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COMPOUND POISSON APPROXIMATION FOR COUNTS OF
RARE PATTERNS IN MARKOV CHAINS AND EXTREME
SOJOURNS IN BIRTH-DEATH CHAINS

By TORKEL ERHARDSSON

Royal Institute of Technology, Stockholm

We consider the number of overlapping occurrences up to a fixed time
of one or several “rare” patterns in a stationary finite-state Markov chain.
We derive a bound for the total variation distance between the distribution
of this quantity and a compound Poisson distribution, using general results
on compound Poisson approximation for Markov chains by Erhardsson. If
the state space is {0, 1} and the pattern is a head run (111---111), the
bound is completely explicit and improves on an earlier bound given by
Geske, Godbole, Schaffner, Skolnick and Wallstrom. In general, the bound
can be computed by solving five linear equation systems of dimension at
most the number of states plus the sum of the lengths of the patterns.
We also give approximations with error bounds for the distributions of the
first occurrence time of a head run of fixed length and the longest head run
occurring up to a fixed time. Finally, we consider the sojourn time in an
“extreme” subset of the state space by a stationary birth—death chain and
derive a bound for the total variation distance between the distribution of
this quantity and a compound Poisson distribution.

1. Introduction. In this paper we consider two random quantities which
both count the number of certain “rare” events occurring in Markov chains. In
both cases, our objective is to construct approximating compound Poisson dis-
tributions for the distributions of these quantities and explicit error bounds
for the approximations. The first quantity is the number of overlapping oc-
currences up to a fixed time of one or several “rare” patterns in a stationary
finite-state Markov chain. The second quantity is the sojourn time in an “ex-
treme” part of the state space by a stationary birth—death chain. A short
background is first given.

Occurrences of finite sequences (“patterns,” or “words”) in a Markov chain
on a finite state space (“alphabet”) have been studied from various aspects
for a long time and by many people. A complete list of references would be
very long; for just a few examples, see Chapter B of Aldous (1989), Gordon,
Schilling and Waterman (1986), Godbole and Papastavridis (1994), Wang and
Ji (1995), Stefanov and Pakes (1997) and the references in these. A number
of results have been obtained, including moments, distributional transforms,
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or limit theorems, for quantities like the following:

1. The first occurrence time of a pattern.

2. The length of the longest pattern of a specified kind occurring up to a fixed
time.

3. The number of overlapping or nonoverlapping occurrences of one or several
patterns up to a fixed time.

4. The number of occurrences of one or several patterns up to the first occur-
rence of a particular pattern.

A typical area of application for these results is the analysis of nucleotide
sequences in DNA molecules. Sometimes attention is restricted to the cases
when the Markov chain is an i.i.d. sequence, or the state space of the chain is
S = {0, 1} (or both). In the latter case we speak about coin-tossing problems,
and the particular pattern 111---111 is called a head run.

In the present paper, which is based on Chapter 4 of Erhardsson (1997),
we consider the number of overlapping occurrences up to a fixed time in the
chain of one or several “rare” patterns. We derive an explicit bound for the
total variation distance between the distribution of this quantity and a com-
pound Poisson distribution. Why is this a natural thing to do? In view of the
rarity of the pattern(s) which we are counting, the first idea would be to find
an approximating Poisson distribution, or a Poisson limit theorem. However,
patterns with self-overlap (i.e., the end part of the pattern is identical to the
initial part) will tend to occur in clumps, which could make an approximation
with a Poisson distribution quite poor. A properly chosen compound Poisson
distribution is in such cases often a much better alternative.

Among earlier related results, Wang and Ji (1995) derive compound Poisson
limit theorems for the number of overlapping occurrences of patterns, while
approximating compound Poisson distributions and total variation distance
error bounds are given in Geske, Godbole, Schaffner, Skolnick and Wallstrom
(hereafter GGSSW) (1995), Schbath (1995), and Roos and Stark (1996). The
three latter papers all use some variation on Stein’s method for compound
Poisson approximation to derive the error bounds; for an introduction to Stein’s
method, see Barbour (1997). GGSSW and Schbath both use Stein’s method
for discrete Poisson process approximation, an approach which is described
in Section 10.4 in Barbour, Holst and Janson (1992). Roos and Stark use the
method in Roos (1994), which is based on the compound Poisson Stein equation
derived in Barbour, Chen and Loh (1992).

Here, we use the results in Erhardsson (1999), which are also based on
the compound Poisson Stein equation, but along different lines than in Roos
(1994). It will be shown that an approximating compound Poisson distribution
and a total variation distance error bound can be found for the number of
head runs, with very little computational effort, by applying Theorem 4.3 in
Erhardsson (1999) to a certain embedded Markov chain. The error bound is
a significant improvement on the bound in GGSSW (1995) in the case when
the expected number of head runs is large; hence, we confirm a conjecture by
GGSSW that such an improvement should be possible. Using the related but
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more general Theorem 5.1 in Erhardsson (2000), we also give approximations
with error bounds for the distributions of the first occurrence time of a head
run of fixed length and the longest head run occurring up to a fixed time. We
then show how the argument used for head runs can be extended to counts of
general patterns, giving error bounds which can be computed by solving five
linear equation systems of dimension at most the number of states plus the
sum of the lengths of the patterns.

The second quantity considered in this paper is the sojourn time in an
“extreme” part of the state space up to a fixed time by a stationary birth—
death chain. Birth—death chains are reversible and have well-known explicit
expressions for probabilities of hitting a subset of the state space before hitting
another subset, and for expected first hitting times of subsets. Hence, applying
the results in Erhardsson (1999) is rather easy. This enables us to extend
some limit theorems given by Serfozo (1980) and Berman (1986) by giving
total variation distance error bounds for the corresponding approximations.

The rest of the paper is organized as follows. In Section 2 we give some
notation and definitions. In Section 3, we give an approximating compound
Poisson distribution and a total variation distance error bound for the number
of head runs. In Section 4 we derive approximations and error bounds for the
first occurrence time of a head run and the longest head run. In Section 5
we show how the results for head runs can be generalized to the number of
occurrences of one or several arbitrary patterns in a finite-state Markov chain.
Finally, in Section 6 we give an approximating compound Poisson distribution
and an error bound for the sojourn time in an “extreme” subset of the state
space by a stationary birth—death chain.

2. Preliminaries. We use the following notation for sets of numbers: R =
the real numbers, Z = the integers, R, = [0,00), Z, = {0,1,2,...} and
Z ={1,2,...}.

For any random element X in some measurable space (S, ), we denote
the distribution of X by .~(X).

For any measurable space (S, ), we denote by (S%, .7 %) the space of all
functions f: Z — S, equipped with the o-algebra generated by the cylinder
sets. A random element in (S%,.7 %) is called a random sequence. We define,
foreach A € 7,t € Z, ke Z, and s = {...,x_1, %9, %q1,...} € SZ, the

functional Tf&ki SZ - 7 + by
Tf&k(s) :=inf{j > Tiik_l(s);xtﬂ- € A} VE>1,
%(s) =0,

and we define the functional fi{k: S%Z - Z, by

M) = inf{j > 5 (s)x, € A} VE>2,
7i1(s) = 1inf{j > 0;x,, ; € A},

7:%(s) := 0.
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For brevity we will use the notation 74(-) := 721(-), TA() = 72{ 10, () =
—t, 1 — -0,1
T4 ()and 74() :==7,7().

Throughout the paper, n denotes a two-sided stationary Markov chain (in
discrete time) on a finite state space (S, .7) (where .7 is the power set of S).
Hence, 1 is a random element in (S%,.7%). For brevity, we define P (7 €
):=P(ne€-|nge A)and E (f(n)) := E(f(n)|ny € A) for each A € & and
each measurable f: SZ — R,; if A = {«} is a singleton, we write P (n €
) = Py(n € ) and E (f(n)) = E1(f(n)). For each A € &, ¢t € Z and
k € Z,, we use for brevity the notation 75" := 75%(n), 7, = t4(n), 74 =
ra(m), 72F = % (), 7, = 74(n) and 7, := 7,(n). We denote by % the
reverse Markov chain of 7, that is, the random element in (S%, 7%) defined
by nf := n_, for each ¢t € Z. It is well known that n® is also a stationary
Markov chain. If n has transition matrix p, then the transition matrix of n
will be denoted by p~.

For any two probability measures v; and v on any measurable space (S, 7)
we define the total variation distance drvy (v, v) in the usual way as

dry(vy, vg) = SUP‘V1(A) - VZ(A)i-
AeT

We denote by CP(Aq, Ag, .. .) the compound Poisson distribution with param-
eters {A,;k € Z' }, where A}, > 0 for each k € Z’_ and 0 < A := Y77, A, < o0.
By this we mean the distribution ;./(Zf‘i 1 T;), where the random variables
{T;;i € Z',} and M are independent, P(T; = k) = A;/A for each k € Z’_ and
ie€Z,,and M ~ Po(A). £(T) is called the compounding distribution. In
the case when the compounding distribution is geometric with parameter 6
li.e., Ap/A = (1 — 6)k710 for each k € Z' ], CP(Ay, Ay, ...) is called the Pélya—
Aeppli(A, ) distribution.

3. Counts of head runs.

THEOREM 3.1. Let ® be a stationary Markov chain on the state space {0, 1}
with transition matrix p, defined by

_(1-B B
p-= l-a af’
where a, B € (0,1). For each n > r > 1, define M(n,r) = Y I{®;,_ ., =
-+ =®,; =1}. Then,

drv(£(M(n,r)), Pélya—Aeppli(A, 1 — «))

< H(A, 0)<2r+2+ 14_aa + a ?:Ba)Q)(n —r+ Du(r)?

+ (2(1 = )7 + 20) u(r),
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where p(r) = P(®; = - =, = 1) = (' 'B/(1—a+B)), and A = (n — r +

Du(r)(1—a). Also, H(A, 0) == (M(1—a))"L Al)e*, unless a < 3, in which case,

1 1 .
B 0= A=)~ 2a) <4,\(1 “o(1 2wy T 108 (2A - _20‘))) o

PrROOF. We define an embedded Markov chain 5 on the state space S =
{0, ..., r} in the following way:

n,c=minf{ie Z; X, ;=0}Ar VteZ.

It is easily shown that n has transition matrix p’, defined by

1-B B 0 --- 0 0 O

l1-«a 0 « --- 0 0 O

l1-« 0 0 --- 0 0 O
p =

l1-« 0 0 --- 0 a O

-« 0 0 --- 0 0 «

l-« 0 0 --- 0 0 «

The reason for introducing 7 is that the quantity we are interested in, M (n, r),
can be expressed as Y7, I{n; = r}, that is, as the number of visits by 7 to the
“rare” set S, := {r} during the time {r,...,n}. Then 7 is a stationary irre-
ducible Markov chain on a finite state space, and the stationary distribution
w is easily calculated:

1_—a, ifi =0,
l1—-a+pB
. 1l—«
) = —lgl —— if ¢ 1,...,r—1
w(i) o B(l—a—i—B)’ ifi e {1, > T 2
a’flﬁ
o b i
T at B’ ifi=r

Hence, 71 is Harris recurrent, so Theorem 4.3 in Erhardsson (1999) can be ap-
plied. This theorem gives a bound for drv (£ (M(n, r)), CP(A, Ag, ...)), where
Ap:i=(n—-r+1)P(Z, = k) for each k € Z', . Here,

73071

Zy:=1I{ng € Sy} Z I{n; € S},
i=1

where S, C Sf is a singleton. We choose S, = {0}, which is natural and
convenient in the present situation. Since S; = {r} is also a singleton, it
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follows as in Remark 3.1 in Erhardsson (1999) that CP(A4, A, ...) is the Pélya—
Aeppli(A, 0) distribution, with parameters

0:=P.(rg<T7.)=1—¢,

arflﬁ
/\:=(n—r+1),u(r)6?=(n—r+1)1

T—l—B(l - a),

or equivalently, that
(1— a)2Ba’+h2
l1-a+B
The bound given in Theorem 4.3 in Erhardsson (1999) is the following:
drv(£(M(n,r)), Pélya—Aeppli(A, 1 — @)
E(7s,

< 2H(\, 9)<E(TSOZ0) n “(Sl)M(TOD(” DSy

M= —-0)FtoA=(n-r+1) Vke Z,.

+2P(7g, < TSO),

where H(A, 0) is defined as above; see also Proposition 3.2 and Theorem 3.1
in Erhardsson (1999). All quantities appearing in the bound can be explic-
itly computed. From Theorem 4.4 in Erhardsson (1999) we get, since S; is a
singleton,

E(rg,I{mg € So, 75, < 75,}) +2u(S1)Eg (15, {75, < 75,})

B(rs,Z0) = Pg (15, < 7g,)
w(S)Es, (15, I{7s, < 75,})
Pg (15, < Tg,)
_ ru(r)(1—a) + 21/&_(726! +u(r)1 —a) _ (r i 12__0‘a + 1)#(")-
Also,

B
(1-a)(1-—a+p)

_ . o1
E(7s,) = 2 m()Ei(r0) = 3 mwl)7— =
i=1 i=1 -a
and for the last term in the bound we get
P(rs, < 75,) = w(0)Ba" ' +--- + u(r)a = (1 — a)r + a)u(r). o

REMARK 3.1. As mentioned in Section 1, GGSSW (1995) also derive an
approximating compound Poisson distribution for .~ (M(n,r)), and a total
variation distance error bound. They use the Stein—Chen method for discrete
Poisson process approximation to find a bound for the total variation distance
between the distribution of a certain sequence of indicator variables and that
of a sequence of independent Poisson distributed random variables; from this
an error bound for a compound Poisson approximation can be deduced. It is
worth noting that, although the approach of the present paper is different
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from the one of GGSSW we still end up proposing exactly the same approxi-
mating compound Poisson distribution as them. Moreover, GGSSW arrive at
the following total variation distance error bound (their Theorem 2.1):

dry(£(M(n,r)), Plya—Aeppli(A, 1 — @) < (67 + 16)nu(r)? + 2u(r).

As is pointed out in GGSSW (1995), this bound has the drawback of being
unnecessarily large for large values of nu(r). They also write, “It would be
interesting to see whether our results could be further improved upon using
Stein’s method directly, along the lines of the development in Barbour, Chen
and Loh (1992) or Roos (1994).” Not considering the values of the constants, a
comparison to the bound in Theorem 3.1 shows that the latter bound contains
the factor H(A, ) in the first term. As a consequence, the bound is much
smaller than the bound in GGSSW (1995) for large values of nu(r) (provided
that a < ).

REMARK 3.2. If the parameters «, 8 and r depend on n in such a way that
limsup,_, ., @ < 1 and

0 < liminf nu(r) <limsupru(r) < oo,
n—00 n—00

then Theorem 3.1 implies that for some explicit C < oo and n large enough,
dry(Z£(M(n,r)), Pélya—Aeppli(A, 1 — @)) < Cru(r),

where C is particularly small if in fact lim sup,,_, , @ < % If, in addition to the

above, lim,_,  ru(r)/a = 0, then it follows from Remark 6.1 in Erhardsson
(1999) that for some explicit 0 < C < C’ < oo and n large enough,

Ca < dypy (£ (M(n,r)),Po((n —r+1)u(r))) < C'a.

In other words, the error in the simple Poisson approximation for .#(M(n, r))
converges to 0 no faster and no slower than a.

REMARK 3.3. Ife, B and r depend on n in such a way thatlimsup,_, .« < %
and lim,,_,  nu(r) = oo, then, for some explicit C < oo and n large enough,

dry(£(M(n, r)), Polya—Aeppli(A, 1 — a)) < Clog(nu(r))ru(r).
In this situation it is natural to consider a normal approximation for W ~

Pélya—Aeppli(A, 1 — «). The first three moments of the geometric distribution
with parameter 1 — « are easily calculated:

S £
1-ao’ (1—-a)?’ 3 (1—a)3 ’
so we get, as in Theorem 6.2 in Erhardsson (1999),
( W —(n—r+1u(r)
JA /- n—r+ Da(r)
0.8(1 + 4a + a?)

= Gt P(-a)—rt D)

my

sup|P
xeR

<x>—¢u)
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4. The first and the longest head run.

THEOREM 4.1. Let ® be the stationary Markov chain defined in Theo-
rem 3.1. For each n > r > 1, define N(n,r) ==Y I{®, =0,®,, ; =--- =
®;,,. =1}. Then

dry(£(N(n, 1)), Po((n — r + 1)(1 — e)u(r)))

< (1—exp(—(n—r+1)(1—a)u(r))) (2(1 —a)r+2+ 12_—Ba>;u(r),
where w(r) :=a " 1B/(1—a+ ).

ProOF. Let 1 be the embedded Markov chain defined in the proof of The-
orem 3.1. Clearly, N(n,r) = Y7, I{n; = 0,7. < 7.}. Moreover, since 7 is
stationary and regenerative (it regenerates at the times of visits to S, = {0}),
it contains an embedded stationary renewal reward process [see Section 3 in
Erhardsson (2000)], for which the renewals {X;;i € Z} are the times of visits
by 7 to {0}, ordered in such a way that --- < X_; < X, <0< X; <---, and
the corresponding rewards {Y;;i € Z} are defined by Y, := 1 {TrX P < Téf '} for
each i € Z. Hence, Theorem 5.1 in Erhardsson (2000) is applicable, and gives
the following bound:

dTV<j(N(n, ), Po<(n ey 1)31;;))

= (1-ew(-oro0ge@)) aem T ww )

where P((T3,Y3) € -) = P((X1,Y,) € -| Xy = 0) = P((rg, I{r, < p}) €

| mg = 0). Clearly E(Y3) = Py(7, < 79) = Ba" "1, and it follows from the Palm
inversion formula for regenerative random sequences that E(T9) = 1/u(0) =
(1—a+ B)/(1— a) and that

E(Ty(T5 - 1))
2E(TY)

B
(1-a)1—-—a+pB)

= E(7) =

Finally, recalling the definition of Z, from the proof of Theorem 3.1, it follows
from the proof of Theorem 4.4 in Erhardsson (1999) that

EI(ET(WTY)O) = E(rI{Z, > 0}]) = E(rs,I{ng € Sy, 75, < 75,})

+n(S1)Es, (7811{7S1 < TSO}) + M(Sl)ESI(TSOI{TSO < Tsl})
= ru(r)(1 - @) + p(r)a+p(r)(1—a) = (L—a)r + Du(r). O
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COROLLARY 4.1. Let ® be the stationary Markov chain defined in Theo-
rem 3.1. Define T, :=min{t € Z ;®, ;1 =--- = b, = 1}. Then,

sup|P((1— a)u(r)T, > x) —e ™| < <4(1 —a)yr+3+a-+ 12TB>,LL(I')
xeR, a

PrOOF. Let 1 be the embedded Markov chain defined in the proof of The-
orem 3.1. Clearly, T, = 77, and P(7 > k) = P(Zfif I{m;, = r} = 0) for each
k € Z_, implying that

|P((1 —a)u(r)T, > x) — e’x|

(o= ) o)
(o =) (o (=2l o))
conlev (i) )

(] -

+ (A -a)u(r)e ™ +2P(7, < 79)

=<

< (4(1—a)r+3+a+12—'8)/u(r) VxeR,. d
—

COROLLARY 4.2. Let ® be the stationary Markov chain defined in Theo-
rem 3.1. Define M, := max{r € Z ;Y I{®,_, ., = =&, =1} > 0}, and
let a,, :=log(B(1 —a)n/a(l —a+ B))/log(1/a) for each n € Z' . Then,

W
log(1/a)

< <5(1 —a)lx+a,]+6—2a+ 12_—Ba>,u([x +a,]+1)

IP(Mn_anSx)_P([ +p(an)}—p(an)§x)

Vx€[—a,,n—a,),

where W is Gumbel distributed, that is, P(W < x) = exp(—e~*) foreach x € R,
and p: R — [0, 1) is defined by p(x) := x — [x].

PROOF. This corollary complements Theorem 1 in Gordon, Schilling and
Waterman (1986) in the case of (uninterrupted) head runs, by giving a bound
for the error in the approximation of .#(M,) with their “integerized extreme
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value” distribution. Let n be the embedded Markov chain defined in the proof
of Theorem 3.1. Clearly, M, = max{r € Z_;Y !  I{n; = r} > 0}, and
P(M, <k)=P(X_,,1I{n; =k+1} =0) for each k € Z,, implying that

w
log(1/a)

(| + (@] - plan) < x)

=<

P(NGn [+ a1+ 1) = 0) = P( [ 1T+ plan) | - e < %)

+|P(M, <[x+a,])— P(N(n,[x+a,]+1)=0)|
<dpy (L (N(n, [x +a,]+1)),
Po((n — [x + a,])(1 - e)u([x +a,] +1)))

+[x+a,](1 - )u([x + a,] + 1) + 2P(7(41q,141 < To)

< (5(1 —a)x+a,]+6—2a+ lz_—ﬁa),u([x +a,]+1)

Vx €[—a,,n—a,). a

5. Counts of general patterns. Let ® be a stationary irreducible Mar-
kov chain on a finite state space E, with transition matrix p and stationary
distribution . For each r € Z_, let S, be the space of sequences eje, - - - e, of
length r of elements in E which are such that w(e;)p(e;, e5) - p(e,_1,¢e,) > 0.
For each s = ejey---e, € S, and each 0 < [ < r, define the initial part of
length [ as eje,---¢;, and the end part of length [ as e,_; 1e,_;,o---e,. Let
o = {81,..., 8y}, where s; := ¢, 1¢; 5---¢; ,. € S, for each i € {1,..., N},
and assume that s; is not an end part of s; for any i # j, i, j € {1,..., N}.
For each n > max;_,_y r;, define M(n, v) := Zf\il Z’;:ri I{d)j,rﬁl =€ 1,..-,
®; =e¢; , }. Can we find an approximating compound Poisson distribution for
Z(M(n, »)), and an error bound for this approximation?

This problem can be dealt with, at least in principle, in the same man-
ner as the problem of compound Poisson approximation for the number of
head runs treated in Section 3. We introduce the embedded Markov chain
7, taking values in the space S,, where r := max;_;_y r;, defined by 7; :=
(®;_ i1, Pi_yig, ..., P;) for each i € Z. We modify S, into S™°¢ by “lumping”
together certain subsets of S, into singletons. We lump together a set into a
singleton if it belongs to one of the following two types:

1. A set containing those sequences in S, which end with a particular initial
part of one (or several) of the sequences in w, but not with any other strictly
longer initial part.

2. A set containing those sequences in S, which end with a particular element
in E, and which do not belong to any set of type 1.
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Since ® is stationary and irreducible, the same holds for 1, so Theorem 4.3
in Erhardsson (1999) can again be used. In this case, the theorem gives

doy(L(M(n, ©)), CP(A, Ag, ...))

E(r
<2H(Ay, Ay, - -)(ESI(TSO) + Eg (15,(n®) + M’((»;;)))nﬂ/(sl)2

+ 2;’(’7'511 < ’TSO),
where u’ is the stationary distribution of 7, the set S; consists of the elements
in S™°d which end with sequences in w, and the set S, is a single element
Tg. —1
in 8¢ ¢ S™°d. Moreover, A, = nP(I{ny € So} X, I{n; € S;} = k) for each
ke Z' ,and H(Aq, Ay, ...) == (A1) P A1) exp(33, Ap), unless {kA,;k € Z/ }
is monotonically decreasing towards 0, in which case

1 1
log™(2(A; — 2A 1.
A1—2A2<4(A1—2A2> + log” (200 2)))A

If S; is a singleton, then CP(A, Ay, ...) = Pdlya—Aeppli(A, 6), where 6 =
Pg (15, < 7g,) and A = >37, A, = nu/(S;)0. The generating function for
the parameters {A,; k € Z’ }, and the quantities appearing in the bound, can
be found as solutions to linear equation systems with dimensions at most
card(S™d) — 1 < card(E) + Y, r;; see Section 5 in Erhardsson (1999).

H()\l, )\2, . ) =

ExaMPLE 5.1. Let the state space of ® be E = {A,C, G, T} and let the
set of patterns for which we want to count the number of occurrences be
o = {ACACA} (thus, » contains only one pattern). The state space S™°¢ of
the embedded Markov chain 5 then consists of the following eight elements:
ACACA, ACAC, ACA (not preceded by AC), AC (not preceded by AC), A (not
preceded by AC), C (not preceded by A), G, and T. The transition matrix p’ of

M is

0 Pa,c 0 0 Pa, A 0 Pa,g ParT

pc,a O 0 0 0 pcc PpPce Per

0  pac 0 paa O pae par

, 0 0 pca O 0  pcc Pce Per
P=1 0 0 0 pac paa O Dpag pPar
0 0 0 0 pca DPcc Pcg Por

0 0 0 Pg,A Pg,c DPac DPar

0 0 0 0 Pr,A Pr,c PT,G PT,T

In this situation, the “rare” set is of course S; = {ACACA}. S, could be
chosen as any singleton in S™°¢ except { ACACA}; the optimal choice depends
on p.
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We finally give a more explicit (but less sharp) result for counts of general
patterns, which has some resemblance to Theorem 2.3 in GGSSW (1995) and
Theorem 4 in Schbath (1995). For simplicity, we assume that S is chosen as
the singleton in S™d formed by lumping together those sequences in S, which
end with sy, where s; = ¢y 19 3---€y ,, € S, (1 <m < r)is not an end part
of an initial part of any sequence in w and has no sequence in w as an end
part. (We can always augment » with s, before constructing S™°4 so that this
assumption can be satisfied.)

THEOREM 5.1. Let ® be a stationary irreducible aperiodic Markov chain on
a finite state space E, with transition matrix p and stationary distribution w.
Let w :={sy,..., sy}, where s; :=e; 1€; 9---¢; ,, €S, foreachie{1,..., N},
and assume that s; is not an end part of s; for any i # j, i, j€{1,...,N}.
For each n > r := maxy_,_yT;, define M(n, w) := N Y HPj 0 =
€ 1,---,®; =e; . }. Define the space Smod the Markov chain m, the set S; C
Smod ' the singleton S, C S™4, the parameters {\,; k € Z' }, and the constant
H(\q, Ay, ...) as in the previous paragraphs. Then, for each a € (0, 1),

dry (L (M(n, ®)), CP(Ay, Ay, ...))
<2H<A1,A2,-.->( 1 ([log(éla%(eo,lfﬂ)}m)

= TS \w(Sy) Tog B,
log(4a%u(eq . )*1i) e
[ log B1,r ] * r)n,u (51)
2 log(4a®u(eq, n)* 1) W
+(1—a>w<so><[ 1og B1 n }+ )“(Sl)’

where ' is the stationary distribution of m, fi := min . u(y), By is the second
largest eigenvalue of the matrix pp® and B, g is the second largest eigenvalue
of the matrix p®p.

PrOOF. Theorem 4.3 in Erhardsson (1999) applied to the Markov chain 7
gives

dry(£(M(n, ), CP(Ay, Xy, ..)
<2H(MAq, Ag,...)

(5.1) (SS)

(So)

x (ESI(TSO) T B (s, (n™) + l’j Esg(780)>nﬂ/(s1)2

+2Eg (75,(n")w'(S1),
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where we also used the fact that

P(rg, <71g,) = P(7g, <7g,) <> P(m; € Sy,7g, > i)
i—0

I
8

P(ng € Sy, 75,(n™) > i) = Eg (75,(n")K'(Sy).
0

~
Il

To find bounds for the expectations in (5.1), we note that if there exists con-
stants n; € Z', and C < 1 such that sup,.g; P,(7g, > n1) < C, then, for any
B c Sg,

- - _ - i} [i/n1]
Ep(7s,) = > Pp(7g, > 1) < Z(Sup P (7g, > nl))
=0 i=0 x€8{
oo
<y climl = ™M
=2 T—C

i=0

Theorem 2.1 in Fill (1991) tells us that for any irreducible aperiodic Markov
chain ® on a finite state space E with stationary distribution u, it holds that

1
P.(D, €-), n) " VxeE Z..
dTV( (P, € )>/~L) S4,u(x)Bl xXen,nes,

This implies that, for each x € S and n > m,

Px(fSO > n)S 1_Px(nn € SO)

1 rlzferl T m—1
<1- (,u(eo,1) -3 A ) [T p(eo, s o iv1)s

i=1

so that we may choose the constants n; € Z’, and C < 1 above as

. |:10g(4a2,u(eo, 1)2:‘1)
nl =

Tog . ] +m;  Ci=1—(1-a)u(S,).

Analogous calculations for the reverse chain 1% give the remaining bounds. O

REMARK 5.1. If o depends on n in such a way that limsup,,_, ., nu/(S;) <
oo, and if E, p and S, do not depend on n, then Theorem 5.1 implies that for
some C < oo and n large enough,

doy(L(M(n, ©)), CP(Ay, Ay, ....)) < Cru/(Sy).

To compute C explicitly we must bound the eigenvalues B, and B, p. For
further information on this topic, see Fill (1991).
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6. Birth-death chains. By a birth-death chain (or a general random
walk on Z ), we mean an irreducible Markov chain on the state space Z,
with a transition probability p defined by

. rj, if £ = j,
p(J, k)= . .
q;> if k= J = 1,
0, otherwise.
It is convenient to define, for each i,k € Z,

k-1

Piml i oifi<n,
r j—iy1 9

TSN 9T ] g
Pr j_py1 Pj
1, ifi=k

It is easily checked that =, , = m; ;m; ;, for each i, j, & € Z  such that
i < j < k,and that {m, ,;k € Z,} defines a reversible measure on Z,. If
Yiez, Mo,i < 00, then the birth—death chain is positive recurrent with the
unique stationary distribution u, defined by

0, k
w(k)i= —2%  vheZ,.
(k) ZieZ+7TO,i *

For any birth—death chain 7 it is well known that, for each a, &, b € Z_ such
thata <k < b,

b—1 1 -1b5-1 1
(6.1) Pty < 1) = < ) .
k( b) gx ps770,s r=~k pr7TO,r

Likewise, for any positive recurrent birth—death chain 7,

S LI ifi <k,
(6.2) Ek(Ti):

r=k+1j=0 9r

Equation (6.1) is Theorem 3.7 in Chapter 5 of Durrett (1991). It can also be
verified that (6.1) is the unique bounded solution of Poisson’s equation, as
in Proposition 5.2(i) in Erhardsson (1999). Similarly, (6.2) satisfies Poisson’s
equation as in Proposition 5.2(iii) in Erhardsson (1999), but it is not neces-
sarily a bounded solution. However, in this case a coupling argument can be
used; see Section 3 in Chapter 4 of Erhardsson (1997).
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THEOREM 6.1.  Let n be a stationary birth—death chain. Let S, C Z'_, and
define z,;, := min{z € S;}. Then,

dw<j(é I{n, € Sl}>, CP(Aq, Ay, .. .))

<2H(M, Ag,...)

63 [y mB) D= m S a i :
(2 (S >ZOZ P +ZM< )ZoZ T sy

2 ¥ u(k>+zmi - 12 w(t) Y —).

k=Zmin PsTo, s r—0 Prmo,r

where A, = nP(I{ny, = 0} ZZ‘;I I{n; € S1} = k) for each k € Z'_. If S; =
{2z} (z € Z')), then CP(Aq, Ag, ...) = Pélya-Aeppli(A, 0), where § = P,(1y <
7,) and A = Y5 A, = nu(0)Po(1, < 79) = nu(2)P,(1y < 7,). Moreover,
H(Aq, Ag,...) == ((A)7! A 1)exp(A), unless {kA;k € Z',} is monotonically
decreasing towards 0, in which case

1

1
H(A, Ay, ... =
(A1, Az, ) A1—2A2<4(/\1—2/\2)

+log*(2(A; — 2)\2))) Al

ProOF. The proof follows from Theorem 4.3, Remark 3.1 and Proposi-
tion 3.2 in Erhardsson (1999), using also the reversibility of 7, (6.1) and (6.2).

EXAMPLE 6.1. Berman (1986) considers a stationary birth—death chain
n with transition probabilities satisfying the following conditions: p, = 1,
lim;_, pj=p< % and p; +4q;= 1 for each j € Z'Jr.'He claims (but does
not explicitly prove) the following compound Poisson limit theorem (his Theo-
rem 6.1):

[B.]
(Z Hn, = z}) —> Pélya—Aeppli(n(0), g) as z — oo,

i=1

where B, :=)7_,(1/p,m ,). However, our Theorem 6.1 yields a slightly dif-
ferent result. Clearly, for each p’ such that p < p’ < %, there existsa N € Z
such that p; < p’and q; > ¢’ := 1— p’ for each j > N, and also two constants
1<C, <ocand 0 < C, <1 such that p; < C,p’ for each j € Z, and
q; > C,q for each j € Z',. Therefore, u(k)/un(0) = my , < (C,/C)N(p'/q)*
for each k € Z’_, and

x C 1k cp)N k ,
) = - Vke Z,.
Z Z << q> q g _ //q <Cq / € +

r=0 j=r+1 pr q/_p
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Also,

k koo k=1 g 1
BkM( ):Z 0,k _ r,k+_ VkEZ,Jr,
/J“(O) r—0 Pr7o,r r—0 Pr DPr

which implies
cN\Y 1 1
1§Bk@§<—p> —— 4 - VkeZ,.
©(0) C,) ¢—-p infj; p;

Hence, if p > 0 then, for some C < oo and z € Z_ large enough,

[B.] s
dry (‘/(Z I{n; = Z}),Pélya—Aeppli(/\, 0)) < Cz(%) ,
i=1

where

B B
- qz(l - B—Q) A = [B,1u(0)Py(r, < 1) = ][3—]

©(0).

Since lim, , B, = co and lim, , B,/B, . ; = p/q [both results according to
Lemma 2.1 in Berman (1986)], it holds that

P&&A@mmwyﬁnm%quémmq—a as z — o,

a limiting distribution which is not completely identical to the one given in
(the unproven) Theorem 6.1 in Berman (1986).

EXAMPLE 6.2. Serfozo (1980) considers a stationary birth—death chain 7
with the following transition probabilities: py =1, p; = p < % foreach j € Z',
and g; = 1-p =: g for each j € Z',. He proves the following compound Poisson
limit theorem (in his Corollary 3.1):

[a.] _
./(Z I{n; = z}) LN Pélya—Aeppli<q2qp, q— p) as z — oo,

i=1

where a, := (q/p—1)"1(q/p)?. This result can be extended, using Theorem 6.1.

First,
k—j
<£> . if0<j<k,
] \q
J kT I3
1
—(3), if0=j <k,
r\q
which implies that
iiﬁ, if k=0,
T, k q
w(k) = = =

) ] B k
2520 o, j q p(g) itk o0,
2pq \ q
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and that
%) k z z
q—p p q—p(p 1 1/p
B~ G2 E () - 50 a0
Pt 2pq ;= \q 2pg \q/) 1-p/q 2p\gq
Moreover,
oo 1k—1 oo p Jj—r
Ty il s (2)
r=0 j=r+1 p" pr=0j=r+1 q
1 k
—< P/ >k % Vrez
p\1-p/q q—p
1 (q)%—p(p)k 1 ,
app _ 2) L _Z(E) = = vkeZ
B =1\ 5) 2pq \q 2q
z—1 1 1z2-1
n(k
<§)ps770,s) Z ()rXE)erOr

q/p—1

~amiga(- ()

“mmat G (6) (o250 (0) )

[a.]
dry (/(Z I{n, = z}), Pélya—Aeppli(A, 6))
i=1

oo e (52 )

1(§>2 L@=pE-1 - pA-(p/0)) i(g)z’

Hence,

_I_
p 1-(p/9) q
where
_ )2 z
o= —9"P . \_[a]—9=P) (2)
1-(p/q) 2pq(1 - (p/q)?)
The bound converges to 0 as z — oo. Moreover, lim, ,..6 = ¢ — p and

liInzaoo A= (q - p)/(zq)

ExXAMPLE 6.3.  Serfozo (1980) proves (also in his Corollary 3.1), for the
same birth—death chain as in Example 6.2, that

[a.]
(Z I{n; > Z}) —> CP(A, Ay, ...) asz— oo,

i=1



590 T. ERHARDSSON

where A = (¢ — p)/(2q) and
e S p\'"! p
Tk _ i L _ Y o
A Eg (k)<q) (1 q> keZy

Here, g'*(-) denotes g convoluted with itself i times, and the function g: Z/, —
[0, 1] is defined by

. —1)i1 (1/2 ; L
6.4) g(2l—1)=%( f )(4pq) VieZy
g(2i)=0 VieZ,.

This result can also be extended using Theorem 6.1. It holds that

00 00 k-1 z
3 q—p(p 3 D q—p(p\d[ «x
bl 2pq \q/ ,=. \aq 2pq \q/dx[1-x],_,,

() ) )

q

Hence,

[a.]
dry </<Z K{n, = Z})CP(/\b Ag, - -))

i=1

§2H(A1,/\2,.,,)< 2z +2p(q—p)+q)[azl<i>2<£>zz

a—p (q-pp 2p/ \q
1/p\° . (a-p-1D-p(1-@/9y") 1 (p)?
+p<q) + 1-(p/q) pq<q> ’

where
A =[a,]w(0)Po(r, < 7o) = [a,]u(2)P.(1y < 7.)
—laly (B
2pq(1—-(p/q)*) \ q
and it follows as in the proof of Corollary 3.1 in Serfozo (1980) that

A To—1
—k=Pz(z I{n; zz}=k>
=1

A
=£g"*(k)<1— 1-p/q )il( 1-p/q ) VkeZ
= 1-(p/q) 1-(p/q) -

The bound converges to 0 as z — oco. Moreover, lim, ., A = (q — p)/(2q), and

m =y <p>< ?)
lim — =) g"(k)| — 1-= VkeZ' .
z—00 A\ g ( ) q q +
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