ € [1/(2k,), 1], this shows the conver-
gence of (5.19) to 0 in probability. If t**1/q(t) — 0 as ¢ | 0, then one even
gets convergence uniformly for ¢ € (0, 1], because V ,(¢) = V,(1/(2%,)) for
t €(0,1/(2k,)] and

t7+1 1ol )
sup _kn/ \F-Y(t) — F;X1/(2k,
te(0, 12k, 9(t) " 17 @) y (1/(2k,))

R (O Ve(t) - (2h, ) e(1/(2R,)))|

¢ le(?)]
=0 < sup —k24  sup —2 ) =op(1).
P te(0, 1/(2k,)] 9(t) " te(0, 1/(2k,)] (%) P

A combination with (5.18) yields the assertion in case of t**1/q(¢) — O.
Otherwise we have y < —1/2 and hence the convergence follows from

v+l _ _
sup ¢ ,1L/2 D, — F(1—k,/n)
te[1/(2k,), 1] 9(2) a(k,/n)
gyl | 1/(2k —F(1-kF 1|
— sup k}L/2|Qn( /( n)) ( n/n) +_|
te[1/(2k,), 11 9(8) " | a(k,/n) Y
L

= sup ——
te[1/2k,),1] 4() "

(2]&;,1)“/ + k;V2(2k,)" e(1/(2R,))| + 0p(1) = 0p(1)
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and

2ans Q,(t) — _ 1/9.—
su kL2 — F2Y(t) — k2¢Ot Dg(g
telo, 1/gk na@) " | a(k,/n ) (6= @)

12,
t

. le()| _
te(0,1/(2k,)] Y4(t) qt)

op(1). O

PROOF OF LEMMA 4.1. According to Starica [(1999), Lemma 3.2(e)] and
Rootzén (1995), (2.4) < (2.6),

! I,
T COV(Z Lix,oF 11—k, /1,)u}> Z Lix,~r1-2 /n)v})
n'*n i=1

o0 00 J
— (max(u,v)) Y7+ Y (0—1/7// P{n A > t‘l}yt‘(l/“/“) dt

j=1 i=1

00 J
+ u—l/v/ p{l‘[ Ai - tl},yt(l/'}”rl) dt)
v/u

i=1

for all u,v > 0. Since the left-hand side is a monotone function of © and v
for all n, the convergence holds locally uniformly. Hence, in view of (3.4) with
a()) = yF~1(1 - \), we may replace F~1(1 -k, /n)u by F (1~ (k,/n)u=17).
A change of variables x = «~/” and y = v/ leads to (C2).

For the proofof(C3) let [T, 41, ;¢ ]_[k iArand Y,y ;= Zk i1 et J
B, Then an iteration of the stochastic difference equation (4.1) yields X ;
Yig, j+1liq1, ; Xi,1<i < j,where (Y, ;,[];11,;) and X; are independent.
Next observe that EAi < 1for ¢ € (0, k) [see, e.g., Starica (1999), (2.8)]. Hence,
with I,,(x, y) := (F~Y1 - k,/ny), F"Y(1 — k,/nx)], one has

P{X;el,(x,y),X;el,(x,y)}
-1 kn
<PiX,el,(x,9),Y; 4y ;>F (1-—y /2

n

+P{Xl- € L(x, ), Ty, ; X; > F—1(1 - %0/2}

< P{X; e I,(x, y)}P{XJ- > F—1(1 - %y>/2}
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+ [ P{ni+1 > F—1(1—ﬁy)/2}F(du)
L,(x, ) 7 n
kn -1 kn
< 7(y—x)<1—F<F (1—73/)/2))

- /znu, » E<H§+l’ j) <F_1(1 _zikn/n)y)>_§F(du)

kn Y Fﬁl(l_(kn/n)y) ¢
) (F-l(l—(kn/mv)) @

where in the last step (4.2) and a change of variables were used. The Potter
bounds [Bingham, Goldie and Teugels (1987), Theorem 1.5.6] yield

/y<F‘1(1 — (k,/n)y)
x \F1(1 - (%,/n)v)

k k -
< Iy - 02Ty 4 (BAY) 2

3
) dv < 2/y(y/v)§7+7 dv

2 (1 (x))

:1—§y—T
2
1_fy_T(y—x)

for 7 € (0,1 — &v). Thus, for generic constants K,

1, 2
E (Z Lix,er,(x, y)})

i=1
lYL

= Y P{X; e I(x,y)}
i=1

+2 Z P{Xieln(xay)7Xj€In(x’y)}

1<i<j<l,

Luky lnkn
—(y—x)+ K1(
n n

IA

? ann - ENJj
) =0+ K S (BAD (- )
=1

Lk,
= KsT(y - x),

and thus condition (62,3). O
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