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Under very mild conditions, we prove that the number of components
in a decomposable logarithmic combinatorial structure has a distribution
which is close to Poisson in total variation. The conditions are satisfied for
all assemblies, multisets and selections in the logarithmic class. The error
in the Poisson approximation is shown under marginally more restrictive
conditions to be of exact order O(1/logn), by exhibiting the penultimate
asymptotic approximation; similar results have previously been obtained
by Hwang [20], under stronger assumptions. Our method is entirely prob-
abilistic, and the conditions can readily be verified in practice.

1. Introduction. The joint distribution of the numbers (C(ln), cees CEZ‘))
of cycles of sizes 1 < i < n in a uniformly chosen random permutation of n
objects is also known as the Ewens Sampling Formula ESF,(1); the more
general ESF, (0), 8 > 0, is obtained by weighting the distribution over the
set of permutations by 6%, where K, denotes the total number of cycles in
the permutation. K, can be written as the sum of n independent Bernoulli
random variables ¢£; with parameter 6/(0 + i — 1):

(1.1) Ky, =3 &
=1

See Feller [13] and Rényi [28] for the case § = 1 and Watterson [34] for general
6. Hence, in particular, K, approximately has a Poisson distribution [8]:

(1.2) dpy(£(Kop), Po(kg,)) = O(1/1logn),

where kg, = Y11 0/(0 + i — 1) and, for probability distributions P and @ on
Z

+5

dry(P, @) = sup |[P(A) - Q(A)|.
AcZ.,

Distributional approximations for K, have a long history. Goncharov [16,
17] showed that the number of cycles in a random permutation is asymptoti-
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cally normally distributed as n — oc:

(1.3) Ko Zlo8n _ neo, 1),
JVlogn
Kolchin [22] derived approximations of the form
(1.4) P[K,, = k] = Po(logn){k} {1+ 0(1)},

uniformly with respect to (logn)~7/12(k — logn) in any finite interval, while
Pavlov [27] established that

|x]

(1.5) P[K, = k] = Po(log n){k} [1 + 0 ( = + (log n)_5>} ,
JVlogn

for any fixed 6 € (0,1/2), £k =logn + x\/log n, with x = o(\/log n). It follows
from (1.5) that

(1.6) dry(£(Ko,), Po(logn)) = O ((log n)~*/**%),

for any ¢ > 0, (1.3) then being an easy consequence. Analogous results for
random mappings were proved by Stepanov [31], Kolchin [23] and Pavlov
[27], for random mapping patterns by Mutafciev [25], for random polynomials
over a finite field by Car [11], Hansen [18] and Arratia et al. [3], and for the
irreducible factors of the characteristic polynomial of a matrix 7' € GL,(F,)
by Goh and Schmutz [15]. Note that Brenti’s ([10], Theorem 6.4.2) remarkable
representation of the law of (K, ) for random mappings as the law of Y7 ; &;
for independent Bernoulli random variables &; implies a result analogous to
(1.2), again from [8].

All these settings are particular examples of the larger logarithmic class
of random decomposable combinatorial structures. By this, we mean random

vectors (C(ln), cees Cﬁln)) satisfying the Conditioning Relation

Zizi=n>,

i=1

(1.7) 2", ....cy=r ((zl, . Z,)

where (Z;, i > 1) are independent random variables on Z , together with the
Logarithmic Condition
(1.8) lim iP[Z; =1] = lim iEZ; = 6,
1> 1—> 00

for some 6 > 0. The best studied sub-classes, to which all of the examples
above belong except for the random characteristic polynomials, are assem-
blies, where the Z; have Poisson distributions; multisets, where the Z; have
negative binomial distributions; and selections, where the Z; are binomially
distributed. Random permutations are a logarithmic assembly, random poly-
nomials a logarithmic multiset and random square free polynomials a loga-
rithmic selection.

Flajolet and Soria [14] proved a central limit theorem for the number of
components in considerable generality, as an application of their singularity
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analysis. Building on this, Hwang [20] has developed a powerful generating
function approach to show that a Poisson approximation of the accuracy given
in (1.2) can be established for a wide class of logarithmic assemblies, multisets
and selections; furthermore, he identifies the leading asymptotic term in the
total variation discrepancy. However, his method requires the distributions
of the Z; to come from families which are amenable to generating function
arguments, as is indeed the case for those appearing in assemblies, multisets
and selections. In this paper, we replace his approach by a probabilistic argu-
ment, which enables us to work with quite arbitrary distributions for the Z,.
We prove marginally more accurate approximations than Hwang’s — we iden-
tify the penultimate approximating distribution — under conditions which are
weaker than his, even for assemblies, multisets and selections, and which only
involve simply calculated parameters of the distributions of the Z ;. We still use
Fourier methods at one point, but only to make an accurate calculation in the
context of the Ewens Sampling Formula, and not for the general distributions
being approximated; our method for proving sharper approximations involves
the refinement of Stein’s method for perturbations of the Poisson distribution
in Barbour and Xia [9].

Logarithmic combinatorial structures share a number of useful properties.
First, it has been shown [29, 6, 30] under fairly general circumstances that,
if b = b(n) = o(n) as n — oo, then

(1.9) dpy(£(C,...,C), A(Zy, ..., Zp)) — 0.

In this case, the numbers of small components behave jointly like the inde-
pendent random variables Z;. In contrast, the sizes of the largest components

L(ln) > L(Zn) > ... are essentially dependent; for any fixed r, the distribution of

n‘l(L(n), cees L(rn) ) is well approximated, locally as well as globally, by that of
the r largest components of the Poisson—Dirichlet law PD(6). See [21, 32, 2, 26]
for particular structures and [19, 5] for general settings. For the distribution
of Ko, = Y04 CEn), the total number of components, both small and large
components have to be considered simultaneously, and this makes the argu-
ment more complicated for our probabilistic approach; in contrast, K, is one
of the easier quantities to treat by generating function methods.

A shortcut approach would be to take b = n/logn in (1.9), leading to a nor-
mal approximation for y-%_, an) , and then to treat the remaining >} , ; CE")
needed for K, as a perturbation This indeed yields a central limit theorem,
but since Z?zl Var an) = O(logn) and i, [ECEn) = O(loglogn), this ap-
proach would lead at best to an error estimate of order O(log log n(log n)~%/?)
with respect to the usual metrics for weak convergence, an order much infe-
rior to that in (1.2), and for the total variation metric it would yield nothing
at all. Approximations such as (1.2) are more subtle, and are correspondingly
more difficult to establish; in particular, even the difference between «,, and
0log n is important for 6 £ 1.
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We establish two analogues of (1.2) in great generality. The first, Theo-
rem 5.2, approximates the distribution of K, = K, (C™) by the distribution
of K (4n1(Z), for a suitably chosen a = @y > 0, where we use the notation

i=v+1 i=v+1

the error can be shown to be of order O(1/logn) under very mild conditions.
The constant «, is given by exp{6~! — h,}, where

(1.11) hy=y+T'@E+1)/T(t+1)

is the #’th harmonic number 23:1 1/j if t is a positive integer; in the important
special case where 6 = 1, it follows that ay, = 1, and hence that #(K,,) =
ZL(Ky,(Z)| Ty,(Z) = n) is then asymptotically close to the unconditional
distribution of K,(Z).

The second, Theorem 5.4, goes further than (1.2), showing that

(1.12) |-/ (Kon) = vl = O(log™* n),
where
(1.13) v,{s+1} =Po(r,){s}(1+ %anf,jz{(s —7,)% — o))
and
(1.14) Tn=Y EZ;—0hy; a,=)> (VarZ; —EZ;) — 6%k,
i=1 i=1
Here, | - || denotes the total variation norm, which it is more natural to use

when signed measures, as v, may be, are involved: for probability measures

@, and @,
Q1 — Qzll = 2d7v(Q1, Q).

Under the conditions of Theorem 5.4, 7, ~ 60logn and the limit a, =
lim,_, . a, exists and is finite. It is then easy to see that the measure v,
is O(1/logn) away from the Poisson Po(7,) distribution in total variation,
whenever a., # 0, so that no better rate than that given in (1.2) can be hoped
for in general. For assemblies, multisets and selections, this second approxi-
mation holds provided that

(1.15) dpy(£(Z;), Po(8/i)) = O((log i)~2).

The proof of these results still separates the treatment of the small and the
large components. The small components are handled by proving in Section 4
that the convergence (1.9) takes place under extremely general conditions; as
a consequence, the distributions of K,(C™) and K,(Z) can be matched,
for suitable choice of 4. In Section 3, we match the conditional distribution

of K,,(C™) given (C{”,...,C™) = (c1,...,¢cy) to that of K,,(C*™) given
€™, ..., = (cq, ..., ¢), where C*™ = (C;™, ..., Ci") has distribu-
tion ESF, (6). It then remains to show that, for all (cy,..., ¢;) excluding a
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set of small probability, the conditional distribution of K,,(C*™) is close to
the same fixed distribution, which is itself asymptotically Poisson. This final
step is discussed in Section 2, and the complete approximation theorems in
Section 5; the bulk of the detailed proof is deferred to Section 6.

We assume throughout that the Conditioning Relation (1.7) and the Log-
arithmic Condition (1.8) both hold, together with some supplementary condi-
tion. The weakest that we use, which strengthens the Logarithmic Condition
slightly by implying some uniformity of decay in the tails of the distributions of
the Z,, but which imposes no extra requirement as to the rates of convergence
in (1.8), is the Uniform Logarithmic Condition.

ULC(0): There exist constants (e(), ¢ > 1) and (¢;, s> 1) such that:
(i) e(i)l0asi— oo, and D; =) sc, < o0;

s>1
(i) |iP[Z; =s]—64,40]| <e(i)c, foralli,s> 1.

For the sharper results, in which the orders of the error bounds are to be of
a specified accuracy, some extra control is needed over the way in which the
distributions of the Z;, as is implicit in the Logarithmic Condition, come close
to Be (6/i). We choose to strengthen ULC(0) by requiring in addition either

(1.16) ULC(1): e(i) = O((logi)™) and F(x):=) sc, = O((logx)™)
or

(1.17) ULC(r):  e(i) = O((logi)™?) and ) s"c, < oo,

s>1

for some r > 1. These conditions are agreeably simple, but, as is often the case
with moment conditions, could probably be slightly weakened. In the case of
assemblies, multisets and selections, they are easy to verify, as is shown in
the following proposition.

PROPOSITION 1.1.  For assemblies, multisets and selections, the Logarith-
mic Condition already implies that ULC(0) is satisfied, and ULC(r) is also
satisfied for each r > 1 if, in addition,

(1.18) liP[Z; = 1] — 6] = O((log i)7?).

PrOOF. For assemblies, where Z; ~ Po (6,), and for selections, where Z; ~
Bi(m;, p;), observe that the Logarithmic Condition implies that, for s > 2,

. i s 03 1
(1.19) iP[Z, =s] < g([EZi) < RS <i ¢,
where ¢, = 65/s! and 6, = sup;.;iEZ; < oo; Condition ULC(0) follows auto-
matically, with e(i) = max(i~!, sup;.; |JP[Z; = 1] — 6]), and ULC(r) also if
iP[Z; = 1] - 6] = O((log i)~?).
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For multisets, where Z; ~ NB (m;, p;), the argument is somewhat more
complicated. If m; > 1 and s > 2, we have

i(m;p;)°
(1.20) iP[Z;=5] < s!
ipi2mitsTl < i(4p,)* <i(4m;p;)*, ifs>m,,

§\s 1 s .
(1+E> < 3(2"%}01'), if s <m,,

and iP[Z; = s] < im; p] if m; < 1; thus, whatever the value of m;, we have
(1.21) iP[Z; = s] <i(40,/i)° + 0, pi 7",

with 6, as before. Now the Logarithmic Condition implies that

(1.22) P(Z;=2]/P[Z;=1]=4(m;+1)p; > 0

as i — oo, so that p; — 0 also. Hence, for s > 2 and ¢ > i; = max(86,, i),
where i, = max{i : p; > 1/2}, we have iP[Z, = s] < ey(i)c, with ey(i) =
max(i~!, p;) and ¢, = 50,2~ 2); hence |iP[Z; = s]—6,,0| < e(i)c, for all i > i,
and s > 1, with e(i) = sup ., max(|jP[Z; = 1] — 0], ¢;(j)). The extension to

all i > 1 is immediate, because EZ] < oo for all 7, and ULC(r) is satisfied if
iP[Z; = 1] — 6] = O((log i)~?). O

2. Conditioning the Ewens Sampling Formula. Let C*™ be distri-
buted according to the Ewens Sampling Formula, the joint distribution re-
sulting from the Conditioning Relation (1.7) when Z; = Z} ~ Po(6/i) for
each i. In this section, we show that the conditional distribution of K,,(C*™))
given T, (C*™) = [ is order O(A}) close to the Poisson distribution Po (6, —
6hy + 1), uniformly in n/2 <! <n and 0 < b < n/4, where

Abn = eil[E(Kbn(Z*)) = hn - hb;

the notation K,, and T, is defined in (1.10) and A, in (1.11). Note that
the Conditioning Relation and the independence of the Z; imply that we can
equally consider the conditional distribution of K3}, = K,,(Z*) given T}, =
T, (Z*) = [; using the notation X|[r,s] = (X,, ..., X,) and suppressing the
superscript (W), we have, for any y € 7",

P[C*[b+1,n] = y[b+ 1, n]| Tp,(C*) =]

_ P[C*[b+1,n]=y[b+ 1, n], T, (C*) =1]
- P[T,,(C) = 1]
@1) _PIZIb+1n]=ylb+1,n], T (27) =1, T (Z°) = n]
PITyp(Z%) = 1, Tou(Z*) = n]
_ P[Z*[b+1,n]=y[b+1,n], Tp,(Z*) =l]P[Tow(Z*) =n -]
- P[Tp(Z%) = UP[Ton(Z7) = n— ]
=P[Z*[b+1,n]=y[b+1,n]|Ty,(Z%) =1].
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To derive the conditional distribution of K}, given T} = [, note first
that the unconditional distribution of K, is Po(6A;,), and that, conditional
on K; =s, the distribution of Z*[b + 1, n] is multinomial:

(2.2) L(Z*[b+1,n]| Ky, =s)=MN(s; £(U)),
where
(2.3) PIU=r]=1/(rAy,), b+1<r<n.

Thus, conditional on K;, = s, T;, has the distribution of W, = 3% U,
where the (U, j > 1) are independent and identically distributed with the
distribution of U. Hence

_ PIK;, =s,T;, =1]

PW,=1
@4) PG, =T =l = ——prm ) [ ]
bn —

P[T;, =1’

— Po (6A,){s}

and further progress depends on understanding the distribution of W. For the
following approximation to the conditional probability in (2.4), whose proof is
deferred to Section 6, we need to define the measure v(p, ¢y, ¢y) with density

(2.5)  vp,cy,ca){s} =Po(p){s} (1+c1p (s — p) + 5c2p *{(s — p)* = p}),

possibly signed, satisfying v(p, ¢, c9){Z, } = 1.

LEMMA 2.1. Fixany 0 <y <land 1/2 < a; <1 < ay < 3/2, and set
b = [n"]. Then, uniformly in a;0X;, < s < ay0M;, and in n/2 <1 < n, we have
Po (0Ay,){s + 1}P[W,,, =1]

= kPO(O/\bn){S} {Al;r?(l + |S - /\bn0|) + /\I;rﬂs - /\bn0|3 + (1 - l/n)é/2} 5
where k = k(6, vy, ay, ay) and 6 = min(#, 1).

As a result of this lemma, it is an easy matter to deduce that the conditional
distribution of K7, , given T, = [, is asymptotically well approximated by the
same distribution for all [ such that n — [ is much smaller than n, since A,
grows like log n as n — oo. An obvious candidate is v(0Ay,, —0h,, 02(h% —h})).
For this choice, where both ¢; = —60h, and ¢, = 6%(h% — h),) are fixed and p =
OAp,, < logn — oo, the measure v(p, ¢y, cg) is a relatively small perturbation
of the Poisson distribution Po (p). Note that v(p, ¢;, ¢y){s} > 0 for all s in an
interval a;p < s < agp, where 0 < @7 < 1 < ay and «o; = o;(cq, ¢9), so that, by
the properties of the Poisson distribution, there are probability measures v/
such that ||/ — v(p, ¢;, ¢3)| = O(e P?), for some B = B(cy, cy). It is also the
case that, if o, b; and b, are such that

(2.6) o4+b=p4cy;  by—b2=cy—cl,

then ||v(o, by, by) — v(p, ¢y, ¢o)| < kp~2/2 for some k = k(cq, ¢y, by, by): see
Barbour and Xia [9], Theorem 3.2.
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THEOREM 2.2. With b=[n"] for 0 <y < 1 fixed, we have
|-£ (K}, = 1| T4, = 1)=(OAp,, —0hg, 0°(hG— hp))|| = O(log™> n+(1—1/n)"'?)
forall 0 <l <n.

ProOF. For 0 <!l < n/2,itis clear that ||- | < 2 is a good enough estimate.
Otherwise, let v denote /' (K7j, — 1| T}, =), so that, from Lemma 2.1,

(1A} — 100y, —0hy, 0%(hE — K} < kyi(s)
where
{(s) = Po (A, ){s} {/\33(1 + 15 = Apn b)) + A |5 = Ay 0 + (1 — l/n)é/z} ,
for all a;0);,, < s < ay0);, and n/2 <! < n. However,

2.7) 3 4(s) < kylog 2 n 4+ (1 - 1/n)"2,

s>0

and then, for any fixed o; < 1 < ay,
[U(A, e1, co)l{[ar A, agA]}
(2.8) < Y PoW){s}(L+Aeylls — Al + A 2ezl(s — 1))

s€la;A,agA]e

< (1+ les + glea]) {Po (A){[0, a1 AT} + Po (M){[azh — 2, 00)}}

exponentially small as A — oco. Then (2.7) and (2.8) with A = 6A;,, also imply
that v{[a10A,,, az0A,,]°} = O(log"*?n), and the theorem follows. O

An alternative version, which exploits the freedom of choice of p, ¢; and ¢,
in (2.6), uses an expression which is obviously close to a Poisson distribution,
in that c; is chosen to be zero. Let R;, denote the distribution of 1+ W, where
W is a random variable with distribution differing as little as possible from
U(ppn, 0, —6%h))), where

(2.9) Pon = 0(hy, — by — hy);
take
(2.10) Ry, {s+1}=P[W =5]=Po (pp,){s} (L= 5 ppr 0> Rp{(5— ppn)* — P })
for [s — ppu| < YePpn, With v, = {20%2h),}71/2, and set
Ry {[pon(L+v9)]+ 1} = 1 = Ry {[0, [ppn (1 + %)}
noting that both
Ry, {([pon(1 + 7)), 00)}  and > |Pons 0, =02 {7}(J + pon)

T>[Pen(1475)]

are of smaller order than O(p,;n3 / 2).
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COROLLARY 2.3. Ifb =[n"] for fixed 0 <y < 1, then
dpy(L (K | T = 1), Ryy) < k(log ™ n 4+ (1~ 1/n)"?)

for all 0 <l < n, for some k = k(y, 0).

3. The large components. In this section, we show that the conditional
distribution of the sizes of the large components, given the sizes of the small
components, is almost the same for all the logarithmic combinatorial struc-
tures under consideration. Using the notation X|[r,s] = (X,,..., X,), we
prove that the conditional distribution of C[b + 1, n], given that T,(C) = [,
is close to that of C*[b + 1, n] given T,(C*) = [, uniformly in n/2 <[ < n
and 0 < b < n/4, where C* is distributed according to the Ewens Sampling
Formula and all superscripts (*) are suppressed. As a result, the conditional
distribution of K,,(C) is close to that of K,,(C*), so that the approximations
in Theorem 2.2 can be carried over to quite general logarithmic combinatorial
structures.

As a first step, we show that the unconditional distributions of Z[b + 1, n]
and Z*[b+1, n] are close. We assume throughout that Condition ULC(0) holds,
and note that then

3.1) |P[Z;=0]—(1~6/i)| < Dyi 'e(i); |P[Z;=1]-6/i] < Dyi 'e(i)

and
(3.2) P[Z; > 2] < D;i te(i):
we define
(3.3) E (b,n)=b"l+e®)+ Y ite(i)+ntlogn.
i=b+1
LEMMA 3.1. If ULC(0) holds, then
(3.4) dry(L(Z[b+1,n]), £(Z*[b+1,n])) = O(EL(b, n)),

uniformly in b and n.

ProoF. Take any y € {0, 1}". Then

PIZ[b+1,n]=y[b+1,n]] 2 P[Z,=0]"%P[Z, = 1]

P[Z*[b+1,n]=y[b+1,n]] L.:lll e=0i(0/1)i

= 1 (1= Dyi~te(i)— OG~?)(1— Dy6~"e(i)"
i=b+1

n

12D, Y i te(i)=D,0t Y ei)y;— O ).

i=b+1 i=b+1
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Hence, for any A c 7Y, it follows that
P[Z[b+1,n] € A] > P[Z[b+1,n] € AN {0, 1}"?]
> P[Z*[b+1,n] € Al — P[Z*[b+1,n] € A\ {0, 1}"?]

DY e())P[Z = 1]~ O(E, (b, n)
i=b+1

=P[Z*[b+1,n] € A] - O(E (b, n)),

since P[U}_;.1{Z} = 2}] = O(b™!) and P[Z} = 1] < i~'6. The lemma is now
immediate. O

The next step is to compare the densities of 7%,,(Z) and T,(Z*). The ran-
dom variables T',(Z*) have been well studied. As observed in [7],

(3.5) IPITy (Z¥)=1] = 0P[T},(Z%) < —b],

and, as proved by Vervaat [33], n 1T, (Z*) 2 x ¢, where X, has an every-
where positive density f, on (0, co) which satisfies the equation

(3.6) xfg(x) = O0P[x —1 < Xy<x], x>0

in particular,

(3.7 lirlgiggf P[Ty,(Z%) < n/4] > ’}1_)11010 P[To,(Z*) < n/4] =P[X, < 1/4] > 0.

In the next lemma, we show that the density of 7',(Z) has much the same
properties.

LEMMA 3.2. If ULC(0) holds, then
(1): IP[Ty,(Z) = 1] < 6+ O(EL (1, n)
for all | and b. Furthermore,

P[T(Z) =]
@ BT, (Z) = 1]

uniformly in n/2 <l <nand 0 <b < n/4.

=1+ O(E;(b, n)),

Proor. Start with any /, b > 0. Writing T',, for T, (Z) and setting T;jrz =
Ty, —1Z;, we have

IP[Tyy, = 1] HE(nTbn]-{l}(Tbn))
38 Y Y isP[Z; = s|E{1y (T + is)}.

i=b+1s>1

Now, since conditioning gives

(3.9) P[Ty, =1 —m]=Y P[Z; = s]P[T) =1 — m — is],

s>0
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it follows that
P[Ty, =1 —m] = (1= 0/))P[Ty) = L —m] = (0/))P[T}) =1 —m —i]
- g Die(i)
T 0
= 0(i te(d)),
and hence that
IPITY) =1 —m]—P[Ty, =1l—m] =0@G™"Y), b+l<i<n

[PITS) =1 — m]+ PIT}) = 1—m — i1} + O(ie(@))

and
PITY =1—i]=P[Ty, =1 —i]— i 0{P[Ty, = [ — 2i] — P[Ty, = — i]}
+03i~2 +i1e(d)).

Using these last two estimates to simplify the right hand side of (3.8), we
obtain

IP[Ty, =1]= Y iP[Z, =1]
i=b+1

X{P[Tbn —1—i]— i Y0{P[T,, = — 2i] — P[T}, = [ — i}
+O>i 2+ i—le(i))}

+ Z S isP[Z; = s|{P[Ty, =1 —is]+ O@G ")}

i=b+1s>2

= OP[T,, <1 —b]+ O(EL(b,n))+ O {Z s max iP[Z; = s]}
§>2 1>0+

= 0P[Ty, <1 —0b]+ O(E(b, n)),
in view of ULC(0), where we have used the fact that > .., P[T,, = r] = 1.

Part (1) now follows, since E; (b, n) < E;(1, n) for all b.

Now take n/2 <l <n and 0 < b < n/4. Then it follows that
P[Ty.(Z) =1] _ P[Ty,(Z) <l 0]+ O(EL(b,n))
P[Ty,(Z¥)=1] P[Ty.(Z*) <1 -]

=1+ O(EL(b, n)),

from Lemma 3.1, (3.5) and (3.7). This proves Part (2). O

As a consequence of Lemma 3.2, we can also derive the following estimate,
which is used in Section 5.

COROLLARY 3.3. Uniformlyin 0 <b<n/4,forany 0 < B <1,
E(T6(C) I[Tos(C) < n/2]) = O(BP[1 + E (b, n))).



342 R. ARRATIA, A. D. BARBOUR AND S. TAVARE

PROOF. Direct calculation gives
E(T§,(C) I[T(C) < n/2])

_RBVPPIT(Z) = IP[ T4, (Z) = n — ¢]
=2 P(Ton(Z) = ]

t=0

_ REPP[T(Z) = tIP[ Ty, (Z*) = n — t]
=2 P[Ton(Z") = n]

{1+ O(EL(b,n))}

t=0
[n/2] tBI]:D[T b(Z) _ t]
= tgo P[TS,,OS o1 L+ OELG )

where Lemma 3.2(2) and (3.5) give the last two lines. But

[n/2]

> FP[To(2) = 1] < E{T4(2)] = {ET0s(2)}°
t=0

B
= (Zb: 1Y sP[Z; = s]) < bP(6+e(1)(1+ D,))",

i=1 s>1
by ULC(0), which, with (3.7), proves the corollary. O

Combining these two preliminary results, we can now prove the closeness
of the conditional distributions of the sizes of the large components in an arbi-
trary combinatorial structure satisfying ULC(0) and in the Ewens Sampling
Formula.

THEOREM 3.4. For any combinatorial structure satisfying ULC(0),
dry(Z(Clb+1,n]| Ty, (C) =1), Z(C*[b+1, n]| Tp,(C*) = 1)) = O(EL(b, n)),
uniformly in n/2 <l <nand 0 <b < n/4.

PROOF. We start much as in the proof of Lemma 3.1. For any y € {0, 1}"
such that >}, , iy; = [, we have

P[C[b+1,n] = y[b+1,n]| Ty,(C) =]
P[C*[b+1,n] = y[b+ 1, n]| Tp,(C*) = []
_ P[Z[b+1,n] = y[b+1,n]] P[Ty,(Z*)=1]
T P[Z[b+1,n]=y[b+1,n]] P[Ty,(Z)=1]

(3.10)

l
>1-(D1/0) ) e(i)y; — O(EL(b, n))

i=b+1

[1/2] l
(3.11)  =1-(Dy/0)y X e(i)y;+e([l/2]) . yip— O(EL(b,n)).

i=b+1 i=[1/2]+1
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We thus find that, for any A c 7779,
P[C[b+1,n] € A| Ty, (C) = 1]
> P[C*[b+1,n] € A| Ty, (C*) =[]

(3.12) -P [ Lnj {C* > 2| T, (C*) = z]
i=b+1
[1/2]
—(D1/0) Y. e(i)P[C} =1]| Ty, (C*) =1] - O(EL(b, n)),
i=b+1

since, if T,(C*) = [, then Zfz[l s2141 C7 =< 1. Hence there are two remaining
elements to be bounded in (3.12).
First, using the Conditioning Relation, (3.5) and (3.9), we observe that, for
1<1/2,
P[Z; = 1P[T},)(Z7) = 1 — ]
P[T;, =]
. 0/i * —i =

- e*”ﬂi? e’'P[T;, <1 —1i—D0] [ A O(i’l),

- i P[T;, <1 —-10] I—1i
where T}, denotes T, (Z*), so that

[Z/2]
(3.13)  (D1/6) Y. e(i)P[C} = 1| Ty, (C7) =] = O(E (b, n)).
i=b+1

PIC; = 1Ty, (CY) = 1] =

Then, by similar estimates,

0O\ P[To(Z*) =1~ i
(3.14) ' bn =

A2y M)

If i < 1/2r, we bound (3.14) by %;if[ﬂr <i <1l/r,webound by &% < (/) ),

rir /r)—i
and if i = [/r, we bound by % m. Adding over the range i > b+ 1,

this gives
P[ U {C; =r} Tp.(C*) = l}
i=b+1

20" (2e0)"
— r!br—l + r3/21r—1 log(l/r) +

(ed)"
FI2Ir1P[T, (Z*) < n/4]’

and hence, adding over r > 2, it follows that

n

(3.15) P [ U {C: =2} Ty, (CT) = l] =0(b! +ntlogn)= O(EL(b, n)),

i=b+1
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uniformly in n/2 <l < n and 0 < b < n/4. Putting (3.13) and (3.15) into (3.12)
gives the theorem. O

4. The small components. The purpose of this section is to prove the ap-
proximation (1.9) of the joint distribution of the sizes of the small components

(C(ln), e an)) by that of the independent random variables (Z, ..., Z), in
the generality required in this paper. In order to achieve this, we first need
two technical estimates. Define

4.1 by =by(Z) =max{i: P[Z;, =0] < 1/2},
finite because of the Logarithmic Condition, and recall that

(4.2) F(x)= ) scg,

§>x

where the ¢, are as for ULC(0).

LEMMA 4.1. If ULC(0) holds, then
mP[To(Z) =m] = O(n"1b + F(n/4b)),

uniformly in by < b < m/2 and m > n/2. In particular, mP[T,(Z) = m] =
o(1) if b = o(m), and is of order O(b/m) under ULC(2).

PROOF. As for equation (3.8),

mP[Ty, = m] = i S isP[Z; = s|P[TY) = m — is]

(4.3) i;l s>1 ' s ‘
<Y Y e(i)se,P[TS) = m —is]+ 6 Y. P[TS) = m — ],
i=1s>1 i=1

where T, = T,(Z) and Tgb) =T — i Z;. Now, from Markov’s inequality, for
any t > 0,

(4.4) PITS) > £] < P[Toy > t] < t 'ETy, = O(b/1),

uniformly in b and ¢, by the Logarithmic Condition and from the defini-
tion (1.10) of Ty,. Hence, for 1 < i < by in (4.3), we have

by . .
3 (Z e(i)sc,P[TS) = m — is] + OP[TY) = m — i])

i=1 \s>1

(4.5) by [m/2b,]
<> {e(l) > seg+ 0} [Tgb) >m/2]+e(l)by > sc,
i=1 s=1 s>m/2by
< by {(0+ e(1)Dy)4n"'ET, + e(1)F(n/4by)}

= O(n"'b + F(n/4by)),



COMPONENTS IN A LOGARITHMIC COMBINATORIAL STRUCTURE 345

uniformly in m > n/2. For i > b, in (4.3), we use the elementary inequality
PITY) = m — is] < 2P[To, = m — is] to give

b .
(4.6) 0 > PITY =m—i] <20P[Ty, > m/2] = O(b/n),

i=by+1

again by Markov’s inequality, uniformly in & < m/2 and m > n/2. Finally,
since ;.o P[To, = m —is] < 1 for any s, it follows that

b ,
Y X e(i)se,P[Tg) = m — is]

i=by+15>1
b [m/2b]
< 2e(1) : oY seP[Toy=m—is]+ > scS]
(47) i=by+1 s=1 s>m/2b

sze<1)!D1P[T0bzm/2l+ Y }

s>m/2b
— O(n~'b + F(n/4b)),

uniformly in b, < b < m/2 and m > n/2. Putting (4.5) — (4.7) into (4.3), the
lemma follows. O

LEMMA 4.2. If ULC(0) holds, then liminf, . nP[T,(Z) = n] > 0.

Proor. Pick & = b(n) < n/4 in such a way that b = o(n) and that b
still grows fast enough to ensure that E;(b,n) — 0 as n — oo. This can be
achieved, for instance, by taking

b(ny = | [2°) if e([/n]) < 4/log”n,
n) = min ([n exp{—{e([v/n])}V/?}],[n/4]), otherwise,

and any larger sequences b(n) still satisfying b(n) = o(n) are also suitable.
Then we have

nP[To,(Z) = n] = Y. nP[Toy(Z) = sIP[T},(Z) = n — 5]
s>0
(/2]
n' Y P[To(Z) = sIP[Tpn(Z°) = n - s)(1 - O(E (b, n)))
s=0
[n/2]
1n Y PITo(Z) = sIP[Tp(Z7) = n — 5]

s=0

v

v

for all n large enough, by Lemma 3.2 (2). But now, from (3.5), for s < n/2,
nP[Ty,(Z*) =n—s] = 0P[Ty,(Z%) <n—s—0b] > 0P[T,(Z") < n/4]

is bounded away from 0, and P[T,(Z) < n/2] = 1 — O(n~'b) from (4.4),
completing the proof of the lemma. O
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THEOREM 4.3. If ULC(0) holds, then
Ay =dpv(Z£(C[1,8]), £(Z][1,b])) = O(Es(b, n)),
uniformly in 0 < b < n/4, where
(4.8) Eg(b,n) = E (b,n)+n"tb+ F(n/4b);

E;(b,n)isasdefined in (3.3) and F(x)asin (4.2).If b < n” for some 0 <y < 1
and ULC(2) holds, we have

dryv(Z(C[1,0]), #(Z[1,0])) = O(1/log n).

REMARK. Under ULC(0),if b = b(n) = o(n) is such that E; (b, n) — 0, then
Eg(b,n) — 0 also. Hence drv(£(C[1, b]), £(Z[1, b])) - 0 as n — oo when-
ever b = o(n) if ULC(0) holds, since d;y(-£(C[1, b)), -£(Z[1, b])) increases
with b. This is a very weak condition for such convergence. For smaller values
of b, the element E; (b, n) in the estimate of A is not accurate, but sharper
rates under such circumstances are not needed in this paper; we are free to
choose any (large) b that suits us, and we only require an approximation of
order O(1/logn). With rather more work, sharper approximations of order
O(n~1b + F(n/4b)) can in fact be established in considerable generality [4].

PROOF. As in [4], from the conditioning relation, we have

281 = 30 |P[Top(C™) = r] = P[Top(Z) = 7]

r>0
i P[Ty, =n—r]
=P[Ty, >n]+ > p, |1 - —n—— "2
o> nl+ 2 B[ T, =]
(4.9) <P[To>n/21+7," Y Dpegn,
r=[n/2]+1
[n/2]
(4.10) +7 Y 2 | Po(@nes — Tns)| s
r=0 $>0

where we use the shorthand p, = P[Ty = ¢t], ¢, = P[T, = t] and r,, =
P[Ty, = n], the argument Z being suppressed where possible. Hence it follows
that

n
28 <P[Top > n/21+ 1,0 3 P,

r=[n/2]+1
[n/2] [n/2]
(411) ‘I'r;l Z Pr Z ps|ans - Qn7r|
r=0 s=0

n
+ Z Psqn—s + Qn—rP[TOb > n/2] .
s=[n/2]+1
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Most of the elements in (4.11) can be easily bounded. First, from Lemma 4.2,
we have r, > cn~! for some ¢ > 0, and then

[n/2]

(4.12) S prgu P[To, > n/2] < P[Ty, > n/2] = O(b/n),
r=0

from (4.4). Furthermore, from Lemmas 4.1 and 4.2,

(4.13) Y pega, <t max p, = O(n~'b + F(n/4b)).
r=[n/2]+1 r=n

Combining these estimates, we thus find that

[n/2][n/2]
(4.14) 2A1 = ”;1 Z Z prps|qnfs - qnfrl + O(ES(b> n))
r=0 s=0

However, from Lemma 3.2,
|(qn7s - anr) - (P[Tzn =n-—- S] - P[T;;n =n-—- 7‘])|

(4.15)
=0 (max P[T;, =t] EL(b, n)> = O0(n1EL(b,n)),

t>n/2
since
P[T;, =t =0t'P[T;, <t—b] <t '0
for all ¢ > 1, by (3.5); and, again by (3.5), for 0 < s,r < n/2,
IP[T3, =n—s]—P[Ty, =n—r]|
P[T;, <n—s—-b] P[T}, <n—r—Db]

=6
(4.16) n—s n—r
20 40 460|r — s|
< —ls=rl—+—5—
n n n

<40n72(r 4 s)(1+ 20),

where, for the first inequality, we use (3.5) to give the bound P[T}, =[] <
46n~! for | > n/4. Substituting (4.15) and (4.16) into (4.14) yields

A, = O(EL(b,n) +n"1b+ Eg(b, n)) = O(Eg(b, n)),

as required. Under ULC(2), with b < n?, all that is needed is to check that
Eg(b,n) = O(1/log n); note here that, under ULC(2), F(x) = O(1/x). O
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5. Theorems. We now prove the main results of the paper. The first ap-
proximation to the distribution of K, = K,(C™) is derived by combining
Corollary 2.3 and Theorems 3.4 and 4.3. The result is somewhat unwieldy, but
has neater consequences. Let @, denote the convolution of .~/ (K, (Z)) and
R;,,, the latter defined as for Corollary 2.3.

LEMMA 5.1.  For any combinatorial structure satisfying ULC(0), if b = [n”]
for some fixed 0 < y < 1, then
dpy(<(Ko,(C™)), Q) = O(N,,* + Es([n"], n)),
where Ay, = h, — hy, as before.

PrOOF. Writing p,(X) = P[Ky(X) = &, Ty,(X) = t], and suppressing
the superscript (™), direct calculation shows that

AZ = 2dTV(=/(KOn(C))’ an)
= ¥ X Y |PIK(C) = b, Top(€) = t, Ky, (C) = 5]

k>0t>0s>1

—P[Ko(Z2) =k, Top(Z) = t] Ry, {s}

=22 pr(C) X IPKp,(C) = s| Kop(C) = k, Top(C) = £] — Ry {s}|

k>0t>0 s>1
+ 2 2 pr(C) = pr(2)].
k>0t>0

Now the latter sum is just 2dpy (£ (Ko (C), Top(C)), £ (Kow(Z), Top(2))),
which is bounded by O(Eg(b, n)) from Theorem 4.3. Furthermore, by the Con-
ditioning Relation, as for (2.1),

P[Kp,(C) =s| Kgp(C) =k, Ty (C) = t] = P[K},(Z) = 5| Ty, (Z) = n — 1]
Hence we have reached the estimate

Ay = 3> pu(C)

k>01t>0
x {2dpy (L (Kpp(Z) | Tpn(Z) = n — t), £ (Kp(Z7) | Tpn(Z7) = n — t))

+2d 7y (L (Kpo(Z*) | Tpn(Z*) = n — t), Ry,) }

+O(E5(b, n)).
For 0_5 t < n/2, the second of these differences is uniformly of order O(/\gj 2y
(t/n)%2), by Corollary 2.3; hence, from Corollary 3.3, its contribution is of order
O()\;g/2 +(b/n)?) = O(/\;,?/Q). In the same range of ¢, the first of the distances

n

is bounded by O(E; (b, n)), from Theorem 3.4. Then, finally,
> 2 Pu(C)=P[Tp(C) > n/2]

k>0t>n/2
<n ETw(Z)+ O(E4(b,n)) = O(n"'b + E4(b, n)),
by Theorem 4.3 and (4.4). This completes the proof of the lemma. O
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THEOREM 5.2. For any combinatorial structure satisfying ULC(0), we have
(5.1)  dpy(L(Kou(C™)), £(Kopan)(2))) = Olog ™ n + Eg([n"], n)),

for any fixed 0 < y < 1, where a = ay = exp{6~! — h,} and Eg4(b,n) is as
defined in (4.8).

PrOOF. By Lemma 3.1, and because

[an]
i~Le(i)
for b < nmin{«, 1/4}, it follows that
(5.2) drv (L (K [an)(Z)), Po (0(hian) — 1p))) = O(EL(D, n)).
But, from the definition of «, we have
O(h[an] —hy) = a(h[an] - hn) + O(hn - hb)
= 0(log a + O(n™1)) + 60Xy, = pp, + 1+ O(n71),
uniformly in b, where p;, is as in (2.9), and thus

(5.3)  dpy(Po(8(hian) — hp)), Po(pp, +1)) = O(n™1) = O(E (b, n)).

Finally, an application of Stein’s method for the Poisson distribution shows
that dy (Po (py, +1). 1+P0(py,)) < 3.} and dy (1+P0 (pyn). Rer) = O(py)
follows directly from the definition of R;, preceding Corollary 2.3.

Combining (5.2) and (5.3) with Lemma 5.1, the estimate (5.1) is estab-
lished. O

= O(e(nmin{e, 1})) = O(E (b, n))

COROLLARY 5.3.  If condition ULC(1) holds, then
dpy (L (Kon(C™)), £ (Ko (an)(Z))) = O(1/log n).

PrOOF. Simply note that Eg([n?], n) = O(1/log n) under ULC(1), because
e(i) = O((logi)™2). O

We finish by showing when a Poisson perturbation approximation is ap-
propriate. Here we make use of a version of Stein’s method given in Barbour
and Xia [9] for some simple signed compound Poisson measures and other re-
lated distributions, including the measures v/(p, c;, ¢y) introduced in Section 2.
Approximation by signed Poisson and compound Poisson measures has been
extensively studied in the classical settings, for instance in Kruopis [24] and
Cekanavicius [12], who have shown that very accurate approximations can be
obtained. Define p;,, = 6(h,, — hy — hy) = 0y, — Oh, as before in (2.9), and set

b b
wi=Y EZ; U%:ZVarZi;
=1 =1

n n
Mo = Z [EZL — Hhe, 0'22 = Z Var Zi — Bhg — 02h/0
i=b+1 i=b+1
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Note that, under ULC(2),
(5.4)  |py, — il = O(log™"b) and |py, — 6°h) — o3| = O(log ™' b).
Let

n
Tp =My +ug =) EZ; — Ohy;
i=1

(5.5) a, =0} + 05— (uy+ps) =Y (Var Z; — EZ;) — 6%h),
i=1

Let v,, be any probability distribution which satisfies
(56) Vn{s + 1} = Po (Tn){s} (1 + %an7;2{(8 - 1-n)2 - Tn})
for , max{1/2, (1 - |a,| V2)} < 5 < 7, min{3/2, (1 + |a,| )},

THEOREM 5.4. For any combinatorial structure satisfying ULC(3),
dry(# (Ko (C™)), v,) = O(log ™% n),
for v, defined through (5.5) and (5.6).

PrROOF. Take b = n'/2, and use Lemma 5.1. Then we just need to show
that ||.£(S) — v,| = O(og™'?n), where S = S; + S, and S; and S, are
independent, with .2 (S;) = £ (Ky(Z)) and Sy ~ Ry,,.

Now, from the definition (2.10) of R;,,,

12 (83 — 1) = ppn» 0, —6%h))|| = O(log > n),
since pg, = log n. Then, from Barbour and Xia [9], Theorem 3.2,

”V(pb”’ 0, _ozhlo) - ﬂuz,vgn = O(log_3/2 n),

where uy = py, + 6%hy, v, = —62h), and 7, , is the (possibly signed) compound
Poisson measure on Z, with generating function
(5.7) f,0(2) =Y 2w, {r} = exp{u(z — 1) + Lv(z* — 1)}.

r>0

On the other hand, from Barbour and Xia ([9], Corollary 4.4 and Proposition
4.6),

|-£(81) = 4y 0, | = O(log™* n),

where u; = 2u;, — 02 < logn and v; = 02 — u; = O(1); the condition ULC(3) is
needed here as a prerequisite for applying these results. Since w, , *m,, , =
Ty, +uy,v 40, iU thus follows that

(5.8) 1/ (S1 + 85 = 1) = T4y sy vy 0, | = Olog ™2 ).
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But now
Uy + Uy = 2u1 — 07 + Py + 6° R
— 2(u1 + 2) — (07 + 03) + O(log ™ n) = 7,, — @, + O(log " n)
and
vy + vy = 0 — py — 07l
= (0f + 03) = (u1 + pg) + Olog™" n) = a,, + O(log ™" ),
because of (5.4). Applying Barbour and Xia [9], Corollary 2.4, we thus have
Iy suporson = Tr,a.a, | = OClog > ),
and, again from Barbour and Xia ([9], Theorem 3.2),
%1, -ar.0, — U7 0.a,)] = O(log > n).
Hence, from (5.8),
1-£(S1+ 85 = 1) = A7y, 0, a,)|| = Olog ™% n),

and the theorem follows. O

COROLLARY 5.5. For any combinatorial structure satisfying ULC(3),

an —
dpy (£ (Ko, (C™)), 1+ Po(r,)) = |—/277|e + O(log™ n),

for =, and a,, defined in (5.5).

PROOF. The calculation based on the explicit expression for the density
of v, is standard. O

REMARK. Theorem 3.4 of Barbour and Xia [9] can be used to prove more
accurate approximations by shifted Poisson distributions. In particular, if a,,
is an integer, then

dpy (j(KOn(C(”))), 1-a,+Po (Z Var Z; — 6h, — 92%)) = 0(log™®/*n).
i=1

Many other variations of the results above can be achieved, under slightly
different conditions, by using similar methods. To take one example, if ULC(2)
is satisfied, then

dTV<./(KOn(C(”))), Po (Z EZ,+1— 6h9>> = O(log ' n).
i=1

As observed in the introduction, ULC(r) holds for all assemblies, multisets
and selections for which |iP[Z; = 1] — 0] = O((logi)~2), for any value of
r > 1. For these combinatorial classes, Hwang [20] needs the assumption that
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liP[Z;, = 1] — 0] = O(i~P) for some B > 0, which, in the context of approxi-
mations with errors of logarithmic magnitude, is substantially stronger. It is
not clear what assumptions about the distributions of the Z; are required in
general for his methods to be applicable, in the sense that the appropriate
bivariate generating function belongs to his class ¢.#.

6. Proof of Lemma 2.1. In order to prove Lemma 2.1, we begin with
Fourier inversion and integration by parts, to obtain
nPo (0A;,){s + 1}P[W ., =1]
1 o n s+1
(6.1) = PO(O/\bn){s + 1}5/ e—itl/n {/\Z:nl Z r—leitr/n} dt
—nm r=b+1

0 nir . n . §
= Po (0s,){s}5 _We“f’/”{Ab; > rle”’/"} Vi(2)d,

r=b+1
where
eit/n(eitb/n _ eit)
Vi, ()= —————2;
bn( ) n(l _elt/n) >
note that
T 3
6.2 V.. (t — min(1, 2¢| 7t _
in |¢| < n, since
(6.3) (2/m*)x® <1—cosx = 3|1 —e™|? < 142
in 0 < x < 7. Similarly,
nP[Ty,(Z7) =]
0 nw . n .
(6.4) — I’L_ e—Ltl/n exp{—0 Z 7‘_1(1 _ eltr/n) Vbn(t) dt.
2wl —nm r=b+1

We now approximate the integrals in (6.2) and (6.4) in a succession of lem-
mas. The argument is essentially straightforward, and rather tedious. We take
b = [n?] for some fixed v, 0 < y < 1, and use the notation O(E;(n)) to denote
any quantity of order n=# for some fixed 8§ > 0; this is very much smaller
than the order )\;3 2 log =% n to which we are working. Constants denoted
by % with suffices depend only on the quantities 0, y, «; and ay; a; and a, are
fixed, and satisfy 1/2 < a; <1 < ay < 3/2.

LEMMA 6.1. For |t| < n, we have

n .
Z r—leztr/n
r=b+1

< (37/2) + e~ +log" (n/b]t)).
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PROOF. Without loss of generality, take ¢ > 0. Representing the sum as a
complex integral, and choosing a ray as contour, we have
|
n

it b n—b
3 Airm| | [C U (u"°-1)
| <| [
r=b+1 | 0 u-—

du

1 ,,b|1 _ Aon—=b,i(n=b)t/n
- / yl1—y""e L ay
~—Jo |1 — yeit/n|

[ O

0 (1 - )2+ 2y(1 - cos[t/n])

For n < |t| < nm,
{(1- y)2 +2y(1— cos[t/n])}l/2 >{(1- y)2 +2y(1 — cos 1)}1/2 > sinl1,

and thus the integral is at most 2/sin1 < 37 /2. For |¢| < n, the integral is
bounded piecemeal, since

1 e 1 — cos[(n — b)t/n] 1/2 1 _
b+(n—-b-1)/2 d (n+b-1)/2 —b)Y/2d .
/0 y { T cos[t/n] ys/O y m(n —b)/2dy < m;

and then, from (6.3), since 1 < b < n, we have

1 b __ .n
/ y — Y dy < L —1 < m/2;
1-t/n /2y(1 — cos[t/n]) n /2(1 - cos[¢/n])
and finally
1-t/n yb _ yn) n
d = r_l 1-t/n r
'/0 ( 1-y Y r;—l ( / )

" —-1_—tx/n
< | x e dx
<,
¢
= / zle™*dz < e7! +1og*(n/bt). a
tb/n
COROLLARY 6.2. If a;0);, < s < ag0A,, and Ay, > 6((37+1)/2+e7 1), then

Igy:= = O(E y(n)).

n s
/ e—Ltl/n /\l:nl Z r—leztr/n} Vbn(t) dt
(n/b)'2<|t|<nm r=b+1

PROOF. From Lemma 6.1, if A,, > 6((37 4+ 1)/2+ e~ 1), then it follows that
)Ll:r} Z r—leitr/n < (2/3)0110)\,,”
r=b+1

in (n/b)Y2 < |t| < n7 and in the given range of s, because then

log"(n/blt]) < 5log(n/b) < 5(As, + 1),



354 R. ARRATIA, A. D. BARBOUR AND S. TAVARE

and hence the quantity within the moduli is at most 2/3. Using the bound
on V,,(t) given in (6.2), the corollary follows. O

Now, for any 0 < £ < 1, define the complex valued function
t /1 —eW It /1 — It si
.= [ (F55) dv= [ (FE) dy - isign [ 222 ay,
et y elt| y 11—
for t € R, noting also that G.(—¢) = G.(t) and that #eG.(t) > 0 for all .

The following property of G, that we use in what follows can be derived from
known properties of the sine and cosine integrals ([1], pp 231-33):

(6.5) G, = sup sup|G,(t) — min{log(|¢| + 1), log(e 1)}| < oc.

O<e<1l ¢

LEMMA 6.3. With G, defined as above,

n
Aw 2o rleM — (1= 2y, Gb/n(t))
r=b+1

< n U E(1+ 243)).

PrROOF. It is enough to take ¢ > 0, since the result for ¢ < 0 then follows

by conjugation. First, it is immediate that
n

Z 7‘71(1 _ eitr/n)

r=b+1
tn+l)/n /1 — W n (r+1)t/n 1— e 1 — eitr/n
o (57 = 2 L0, (57 Cair )] o
tb+1)/n y v o Jrt/m) y (rt/n)
Hence, by routine calculation, it follows that

n
Apw 2o e — (1= Xy Gy (1))
r=b+1

n

X A=) = Gy()

r=b+1

(b+1)ltl/n (n+1)[t|/n .
st eniay [T - enia]
blt|/n

_ -1
- /\bn

RS / T Gty = 33+ v = (e ) dy
r=b+1 (rt/n
2t
- n)\bn
b /n itr/n itr/n i
+Apn Z / ) {ly = (rt/n)| |1 = /" | + (rt/n)|e""/" — e}
r=b+1 (r¢/n

x(rt/n)"2dy
2t 1 i t
+ Abn
r=b+1

IA

nAp, 2nr’
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where we have twice used the inequality |e* — e'’| < |u — v| for real u and v,
proving the lemma. O

COROLLARY 6.4. For s € Z, such that a0y, <s < agOiy,,

r=b+1

| /n/b n § |
| —itl/n -1 “itrn \ (1 _ x-1 s |
I, := i/_ n/be {()\bn Yorle ) (1= 23, Gp/n(8)) 1 Vipa(2) dti
= O(Ey(n)).
ProOF. Take

n
a = (1 - )\;;,}Gb/n(t)) , a+e= )\gnl Z pleitr/n,
r=b+1

and observe that |a + & < A;1 7, 417~ = 1; using the inequality
(@ + £)° - a®| < sle|max{lal’, |a + &} < s[s|(1+]s])* < s|s]e"

for any s € Z_, it follows from Lemma 6.3, in view of the range of ¢, and
from (6.2) that

A/ n/b
Toa = koas [ otV min(L, e ) de = O((nb) " log(n/5),

which is enough. O

LEMMA 6.5. If A > 1, G € C and s € Z, satisfy \"Y|G| < 9/16 and
(1/2)6A < s < (3/2)0A, then

Dg(s) :="%(1 = A1G)* — {1 — A71G(s — A0) + LA2G2((s — 10)® — 10)}|
< kes(|Gl+ 1S {A2(1+|s — A0]) + A73|s — A9[3} £PO0IC1/64,
PrOOF. By Taylor’s expansion, writing w = s — A6, we have
Dg(s) = |exp{0G + (10 + w)log(1 — A'G)}
-1+ A7 'Gw — 3A°G*(w® — A0)|
= lexp{—A"'Gw — $A"2G*(A0 + w) + 1}
—1+ A7 'Gw — A 2G*(w® — A9)

2

where |n;| < k;A72|G|?, because of the restrictions on w and |G|. Then we
have

lexp{—A"'Gw} — {1 - A" 'Gw + 1A 2G*w?}|
lw?|G?
= 6A3

3 3
exp{A 1[G Jw]} < 1G]

WQXP{9|G|/2},
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and
lexp{—2A2G*(A0 + w)} — {1 — IA2G* (A0 + w)}|
< koA 2|G|* exp{276|G|/64},

again by Taylor’s expansion and because of the restrictions on w and |G|. The
lemma follows upon multiplying and collecting terms. O

COROLLARY 6.6. For (1/2)0A;, < s < (3/2)0Ay, and Ay, > 16(G, + 1), we
have

A/n/b . 3 s
Ige:= Kme L = Nga Gy (8))° = W (3, )}V (2) dt

= k66{/\l:nz(l + |.S‘ - Abn0|) + )\[;:)LS‘ - Abn0|3}’
where

Wo(s,8) = 1= X5 Go(t)(5 = Ap0)
(6.6)
+%/\1:3Ga(t)2{(3 — )\bne)z — )\bne}e_eGg(t)'

PrROOF. We use Lemma 6.5 to bound the difference within the braces. In
the given range of ¢, (6.5) shows that

6.7 e 'O <"1+t [Gyu(t)] < G, +log(|t] + 1),

and (6.2) is used to bound |V, (¢)|. Combining these observations, we find a
bound for Ig¢ of

A/ n/b
B[ (1) (1 log(t + 1))
XA (L + 18 = Xpn0]) + A8 — Ao 01} (2 + 1?04 + 1)~ dt,

which is of the required order; note that A, > 16(G, + 1) is enough to ensure
that A} |Gy, (¢)] < 9/16 [¢] < (n/b)V2. O

LEMMA 6.7.  For a;0)Ay, < s < ay0\,, we have

NI
Igs = ! [ J% Wy (5, Vi (8) = G} ] = OBy ()

ProOOF. Elementary Taylor estimates using (6.2) show that, for |¢| < nm,

|eitb/n _ eitl ) y
. . t
[Vin(2) = iGy, (1) = Al L= | lin(1 —e"/™) — te'/"|

2 . $2
le~it/m _ (1 — it/n)| < 22

<— —— < w/(2n).
= 0t| 1 = eit/n| 2 gnz = /(20
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Hence, recalling (6.6) and (6.7), it follows that

A/ n/b
Igz <k /O (t +1)"{1 +1og?(t + 1)}n~' dt

= O(n"(n/b)'="*10g*(n /b)),
which is enough. Note also that, ¢t and b < n,
(6.8) |G§,/n(t)| = |t (/" —e')| < min{1, 2|¢|71} < 3/(|t]+1). O

LEMMA 6.8. For a;0Ay, < s < ay0),, and n/2 <1 < n, we have
/n/b . . _
Tosi= | [ e = e MW (s G, (0)de) < kos(1=1/m)"™,
—a/n/b

where 6 = min(1, 0) as before.

PrROOF. In the given range of s and for |¢| < \/n_/b, from (6.6), (6.7) and
(6.8), we have

(We/n(s, )Gy ()] < ky(L+ )77 {1 +1og?(|¢| + 1)}
furthermore, for n/2 <1 < n, we have
le™i — e~/ < min(2, t(1 —1/n)).

Now integrate |e* — e "//"||W, (s, t)G},,(t)| with respect to ¢. If 6 > 1, this
gives an upper bound for 4 g of

kz/O (L+ )" el(1 = I/n){1 + log?(|t] + 1)} dt = O(1 — I/n);
if 6 <1and (1-1/n)"! < (n/b)'/?, split the integral into two parts to give
n/(n=0) —0-1 2
Ieg < k3 /0 [¢/(1=1/n)(1+ [¢))~" {1 +log”([t[ + 1)} dt
A/ n/b
+//( (L1771 + log?(e] + 1)} dt

< ky(1=1/n)"{1 +10g*(n/(n — )} < k5(1 = 1/n)"*;

the remaining case is simpler. O
LEMMA 6.9. For a;0)y, < s < ay0),,, we have

N
Ieg = |[ wf_/be-”{wms, )G (6) = Wols, G(8)} 2| = O(Ey(n).
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PRrROOF. Since

th/n (1 — oWy
Golt) - Gy = [ (255 v

we find that |Gy(¢) — Gy, (¢)| < |¢|b/n and that |Gy(¢) — Gy, (¢)| < b/n, and
the remaining argument is straightforward, in view of (6.6), (6.7) and (6.8). O

LEMMA 6.10. For a,0);, < s < a0\, we have

s Wols: DG i = OBy ().

PrROOF. Uniformly for all ¢ and in the given range of s, we have
[Wo(s, )Go(2)] < Ry(1+[¢)) (1 + log®(J¢] + 1)),
and the conclusion is immediate. O

Returning to the proof of Lemma 2.1, observe that Corollaries 6.2, 6.4
and 6.6, together with Lemmas 6.7-6.10, can be combined with (6.2) to give

nPo (6Xy,){s + LYP[W,y =[]
Po (67,,){s}

ne >~ _._ _
69 = (2_771 e ! 0Go<t>{1 — Aph Go(£)(s — Ay, 0)

1 /
557 G5 = A3 0)” = Ay 01} G (1) it

+0 [ X521+ Is = A1) + Agls = A 0° + (1 - Z/n)9/2}>,

uniformly in a;0Ay, < s < ag6A, and n/2 <! < n. An entirely similar chain
of reasoning, but without needing Corollary 6.6, yields
0 [o° . _
(6.10) nP[T,,(Z*)=1]= % e it=0Go) G (£) dt+O(E 3y (n)+(1—1/n)"2).
Tl J—oc0
These integrals can now be explicitly evaluated.
Integrating by parts, we first obtain that
0
2
where [, is the probability density of the random variable X, given in (3.6),
and satisfies (1) = 6P[X, < 1] and

<. —it— / 1 © —it—
[ iettenGwyde = o [ et ar = £y(1),

(6.11) d%P[X,, =1]=-hP[X, < 1],
where h, is as in (1.11). Similarly, we obtain
0

/ i 00O G (1) G (£) dt = —— / e =000)(1 1 9G(t)) dt
—00 2’770 —00

={07fo(1) — F(L)},

27
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and
% [ et IROGH G (1) di
1™ i oeyt 1922
- m/me (14 0Go(t) + 26°G3(t)) dt

=2{072fo(1) — 07 fo(1) + 3/5(D)}-
Combining these results with (6.9) and (6.10) gives

Po (0Ap,){s + BP[W,,q =1]
Po (044, ){s}P[Tpn(Z*) = 1]

_ 1 _
=1+ Aprei(s — Ay, 0) + 5/\1;302{(5 — Apn0)% — Ay, 0}

+O | N2(1+ |5 = A1) + Ag2ls = Ay 0 + (1= 1/m) "]
uniformly in a;6A;, < s < ay0A,, and n/2 <[ < n, with

c1 = {07 fp(1) — Fy(1)}/fo(1) = —hy

and

¢ = (20072 F (1) — 07 F4(L)} + F1(1) /fo(1) = — Iy + 3,

these last calculations following from (6.11). This completes the proof of
Lemma 2.1. O
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