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RISK-SENSITIVE DYNAMIC PORTFOLIO OPTIMIZATION WITH
PARTIAL INFORMATION ON INFINITE TIME HORIZON

BY HIDEO NAGAI AND SHIGE PENG
Osaka University and Shandong University

We consider an optimal investment problem for a factor model treated
by Bielecki and Pliska (Appl. Math. Optim. 39 337-360) as a risk-sensitive
stochastic control problem, where the mean returns of individual securities
are explicitly affected by economic factors defined as Gaussian processes.
We relax the measurability condition assumed as Bielecki and Pliska for the
investment strategies to select. Our investment strategies are supposed to be
chosen without using information of factor processes but by using only past
information of security prices. Then our problem is formulated as a kind of
stochastic control problem with partial information. The case on a finite time
horizon is discussed by Nagai (Stochastics in Finite and Infinite Dimension
321-340. Birkhduser, Boston). Here we discuss the problem on infinite time
horizon.

1. Introduction There have been several works applying the idea of risk-
sensitive control to problems of mathematical finance. Among them, Fleming [7],
Fleming and Sheu [9], and Bielecki and Pliska [3] have studied risk-sensitive
control problems arising from portfolio management. In particular, Bielecki and
Pliska [3], which treated a factor model where the mean returns of individual
securities are explicitly affected by economic factors defined as ergodic Gauss—
Markov processes, motivates the present paper. For such model they considered an
optimal investment problem maximizing the risk-sensitized expected growth rate
per unit time of the value of the capital the investor possess under the condition that
security prices and factors have independent randomness. Since their works there
have been several works [4, 10, 11, 13] improving the independence condition
assumed in [3]. In these works as well the investment strategies are assumed
to be chosen by observing all past information of factor processes as well as
security prices. On the other hand, in the previous work [14] we relaxed the
measurability conditions for the investment strategies with no constraint as the
ones to be selected without using information of factor processes but by using
only past information of security prices in the case of a finite time horizon.
Then the problem is formulated as a kind of risk-sensitive stochastic control with
partial information. Indeed we can formulate our problem by regarding the factor
processes as system processes and security prices observation processes in terms
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of stochastic control. Under such setting up we have constructed the optimal
strategies for the optimal investment problem on a finite time horizon, which
are explicitly represented by the solutions of the ordinary differential equations
with the Riccati equations concerning filter and the value function. The results are
summarized in Section 3.

In the present paper we shall discuss the optimal investment problem on infinite
time horizon under such formulation with partial information. To consider the
problem it is necessary to study asymptotic behavior of the solution U (t; T) of
inhomogeneous Riccati differential equation (3.6) with the terminal condition
at T, related to the value function of the problem with the time horizon 7. The
inhomogeneity of the coefficients of the equations comes from filter, which is also
the solution I1(¢) of a Riccati differential equation (3.3) with an initial condition,
whose coefficients are all constant matrices. Under the very natural condition
(i.e., stability of the factor process under the minimal martingale measure) we
can see the solution I1(¢) has exponential stability as t — oo (cf. Section 4). The
difficulty lies in the study of asymptotics of the solution U (¢; T'). Specific feature
of asymptotics of the solution U (¢; T') we obtained here is stability as t and T — ¢
tend to oo (cf. Section 5), from which we can see the asymptotic behavior of
the value function as T — oo and we can construct the optimal strategy for the
problem on infinite time horizon by using the solutions of the limit equations and
filter (cf. Section 6). Known results on Riccati differential equations and necessary
related notions for obtaining our results are completed in Appendix.

2. Setting up. We consider a market with m + 1 > 2 securities and n > 1
factors. We assume that the set of securities includes one bond, whose price is
defined by the ordinary differential equation

2.1) ds® @) =r)S°@) dt, sY0) = s°,

where r(¢) is a deterministic function of 7. The other security prices and factors
are assumed to satisfy the following stochastic differential equations:

n—+m
ds'(t)y=S"({(a+ AX) dt+ ) of dW,"},

2.2) | | =
S'(0) =s', i=1,....m
and
(2.3) dX,= b+ BX,)dt + AdW;, X(0)=xeR",

where W; = (Wtk) k=1,...,(n+m) 18 an m + n dimensional standard Brownian motion
process defined on a filtered probability space (2, ', P; #;). Here A, B, A are
respectively m X n, n X n, n X (m + n) constant matrices and a € R, b € R".
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The constant matrix (G,i),':Lz,,,,,m;k:l,2,,,,,(n+m) will be often denoted by X in
what follows. In the present paper we always assume that

(2.4) TE* >0,

where * stands for the transposed matrix of X.
Let us denote investment strategy to ith security S’ (z) by k' (¢),i =0, 1, ..., m,
and set

S =(S'@), S2(), ..., s™(1))",
h(t) = (B'(0), B2(0), ..., k™ (1))"
and
G =0(Sw);u<r).
Here $* stands for transposed matrix of S.
DEFINITION 2.1.  (h%(p), h(t)*)o<¢<r is said an investment strategy if the

following conditions are satisfied:
(i) k() is a R™ valued §, progressively measurable stochastic process such that

(2.5) Y ) +n’ 0 =1;
i=1
(i)
P(3c(w) such that |h(s)| < c(w), 0<s<T)=1.

The set of all investment strategies will be denoted by # (7). For simplicity
when (ho(t),h(t)*)of,ST e H(T) we will often write h € #(T) since h° is
determined by (2.5). For given h € #(T) the process V; = V;(h) representing
the investor’s capital at time ¢ is determined by the stochastic differential equation

dVi & dS(@)
v SO

i=0

m m—+n
=hOrdt+ ) W' (O (a+AX) dt+ Y ofdW/ 1,

i=1 k=1
Vo=v.

Then, taking (2.5) into account it turns out to be a solution of

dv,
06 7: =r)dt+h(®)*(a+ AX; —r®1)dt + h(t)* S dW;,

Vo=,
where1=(1,1,..., D*
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We first consider the following problem. For a given constant 6 > —2, 6 #£ 0,
maximize the following risk-sensitized expected growth rate up to time horizon 7T':

2.7 J(v,x;h;T):—glogE[exp{—glog VT(h)”,

where i ranges over the set A(T) of all investment strategies defined later. Then
we consider the problem maximizing the risk-sensitized expected growth rate per
unit time

2 0
(2.8) J,x; h) = limsup(——) logE[exp{—— log VT(h)”,
T—o0 0T 2

where & ranges over the set of all investment strategies such that 4 € A(T) for
each T.

Note that in our problem a strategy h is to be chosen as o(S(u);u <
t) measurable process, different from the case of Bielecki—Pliska where it is
o ((S(u), X,),u <t) measurable. Namely, in our case the strategy is to be selected
without using past information of the factor process X;.

Since V; satisfies (2.6) we have

_ o [t
v, 9/2=v—9/zexp{§/0 n(Xs, hs,r(s); 0)ds

0 [t 1/6\> [t
_5/(; hjdeY—5(5> /(;hjEE*hsds},

where

176 * * *
n(x,h,r;@):i §+1>h YX¥*h—r—h"(a+ Ax —rl).

Therefore, if 6 > 0 (resp. —2 < 6 < 0) our problem maximizing J (v, x; h; T) is
reduced to the one minimizing (resp. maximizing) the following criterion:

a] T
I(x, b T>=v‘9/2E[exp{5/ (X, hy,7(s); 0) ds
0

2.9)
o T 170\ (T
——/ h’fEdWs——(—> f hfZE*hsds”.
2Jo 2\ 2 0

Now we shall reformulate the above problem as a partially observable risk-
sensitive stochastic control problem. For that we set

Y! =log S' (1),
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then we can see that Y, = (Ytl,...,Yt’")* satisfies the following stochastic
differential:
. . . . m+n .
(2.10) dy} ={a' — 5= + (AX) }di + Y of dW),
k=1

i=1,...,m, by using Itd formula. So, setting d = d) = (@ — %(ZE*)”), we
have

which we shall regard as the SDE defining the observation process in terms of
stochastic control with partial observation. On the other hand, X; defined by (2.3)
is regarded as a system process. In the present setting system noise A dW; and
observation noise X dW; are correlated in general. Note that o (Y,,;u <t) =
o (S(u); u <t) holds since log is a strictly increasing function, so our problem
is to minimize (or maximize ) the criterion (2.9) while looking at the observation
process Y; and choosing a o (Y,, ; u <t) measurable strategy s (t). Though there
is no control in the SDE (2.3) defining system process X; criterion I (x, h; T) is
defined as a functional of the strategy /(¢) measurable with respect to observation
and the problem is the one of stochastic control with partial observation.
Now let us introduce a new probability measure P on (2, F) defined by

A

dP|
dP $¥T _IOTv
where
t
o =exp{— [[@+axy sy zaw,
0
(2.12)

- %/t(d +AX) (N d + AXs)ds}.
0

We sce that P is a probability measure since it can be seen by standard arguments
(cf. [1]) that p; is a martingale and E[pr] = 1. Moreover, according to Girsanov
theorem,

~ t
(2.13) W,=Wt+/ 22N Nd + AX,)ds
0

turns out to be a standard Brownian motion process under the probability measure
P and we have

(2.14) dY, =2 dWw,,

2.15)  dX,={b+ BX, — AT*(TZ*)"(d + AX,)}dt + AdW,.
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Set & = 1/p;; then we have

& =expf [ "+ AX)* (5T ay,
(2.16) 0 )
1 [+ axy @@+ axyas)
0

Let us rewrite our criterion / (x, i; T') by using new probability measure P. We
have

~ 6 rt
I(x,h; T) = v_e/zE[ST exp{if n(Xs, hs,r(s); 0)ds
0

o [t 1/6\? [
——/ hjZdWs——<—) /hjzz*hsds”
2 Jo 2\2 0

(2.17) = —9/2E[ {Q/T (Xy, hy; r(s); 0)d +/TQ(X hg)*dY,
. =V exp 2 Jo MAs, Ng; 7(S); N 0 sy g s
1 T
-5 Q(Xs,hs>*<22*>Q(Xs,hs>dsH
—v_e/zﬁ[ﬁ[ex {Q/T (X5, h 'r(s)'H)ds}\IJ g H
- p 2 0 77 Sy Ttsy ’ T T )
where
t t
‘ytZCXP{/ Q(ths)*dYs_%/ Q(XSahs)*(EE*)Q(XSahS)dS}
0 0
and
*y—1 0 *\—1 0 *
Ox,h)=(XX") (Ax—i—d)—ih:(EE ) {(Ax +d)—5(22 )h}.
Set
h £ o
2.18) ¢ (r)(w(r))=E[exp{5 / n(xs,hs;r<s>;9)ds}wt<p<t,xf>!9f],
then (2.17) reads

(2.19) I1(x,h; T)=v?E[¢"(T)(D)].

Hence, if 6 > 0 (resp. —2 < 8 < 0) our problem is reduced to minimize (resp.
maximize) / of (2.19) when taking 7 over #(T).
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3. Finite time horizon case. In the present section we summarize the results
obtained in the previous paper [14]. Let us set
(3.1) Lo =3(AAMY Djjp + (b+ Bx)' Djp.
Then, the following proposition can be obtained by using It6 calculus in a standard

way.

PROPOSITION 3.1 [14]. q@®)(p()) = qh(t)((p(t)) satisfies the following
stochastic partial differential equation (SPDE):

q()(e1))
=q(0)(¢(0))

o 65 Dots. + oot
(3.2) +/0 q<s>(5<s,->+L<p<s,->—Ehsm Do(s, )+ 515 ((s, >)ds

t t
+/0 q(s)(@(s,)Q(, hy))dYy +/0 ) ((DP)*AT*(ZTH 1) dyy,
where 15(-) = (-, hy; r(s); 6).
Now let us give the explicit representation to the solution of SPDE (3.2). For

that let us introduce the matrix Riccati equation

1+ (TTA* + AZ*)(ZZ*) " N(Al + TA*) — AA* — BI1 — [1B* =0,
(3.3)
1) =0

and the stochastic differential equation
dy, ={By, +b — (IA* + AT*)(ZE*) " (Ay, +d)} di
(3.4) + (MTA* + AZ*) (2T~ dY,,

Yo = X.

The following theorem can be seen by using the methods developed in [1].

THEOREM 3.1 [14].  The solution of the SPDE (3.2) with q(0)(¢(0)) =
(0, x) has the following representation:

1

—lzI?/2
Qmy2 ¢ oz,

4O (0(0)) = a / oty + 111722

where

t
o = exp{/o O (s, hg)* dYy

1 ! * * 9 ! . .
_Efo Oy, hy)* (ES )Q(ys,hs>ds+2/0 n(ys,hs,ms),e)ds}.
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REMARK. It is known that (3.3) has a unique solution (cf. [5, 8]).

Now we shall construct optimal strategy minimizing (resp. maximizing) the
criterion (2.19) for 6 > 0 (resp. —2 < 6 < 0). Because of Theorem 3.1 (2.19) reads
(3.5) I(x,h; T)=v"2E[ar].

Let us introduce the following n x n matrix Riccati differential equation:
U+ U{B ~ % mar AE*)(EZ*)‘IA}
0+2

0
+ {B* — mA*(z 97l An + EA*)}U
(3.6)
20
— mU(HA* +ATHETHHAT+ TAHU

+ LA*(EE*)*A =0 U(T)=0
0+2 ' ’

When we have a solution U of (3.6) we get a solution g of the following linear
differential equation on R":

260
g+ B*g— ——UIIA*+ ATZ*(ETY) Al + TA%)g

6+2
9
— AT N AT+ A
3.7) ) ( ) (ATl + )&
+Ub+9—i2{A_9<AH+EA*>U}*<22*>‘1(a—r<t>1)=0’
g(T)=0.

Furthermore, for given solutions U of (3.6) and g of (3.7) we have a solution k of
the following differential equation:

k+r (1) + t[U(TIA* + AZ*)(E5*)~ (AT 4+ A%)]

(3.8) — 0g*(TTA* + AT*)(ZZ*) (ATl + TA*)g +2g%b

+ 2Tl =0, kK(T)=0,

0+2

where

c;=a—r()1 —0(AT1+ X A™)g.
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DEFINITION. Let us denote by A(7T) the set of all investment strategy
satisfying

. T T
E[exp{/ E;"(h)dYs—%/ Es(h)EE*Es(h)dsH:I
0 0
where

0
CHES [(y,*A* +d*) =0y, U + g")(ITA* + AX") — Ehf(EZ*)](EZ*)_I.

THEOl}EM 3.2 [14].  If (3.6) has a solution U, then there exists an optimal
strategy h € A(T) maximizing the criterion (2.7) and it is explicitly represented
as

T 2 *y—1 *
3.9

+{A—60(ATI+ ZA")U}y;]

where g is a solution to (3.7) and I1 (resp. y;) is the solution to (3.3) (resp. 3.4).
Moreover

J(v,x;fz;T): sup J(v,x;h;T)

heA(T)
(3.10)

=logv +x*U(0)x +2g*(0)x + k(0)

where k is a solution to (3.8).
REMARK. It is known that (3.6) has a unique solution if 8 > 0 (cf. [5, 8]).

4. Stability of filter. In the present section we study asymptotic behavior of
the solution IT(z) of (3.3) as t — oo.

LEMMA 4.1. Assume that
(4.1) G:=B—AT*ZX*'A isstable,

then TI(t) — I1 >0, t — oo, where I is a unique nonnegative definite solution of
the algebraic Riccati equation
(B—AZH*(ZZH A+ (B — AT*(ZEH) 1A
4.2)
—TA* () TATT + A(Lyin — ZH(EZHIZ)A* =0.

Moreover, B — (TIA* + AX*) (T2 £*) " A is stable.
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PROOF. We first note that (3.3) can be written as
M= (B—-AZHZTH A+ (B - AZH(ZEH1A)"
— MA*(ZZ*) LA + A(Dpan — ZHEZHTID) AR, ) =0
and that
{(Ingn — ZXEZHTE)A (Lygn — SHETHTIZ)A
= A(Ipin — SHETHTIZ)A"

Because of (4.1) we see that (I, — Z*(ZZ*)"IZ)A*, B* — A*(Z %) A%)
is detectable and the present lemma follows from the results by Wonham [15] and
Kucera [12] (cf. Appendix). O

REMARKS. (i) TI(f) converges exponentially fast to IT. In fact, by the
expressions

t *
@ = —/ =96 (T1(5)A* (T %)~ ATI(5)}e "G ds
0
4 *
+/ TGN (Lyyn — ZHETHTIE) A% G g5
0
and
- oo —_ - *
3| :-/ SOTIAY (%) 1A ds
0
0 *
+/ EOAN(Ipgn — SHETHTIT)A* S ds
0
we see it since G 1is stable.
(i1) Condition (4.1) means stability of the factor process X; under the minimal

martingale measure P (cf. [6], Proposition 1.8.2 as for minimal martingale
measures), which is defined by

T 1 7T
:exp{—/ Q*dWs——/ |t9s|2ds},
S
Fr 0 2Jo

O, =TT Na+ AX; — r(s)1).

dP
dP

5. Asymptotics of inhomogeneous Riccati equations. In what follows we
always assume that 8 > 0. Then we have always a solution of (3.6). To study
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asymptotics of the solution of (3.6) we first consider the equation

13 - 0 _
U+U(B—- ——TIA*+ A" (Z X" —1A>
+ ( (AT AT (EE)

6 - *
+ <B — —(nA*+A2*)(zz*)—1A) U

20 - - * * *y—1 - XN\ 77
—Q—HU(HA +ATNEEH N AT+ TAHU

+ L Az la=o U(T)=0
0+2 ' '
LEMMA é 1. Underassumption (4.1) U(t; T) converges to U>0asT—t—
oo, where U is a unique nonnegative definite solution of the algebraic Riccati
equation

_ 0 .
UlB— ——(MA*+ AZH(ZZ* _1A>
( (AT AT

+ <B - i(ﬁA* + AE*)(EZ*)_IA) U

20 - - * * *y—1 — X\ T 7
— Z UMA*+ ATZHEZZH AT+ TAHU
0+2
1
—— AYZEH 'A=0
+9+2 ( )
and
B—L(l:[A*—I—AE*)(EE*)_IA
0+2
(5.3)
20 . i} )
— = (A" + ATHEEH N AT+ SAHU
0+2
is stable.

PROOF. Because of Lemma 4.1 we see that B — (TIA* + ATH)(Z = 1A s
stable and therefore we see that (B — GLH(HA* +ATHEZTH A, TTA*+ATY)

is stabilizable and (,/ 75 Z*(ZE%) A, B — ;A5 (TTA* + AXZ*)(ZEH)7'A) is
detectable. Indeed, by setting K = QLH(Z =)~ A, we see that
o - 3
B — m(HA* +ATHESH A - (TIA*+ ATHK
=B — (IA* + AZ*)(ZE") A
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is stable. Furthermore we see that for K’ = %HZ*(Z =)~ HAT 4+ A%,

0 _ 1
B — ——A* (T N AT+ A% — | —A* (T 'ZK’
0+2 ( ) ) 0+2 ( )
= (B — (MTA*AZ*)(ZT*)1A)"

is stable. Thus the present lemma follows from the results by Wonham [15] and
Kucera[12]. O

REMARK 1. We can actually see more on the convergence in the above lemma
since U < 0 (cf. [5]). In fact, we have SUPsT<t<(1—£)T |U(t; T)—U| — 0 as

T — oo foreach § >0 and 0 <¢ < 1.

To study asymptotics of the solution U of (3.6) we shall introduce a general
equation rather than specific one. For given continuous matrix valued functions
C(), D(t) and R(t) > 0 and a constant matrix N > 0 we consider the
inhomogeneous Riccati equation

0=Kr +C0O)*Kr + KrC(r)
—KrDON~'D@)*Kr + R(t)*R(?), K7(T)=0.

On asymptotics of the solution of this equation we have the following lemma.

5.4)

LEMMA 5.2. Assume that C(t), D(t) and R(t) converge exponentially fast
to C,D,R respectively as t — oo and that (C_’ , D) is stabilizable and (R, C )
is detectable. Then there exists k > 0, § > 0 and T, > 0 such that for each
T > Ty > Ty the solution of (5.4) on [Ty, T] satisfies

Kr(t) + ke PR (1) < K7 (1)
(5.5 i
<Kr(t)+xe PTOKL(@1),  telly,T]

where KT(I), t € [Ty, T1], is the solution of
(5.6) 0=[€T+C*I€T+I€TG—IETDN_ID*I€T+R*R, [ET(T)=O
and K (t) and K }r (t) are the solutions of

0=K; +C*K; + K;C— K DN~'D*Kr

(5.7) o )
— KrDN'D*K; — I, K7 (T)=0
and
0=K;+C'Kf +K;C—KfDN"'D*Kr
(5.8)

— KrDN7'D*K{ +1,,  K;(T)=0,

respectively.
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_ PROOF.  We first note that K7 () > 0. Let us take a matrix H such that
C — DH is stable and rewrite (5.4) by

0=Kr+(C(t) — D(t)H)* K7 + K7(C(t) — D(t)H)

(59 —(D(W*Kr—NH)'N"Y(D@t)*Kr — NH)+ H*NH + R(t)*R(1),
K7 (T)=0.

Let S(¢) be a solution of

S+ (C(t) — D@®)H)*S + S(C(r) — D(t)H)
(5.10)
+ H*NH + R(t)*R(t) =0,  S(T) =0,
then we have
(S — K1)+ (C(t) = DOH) (S — K1) + (S — K7)(C(t) = D(t)H) <0
and we see that
0<Kr@) <S@).

Let p(7) be the maximum of the real part of the eigenvalues of C(r) — D(1)H.
Then, since C(t) — D(t)H — C — D H there exists 77 such that () < u < 0,
t > T;. Therefore we have

T _
IS < ¢ / e~ BS=D| H* N H + R(s)*R(s)|| ds
t

T
< c// e =D g, t>T.
t

Thus we see that S(¢), ¢ > T1, is uniformly bounded with respect to ¢ and 7,
accordingly sois Kr(t), t > T1, and also is K7 (t), t > 0.
We rewrite (5.4) by

OIKT+6*KT+KT6
(5.11) ) ) o
— KrDN™'D*K7 + R*R+ R(t), Kr(T)=0.

Since K7 (#) is uniformly bounded and C(z), D(#) and R(t) converges exponen-
tially fast to C, D and R respectively we see that there exist x, 8 > 0 such that

(5.12) —%e‘ﬂlln <R@) < %e‘ﬁtl,,.

We note that und@r our assur_nptions K 7(t) converges to a constant matrix K as
T —t — oo and C — DN~'D*K is stable (cf. Appendix). We set

K1) =Kr(t) +ke POKZ (1),  t>Typ>0,
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then it satisfies
0=K}+C*KL+KLC—KLDNT'D*KL + R*R — ke P10,
(5.13)
+i2e o, (n),  Kp(T)=0,

where Q1(t) = Q1 (t; T) :== K7z DN~'D*K (t). Note that K (¢) satisfies

K7 +(C—DN™'D*K7)*K7 + K7 (C — DN~ 'D*K7) — I, =0
andC — DN~ 'D*Kr(t) > C—DN'D*K asT —t — ooand C — DN~ D*K
is stable. We can see that K (¢) is uniformly bounded with respectto f and T in a

similar way to the above and therefore so is Q1(¢; 7). Thus we see that by taking
sufficiently large T, > 0,

K
/cze_z’gTOQl(t; T) < Ee_’sTOIn, t>Ty>T,.

Hence we obtain
—ke PDL, 4 k27?10 (1) <R(1), =T
Therefore by comparison theorem of Riccati differential equation we have
K <Kr@®),  telTy,Tl.
On the other hand, if we set
K3(t)=Kr(t) + ke POKE @), t>Tp,
then it satisfies
0=K?+ C*K? + K2C — K3DN~'D*K% + R*R
e + ke PI0L, + k27 2P100,(1),  KE2(T)=0,

where Q,(t) = Q,(t; T) = K}L(t)l_)N_ll_)*K}L(t). Because of (5.12) we can see
that
Kr(t) <K7@®), telTp, Tl

by comparison theorem of Riccati differential equation and we conclude the proof
of the lemma. [

THEOREM 5.1. Assume (4.1), 0 > 0 and lim;_, o r(t) = . Then for the
solutions U(t;T), g(t;T) and k(t;T) of equations (3.6), (3.7) and (3.8)
respectively it follows that

(5.15) lim U@:T)=U,
T—t—00,t—00
(5.16) lim gt;T)=g,

T—t—00, t—00

(5.17) — lim k@t; T) = p(0),

T—t—00, t—00
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where U > 0 is the solution of (5.2), g the one of

20 Ak * *y—1 - kN 77
{B—m(ﬂA +AXHEZY) (AT + ZAHU

0 _ £
9+2( ;L )( ) 8
+Ub + 9—+2{A — AT+ ZAHT} (22N @ —71) =0
and p(0) is defined by
p(0) =r+t[UTIA* + AT*)(ZZ*) LAl + ZA™)]

— g (MA* + AT (T NAT+ TA*)Z +25%b
(5.19)

+ (@ —F1—0(ATT+ ZAHE) (ZTH~!

0+2
x (a — 71— 0(ATl + £ A%)g).

PROOF. Equation (5.14) is a consequence of Lemma 5.1 and 5.2. In fact, if
we set in (5.4) C(t) = B — QLH(HA* + AS)ZEN A, D(r) = TTA* + AT,
N~'=2(25% ! and

A
R(t) = Lz*(zz*)—lfx
0+2 ’

then it can be seen that Lemma 5.2 applies, taking into account Lemma 4.1 and
Lemma 5.1.
As for (5.15), owing to Lemma 5.1

20 oAk * *\—1 = X\ 77
B—9—+2(HA +AZHEEY) T (AIT+ ZAHU

0 _
— (TIA*+ AT (ZZH7'A
9+2( + )( )

is stable and (5.17) has a solution g. Therefore we can see that g(¢; 7') is uniformly
bounded and

gt;T)— g, T—t—00,t— 00
since
20 * * *\—1 *
B—9—+2(HA +AZHEED (AT + ZAHU

0
— _(TIA*+ AT (ZTH7'A
9+2( + )( )
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converges to a stable matrix

20 = % * #y—1 1 *YTT
B———(TA"+ AY)(EXY) (AII+ ZAMU

0+2
0 _
— (MIA*+ AT (ZTH7'A

9+2( + )( )
and

1

Ub+m{A—9(AH+EA*)U}*(EZ*)—l(a—ﬂ)

to

_ 1 _ _
Ub+ 9—+2{A — AT+ ZAHT} (22 (@~ 71)

as T —t—> 00, t > 00. B B
Since U (t; T) converges to U, Il(z) to IT and g(¢t; T) to g we conclude
(5.16). O

REMARK 2. Because of Remark 1 we can see more on the above convergence.
We have that supsr <, <(j_g7 |U(# T) — U| — 0 as T — oo for each § > 0 and
0 <& < I and therefore supsy << (17 18(t; T) — gl - 0 as T — oo for each

§>0and 0 <e <1, supsy<i<(1—g)r k(t; T) + p(0)| — 0 as T — oo for each
6>0and0<e<1.

6. Infinite time horizon case.

THEOREM 6.1. (i) Under the assumptions of Theorem 5.1,

(6.1) supJ (v, x; h) < p(0),
h

where p(0) is a constant defined by (5.18).
(i1) In addition to the conditions above we assume that

o ; I
62) UJIA*+ATHEEZY AT+ AU < Q—ZA*(E A,

then
- 2 #\—1 B *\ 5 ] T[]
ht=m(22 Y Ha—r1—0(ATI+ TA"Z+[A —0(ATl + EAMU ]y}
is optimal:

J(,x; h) = sup J (v, x; h) = p(6).
h
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PROOF. (i) We already know that

~ 2 og £ h<T><1>]——il Elar (h)]
oT og L 1q Y ogrLijar

< T(x U(; T)x 4+2g*(0; T)x + k(0; T)),

where U, g and k are solutions of (3.6), (3.7) and (3.8) respectively. Since U (¢; T)
and g(¢; T) are uniformly bounded we see that

1
lim —(x*U(0; T)x +2g(0; T)*x) =0.
T—oo T

On the other hand, for each § > 0 and ¢ > O,

ST (1-9)T T .
k(0;T)=— k(s; T)ds — / k(s; T)ds — / k(s; T)ds,
0 8T (1—&)T
lim7_ o0 —k(s; T) = p(0), uniformly on 8T <s < (1 —¢)T and k(s; T) is bound-
ed and therefore we have

: k(0; T)
lim sup
T—o0 T

- ,0(9)’ <c(d+e).

Since § > 0, & > 0 are arbitrary, we see that

. k@O, T)
lim
T—ooco T

= p(0).
(i1) Let us set

hy = h( —izz*—l —r1—6(ATl + TA%)Z
P = yr)—9+2( )y fa—r (AT + )8

+[A—0(ATT+ A" Uy},

where y; is the solution of (3.4). We define a probability measure ph by
dP"
dP

T _ 1 pT _ -
=exp{/0 Q(ys,hs)*dys—ifo Q(Vs,hs)*(EE*)Q(Vs,hs)dS},

g1
then

Zi=Y — <Y., /0 e ﬁo*dn}
t

t _
=Y,—/O S5 0(yy. hi(yy)) ds
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is a Brownian motion with covariance ¥ £* under the probability measure P" and
y; can be written as

dy: ={By: +b— (IA* + AS*)(SZ*) "1 (Ay, + d)
(6.3) + (IMA* + AZ®) Q(yy, h(y) } dt
+ (IMA* + AT*)(EEH "1 dZz,.

Then
T—t

N _ 7 6 _
©64) Evfar_(i)]=E"" [exp{g /0 n(vss Rye); F: e)ds” — u(t, %)

and u satisfies
ou

1
i t[(TTA* + AT (TN A + SA*)D?u)

+[Bx + b — (IIA* + AT*)(ZE*) " (Ax + d)

(6.5) + (IMA* + AT Q(x, h(x))]" Du

0 _
+5n(x,h(X);r;9)=O,
u(T,x)=1,

and therefore p(t, x) = —% logu(z, x) satisfies

w1
a—’; + 5 (A" + AT (EEH AT+ ZA%) D]

+[Bx +b— (IA* + AZ*)(ZE") N (Ax +d)

(6.6) + (TTA* + AZHQ(x, h(x))] D

0
— Z(D,u)*(l‘[A* + ATH(ETY) N AT+ =A%) Du

—n(x, h(x);7;0)=0,  u(T,x)=0,

provided that (6.4) has a finite value. On the other hand, if we have a solution

u(t, x) of (6.6), then u(t, x) = e~ 210 satisfies (6.5) and (6.4) has a finite value.
We set

_ 2 4
h(X)=—0+2(EE) (Hx +¢),

H=A—-0(AT1+ AU, { =a —r1 —60(AIl + £A*)3. Then, (6.6) has the
solution having an explicit representation such that

w(t,x)=x*P(t)x +2q()" x + k().
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If the following equations (6.7), (6.8) and (6.9) have solutions

: 0
P+P{B— " (IIA*+ AX* 22*—1H}
+ { S AT+ AT (EEY)
+{B*—LH*(EE*)_I(AH+EA*)}P
0+2
6.7)
20

— mP(l’IA* + ATH(ETH AT+ SAHP

1
AN IH A
+0+2 ( )

2

9+2U(I=IA*+AE*)(EZ*)_1(A1=I+EA*)U=O, P(T) = 0;

9 *
i+ (B — ——(MTA* + AT (ZZ* _1H>
q+( s A+ ATHEEY H) g

—OP(TIA* + AT*)(ZZ*) VATl + ©A%)g + Pb

6.8) - QLHPmA* +ATH(EDH ¢

— +22[J(r‘1A* + AZHESHHAT + TA%)g

+ Q—JlrzA*(zz*)—l(a —r1)=0, q(T)=0;
and

K +t[P(TIA* + A" (ZZH)"(ATT + =A%)
—0g*(TTA* + AT*)N(Z TN ATl + TA%)g + 2b*q
(6.9) — ﬂ;*(zz*)—lmn + T A%g
6+2

_;* *—1__L* x\—1 . }_
{9+2¢ EE) e —r - e EE) - =0

k(T)=0.

Because of our assumption (6.2) we have a unique solution of the Riccati
differential equation (6.7) and therefore linear equations (6.8) and (6.9) have
always unique solutions.
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To study asymptotics of the solution P (¢) of (6.7) we consider the equation

P+ 13{3 ~ % (fiar +AE*)(22*)—1H}
0+2

9 B} 3
+ {B* — mH*(z AT + EA*)}P

20 -~ - - ~
(6.10) —mP(HA*—i—AE*)(EZ*)_I(AH+EA*)P

1
+——ANZTH A
0+2 (ZET)

2
U(TA* + AZHE 5 N AT+ ZAHU =0, P(T)=0.

642
Set
Ki=B-— Q%(ﬁA* + AT*N(ZTY) A,
[ =TIA*+ AX¥, N~'= i(2 ¥~
042
and

2

1 _ _ _
R*R=——A*(zxH 1A - U(TIA* + AS*) (T AT+ =AMU,

0+2 6+2
then (6.10) reads

©6.11) P+KiP+PK — PTN"'T*P + R*-R =0.
When setting K =60(Z %)~ (ATl + ZA*)U we see that

0 _
Ki—TK=B— — (TIA*+ AT") (=% 7'A
1 9+2( + )( )

20 - - _
— Q—H(HA* +ATHETHHAT + ZTAHU
is stable because of Lemma 5.1 and we see that (K, I') is stabilizable, and also
that (R, K1) is observable under assumption (6.2). Therefore we see that P(z; T)
converges to P as T — oo, where P is the unique nonnegative definite solution of
the algebraic Riccati equation

(6.12) P+K{P+PK —PCN7'T*P + R*R=0.
On the other hand, by direct calculation we see that U satisfies (6.12) and

P =U. Thus, owing to Lemma 5.2 we see that P(¢; T) is uniformly bounded
and convergesto U as T —t — 00, t — 00.
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To study (6.8) we first note that
B — i(ﬁA*JrAE*)(zz*)—lH
0+2
—O(MTA* + AZ*)(ZT*) (ATl + A" P
0 _
=B— — (A" + AT"(ZZH 7 'A
9_+2( + )( )

20 - _ i
— m(HA* + AT NAT + TAHU

and it is stable. Therefore the solution ¢(¢; T') of (6.8) is uniformly bounded and
convergesto g as T —t — 0o, t — 00, where ¢ is the solution of

20 Ak * *y—1 — X\ 77
B—9—+2(1'IA + AZHEZY) (AT + ZAHU

0 B *
- (MIA*+ AT*)(ZXT* _IA} g
9+2( + )( ) q

_ 0 - _ 1

Ub— —UMA*+ A e+ —A*=2)  Ya—r1

+ 9+2( + )( ) §+0+2 ( ) (a—rl)
2

0+2

U(TIA*+ A" (T AT+ =A%z =0

and it is seen to be identical to equation (5.17). Hence we get that ¢ = g.
As a consequence of the above consideration we have

lim —k(; T)

T—t—o00, t—00
= tu[U(TTA* + AT*) (ST (AT + ZAM)]
—0g"(MA* + AT N AN+ TA")g +25%b
260

. *\—1 — *\ =
55 EENTI AN+ 2ANg

eyt e Esy - )
=7 +tr[U(TTA* + AZ*)(ZTH) (AT + ZAY)]
— 0 (MA* + AZH(ZEH N AT+ TAH)Z +25%b
+r(EEY e
= p(0).
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Therefore, in the same way as the proof of (i), we have

. k(0;T)
1 =p(0),
TLmoo T P
which implies that
2 logu(0,x) = ~u(0,) > p@), T .
- =— — — 00.
o7 108u(0, ) = (0. %) — p(6),
APPENDIX

DEFINITION A.1. (i) The pair (L, M) of n x n matrix L and n x [ matrix M
is said stabilizable if there exists / x n matrix K such that L — M K is stable.

(ii) The pair (L, F) of [ x n matrix L and n x n matrix F is called detectable if
(F*, L*) is stabilizable.

Let us consider the Riccati differential equation
(Al) P+K{P+PK —PAN'A*P+C*C=0, P(T)=0.

Then, the following theorem would be well known in engineering.

THEOREM A.2 [15,12]. Assumethat N > Qand (K, A) is §tabilingle, then
for the solution of (A.1) Alimy_ P(t; T) =limyr_ o P(t) = P and P satisfies
the algebraic Riccati equation

(A.2) KiP+PK,—PANT'A*P +C*C =0.

Moreover, if (C, K1) is detectable K| — PAN™'A* is stable and the nonnegative
definite solution P of (A.2) is unique.

DEFINITION A.2. (i) The pair (K, L) of n x n matrix K and n x [ matrix L
is said controllable if n x nl matrix (L, KL, K*L, ..., K" 'L) has rank n.

(i1) The pair (L, K) of [ x n matrix and n X n matrix is said observable if
(K*, L*) is controllable.

It is known that if the pair (K, L) of matrices is controllable (resp. observable)
then it is stabilizable (resp. detectable) (cf. [15]).
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